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Auxiliary state variables for rotor 
crack detection 

Zbigniew Kulesza1,2 and Jerzy T. Sawicki1 

Abstract 
In the present study, a new model-based method for rotor crack detection and crack location is proposed. The finite-

element model of the rotor-bearing system accounts for the breathing mechanism of the crack. The model of the rotor 
system is augmented with an auxiliary single-degree-of-freedom oscillator. The observer is designed and the estimates of 
its two auxiliary state variables are proposed as crack indicators. The crack location along the shaft is determined by 
designing a set of observers, which calculate the values of these indicators for different possible crack locations along the 
shaft. The proposed method is validated numerically and the results prove its capability to detect and locate the crack. 
Further study will include experimental and numerical investigations to make the approach more robust. 

Keywords 
Cracks, rotating machinery, observer 

1. Introduction 
Operating rotating machinery with a cracked rotor is 
very dangerous since the growth of a crack can cause a 
catastrophic accident if not detected. Transverse cracks 
in rotors occur due to cyclic loading, creep, stress cor­
rosion, and other mechanisms to which rotating shafts 
are subjected. An early warning of a crack can consid­
erably extend the durability of these machines, increas­
ing their reliability at the same time. 

There are numerous published contributions on the 
subject of crack modeling, early detection, location and 
estimation of severity of cracks. Usually, the methods 
of fault detection and diagnosis for cracked rotors are 
categorized into three groups: (1) vibration-based 
methods, which include signal-based (Bently and 
Muszynska, 1986; Saavedra and Cuitino, 2002) and 
model-based methods (Bachschmid et al., 2000; 
Sekhar, 2004; Pennacchi et al., 2006); (2) modal testing 
methods (Sawicki et al., 2003, 2008, 2009); and (3) non­
traditional methods (He et al., 2001; Guo and Peng, 
2007; Xiang et al., 2008). 

The usual crack detection methods are based on 
vibration signal analysis. They employ commonly used 

probes, phase reference and spectrum analyzers). 
Steady-state and/or transient vibration data are ana­
lyzed for known indicators of cracks. Bently and 
Muszynska (1986) observed that changes in shaft posi­
tion and steadily increasing 1X component trends at 
steady state are reliable crack indicators. Saavedra and 
Cuitino (2002) presented a theoretical and experimental 
analysis to demonstrate that the 2X component of 
vibration for horizontal shafts at half the first critical 
speed value is a good indicator. Currently, there are two 
widely industry-accepted approaches for rotor crack 
detection. One includes monitoring of the changes in 
amplitude and phase of the synchronous response and 
the other is based on watching for the occurrence of 2X 
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vibrations, especially when the rotor runs near the half 
of any balance resonance speed. 

Nontraditional methods of shaft crack detection 
include such methods as neural networks, genetic algo­
rithms (He et al., 2001; Xiang et al., 2008), special 
signal processing techniques, e.g. wavelet (Xiang 
et al., 2008; Sawicki et al., 2009) and Huang–Hilbert 
transforms (He et al., 2001), etc. In modal testing meth­
ods, changes in system modal characteristics, such as 
mode shapes and system natural frequencies, response 
to specially applied excitation (other than unbalance) 
due to the presence of a crack, are employed for crack 
detection. Recently, progress in these methods has been 
made by applying active magnetic actuators to inject a 
specially designed ‘‘diagnostic’’ force to interrogate 
the rotating assembly (Ishida and Inoue, 2006; Mani 
et al., 2006; Sawicki et al., 2008). Many researchers 
have used a model-based approach for fault detection 
and diagnosis for cracked rotor systems (Bachschmid 
et al., 2000; Sekhar, 2004; Pennacchi et al., 2006). 
Bachschmid et al. (2000) used a least-squares method 
in the frequency domain to identify and locate machine 
faults (including a cracked rotor). The crack depth was 
calculated by comparing the static bending moment due 
to the rotor weight and the bearing alignment condi­
tions, to the identified ‘‘equivalent’’ periodical bending 
moment, which simulates the crack. Sekhar (2004) 
proposed a model-based method that replaced the 
fault-induced change of the shaft by equivalent loads 
in the finite-element (FE) model. 

One of the techniques applied in model-based meth­
ods is state estimation (Patton and Chen, 1997; 
Isermann, 2005). This approach uses the concept of 
an observer adopted from classical control theory. 
Many choices of both linear and nonlinear observers 
are available and the proper choice depends on the 
physical properties of the monitored system. Söffker 
et al. (1993) and Müller et al. (1994) suggested a 
method of external disturbance reconstruction by 
using the classical state observer for the extended 
rotor-bearing system. Simulations have been carried 
out showing the theoretical success of this method, 
especially for reconstructing exciting forces as inner 
forces caused by the crack. Calculating the relative 
crack compliance as the ratio of additional compliance 
caused by the crack and undamaged compliance, a 
clear relation between the opening and closing, and 
therefore for the existence of the crack, and also 
about the crack depth is possible. 

When noise affects the monitored system, stochastic 
observers such as a Kalman filter can be used. This is a 
time domain identification algorithm and Seibold and 
Weinert (1996) showed that the depth of the crack can 
be calculated correctly, even if the measurement infor­
mation is incomplete. The concept of a Kalman filter 

has been extended to the concept of filter bank in order 
to detect and diagnose different faults in the vibration 
system (Loparo et al., 2000). Using state estimation to 
detect the crack was discussed by Park (2000), who used 
filter banks with elementary observers to detect the 
crack occurrence, its depth and location. 

The purpose of this study is to develop a new control-
based approach for crack detection by extending and 
improving the method suggested by Söffker et al. 
(1993). First, the FE model of the experimental rotor-
bearing system with a crack is introduced. Then, typical 
models of crack breathing mechanism are presented, 
and the model of Mayes and Davies (1984) is chosen 
for analysis of the considered system. Next, to design a 
crack-dedicated observer, an auxiliary single-degree-of­
freedom linear dynamical system is appended to the 
base system. As a result, two crack indicators as esti­
mates of additional state variables are introduced and 
the method of crack localization, similar to that sug­
gested by Park (2000), is proposed. Then, the numerical 
validation of the new method is tested by running sev­
eral simulations of the considered experimental rotor-
bearing system. The generated results confirm very good 
sensitivity of the developed method and its ability to 
localize the crack along the shaft. In the next step the 
authors will conduct an experimental study to fully 
verify predictions of the presented approach. 

2. Rotor-bearing system modeling 

The subject of this study is the crack detection test rig 
(Figure 1) consisting of a shaft, a disk, and two sup­
porting ball bearings. The notch simulating the crack 
has been cut using a technique known as wire Electrical 
Discharge Machining (EDM). The rotor system is also 
equipped with an active magnetic bearing used as an 
actuator, injecting specially designed diagnostic force 
into the system. This force is used in the vibration 
signal analysis crack detection method, just to compare 
the results of this method with the results obtained with 
the method presented here. The details about geomet­
rical and physical properties of the system are given in 
Section 7. 

The rotor-bearing system is modeled using a FE 
approach. The shaft is discretized into n FEs with six 
degrees of freedom at each node. At this stage, a shaft 
element containing the crack will be treated the same as 
other elements; that is, as an element with no crack. 
After assembling different shaft elements, adding rigid 
disks and dynamics of bearings, the complete rotor-
bearing system is described by the following equations 
of motion: 

Mx€ þ ðDd þ CdÞx_ þ Kx ¼ F ð1Þ 



 

 

Figure 1. Configuration of the rotor-bearing system. 

with mass matrix M, damping matrix Dd, gyroscopic 
matrix Cd, stiffness matrix K, vector of external forces 
F , vector of displacements (linear and rotational) x 
and rotor spin velocity (Nelson, 1980). Here M, 
Dd, Cd, K are 6n x 6n-dimensional matrices, and F , x 
are 6n x 1-dimensional vectors. For further consider­
ations, we denote D ¼ ðDd þ Cd Þ. 

Applying state space notation, equation 1 can be 
presented as 

    8 > x_ x > < ¼ A þ BF 
v_ v  ð2Þ > x > : y ¼ C 

v

with N xN-dimensional system matrix A, N xNi ­
dimensional control inputs matrix B and No xN­
dimensional measurement outputs matrix C. Here, [ fT 
x v  denotes the N-dimensional state vector, con­

sisting of 6n displacement and 6n velocity variables, 
that is N ¼ 2 . 6n. Here Ni denotes number of control 
inputs and No number of measurement outputs of the 
system.Matrices A, B, C are given by 

2 
0 I

3 2 
0

3 
A ¼ 4 5, B ¼ 4 5, 

 

C ¼ Cx 
[ M 1K

Cv 
f  M 1D  M 1Bf 

ð3Þ 

where Bf denotes matrix selecting external forces acting 
on the rotor, and Cx, Cv matrices representing sensors 
locations measuring displacements and velocities in 
selected nodes of the rotor. 

Taking into account equation 3, after multiplying 
and reordering, the first expression of equation 2 can 
be presented in the following form, which will be help­
ful in our further considerations 

    
x_ v
¼ þ BF ð4Þ 

v_  M 1ðKx þDvÞ

3. Shaft finite element containing 
the breathing crack 

In this section, the modeling of the crack and the 
breathing mechanism are briefly discussed. The first 
models of the crack accounted for breathing behavior 
with only two states, i.e. fully opened and fully closed 
at certain angular position (Gasch, 1993). These 
models are defined as hinge models. Mayes and 
Davies (1984) developed a similar model except that 
the transition from fully open to fully closed is 
described by a cosine function. Next, Papadopoulos 
and Dimarogonas (1987) derived flexibility matrix for 
the finite shaft element with open crack. Dimarogonas 
and Paipetis (1983) introduced a full 6 x 6 flexibility 
matrix for a transverse open surface crack on a 
shaft. Recently, Darpe et al. (2004) provided more 
detail and complete derivations of the flexibility 
matrix of a cracked rotor segment starting from 
Castigliano’s theorem. Friswell and Penny (2002) com­
pared several of the simple crack models that may be 
used for health monitoring, for both linear and non­
linear responses. 

In this paper we use the model introduced by Mayes 
and Davies (1984), who demonstrated that a transverse 
crack in a shaft can be represented by the reduction of 
the second moment of area  J of the element at the 
location of the crack. Using Rayleigh’s method, they 
concluded that the change in  J can be expressed as

 J=J0 R 
¼ ð1 v2ÞFðfÞ ð5Þ 

1  J=J0 l 

where J0, R, l, v, and f are the second moment of area, 
the shaft element radius, the length of the section, the 
Poisson’s ratio, and the nondimensional crack depth, 
respectively. Here FðfÞ is the fractional change in the 
second moment of area measured at the crack face. The 
nondimensional crack depth f is given as f ¼ a=ð2RÞ, 
where a defines the crack depth of the shaft. According 



  

 

 
 

  

  

 

 

            
  

            
  

      

    
    

to this, Sinou and Lees (2005) formulated expressions 
for the reductions of the second moments of inertia 
J2, J3 about vertical x2 and horizontal x3 axes of 

the cracked FE in the rotating coordinates. The stiff­
ness matrix reduction Kc for a fully opened crack in 
rotating coordinates can then be obtained from the flex­
ibility matrix of the uncracked element, as given by 
Darpe et al. (2004) by substituting reductions J2, 
J3 into it. Thus, the element stiffness reduction in 

orthogonal directions (parallel and perpendicular to 
the face of the crack) is obtained. 

The stiffness matrix of the cracked shaft element can 
then be presented as (Mayes and Davies, 1984) 

Kcr ¼ K0 f ðtÞ Kc ð6Þ 

where K0 is the stiffness matrix of the uncracked shaft 
element and the so-called crack steering function f ðtÞ is 
described by 

1 
f ðtÞ ¼  ð1 cos tÞ ð7Þ 

2 

where is the angular speed of the rotor. For f ðtÞ ¼ 0, 
the crack is totally closed and the cracked rotor stiffness 
is equal to the uncracked rotor stiffness. For f ðtÞ ¼ 1 
the crack is fully opened. 

4. Auxiliary state variables 
for crack detection 

Usually, when FE approach is employed, state space 
variables are displacements and velocities at every 
node of the discretized model. In fact, the choice of 
state space variables is not strictly definite and they 
can be defined in various ways, often without possess­
ing any physical meaning. It should be also noted that 
the number N of state variables is not definite either. 

In this paper we introduce two additional variables, 
which, as we show later, can be used as very good crack 
or other rotor-failure indicators. 

We assume that after dividing the rotor into FEs, the 
number of state variables is N, and, as usual, they are 
displacements x and velocities v in subsequent nodes. 
Aside from this, we assume that there exist two addi­
tional state variables xa, va inside the system, and they 
can be defined in terms of a single-degree-of-freedom 
oscillator described as follows: 

8 
x_a ¼ va < 

ð8Þka da : v_a ¼ xa va 
ma ma 

which can be also presented as 

max€a þ dax_a þ kaxa ¼ 0 ð9Þ 

We assume that ma, da, ka have such values and that 
system of equation 9 is stable. Of course variables xa, va 
of such a system in steady state will be zero. 

Now, equations of motion (equation 1) of the rotor-
bearing system can be appended by equation 9 yielding 
the augmented system as follows: 

M 0 €x D 0 _x K 0 x 
0 ma €xa 

þ 
0 da _xa 

þ 
0 ka xa 

F 
¼ ð10Þ 

0 

In steady-state behavior, the values of auxiliary xa, 
x_a ¼ va remain zero. The auxiliary system is quite inde­
pendent of the base system and it is impossible to 
design an observer for the whole combined system 
due to lack of observability (note zero elements in the 
matrices). 

However, in the case of couplings between auxiliary 
variables and some state variables of the base system, 
the system in equation 10 can be expressed as follows: 

M 0 x€ D Da x_ K Ka 
þ þ

0 ma x€a 0 da a_a 0 ka xa 

F 
¼ ð11Þ 

0 

or, in a more compact way, 

x€ x_ x 
Me þDe þ Ke ¼ Fe ð12Þ 

x€a x_a xa 

where 

M 0 D Da 
Me ¼ , De ¼ , 

0 ma 0 da 

K Ka F 
Ke ¼ , Fe ¼ ð13Þ 

0 ka 

While an auxiliary system is independent of the base 
one (note the zeros in the last row of equation 11), the 
base system depends on the auxiliary system due to 
vectors Da and Ka. These vectors can be seen as addi­
tional matrices introducing additional ‘‘inputs’’ xa, 
x_a ¼ va into the base system. Again, because the addi­
tional system is a stable oscillator with no external forc­
ing, the xa and x_a will remain zero. Thus, even when 

x 

0 



    
  

    
    

  

  

    

  

 

     
 

     

        

  

Figure 2. The concept of the crack modeled as two additional states. 

couplings Da and Ka are possibly present in the given 5. The concept of the new method 
rotor system, there will be no influence of the additional 

of crack detection 
oscillating system on the behavior of the base system. 
Of course, the given rotor-bearing system can always be In state-space notation, equation 12 can be presented as 
seen as having such possible couplings between ‘‘real’’ 8 
and some ‘‘fictitious’’ additional states. _> xe xe > > ¼ Ae þ BeFWith all of the above, let us assume that auxiliary < v_e ve 
states xa and va can somehow be changed (for a while, ð14Þ > x> e 
we are not interested in ‘‘how’’). Of course, through > y: ¼ Ce 

vevector Ka this would result in the change of stiffness 
matrix Ke (also through Da of damping matrix De) of  

where 
the whole system. It will result in oscillations of the 
stiffness matrix Ke. Now, let us recall that the most x v 0 1 

xe ¼ , ve ¼ , Ae ¼popular approaches towards modeling the breathing M 1 M 1xa va e e De 
behavior of the crack are based on periodical change 

ð15Þ 
of the cracked element’s stiffness matrix (Mayes and 

andDavies, 1984; Gasch, 1993; Friswell and Penny, 2002). 
In this way, the changes of the values of these auxiliary [ fB 
variables can be used to model the crack breathing Be ¼ 0

, Ce ¼ Cx 0 Cv 0 ð16Þ 

mechanism or, on the other hand, the crack can be 
seen as periodical changes of some state variable (or Taking into consideration the expressions in equation 
variables) coupled through some vectors Da, Ka with 13, the combined system matrix Ae can be presented as 
the base system (Figure 2). 

0 I
For the purpose of this paper, we will no longer Ae ¼ 

M 1K M 1Delaborate on how the additional state variables should e e e e 2 3 
change to exactly reflect the breathing mechanism of 0 I 
the cracked shaft, as our main goal is only to develop 4 M 0 1 K K M 0 1 D D 5¼ a a 
an accurate method for crack detection. However, we 0 ma 0 ka 0 ma 0 da 
note that even if such auxiliary states have no influence 2 3

0 0 I 0
on the base system, they can be observed now (as Da 6 70 0 0 Iand Ka are not zeros). This is certainly true, only if 6 7

¼6 7
there are a sufficient number of measurements (this M 1K M 1K M 1D M 1D
means that the pair of matrices Ae, Ce of the combined ka da 

4 a a5 
0 0 m m

system is observable). Thus, we can design an observer a a 

ð17Þfor the combined system. 



  

  

  

  

  
 

  
  

    
 

    

 8 

Multiplying and reordering, the first expression of forces) and measured outputs y of the base rotor 
equation 14 can be expressed as the following set of system. It should be noted that the same external 
equations: forces as acting on the real rotor-bearing system is 

introduced to the observer. 2 3 2 3 v For diagnosis purposes, the output vector y of the x_ 6 7 rotor system will be measured directly. This vector con­6 7 6 va 7 
sists of displacements xre and/or velocities vre measured6 7xa 6 7 _6 7 6 7v 4 5 

va 

_

_

6 7 6 7¼ 6 M 1½Kx þDv þ Kaxa þDavaJ7 þ BeF in various points of the real system. It is obvious that in 
the real system, the values of xre and vre can differ from 6 7 4 5ka da 
those calculated from equation 4. This can be written as xa va 

ma ma 
xre ¼ x ± ox and vre ¼ v ± ov, where ox, ov denote devi­

ð18Þ 
ations of measured displacements xre and velocities vre 
about their theoretical values x, v calculated by equa-

It should be noted that in the case of xa ¼ 0 and tion 4. These deviations can be caused by a number of 
va ¼ 0, equation 18 will take the following form: mechanisms, but one of them can be possible faults or 

imperfections in the real rotor-bearing system. 2 3 2 3 v The general concept of crack detection by extended 
x_ 6 7 state observer is presented in Figure 3. 6 7 6 va 7 

After reordering and taking into account the second 6 7xa 6 7 _ 6 7 6 7¼ 6 M 1½Kx þDvJ7 þ BeF ð19Þ expression of equation 14, the first expression of equa­
tion 20 can be presented as 

6 7 6 7v 4 5 
va 

_

_

6 7 4 5ka da 
xa va 

ma ma 

^

^
^

^

^
^

^

^
^

^

^
^ve 

_̂

v̂_

_̂
_̂

_̂

_̂

xe x xe 
v ve 

simplify to equation 4. 
Let us assume that the pair Ae and Ce is observable or 

and let us design an observer for such a combined 2 3 2 3 2 3 2 3 
x xx 

xa 

^
^

^
^

xe va va va 
ve 
xe 
ve 

xe
¼ Ae þ LCe þ BeF ð21ÞLCei.e. the first and the third expressions of equation 19 ve 

system. The equations of the observer can be written x 
as (Ogata, 1997) 7 6 7 6 7 6xa xa xa 6 7 

¼ Ae þ LCe þ BeFLCe 6 7 6 7 6 7 6 7 5 4 5 4 5v v v4 4 5 
xe 
ve > > yo ¼ I 

_̂
_̂

va
¼ ðAe LCeÞ þ Be F þ Ly> > < 

ð22Þð20Þ 

where matrix L of observer gains can be partitioned as : 
[ f 

L ¼ Lx fT 

with L denoting the matrix of observer gains. Lxa Lv Lva ð23Þ 
^x̂e, ve [

auxiliary states xe, ve of the system. The inputs to the and 
observer are external forces F (unbalance and gravity bearing system. This vector will be denoted as u1, and 

Outputs yo of the observer are estimates of the 
is a vector of states of the rotor­x xa v va 

Figure 3. General concept of crack detection by extended state observer. 



 

  

  

 

  

  

   

  
 

  

0

6 4 

6 
6 

because in the steady state xa ¼ 0, va ¼ 0 (as was stated then the vector of the observer inputs u1 can be written 
x ± ox v ± ov ^^

fT fT[
before), then u1 ¼ x 

In the ideal case, for the properly designed observer, 

[
take the following form 
as u1 ¼0 v 0 0 0 , and equation 24 will . 

shouldafter a short transient process, its outputs xe, ve 
be exactly the same as the values of states variables xe, 2 ^^

^
3 2 3 2 3 2 3 

x ± oxx x 7 6 7 6 7 6xa xa 

^
^

^
^

x 
xa 6 7 
v 

_̂

_̂
_̂xe 

! ve. This is certainly true if its inputs are just 
^ ! xeof the system given by equation 12, i.e. , and ve 

0 76 
ve 
known external forces F and exact outputs y (consist­
^ ¼ Ae þ LCe þ BeFLCe 6 7 6 7 6 7 5 4 5 4 5v v̂^ ^4 5v ± ov 4 

^va va va 

the ideal system (equation 4). In this case, the vector ð26Þ 

of the observer inputs u1 can be written as u1 ¼ 

x v 

^_̂

^^

0
ing of selected displacements x and velocities v) of  

fT[
form: 

0 , and equation 22 will take the following 
After taking into account equations 16, 17 and 23, 

equation 26 can be transformed into 2 3 2 3 2 3 2 3 
x x xx ^^^_̂ 7 6 7 6 7 6xa xa ^^ 0 7 6 xa 7 

v 
va 

_̂
_̂

_̂

2 3 
v̂ ± Lx6 7 Cxox¼ Ae þ LCe þ BeLCe 2F 3 6 7 

va ^

6 7 
va ^

6 7 
x̂_5 4 5 4 5v v̂^ 4 5v̂

0 

^

^

^

^

^^

7 6 va 7 
x þDv þ Kaxa va

va 

6 7 6 
_̂6 xa 7 6 7 6 

ð24Þ 6 7 ¼ 6 6 7 M 1½K þDa J ± LvCvov 6 _̂6 7 6v 

_̂

4 5 6After taking into account equations 16, 17 and 23, 
va 

ka da 4 
equation 24 can be transformed into x̂a 

ma ma 

^

v 

6 va 7 
x þDv þ Ka va

^

^

^^

2 3 

^^^

þ BeF ð27Þ 

v1, v1 ¼ v ± 

2 3 
x 6 7 _̂ 6 7 
xa 6 7 _̂ 7 6 7 
¼ þ BeF We introduce where1½K a new vector6

x̂a 
7

þDa JM6 7 6 7 
v 4 5 
va 

_̂

_̂

7 _̂
_̂
^v̂ ¼ va v ¼ v1. After intro­5 
ducing this into equation 27, one will obtain 

± LxLxCxox. Then Cxox and6 7 
ka da 

4 
^xa va ^

ma ma 

ð25Þ 

^

^

^

^

^^^

v1 

6 va 7 
x þDv1J xa va 

va 

2 3 2 3 
_̂x 6 7 6 7 
_̂xa 6 7 6 7 6 7 
¼ þ BeF ð28Þ6 1½K

7 
1½Ka þDa ±DLxCxoxJ ± LvM M Cvov 6 7 6 7 _̂

_̂

v 4 5 
va 

6 7 6 7 
ka da 

4 5 
x̂a 

ma ma 

^

^

^

^

^x̂, v 
will tend towards the state variables x and v only is identical to equation 19, if the last components of 
if the dynamics of the observer is identical to the the third equation disappear. Certainly this is possible, 
rotor-bearing system. This means that equations 25 only if 
and 19 should be identical. Obviously, they will be 
identical only if the last components of the third equa­

x þDava

xa va 

From equation 25 one can see that estimates It should be noted that this system of equations 

1½Ka 
1DLxJ ±M ± LvCvov ¼ 0M Cxoxtion are zeros, which means that the observer must 

^^

^x̂a va 
ics of the rotor-bearing system and the observer are 
the same. 

In the case when the inputs to the observer are not or 
equal to ideal x and v, but approach the displacements 
xre and velocities vre of the real rotor-bearing system, 

x ± ox, vr v ± ov, 

keep and equal to zero ensuring that the dynam­ ð29Þ 

i.e. xre ¼ x ± ox, vr ¼ v ± ov or xre ¼ ¼ Ka þDa ¼ ±DLxCxox ±MLvCvov ð30Þ 

7 
7 7 7 7 5 



  

 

 

 

 

  

which means, that the values of x̂a and v̂a cannot 
remain zero any longer, in order to satisfy the condition 
expressed by equation 30. 

It is anticipated that the values of x̂a, v̂a will not be 
stable and can change in time in some way. Thus, abso­        

x a v alute mean values  ^  ,  ^  along with standard devia­
tions aðx̂aÞ, aðv̂aÞ given by

       X na     X     1     1 na     x̂a ¼  x̂ai ,  v̂a ¼  v̂ai ð31Þ  na   na  
i¼1 i¼1 

sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffiffiffiffiffiffiffiffi X na X1 1 na 
 2  2aðx̂aÞ ¼  ðx̂ai x̂aÞ , aðv̂aÞ ¼  ðv̂ai v̂aÞ

na nai¼1 i¼1 

ð32Þ 

can be used, as more proper crack indicators. 
Thus, in the case of a healthy rotor system, its out­

puts y are proper, i.e. well recognized by the observer. 
This means that the observer trying to minimize the 
error between the states of the real system and their 
estimates will affect only estimates x̂, v̂ of states of the 
base system leaving the estimates x̂a, v̂a of states of the 
auxiliary system unchanged. As a result, estimates x̂a, 
v̂a should be close to zero. 

On the other hand, in the case of a damaged rotor 
system (e.g. the rotor containing a crack) outputs y are 
not proper, i.e. they differ from the templates recognized 
by the observer. This means that this time the observer, 
by trying to minimize the error between the real 
states and their estimates, will affect not only estimates 
x̂, v̂ of states of the base system but will be forced to 
also change estimates x̂a, v̂a of states of the additional 
system. As a result, estimates x̂a, v̂a will no longer 
remain zero. Thus, estimates x̂a, v̂a changing their 
values from zero to some other value can be treated 
as indicators of possible damage inside the rotor-
bearing system. 

6. Parameters of the additional system 
To simplify our considerations, and to bring them 
closer to the real system with a breathing crack, we 
assume that changes of the auxiliary states can only 
affect the stiffness of the whole system. Thus, taking 
Da ¼ 0, Ka ¼6 0 transforms equation 30 into 

Kax̂a ¼ ±DLxCxox ±MLvCvov ð33Þ 

As stated above, also the equation 33 shows that the 
estimate x̂a cannot be zero and can be used as the crack 
indicator. In order to make the best possible assessment 
of the existence of the crack, the value of this indicator 
should be taken as a large as possible nonzero value. It 
can be seen from equation 33 that for the given mass M 

and damping D matrices, and deviations/variations ox, 
ov, this can be achieved for low values of the Ka vector. 
However, this is not obvious, as the values Lx, Lv of the 
observer gains are also dependent on Ka, as they are 
computed based on the system matrix Ae (which 
includes Ka) following the observer design procedure. 
Thus, it is difficult to determine their rational values by 
analytical considerations, as gains of the observer are 
calculated in a numerical way. Consequently, values of 
Ka should also be determined during numerical simu­
lations. The same applies to other parameters of the 
additional system, namely ma, da, ka. They also 
should be determined by numerical simulations. To 
simplify the calculations, we may take da ¼ 0. The 
only important issue concerning values of ma, ka is 
related to the natural frequency of the auxiliary 
system, which may affect the behavior of x̂a, v̂a depend­
ing on whether the auxiliary system resonates with 
some frequencies of the base system or not. 

An interesting feature of Ka vector is that it can be 
used for estimating the crack localization along the 
shaft. Let us assume that the crack is located near the 
middle of the shaft. One should expect, that maximum 
values ox max, ov max of deviations is located at the middle 
of vectors ox, ov, i.e. 

[ fT  
ox ¼ ox1 ox2 . . .  ox max . . .  oxn 1 oxn ,  [ fT ð34Þ 
ov ¼ ov1 ov2 . . .  ov max . . .  ovn 1 ovn 

Next, let us assume that we design several observers 
for the given system, changing only the form of the 
Ka vector. The first observer is designed for Ka given [ fT 
as Ka1 ¼ Kf 0 . . .  0 . . .  0 0  , the second [ fT
for Ka2 ¼ 0 Kf . . .  0 . . .  0 0  , the qth for [ fT
Kaq ¼ 0 0  . . .  Kf . . .  0 0  , and the last for [ fT
Kan ¼ 0 0  . . .  0 . . .  0 Kf . Then, according 
to equation 33, one should expect that the highest 
values of x̂a, v̂a are obtained for the qth observer. 
This concept of crack localization is presented in 
Figure 4. 

7. Numerical investigations 
FE model of the studied rotor-bearing system is shown in 
Figure 5. The shaft is divided into n ¼ 31 discrete ele­
ments. The 16th element is modeled as the element con­
taining the breathing crack. Its stiffness matrix is 
expressed in terms of Mayes and Davies (1984) formulae 
(equation 6). The notch simulating the crack has been cut 
using EDM with the wire diameter of 1:016 x 10 4 m. 
The model of the system also comprises one disk and two 
ball bearings. The shaft is 691:4 x 10 3 m in length and 
15:875 x 10 3 m in diameter. The disk is 127:0 x 10 3 m 



 

 

 

Figure 4. The concept of estimating crack location. 

Figure 5. Finite-element model of the rotor-bearing system. 

in diameter and 31:0 x 10 3 m thick. The modeled unbal­
3ance of the disk is " ¼ 1 x 10 m. The ball bearings 

radial stiffness is kb ¼ 3:4 x 106 N/m with damping 
values assumed to be db ¼ 10 Ns/m. The rotor is made 
of steel with modulus of elasticity E ¼ 201:1 x 109 Pa, 
Poisson’s ratio v ¼ 0:3, and density p ¼ 7850 kg/m3. 
The rotor rotates with the constant angular frequency 
¼ 27 Hz (1620 rpm). 
The inputs to the system are gravity and unbalance 

forces, as well as additional force Fa, that can be 
injected by magnetic actuator at the location of the 
node number 12, as shown in Figure 5. It has been 
determined that the amplitude of this force is about 

Fa ¼ 10 N. The outputs of the system are four displace­
ments in vertical and horizontal directions measured 
near ball bearings, in places denoted as y1, y2, y5, y6 
and two displacements y3, y4 measured near the active 
magnetic actuator. 

The FE model of the base rotor-bearing system con­
sists of N ¼ 384 state variables, representing 192 nodal 
displacements and 192 nodal velocities. Time simula­
tions are carried out in an inertial coordinate system, 
using the Newmark integration method (Xie, 1996). 
In the case of such a large number of states this 
method is significantly faster than other ordinary dif­
ferential equation (ODE) solvers. 



 

    

 

 

 

 

 

7.1. Model reduction 
For the purpose of observer design, the model reduc­
tion has to be employed. The other advantage of model 
reduction is minimizing the order of the observer itself, 
which is an important factor if a hardware implemen­
tation of the algorithm is considered. 

Equations of motion (equation 1) are reduced using 
the lower mode shapes of the rotor-bearing system 
(Preumont, 2008). The reduction procedure is to calcu­
late the eigenvectors of the system as 

ð !0iM þ KÞ¢i ¼ 0 ð35Þ 

where !Oi and ¢i are the ith natural frequency and 
mode shape. If lower r modes are retained then the 
reduction transformation is [ f 

Tr ¼ ¢1 ¢2 . . .  ¢r ð36Þ 

The reduced equations of motion are then, assuming 
proportional damping, 

Mrx€r þ ðDr þ !CrÞx_r þ Krxr ¼ Fr ð37Þ 

where 

xr ¼ Trx, Mr ¼ TTMTr, Dr ¼ TTDTr,r r 

Cr ¼ TTCTr, Kr ¼ TTKTr, Fr ¼ TTF ð38Þ r r r 

We investigated a reduced model for r ¼ 6. The 
dynamic properties of the model can be assessed by 
comparing frequency responses of the reduced and 
full model. Such comparison is presented in Figure 6. 

7.2. Observer design 
The observer gain matrix L can be calculated using 
several methods (Ogata, 1997). In this study, the pole 

placement method and linear-quadratic method using 
the Riccati equation have been used. In the pole place­
ment method, eigenvalues Ao of the observer matrix 
Ao ¼ ðAer LCerÞ are chosen such that 

Ao ¼ 4 . ReðAerÞ þ j . ImðAerÞ ð39Þ 

where Aer is vector of eigenvalues of reduced combined 
system matrix Aer, and 

Aer ¼ 2 
0 I 3 

6 6 Mr 
" 

0 # 1 Kr 
" 

Kar 
# 

Mr 
" 

0 # 1 Dr 
" 

0 # 7 7, 4 5 
x x 

0 ma 0 ka 0 ma 0 da 

Kar ¼T
T 
r Ka ð40Þ 

In linear-quadratic method, the observer gains L are 
found by solving the following Riccati equation: 

AerLE þ ETLAT ð ETLCT þ SÞR 1ðCerLE þ STÞ er er 

þQ ¼ 0 ð41Þ 

where Q, R, S, E are weighting matrices. They are 
chosen as follows 

2 3 
q1Irxr 0rx1 0rxr 0rx1 6 7 6 701xr q2 01xr 0 6 7

Q ¼ 6 7, 6 70rxr 0rx1 q3Irxr 0rx1 4 5 
01xr 0 01xr q4 

R ¼ r1I, S ¼ 0, E ¼ I ð42Þ 

where q1 ¼ 108, q2 ¼ 108, q3 ¼ 1, q4 ¼ 1, r1 ¼ 0:1. 

Figure 6. Frequency responses of the reduced and full model for r ¼ 6. 



 
      

 
      

 
       

      

8. Numerical results 
Several preliminary numerical experiments were con­
ducted to determine the parameters of the auxiliary 
system and the observer, and to test the proposed 
crack detection method. 

First of all, the dynamic properties of the system 
were determined. The Campbell diagram as well as 
frequency responses were calculated. The Campbell 
diagram of the rotor-bearing system is shown in 
Figure 7. The first two critical bending frequencies are 
located at !c1 ¼ 37:05 Hz (2223 rpm), !c2 ¼ 229:05 Hz. 

Next, the calculations were conducted in the follow­
ing order: 

1. Integration of the equations of motion of the full FE 
model of the rotor-bearing system with or without 
the crack. The input data are full system matrices A, 
B, C, gravity, unbalance and magnetic actuator 
force. The equations are integrated with the 
Newmark method until a steady state is reached. 
The results are six displacements y1,. . ., y6 in three 
selected nodes; the fast Fourier transform (FFT) of 
the displacements is calculated. 

2. Design of the observer for the combined system with 
the use of one of the methods given in Section 7.2. 
The input data are the reduced combined system 
matrices Aer, Cer, parameters ma, ka of the additional 
system, and reduced coupling vector Kar. The result 
is the observer gain matrix L. 

3. Time simulations of the observer for the reduced 
combined system. The input data are gravity, unbal­
ance and magnetic actuator force, displacements 
y1,. . ., y6, reduced combined system matrices Aer, 
Ber, Cer, and observer gain matrix L. The results 
are crack indicators: estimates x̂a, v̂a of the 

Figure 7. Campbell diagram of the rotor-bearing system. 

additional states, their absolute mean values x̂a , 
v̂a together with standard deviations aðx̂aÞ, aðv̂aÞ. 

These calculations were repeated several times for 
various parameters of the auxiliary system. The obser­
ver was calculated using the Riccati equation. Here, 
vector Ka consists of an all-zeros column vector of 
size 6n x 1, where n number of finite elements, except 
the qth node element, which is a 6 x 1 column vector Kf 
of not-all-zero elements, that is, 

[ fT
Ka ¼ 0 0  . . .  Kf . . .  0 ð43Þ 

where 

[ fT
Kf ¼ 0 kfy kfx 0 0 0  ð44Þ 

and kfx 6 ¼6 0. The index q equals 16 for the ¼ 0, kfy 
cracked element, and 1, . . ., 15, 17, . . ., 31 otherwise. 

Figures 8–13 present crack indicators x̂a, v̂a for dif­
ferent parameters ma, ka of the additional system and 
different parameters of the coupling vector Ka. 
Parameters ma, ka were chosen in such a way that nat­
ural frequencies of the auxiliary system are !an1 ¼ 

0:16 Hz (for ma ¼ 1, ka ¼ 1) and !an2 ¼ 37:05 Hz (for 
ma ¼ 1, ka ¼ 5:12 x 104). As can be seen, the natural 
frequency !an2 is just the same as the first critical bend­
ing frequency !c1 of the whole rotor-bearing system. 

It can be observed that in almost every case crack 
indicators x̂a, v̂a generate a very clear evidence of crack 
existence. Their values for the system containing the 
crack are far away from zero and they are significantly 
higher as compared with very low values obtained for the 
system without the crack. In particular, for low values of 
the vector Ka and natural frequency !an1 ¼ 0:16 Hz, they 
indicate the crack very well. What is more important, for 
!an2 ¼ 37:05 Hz the absolute mean values x̂a and v̂a 
change, as the index q of the possible cracked element 
changes within the Ka vector. It can be clearly seen when 
comparing Figures 11, 12 and 13. This means that 
according to the concept presented in Section 6 it is pos­
sible to localize the crack along the shaft length. To study 
this possibility further, we designed the series of obser­
vers for different vectors Ka, as presented in Figure 4, 
and calculated mean values and standard deviations of 
crack indicators for each case. The results are presented 
in Figures 14 and 15. As can be seen, the higher mean 
values as well as the standard deviations of crack indi­
cators are located in the area of the shaft element con­
taining the crack. From Figure 14 one can deduce that 
the crack is located in the 17th shaft element, as the 
values of the mean value and standard deviation of x̂a 
are the highest here. This is very close to the real situa­
tion, as the crack is located in the 16th element. 



  

  x̂a, v̂a
3 3¼ 1, ka ¼ 1, kfy ¼ 10 , kfx ¼ 10 , q ¼ 16.Figure 8. Crack indicators : solid line, no crack; dashed line, 40% crack; ma 

Figure 9. Crack indicators

x̂a, v̂a

x̂a, v̂a: solid line, no crack; dashed line, 40% crack; ma ¼ 1, ka ¼ 1, kfy ¼ 1, kfx ¼ 1, q ¼ 16. 

Figure 10. Crack indicators : solid line, no crack; dashed line, 40% crack; ma 
3 3 ¼ 1, ka ¼ 5:12 x 104, kfy ¼ 10 , kfx ¼ 10  , 

q ¼ 16. 



Figure 11. Crack indicators xa, va^
^
 : solid line, no crack; dashed line, 40% crack; ma ¼ 1, ka ¼ 5:12 x 104, kfy ¼ 1, kfx ¼ 1, q ¼ 16. 

Figure 12. Crack indicators ^
^
xa, va; solid line, no crack; dashed line, 40% crack; ma ¼ 1, ka ¼ 5:12 x 104, kfy ¼ 1, kfx ¼ 1, q ¼ 12. 

Figure 13. Crack indicators ^
^
xa, va; solid line, no crack; dashed line; 40% crack; ma ¼ 1, ka ¼ 5:12 x 104, kfy ¼ 1, kfx ¼ 1, q ¼ 5. 



 
      

 
      Figure 14. Absolute mean values

v̂a v̂a

x̂a x̂aand standard deviations að Þ for different locations q of vector Kf within vector Ka. 

Figure 15. Absolute mean values and standard deviations að Þ for different locations q of vector Kf within vector Ka. 

To investigate the nature of the crack indicators fur- the rotor speed, providing well-known evidence of a 
ther, we focused on their changes in time. As can be crack (Mani et al., 2006; Sawicki et al., 2009). Thus, 
seen in Figures 11, 12 and 13 they oscillate in some way. not only can the estimates
A closer look at these oscillations is presented in 
Figures 16a and 17a. Fourier transforms for these oscil­
lations are presented in Figures 16b and 17b. 

For the rotor without the crack, the spectrum con­
sists of only one synchronous component, !1 ¼ 27 Hz. 
However, for the rotor containing 40% crack, the spec­

^x̂a, va 
themselves be used as crack indicators, but so can their 
Fourier spectra. 

9. Conclusions 
A new rotor crack detection method based on the 

of the additional states 

trum of x̂a 
!2 ¼ 54 Hz, !3 ¼ 81 Hz, !4 ¼ 108 Hz and so on (the tors in the form of the estimates of two auxiliary 
rest are not presented here), being integer multiples of state variables introduced into the FE model of the 

consists of several components, !1 ¼ 27 Hz, control theory has been developed. Rotor crack indica­



Figure 16. (a) Crack indicator x̂a time response and (b) fast Fourier transform (FFT); no crack; ma ¼ 1, ka ¼ 5:12 x 104, kfy ¼ 1, 
kfx ¼ 1, q ¼ 16. 

Figure 17. (a) Crack indicator x̂a time response and (b) fast Fourier transform (FFT); 40% crack; ma ¼ 1, ka ¼ 5:12 x 104, kfy ¼ 1, 
kfx ¼ 1, q ¼ 16. 

rotor-bearing system have been proposed. These addi­
tional states have been introduced in terms of a simple 
one-degree-of-freedom oscillating system. The analysis 
of the properties of such a combined model of the 
rotor-bearing system, as well as the numerical calcula­
tion results, have shown that the estimates of these aux­
iliary state variables give very strong symptoms of 
crack presence. Not only time estimates, but also 
their Fourier transforms can be used as very good 
crack indicators. The presented method will be further 
analyzed and experimentally studied based on the pre­
sented crack detection rotor test rig in future work. 
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