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Abstract

A synthetic seismic gather showing amplitude versus offset can be analyzed by the interpretive
geophysicist to predict rock properties useful in oil exploration. For the research reported in this thesis,
reflection coefficients derived from measured well log data are convolved with a Ricker wavelet to
create a synthetic seismic trace. The Zoeppritz equations describe the propagation of an acoustic wave
across an interface between two viscous media of different acoustic impedances with respect to
increasing offset angle. The Aki-Richards linear approximation to the Zoeppritz equations is applied here
to create a synthetic seismic gather with offset angles up to fifty degrees. The Aki-Richards
approximation has not been used in this fashion prior to this research. The resulting gather is compared
to a corresponding synthetic gather created using commercially available approximations and software.

Interpretive Geophysics, Processing Geophysics, AVO Analysis, Synthetic Seismogram, Seismic Gather,
Zoeppritz Equations, Aki-Richards Approximation, Hydrocarbon Detection, Drilling Risk Mitigation



Chapter 1: Introduction

Seismic data analysis is the most important and most commonly used tool used in the oil and gas
industry to find hydrocarbon reserves. Seismic data are obtained by using an energy source to transmit
acoustic energy into the ground, and a receiver to detect variations in the energy of the reflected wave.
In practice the source is an array of energy transmitters (dynamite, vibroseis, airgun, etc.). The on-land
receiver is a geophone that usually has multi-dimensional accelerometers to measure small
displacements of the ground (Meunier, 2011). Because the Earth is made up of many different layers of
rock, there are changes in the acoustic impedance of the medium through which the energy propagates.
At the interfaces between these layers of different acoustic impedance, seismic energy is both reflected
and transmitted. The reflected energy is measured by the receiver. Figure 1 is a cartoon of three ray
paths for seismic energy being reflected and refracted back to the receiver.

[
Source (dynamite) \ Receiver (geophone)
< | A
|

Layer 1

Layer 2

Layer 3

Figure 1: Selected ray paths from source to receiver

A subset of the science of seismic data processing and interpretation is the computational analysis of
seismic gathers. A seismic trace is a single waveform (after data processing) generated by the reflection
and transmission of acoustic energy and recorded by the geophone. A seismic gather is a collection of
seismic traces that has not been stacked, or summed, to remove noise and has been organized in terms
of increasing offset angle from the shotpoint, where offset angle is equal to 8;as shown in Figure 1. The
seismic gather visually expresses some very interesting properties that are involved in the functional
relation between the wavelet amplitude and the offset angle of the corresponding trace. A synthetic
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version of a seismic gather can be created using data from down-hole log measurements in an oil well
for comparison with measured seismic data. There are several algorithms for calculating such a synthetic
seismic gather; a new one is developed in this research and described in this paper.

Starting from the wireline log measurements of shear delta time, compressional delta time, and bulk
formation density (which are described in detail in chapter 2), we use the Aki-Richards approximation to
the Zoeppritz equations to create a synthetic gather. This is accomplished by convolving a Ricker finite-
impulse-response wavelet (representing the down-going acoustic wave) with a scaled version of a finite
set of Dirac delta functions (representing the locations of the acoustic impedance changes) to create an
individual trace. The synthetic offsets are constructed using the Aki-Richards formula for the primary
reflection response at a plane boundary between isotropic viscous media. The results are compared to a
synthetic gather produced by a commercial software package, IHS Kingdom.

Chapter 2 contains a short background briefly describing synthetic seismic gathers, the mathematics of
amplitude versus offset (AVO), and wireline well logging. Chapter 3 describes in detail the algorithm
used to create a synthetic gather using the Aki-Richards approximation to the Zoeppritz equations. In
chapter 4 we analyze the results of this algorithm and compare to existing methods. In chapter 5is a
discussion of the validity of this new method and its use in industry. Our full algorithm as implemented
in the computational software Mathematica is included in the appendix.



Chapter 2: Background

Seismic Gathers

Synthetic seismic gathers are important to the oil and gas industry because they can be used to qualify
relationships between known quantities in wireline log data (based in the depth domain) and qualitative
points in seismic data (based in the time domain). More specifically, a semi-quantitative mapping
between the in situ rocks in a known single point location and the seismic data that covers a large area
to be explored (near the known point) is attempted. If it is known how a seismic wave responds to a
certain rock it can be inferred that other occurrences of this same seismic response indicate similar rock.
Figure 2 is a representative picture of wireline log data (left) and seismic data (right) in the same
location.
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Figure 2: (left) wireline log data and (right) seismic data

The left panel in Figure 2 is wireline log data. From left to right the measurements are: resistivity in
Ohms, neutron porosity in electron volts, neutron density in grams per cubic centimeter, compressional



sonic wave velocity in feet per microsecond, shear wave velocity in feet per microsecond, gamma ray in
API units, and spontaneous potential in millivolts. The vertical scale to the left is depth in feet below the
surface and time in seconds below the surface (the red dots are used in the software to compare
velocity functions). The right panel shows seismic data in the same location with vertical scale
approximately 0 seconds at the top and 4 seconds at the bottom. The horizontal scale is 0 kilometers at
the left and 5 kilometers at the right.

These wireline log data were taken in a well that is approximately half a mile from the left side of this
seismic line. The well data has not yet been correlated to the seismic line here.

One important area of seismic interpretation uses seismic gathers to examine the change in amplitude
of the waveform with respect to the offset angle from the shotpoint of the seismic data to the geophone
receiver. This amplitude versus offset (AVO) analysis allows one to group rocks into different subclasses
to more accurately predict the results of drilling a new well (Sheriff, 1991).

Figure 3 is an example of a measured seismic gather. Note this gather has not been “conditioned”
(Bacon, 2007). In this case conditioning refers to applying filters (to smooth or sharpen each trace) and
mutes (to eliminate offset angle dependent noise).

2 24 2% 2 N 32 4 B 38
' ' ' ' ' ' '

Figure 3: Seismic gather with offset angle in degrees on the horizontal axis and time in seconds on the vertical axis



Zoeppritz Equations and Linear Approximations

Figure 4 is a graphical representation of an interface between two viscous media of different acoustic
impedances. An acoustic wave incident on the interface from the upper left in medum 1 is both
reflected back into medium 1 and refracted into medium 2. The percentages of the incident wave
transmitted and reflected are given by the transmitted and reflected coefficients, respectively.

The quantities describing the media are as follows: a is the pressure or longitudinal or p wave velocity,
B is the shear or transverse or s wave velocity, and p is the density, with the subscripts denoting the
layer number. 0, is the incidence angle, 8, is the transmitted p wave angle, ¢, is the reflected s wave
angle, and ¢, is the transmitted s wave angle.

Medium 1

ay, By, p1

Medium 2

az, Bz, p2

Figure 4: Graphical representation of an acoustic wave striking a boundary between two media with different
acoustic impedances

In the early twentieth century Karl Zoeppritz derived a solution for the transmission and reflection
coefficients for a wave propagating across a boundary in viscous media (Zoeppritz, 1919). The boundary
is considered to be an infinite plane between the two viscous media. The Zoeppritz solutions are
obtained from a set of four coupled equations (Eq. 1) relating the transmitted and reflected components
of the p (longitudinal) and s (transverse) waves and the angles of each with respect to the normal.

The Zoeppritz equations that describe the functional relation of oblique reflections from a plane
interface in viscous media (Telford et al., 1990) are



Aicos8, — Bysing, + A,cos0, + Bysing, = Aycos,
AqsinB, + Bicos@, — Aysinf, + Bycosp, = —Aysinby
AiZicos2@q — BiWisin2¢@, — Ay Zyc052¢9, — BoWosin2¢, = —AgZ1c052¢4 Eq.1
A y1W;sin20, + B{Wicos2¢@q + Ay, W,sin20, — B,W,cos2¢, = Agy,W;sin20,

where Yi = i—i, Zi = pia;, Wi = piﬁi! i = 1,2,

and Ay, A, are the amplitudes of the reflected and refracted P waves, respectively. B, B, are the
amplitudes of the reflected and refracted S waves, respectively.

Because of the generality of these equations there is a practical need for any computer using
computational mathematics with the Zoeppritz equations to employ a linear approximation to decrease
computation time. There are several linear approximations to the Zoeppritz equations that will be
discussed in this paper: the Bortfeld approximation, the Shuey approximation, and the Aki-Richards
approximation.

The Bortfeld approximation uses Poisson’s Ratio to separate the reflection coefficients into three terms:
the normal incidence term, a fluid factor term, and a rigidity factor term (VerWest, 2004):

Al — AL P2 — p1
—2P?((BF - BD) + B> ———

Ryp(8)) = ———
pp(01) Al + AL p1 ) Eq. 2

where P is ray parameter P = sin 8, /a4, Al is acoustic impedance (velocity times density, ap) of the
medium, and the subscripts indicate the respective layer, and the subscript ,, refers to this solution
describing a reflected P wave from an incident down-going P wave.

The Shuey approximation separates the “amplitude response into increasing offset angles” (Shuey,
1985). The full approximation is a three term equation with terms corresponding to near, middle, and
far offset angles, respectively. The three term Shuey equation is
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zla 2, A8 A A

8 B1 B ay | a

R, (6 =——(—) (4— —) 2(0 —tan?(0

pp( 1) a a ﬁl +2(Z1 sin ( 1)"’2(11 an ( 1) Eq.3

where Aa = a; — ajand AR = [, — f.
The Aki-Richards approximation in the following form uses three terms to separate rock properties into
density, p wave, and s wave components (Hilterman and Graul, 2009):

2
)
aq

ANPIPINNY;
_4(01_1) smz(el)E

1 . Ap 1 ) Aa
Ryp(01) == 1— 4( sin“(0,) | —+ = (1 + tan (91)) —
2 p1 2 a

Eq. 4

where again Aa = a, — ajand Af = 8, — B;.



In the author’s algorithm, the full Aki-Richards equation is used as will be described below (Eq. 11).

In the geophysical industry there are many software packages that use one or more of these or other
linear approximations to the Zoeppritz equations. The major software players in the industry today are
IHS Kingdom, Paradigm, and Landmark. Each uses its own flavor of approximation to the Zoeppritz
equations to calculate the AVO response, but none so far uses the Aki-Richards approximation.

Wireline Logging

Wireline logging is accomplished by passing electronic tools through a borehole. The logs used in this
paper are called uplogs as the measurements are taken while the tools are moving from the bottom to
the top of the borehole. The tools are pulled by a wire extending up through the derrick floor. These
measurements are taken after completing the drilling of the well but before putting casing into the
borehole.

The formation density logging tool emits gamma rays into the rock formation and measures a response.
“The collisions [of the emitted electrons with the rock formation] result in a loss of energy from the
gamma ray particle. The scattered gamma rays that return to the detectors in the tool are measured in
two energy ranges. The number of returning gamma rays in the higher energy range, affected by
Compton scattering, is proportional to the electron density of the formation.” (Asquith and Krygowski,
2004) The result is multiplied by a constant (determined by the density of rock samples) to obtain the
bulk density of the formation.

The sonic logging tool, which creates the compressional and shear delta time logs referenced above,
does not actually measure the velocity of sound waves in the rock formation. It measures the slowness
(the inverse of the velocity) of the medium, where the industry standard unit is microseconds per foot.
The tool is composed of four or more ultrasonic frequency emitters and the same number of receivers.
Both the primary (compressional) and secondary (shear) wave responses are measured (Asquith and
Krygowski, 2004). Figure 5 shows a short spaced and a long spaced sonic logging tool.
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Figure 5: Sonic logging tools. (left) short spaced, (right) long spaced

Figure 5 (Glover, 2004) shows modern examples of short spaced (left) and long spaced (right) sonic
tools. The vertical lines are transmitters and the horizontal lines are receivers. The numbers on the right
side of each tool are the distances from the bottom of the tool with the reference point marked zero.



Chapter 3: Techniques and Methods

The well used as a test case for our new algorithm is in Helis Oil and Gas Company’s North Black Bay
field in Plaguemines Parish, Louisiana. The Louisiana state name for this well is Helis NBB #93 ST1
SLQQ195, referred to below as “the well”. The well was drilled in March 2004.The wireline log survey
was performed by the Schlumberger Corporation in April 2004 and included many measurements
beyond the scope of this paper (they will not be discussed). The measurements used here are bulk
density p, compressional delta time a, and shear delta time B. Figure 6 is a general map (courtesy of

Google) of south Louisiana; the arrow indicates the location of the well.

Figure 6: Map of southeast Louisiana with the well located at the tip of the red arrow

The mathematics used in the formulation of the synthetic seismogram is straightforward. The derivation
of the Zoeppritz equations and the subsequent Aki-Richards linear approximations are general
knowledge and can be found in Qualitative Seismology by Ketii Aki and Paul Richards (2002). Implicit in
the derivation of these sets of equations are assumptions about the boundary between the viscous
media and the media themselves. These assumptions include the use of homogenous media, both
vertically and horizontally transverse isotropic media, plane incident wave fronts, and plane boundaries
(Aki and Richards, 2002).




Some of the assumptions used in the Aki-Richards approximation are somewhat too broad to be exactly
applicable for use in practice. First, no real subsurface rock is homogeneous; laminated sections, joints
and fractures, and lithologic inconsistencies are all instances of inhomogeneity that occur frequently.
Second, anisotropy is an area of growing research in seismic methods as isotropic media are not
realistic; pore space fluctuations, differential strain, and crystalline orientation can all contribute to
seismic anisotropy (Upadhyay, 2004).

However, some assumptions used in the Aki-Richards approximation are applicable to our case. First,
plane incident wave fronts are necessarily true as we are considering an interaction with the interface in
a infinitesimal point. Therefore the wave front is infinitely large which implies a plane wave front.
Second, because our interfaces are being examined at an infinitesimal point the assumption of plane
boundaries must be true.

Data

The algorithm begins with the task of importing, categorizing, and sorting a large amount of data. Well
file data, in .las form, always comes as one large file per well with a large header including well
information such as location, owners, elevations, etc. The rest of the file contains data organized by
down-hole depth and separated into the various measurements taken during acquisition. The first step
is to separate the header from the file and keep the data in raw form. The data are imported and
organized into useable columns. Only three measurements are retained: bulk density p, compressional
delta time a, and shear delta time B.

Wavelet Choice

A good synthetic gather can determine the difference between drilling a productive well and a dry hole.
There are two simple ways of choosing a wavelet to use in practice. A very accurate method is to take a
subset of seismic data for analysis and frequency matching; this method will not be used in our
algorithm because comparison with seismic data is outside of the scope of this paper. The method we
employ is the computation of a theoretical wavelet with specified properties. We use a Ricker wavelet
with a form given by Ryan (1994) as

_1-2f2m2¢?
r) = —pe Eq.5

where f is the peak frequency and t is time. This wavelet has Fourier transform

w2
R(w) = E—Y Eq. 6
2\2m3e4n?
wherew =27 f.

An example Ricker wavelet with f =1 and its transform with peak at w =2 nf=2 n =6.28 are shown in
Figure 7. This wavelet is a natural choice as the single parameter defining it is the peak frequency of its
distribution.
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Another mandatory constraint on synthetic wavelets is the zero phase requirement; a zero phase
wavelet has its impulse response centered on the reflection coefficient data. The Ricker is also a zero
phase wavelet as seen in Figure 7 where the wavelet is symmetric with respect to the vertical axis. By
using more complicated combinations of sinc function wavelets one can more accurately approximate a
real seismic signal; however, for our purposes the Ricker wavelet works well.

amplitude amplitude

10,

015 +

: ‘ ‘ ‘ frequency (radian)
04t 5 10 15 2 % )

Figure 7: (left) Ricker wavelet r(t) with f = 1, (right) its Fourier transform R(w)
Normal Incidence Synthetic Trace

Acoustic impedance is the density of the medium multiplied by the velocity of sound in the medium. For
a normally incident wave at a plane boundary in an isotropic medium, the reflection coefficient is the
ratio of the amplitude of the reflected wave to the amplitude of the incident wave. After some algebra
we obtain

_ p2az — p1aq

RC ,
P20z + p1ay Eq.7

where p is the density of the medium and a is the velocity of a p wave in the same medium (see Figure
4). By convolving the equation 7 with equation 5 we can construct a synthetic seismogram:

[oe]

SS(t) =RC xr = f RC(m)r(n — t)dn,
0

Eq. 8

where n is data index number and t is time. With sampled data, the integral becomes a sum in the linear
discrete convolution:

N
SS(t) =RC*r = z RC(m)r(n —t), Eq. 9
n=1

where N is the index of the deepest depth in the oil well and the number of data samples is N. Figure 8
shows a convolution produced by using equation 9 with r(t) the Ricker wavelet and RC the reflection
coefficients from well log data. The trace in Figure 8 has been edited in the following ways to match
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industry standards: the positive peaks of the waveform have been filled in to the axis, and the plot has
been rotated to simulate a vertical section of data, with index number increasing down.

Amplitude

120
T0
T0
20

M, N
i

V“’

T

l

Data Index

I,

Figure 8: The normal trace plotted by using the ratio of reflected amplitude to incident amplitude for the reflection
coefficient series of Eq. 7, from well log data, convolved with the Ricker wavelet of Eq. 5.

The positive peaks of the waveform are hard kicks (to the right) created by an interface between a low
acoustic impedance and a deeper high acoustic impedance, and the negative peaks, or troughs, of the
waveform are soft kicks (to the left) created by an interface between a high acoustic impedance and a
deeper low acoustic impedance. The horizontal scale is a dimensionless qualitative measure of reflection
strength, here normalized to 0.2.
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Note that this is only a simulation of depth indexed data because the reflection coefficient data are
indexed by increasing data number only. If the data were to be used in the field to create time-depth
pairs on a seismic section we would need to re-index the data using the local velocity function.

Offset Incorporation and AVO

While the properties of this one trace are interesting in the sense that they give us a qualitative mapping
of rock properties to time migrated seismic data, we need to take another step and consider the effects
of an offset angle. In chapter 1 we showed the Zoeppritz equations (Eq. 1). This set of coupled equations
is too complex to be useful in a computational manner because it contains solutions to converted phase
waves which we don’t need, so we use the Aki-Richards linear approximation to these equations (Aki
and Richards, 2002).

cos6; CCOSHZ)F _ (a 4 5050 %) HP?)/D  Eq.10

Rpp(91) N ((b 1 a; aq B

where
a = p,(1—2B5p?) — p (1 - 2B7p?)
b = p,(1—2B3p?) + 2p1 f{p*
¢ = p1(1 = 2B¢p?) + 2p, 3p*

d= Z(Pzﬂzz - P1[))12)

cos0, cosO,
+c

ay az
cosQ, cosQ,
F=b +c
B1 B
d c0s0, cos@,
a,
G=a-
B2
cosf, cos
H=q-q2285%0
a; B1

D = EF + GHp?

and a4, a, are the p wave velocities of layers 1 and 2, 31, 3, are the s wave velocities, p1, p; are the
densities, 684, 65, @1, p,are the angles from the Zoeppritz equations, and P is the ray parameter given
after equation 2. Again, Figure 4 shows these angles in a graphical form.

Equation 10 is dependent on mixed angles and wireline log measurement coefficients. In our
formulation we use equation 10 in a slightly different form: that of Hilterman and Graul (2009) which,
following Aki and Richards, assumes similar properties between adjacent media:
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4B2%sin?(0,)
Aasec?(6,) B 4B, ABsin?(0,) N Ap(1 - == o2 )

2

RC(6) =
® =" oG 20,

Eq. 11

This equation is dependent on the wireline log properties and the angle of incidence for a down-going
primary wave. We set the offset angle to zero for normal incidence in the Aki-Richards equation and use
our algorithm to plot one trace, seen in Figure 9.

Amplitude (dB)

0
0
00

0

0
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Figure 9: A zero offset trace plotted using the Aki-Richards equation
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This plot is identical to the normal trace plot of Figure 8 obtained using the normal angle reflection
coefficient equation. This can be verified by entering a zero degree incidence angle in the Aki-Richards
equation (Eq. 11) to produce the incident angle reflection coefficient equation (Eq. 7).

To obtain the reflection coefficients for other offset angles we can insert the desired angle and the
wireline log data into the Aki-Richards equation (Eq. 11). For the plots and results below (following
industry standards) we use angles from zero to fifty degrees in increments of five degrees. It is possible
to use any angle desired up to the critical reflection angle of total internal reflection, where the
equations no longer hold (Telford, 1990).

In Figure 10 a convolution is used to combine the reflection coefficient data with the wavelet as was
done for Figure 9. As is industry standard, the angle increases left to right. The trace of Figure 9 is the
left-most trace of Figure 10, at zero offset angle. Other parameters are the same as above. There is an
extra multiplicative factor in front of the convolution to normalize the results so they scale correctly on
the same plot.

Figure 10 is an industry standard synthetic gather created using the author’s algorithm. The horizontal
axis is offset angle, with one trace for every five degrees of offset angle (6, from Figure 4). The vertical
scale is data index number, increasing downward. As is standard for all seismic data, synthetic and
measured, the positive peaks (or peaks) of each waveform are filled in to the zero crossing, and the
negative peaks (or troughs) are left unfilled.

15



Offset angle

Data index number

Figure 10: A synthetic gather for SEBB #39ST1 plotted using the authors algorithm. Horizontal scale is offset angle,
with one trace for every five degrees with 0 degrees on the left and 50 degrees on the right. Vertical scale is data
index number increasing downward
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Chapter 4: Analysis

As was shown in chapter 3, the method we use to create a synthetic seismic gather is based on response
to changing media and increasing offset angle. It can provide a basis for geophysical analysis to be done

in the field later if seismic data has been acquired over the area. The question remains: is it more or less
accurate than the other approximations used in the field today?

Due to the high cost of commercial software packages, the author only has access to one: IHS Kingdom.
Using Kingdom we create a synthetic gather for the same oil well described in chapter 3; this Kingdom
synthetic gather is shown in Figure 11.
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Figure 11: A synthetic gather of SEBB #39ST1 plotted using IHS Kingdom

Figure 11 is an industry standard commercial synthetic gather. The horizontal axis is offset angle, with
one trace for each degree with 0 degrees on the left and 50 degrees on the left. The vertical scale is
measured depth in feet of the well from the top of the wireline log data to the bottom of this data. The
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horizontal orange dashed lines are depth indicators called formation tops that help the geophysicist to
define the gather while manipulating it. As is standard for all seismic data, synthetic and measured, the
positive peaks (or peaks) of each waveform are filled in to the zero crossing, and the negative peaks (or
troughs) are left unfilled.

Algorithm Differences

As we can see the above Kingdom synthetic gather (Figure 11) is somewhat different from ours (Figure
10). There are several reasons for this: first, the vertical scales are different. Second, the wavelets are
slightly different. Third, the sample rates are different. And finally, as is the aim of this paper to
investigate, the linear approximation to the Zoeppritz equations is different. All of these differences are
discussed in detail below.

1) Vertical Scale
The scale on the vertical axis on the Kingdom gather (Figure 11) is obviously more gross then the scale
on our gather (Figure 10). The stretch and squeeze on the overall picture makes it difficult for the eye to
pick out where the peaks and troughs of the waveform match between gathers. The indexing in the
Kingdom gather is in subsea feet, where as the indexing in our gather is as increasing data samples
which distorts the image somewhat. The image scaled to our specifications is more accurate than the
commercial software. Our gather has been rescaled for a more detailed comparison discussed below
and shown in Figure 17.

Figure 12 shows the data index to depth map we use in our algorithm, representative of a time-depth
chart in a commercial setting. Time-depth charts are used to create velocity profiles from the synthetic
gather to scale borehole distances to match seismic data. Figure 12 with its constant linear slope
indicates a constant velocity. Figure 13 is the velocity function created by using a simple finite
differencing algorithm to calculate the discrete derivative of the data index/depth map shown in Figure
12. Figure 13 shows the constant velocity as predicted by Figure 12.
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Figure 14 is a time-depth map created by using the data from the synthetic gather in IHS Kingdom. This
plot is slightly non-linear which indicates variations in the velocity function. Figure 15 is the velocity
function created from Figure 14 using the same finite differencing algorithm as is used to produce Figure
13 from Figure 12. Figure 15 shows the non-linearity in the velocity function used by the commercial
software, the source of the stretch/squeeze inconsistencies shown in the vertical scale in Figure 17.

Note that the vertical scales of Figure 13 and Figure 15 are very different.
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Figure 14: A time/depth map from IHS Kingdom
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Figure 15: The discrete derivative of the data in figure 14

2) Wavelets
The wavelet in the Kingdom gather is a frequency-matched wavelet. A frequency-matched wavelet is
defined as derivatives of cardinal B-splines. It visually resembles an Ormsby wavelet, defined by Ryan
(1994) as

22 2¢2 Eq. 12
o(t) = (ﬁsincz(nﬁﬂ — %Sincz(ﬂfﬁ)) i
_ m’fy 2 _ ot 2
(—ﬂfz =y sinc*(mf,t) P — — sinc*(mfyt)

where f; is the low no-pass frequency, f; is the low full-pass frequency, f; is the high full-pass frequency,
f, is the high no-pass frequency, and (Bracewell, 2000)

sin (m t)

sinc(t) = —

The Ormsby wavelet has Fourier transform

(w1 ey R 1 e
o= (”fz} —nfs|fal : (7Tf4) wfy = 1f3 |7f3] . (nf3)>

(s 1 ey T 1 e
(”fz—”f1|”f2|A(7Tf2> 7Tf2—7Tf1|7Tf1|A(7Tf1>>’
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where we use Bracewell’s triangle function

1—|x| -1<x<0

_ )1 x=0
A =31 x| 0<x<1
0 elsewhere

For visual comparison with our wavelet (Figure 7) we have plotted an Ormsby wavelet and its Fourier
transform in Figure 16.
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Figure 16: (left) an Ormsby wavelet and (right) its Fourier transform

The Kingdom wavelet is a close approximation to the Ormsby wavelet. The Ormsby-Kingdom wavelet
and the Ricker wavelet have noticeably different shapes and passbands. The Ormsby is quite different
from the Ricker wavelet as seen when comparing Figure 7 to Figure 16. Therefore, the Kingdom wavelet
is also quite different from the Ricker wavelet. These variations account for differences in the shape of
the traces of the author’s gather when compared to the Kingdom gather. With our simply defined Ricker
we can only vary the peak frequency, which when decreased broadens the wavelet and therefore low
pass filters more in the convolution. When the frequency is increased the wavelet becomes more
compressed which smoothes less (sharpens) in the convolution.

3) Sample Rates
A major difference between the two synthetic gathers is that the sample rates are different. The
Kingdom gather uses many fewer samples than we do in our algorithm. The result is heavy aliasing of
the high frequency response in the gather. Of course, this sparse sampling decreases processing time
dramatically and is also one of the reasons why the Kingdom gather looks smoother than our gather. In
Figure 17 we will show that the result of using a smoothing filter and sample rate reduction on our
gather more closely matches the results from Kingdom.

4) Approximations
The Kingdom gather (Figure 11) uses a three term Shuey approximation to the Zoeppritz equations. In
Shuey’s (1985) original notation,
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RC(6) =5

Eq. 10).
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whereas our gather uses the Aki-Richards approximation to the Zoeppritz equations (stated in

1 Avp
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Eq. 14
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Figure 17: Synthetic gathers, (left) created using IHS Kingdom, (right) created using the author's algorithm
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Figure 17 is a scaled, correlated comparison of the synthetic gather created using IHS Kingdom (left) and
using our new algorithm (right). The two gathers are depth matched, phase rotated, and wavelet
frequency scaled to match each other as well as possible for comparison of the AVO response. Recall
that the Zoeppritz approximations are different for the two gathers. On the side of each image are
colored dots. Each colored dot indicates the same event on the two gathers. The horizontal dashed
orange lines in the Kingdom gather are formation top indicators, used in the software to compare
seismic data to synthetic gathers. The major reflectors of Figure 17 in each case respond in the same
way to an increase in offset.

Depth matching is begun by using a linear shift of the author’s synthetic gather’s datum (starting depth)
to match that of the Kingdom synthetic gather. This is necessary because the data in the commercial
synthetic gather are extrapolated on both ends as seen in the time-depth map in Figure 14, where
depths of less than two thousand feet and greater than eight thousand feet are included. Depth
matching is accomplished by adding a translation term, y, to the convolution of equation 9:

N
SS(t—v) =RC*r=ZRC(n)r(n—(t—y)) Eq. 15
0

Phase rotation is a linear phase modulation of each synthetic trace of the author’s algorithm to match
the peaks and troughs of the waveform to that of the commercial Kingdom gather. This is necessary
because for visual comparison of two synthetic gathers you must be able to correlate one waveform
event (peak, trough, or zero crossing) to the same event on both gathers. Though there are several ways
to do this, the simplest is to add a translation term, ¢, to the Ricker wavelet before convolution;
obviously ¢ will be smaller than the period of the wavelet. Therefore equation 5 is modified to be

1= 27t~ g)?
T(t - (P) - en.ZfZ(t_q))Z . Eq 16

Wavelet frequency scaling for the Ricker wavelet dilates or contracts the wavelet to smooth or sharpen
the trace, respectively. For the Ricker wavelet this is done by changing the peak frequency, f, in equation
16. A smaller f will dilate the wavelet causing more-low pass filtering in the convolution, which creates a
smoother waveform. A larger f will contract the wavelet allowing more high frequency through the filter
in the convolution, which creates a sharper trace.

Next, consider the AVO response of reflectors. Figure 18 and 19 are representations of class 1 and class
4 AVO responses, respectively. In the left panel PR stands for Poisson’s ratio, and Al stands for acoustic
impedance. The right panel shows the decrease or increase in amplitude with respect to increasing
offset angle. Class 1 (Figure 18) AVO seismic events decrease in magnitude (positive or negative
amplitude) with increasing offset angle. Class 4 AVO (Figure 19) seismic events increase in magnitude
(positive or negative amplitude) with increasing offset angle.
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Figure 19: A cartoon of a class 4 AVO response (Hampson-Russell, 2005)

In both panels of Figure 17 we can see a wavelet doublet split with increasing offset angle at the green
marker around 3400 feet. This shows a class 1 AVO response (Hampson-Russell 2005) in which a large
positive reflector decreases to a small positive reflector with increasing offset. Another example is at the
yellow marker around 6200 feet where we see a decrease in amplitude with respect to increasing offset
angle. These class 1 AVO responses can be correlated to the type of lithology causing each reflection
event, and whether or not these zones are hydrocarbon bearing.

Futhermore, in Figure 17 between the blue marker at 5800 feet and the yellow marker at 6200 feet in
the commercial synthetic gather we see very little in terms of AVO changes. However, in the author’s
synthetic gather there is a well defined doublet exhibiting class 4 AVO behavior, in which a small positive
event increases to a large positive event (Hampson-Russell 2005) shown in Figure 19.

Phase reversal describes the tendency of a seismic event to change from a peak to a trough or vice
versa. The Kingdom gather uses a three term Shuey approximation to the Zoeppritz equation (Eq. 13),
which is not as sensitive to phase reversal in offset response as the Aki-Richards approximation
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(Marfurt, 2008). This lack of sensitivity is detrimental in hydrocarbon exploration as the phase reversal
of a booming reflector can change the interpretation by the geophysicist.

In Figure 10 it is shown that our algorithm can create a very detailed synthetic seismic gather. To create
such a detailed image requires increased processing time because of the large number of calculations in
the convolution of equation 9 when spread across twenty five traces. The Kingdom synthetic gather of
Figure 11 is less detailed, but is computed more than an order of magnitude faster than our algorithm.
However, our algorithm has not been optimized for speed, so some decrease in processing time can be
anticipated.
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Chapter 5: Conclusions and Future Work

Conclusions

Our algorithm can detect fine differences in the AVO response of seismic events. This is due to the
nature of the Aki-Richards approximation (Eq. 10) to the Zoeppritz equations (Eg. 1) being organized into
terms describing rock properties, rather than by terms describing increasing offset angles as in the
Shuey approximation (Eq. 14), indicative of the types of better definition we expect to see overall from
the Aki-Richards approximation.

When our synthetic gather is scaled to the standard size/resolution of the commercial Kingdom
synthetic gather, as in Figure 17, image quality is lost. This blurring should be noted when using any
commercial software to create synthetic gathers.

The author’s algorithm is computationally slow enough that it would be a computing time burden if used
in a commercial setting. Our algorithm could easily be optimized for speed, however.

Future Work

To extend the author’s synthetic gather to a volume of seismic data, a non-linear velocity function would
be necessary. This velocity function, as mentioned in chapter 4, is needed to change the scaling of the
synthetic gather to relate the lithologic units in the well bore to the events in the seismic data. The
scaling would necessarily change the resolution of some of the seismic events seen in the synthetic
gather, as the reflection coefficients would be distributed differently in vertical depth.

Once properly velocity-corrected it would be possible to start data interpretation on the seismic volume.
With the same data set, one interpreting geophysicist could create two different interpretations using
our synthetic gather and the Kingdom synthetic gather. The data sets could be time shifted and the
interpreted formation tops could be subtracted for a quantitative comparison of the two synthetic
gathers in depth.

There are several other research topics for the future. First, one could use a wavelet convolution (Strang
and Nguyen, 1990) to combine the reflection coefficients with the wavelet. Second, using a fast super-
computer, every sample (without averaging) could be used to compare the seismic response to the
current (sample averaged) version of the gather. Finally, third and most useful, the same algorithm
could be used with different approximations to the Zoeppritz equations to create different synthetic
gathers and difference gather panels calculated to compare AVO anomaly behavior.
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Appendix

The following is the algorithm the author wrote in the computational mathematics software,

Mathematica, to create synthetic seismic gathers using the Aki-Richards approximation to the Zoeppritz
equations.
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Appendix 1

ClearAll["Global "*"]

Data Import

First we import data from a digital well log measurements file:

FullData := Import|[ =
"C:\Users\Graham\Documents\UNO\Thesis\HelisOil SL195QQ39 RUN1_ MAINPASS_032PUP.
las", "Data"]

Next we take only the colums of data we need from this file. Below density is standard resolution formation density, pveolcity is
the compressional component of the sonic velocity, and svelocity is the shear component of the sonic velocity.

DensityFull = FullData[[All, 66]]

A very large output was generated. Here is a sample of it:

{4.3035, 4.3035, 4.3035, 4.3035, 4.3035, 4.3035, 4.3035, 4.3035, 4.3035,
4.3045, 4.3048, 4.2934, 4.2897, 4.2984, 4.3348, 4.3935, 4.4567, 4.4948,
4.4852, 4.4352, 4.3478, <«<12273> , 2.4003, 2.4003, 2.4003, 2.4002, 2.3999,
2.3991, 2.3963, 2.3919, 2.3963, 2.4022, -5188.7, -999.25, -999.25,
-999.25, -999.25, -999.25, -999.25, -999.25, —999.25, —-999.25, -999.25}

I Show Less || Show More I Show Full Output I Set Size Limit...

PVelImport := FullData[[All, 39]]
SVelImport := FullData[[All, 42]]

We now take advantage of the fact that sonic well log data is actually recorded as the slowness of a medium, in this case mea-

sured in microseconds per foot. To convert to a rock velocity, in feet per second, all we do is invert and scale by six orders of
magnitude.
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PVelocityFull =N[1000000/ PVelImport]
SVelocityFull =N[1000000 / SVelImport]

A very large output was generated. Here is a sample of it:

{17914.2, 17914.2, 17914.2, 17914.2, 17914.2, 17914.2,
17914.2, 17914.2, 17914.2, «12297>>, 9242.86, 9242.86,
9242.86, 9242.86, 9242.86, 9242.86, 9242.86, 9242.86, 9242.86)

| Show Less || Show More I Show Full Outputl Set Size Limit...

A very large output was generated. Here is a sample of it:

{3460.24, 3460.24, 3460.24, 3460.24, 3460.24, 3460.24,
3460.24, 3460.24, 3460.24, <<12297>>, 4362.65, 4362.65,
4362.65, 4362.65, 4362.65, 4362.65, 4362.65, 4362.65, 4362.65)

| Show Less || Show More I Show Full Output I Set Size Limit...

Length[DensityFull]
Length[PVelocityFull]
Length[SVelocityFull]

12315
12315

12315

As is shown in the previous step these are very long lists of data, so next we decrease our sample rate by 10 times by averaging:

Density =
Table[ (DensityFull[[n]] + DensityFull[[1l +n]] + DensityFull[[2 + n]] + DensityFull[[3 +n] +
DensityFull[[4 +n]] + DensityFull[[5 +n]] + DensityFull[[6 +n]] + DensityFull[[7 +n] +
DensityFull[[8 +n]] + DensityFull[[9 +n]] + DensityFull[[10 +n]) /10, {n, 1, 1231}]

PVelocity = Table[ (PVelocityFull[[n]] + PVelocityFull[[l +n]] + PVelocityFull[[2 +n] +
PVelocityFull[[3 +n] + PVelocityFull[[4 +n]] + PVelocityFull[[5 +n] +
PVelocityFull[[6 +n] + PVelocityFull[[7 +n]] + PVelocityFull[[8 +n] +
PVelocityFull[[9 +n] + PVelocityFull[[10 +n]) / 10, {n, 1, 1231}]

SVelocity = Table[ (SVelocityFull[[n]] + SVelocityFull[[l +n]] + SVelocityFull[[2 +n] +
SVelocityFull[[3 +n]] + SVelocityFull[[4 +n]] + SVelocityFull[[5 +n] +
SVelocityFull[[6 +n]] + SVelocityFull[[7 +n]] + SVelocityFull[[8 +n] +
SVelocityFull[[9 +n] + SVelocityFull[[10 +n]) /10, {n, 1, 1231}]

{4.73408, 4.73307, 4.73169, 4.73118, 4.73431, 4.74331, 4.75863, 4.77776, 4.79593,
.8091, 4.81343, 4.80988, 4.806, 4.81002, 4.8248, 4.84564, 4.86614, 4.88247,
.82907, 4.74571, 4.66748, 4.66465, 4.7006, 4.73802, 4.76676, 4.77728, 4.76684,
.73841, 4.70145, 4.73299, 4.80555, 4.88899, 4.9091, 4.89159, 4.86208, 4.8224,
.78193, 4.74961, 4.7309, 4.72336, 4.71916, 4.70985, 4.69243, 4.6755, 4.66982,
.68077, 4.70596, 4.7411, 4.78147, 4.82136, 4.85456, 4.87809, 4.89228, 4.90554,

O A
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.92165, 4
.79945, 4
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.38139, 4
.37816, 4
.42782, 4
.25822, 4.
.85817, 4
.60211, 4
.59468, 4
.76395, 4
.65078, 4
.51055, 4
.07855, 4
.04548, 4
.53528, 3
.85163, 2
.93479, 2
.22808, 2
.19728, 2.

.17486, 2
.25315, 2
.31385, 2
.24963, 2.
.25824, 2
.23496, 2

.23549,
.29995,
B 7.
.29363,
.28369,
.29986,
.29511,
.30085,
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.94029, 4
.76122, 4
251197 4
.40995, 4
.94477, 3
.16725, 4
.23151; 4
.42552, 4
.37983, 4
.36615, 4
.40775, 4
.39291, 4

4

31084,

.59005, 4
.59158, 4
.77546, 4
.61035, 4
.47583, 4
.02162, 3
.06093, 4.
.30374, 3
.98322, 3
.79788, 2
.22456, 2

3

19488,

.95171,
.71463,
.55956,
.34046,
.96931,

23336,

.42516,
3728,
.34802,
.43431,
.35063,

.59195,
.58925,
.77953,
.57978,
ASFIT
.97954,

05959,

.06822,
.12169,
.60712,
.22107,

4
4
4
4
4
4

.88934,
.21152,
.4366, 2.31419, 2.2676, 2.25362, 2.23804, 2.23181,
.21646, 2.21142, 2.20717, 2.2041, 2.20222, 2.19994,
.1948, 2.19796, 2.20231, 2.20599, 2.20724, 2.2067, 2.20547,
.2021, 2.19837, 2.19504, 2.1924, 2.18787, 2.18072, 2.17412, 2.17039, 2.17143,
.17965, 2.18591, 2.19382, 2.20193, 2.20889, 2.21573, 2.22477, 2.23748,
.26815, 2.28086, 2.29048, 2.29921, 2.30636, 2.31174, 2.31511, 2.31637,
.3056, 2.29284, 2.28037, 2.27155, 2.26609, 2.26121, 2.25658, 2.25233,

4.95162, 4.93987, 4.91968, 4.89359, 4.86364, 4.832,
4.66097, 4.61, 4.56724, 4.53302, 4.505, 4.48523,

4.
4
3

6161, 4.65507, 4.65976, 4.62679, 4.57524, 4.52034,

.25181, 4.14699, 4.03965, 3.9554, 3.91013, 3.90612,
.99869, 4.03302, 4.06912, 4.10181, 4.1269, 4.14525,
.1675, 4.16289, 4.16271, 4.17461, 4.19788, 4.22227, 4.23742,
.25662, 4.30359, 4.35925, 4.40489, 4.42809,

.43833, 4.45748, 4.46648, 4.45552, 4.42974, 4.40462,
.3788, 4.38356, 4.3892, 4.39359, 4.39492, 4.39108,
.32902, 4.31186, 4.30154, 4.30482, 4.32215, 4.3488,
.45317, 4.46222, 4.46329, 4.45971, 4.44984,

.31036, 4.27657, 4.25102, 4.23436, 4.23227,

.3826, 4.45896, 4.53946, 4.62314, 4.7059, 4.77409, 4.82399,
.8819, 4.88219, 4.85597, 4.81037, 4.76302, 4.71707, 4.67275, 4.63065,
4.59553, 4.59759, 4.59923, 4.60043, 4.60023, 4.59804,
4.58909, 4.59875, 4.62397, 4.66298, 4.70521, 4.74065,
4.781, 4.7814, 4.77864, 4.76533, 4.73699, 4.69572,
4.56042, 4.54986, 4.54397, 4.54116, 4.53886, 4.53126,
4.39317,
3¢,
4
2
3
2
2

.35722,
.95009,

.3191, 4.26985, 4.20949, 4.14329,
95604, .95395, 3.96517, 3.98555, 4.0158,
.79166,
.28145,

.76042, 2.7422, 2.73838, 2.75068,
.31329, 3.27036, 3.1685, 3.05786,

4 4
3 3 3
.04698, 4.02813, 4.00163, 3.96389, 3.88144, 3.7391,
2 2 2
3 3

24914, 2.25121, 2.2555, 2.26056, 2.26445, 2.26531, 2.26366, 2.26058,

.23986, 2
.31009, 2
.32915, 2
.29158, 2
.28328, 2
.3018, 2.30187, 2.29969, 2.29574, 2.29171, 2.29036, 2.29179, 2.29411,
.29571, 2.29755, 2.30009, 2.30258, 2.30461, 2.30616, 2.30708, 2.30516,
.29472, 2.2884, 2.281, 2.27245, 2.26389, 2.25719, 2.25263, 2.24947,

.24675,
.32051,
.32329,
.29034,
.28374,

2
2
20
2
2

.25754, 2.25794, 2.25729, 2.25452, 2.24993, 2.24539, 2.24113, 2.23769,
.23313, 2.23027, 2.2259, 2.22025, 2.21493, 2.21, 2.20565, 2.20181,
.1989, 2.19756, 2.19832, 2.2018, 2.20749, 2.21419, 2.22086, 2.22624, 2.23123,
.25712, 2.26789, 2.27494, 2.27874, 2.28355, 2.29057,

.32988, 2.33579, 2.33805, 2.33816, 2.33779, 2.3372,
31749, 2.31325, 2.30982, 2.30658, 2.30226, 2.29724,
.28935, 2.28819, 2.28834, 2.28816, 2.28734, 2.28547,
.28465, 2.28629, 2.28852, 2.292, 2.29496, 2.29773,

.2464, 2.24343, 2.24101, 2.23907,
.24178, 2.24414, 2.24773, 2.2521,
.2793, 2.28301, 2.28565, 2.28588,
.26045, 2.2597, 2.26016, 2.26249,
.28035, 2.28045, 2.27627, 2.26828, 2.25966, 2.24963, 2.24123, 2.23469, 2.22615,
.21291, 2.20334, 2.20396, 2.21303, 2.21604, 2.21155, 2.20417, 2.19763, 2.18833,
.1765, 2.17439, 2.18802, 2.20474, 2.20851, 2.19598, 2.18307, 2.17776, 2.17402,

.16596, 2.15128, 2.13228, 2.10573, 2.07264, 2.03931, 2.01236, 1.99735, 1.99256,

2

23795, 2.

2.25638, 2.
2.
2.26513, 2.

28502, 2.

23813, 2.23955, 2.24057, 2.24114,
2608, 2.26544, 2.27023, 2.27464,
28188, 2.27673, 2.26946, 2.26385,
2678, 2.26952, 2.27236, 2.27606,
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2771972 27704,
.30103, 2.30531,
.31799, 2.31157,
.24102, 2.23592,
.22009, 2.21969,
.09041, 2.08054,
.07374, 2.05876,
.09072, 2.10587,

.24969, 2.25173,
.26237, 2.26435,
.25466, 2.25403,
.23745, 2.23687,
.23946, 2.23744,
.21242, 2.20485,
.16493, 2.16041,
.1886, 2.1952, 2.
.15893, 2.1465, 2.13421, 2.12658, 2.12617, 2.13282, 2.14455, 2.1596, 2.17655,

N NN NN NNDDN

2
2
2
2
2
2
2

.27349,
.30987,
.30316,
.23289,
21712,
.06811,
.03008,
.12667,

.25265,
.26153,
BT
.23713,
.23459,
.19632,
.15876,
20008, 2.

2
2
2
2
2
2
2
2

2
2
2
2t
2
2
2

21978, 2.
.27501, 2.28381,
.31328, 2.31524,
.29466, 2.28668,
.22921, 2.22625,
.20535, 2.18181,
.05526, 2.04349,
.00813, 1.99961,
.15954, 2.20471,

.98972, 1.98823, 1.99065, 2.00267, 2.02663, 2.0576, 2.08664, 2.11041, 2.13539,
1632, 2.18423;, 2.19573,.2.2047, 2.

24076, 2.25895, 2.26928, 2.27441,

2

2
2
2
2
2
2
2

.29386, 2.29902, 2.29921, 2.299,
.31628, 2.31834, 2.32045, 2.321,
.27887, 2.27017, 2.26039, 2.24958,
DIABA BP0 E0T; 209905, 2.200609;
.15058, 2.12112, 2.10363, 2.09477,
.03452, 2.03428, 2.04854, 2.06901,

.0065, 2.02393, 2.04699, 2.07083,
.25057, 2.28702, 2.30658, 2.31159,
.3113, 2.31132, 2.30978, 2.30576, 2.29934, 2.29183, 2.28316, 2.27317, 2.26375,
.25764, 2.25678, 2.26026, 2.26513, 2.27089, 2.27747, 2.28484, 2.29275, 2.30188,

.31304, 2.32498, 2.33621, 2.34542, 2.35298, 2.35946, 2.36379, 2.3658, 2.36628,
.36641, 2.36445, 2.35982, 2.35311, 2.34652, 2.34101, 2.33611, 2.33096,

.32452, 2.3182, 2.31284, 2.30935, 2.30867, 2.30826, 2.30672, 2.30337, 2.29994,
.29786, 2.2979, 2.30186, 2.30764, 2.31169, 2.31103, 2.30492, 2.29737, 2.28928,
.28173, 2.27274, 2.26234, 2.25016, 2.23585, 2.22096, 2.20856, 2.19977,

.19524, 2.19459, 2.20025, 2.21273, 2.2301, 2.24895, 2.26761, 2.28596, 2.30445,
.32148, 2.33653, 2.34871, 2.35672, 2.35848, 2.35299, 2.34492, 2.33892,

.33762, 2.33864, 2.34012, 2.34154, 2.34385, 2.34676, 2.3482, 2.34792, 2.34689,
.34503, 2.33883, 2.32682, 2.31396, 2.30433, 2.30005, 2.298, 2.29834, 2.30245,
.31116, 2.32232, 2.33303, 2.34539, 2.36034, 2.37584, 2.387, 2.39233, 2.39535,
.39756, 2.40009, 2.40133, 2.40176, 2.4017, 2.40081, 2.3991, 2.39646, 2.39402,
.39232, 2.39024, 2.38667, 2.38131, 2.3743, 2.36621, 2.35688, 2.34666, 2.33652,
.32659, 2.31721, 2.30817, 2.29906, 2.29136, 2.28508, 2.28088, 2.27721,

.27369, 2.27144, 2.27079, 2.27174, 2.27317, 2.27422, 2.27494, 2.2758, 2.27702,
.27819, 2.27897, 2.28015, 2.28055, 2.27923, 2.276, 2.2734, 2.27238, 2.27289,
.27278, 2.27129, 2.26943, 2.26812, 2.26707, 2.26527, 2.26367, 2.26301,

.26185, 2.2593, 2.25456, 2.24903, 2.24347, 2.23836, 2.23371, 2.2289, 2.22483,
.22117, 2.21713, 2.21386, 2.21242, 2.21451, 2.21771, 2.22152, 2.22503,

.22869, 2.23161, 2.23381, 2.23555, 2.23791, 2.23853, 2.23596, 2.22972,

.22306, 2.21721, 2.21175, 2.20319, 2.19449, 2.19167, 2.19558, 2.20173,

.20519, 2.20906, 2.21482, 2.22144, 2.22688, 2.23242, 2.2424, 2.25635, 2.26653,
.26942, 2.26811, 2.26992, 2.27355, 2.27695, 2.27952, 2.2827, 2.28565, 2.28705,
.28614, 2.28632, 2.29068, 2.29915, 2.30765, 2.3139, 2.31857, 2.32419, 2.33219,
.34187, 2.35364, 2.36505, 2.37453, 2.37928, 2.38036, 2.37822, 2.3728, 2.3647,
.35245, 2.33567, 2.3178, 2.30307, 2.29298, 2.2841, 2.27536, 2.26684, 2.26251,
.26328, 2.26839, 2.27551, 2.28411, 2.29245, 2.29626, 2.29721, 2.29837, 2.3019,
.30496, 2.30546, 2.3042, 2.30084, 2.2959, 2.28776, 2.27719, 2.26613, 2.25564,
~2UB5D.,, 0. 2380, 222807, 201658, 2.0143, 201217, 2.o131E,. 2..00.885,.10 00853,

.2389, 2.24628, 2.25076, 2.25367, 2.25439, 2.25131, 2.24539, 2.24301, 2.24544,
.25336, 2.25321, 2.25171, 2.25231, 2.25645,

.25662, 2.2531, 2.25114, 2.25068, 2.25163, 2.25383,
.25, 2.24869, 2.24748, 2.24558, 2.24248, 2.23942,

23773, 2.23882, 2.23936, 2.23982, 2.24008,

.23205, 2.22921, 2.22613, 2.22248, 2.21823,
.1896, 2.18544, 2.1823, 2.17841, 2.17394, 2.16991,
.16098, 2.16545, 2.16986, 2.17474, 2.18143,

20421, 2.20559, 2.20207,:2.19279, 2.18114, 2.16998;
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2.19404, 2.21088, 2.22749, 2.24347, 2.25919, 2.27097, 2.27718, 2.27816,
2.27829, 2.28039, 2.28456, 2.28881, 2.2932, 2.29722, 2.30196, 2.30542, 2.30824,
2.30931, 2.30962, 2.30783, 2.30546, 2.30404, 2.3042, 2.30234, 2.29792, 2.29134,
2.28543, 2.28051, 2.27796, 2.27656, 2.27576, 2.27339, 2.26907, 2.2625, 2.25578,
2.24986, 2.24557, 2.24131, 2.23728, 2.23183, 2.2286, 2.2284, 2.23198, 2.23556,
2.23902, 2.24294, 2.24851, 2.25422, 2.25976, 2.2643, 2.26873, 2.27108, 2.27036,
2.26605, 2.26219, 2.26013, 2.25878, 2.2557, 2.2503, 2.24472, 2.23981, 2.23627,
2.23278, 2.2289, 2.22464, 2.21936, 2.21253, 2.20611, 2.20146, 2.19906, 2.19704,
2.19402, 2.19122, 2.18911, 2.19005, 2.193, 2.19934, 2.20947, 2.22301, 2.23575,
2.24629, 2.25388, 2.26199, 2.26989, 2.27647, 2.28051, 2.28286, 2.28515,
2.28535, 2.28196, 2.27747, 2.27399, 2.27283, 2.27128, 2.26911, 2.26823,
2.26926, 2.27151, 2.27053, 2.26667, 2.26036, 2.254, 2.24773, 2.24288, 2.23939,
2.23648, 2.2333, 2.22898, 2.22377, 2.21857, 2.21508, 2.21411, 2.21452, 2.21469,
2.21319, 2.21055, 2.20803, 2.20621, 2.205, 2.20401, 2.20371, 2.20283, 2.20148,
2.19998, 2.20016, 2.20139, 2.20212, 2.20185, 2.20043, 2.19901, 2.19765,
2.19546, 2.1915, 2.1862, 2.18027, 2.17432, 2.16921, 2.16606, 2.16412, 2.16199,
2.16018, 2.15908, 2.15809, 2.15797, 2.15884, 2.16174, 2.16492, 2.16892,
2.17455, 2.18286, 2.19334, 2.20105, 2.20546, 2.20784, 2.2102, 2.21197, 2.21162,
2.21106, 2.20922, 2.20451, 2.19545, 2.18344, 2.17358, 2.16689, 2.16509,
2.16694, 2.17126, 2.17652, 2.18002, 2.18315, 2.18553, 2.18844, 2.19226,
2.19541, 2.19807, 2.19839, 2.1976, 2.19583, 2.19356, 2.19129, 2.18794, 2.18526,
2.18335, 2.18342, 2.18436, 2.18483, 2.18393, 2.18136, 2.17915, 2.17788,
2.17727, 2.17697, 2.17585, 2.17502, 2.17286, 2.17058, 2.16868, 2.16835,
2.16904, 2.1675, 2.16439, 2.16076, 2.15851, 2.15835, 2.1586, 2.15903, 2.15713,
2.15189, 2.14076, 2.12158, 2.09893, 2.07559, 2.05611, 2.04075, 2.02992,
2.02095, 2.00946, 1.99965, 1.99847, 2.01224, 2.04048, 2.07744, 2.11757,
2.15483, 2.18482, 2.20661, 2.22428, 2.24356, 2.26193, 2.27343, 2.27626,
2.27394, 2.26929, 2.26343, 2.25758, 2.25405, 2.25188, 2.25065, 2.25079,
2.25316, 2.25713, 2.26081, 2.2638, 2.26708, 2.27186, 2.27819, 2.28362, 2.28894,
2.29385, 2.29914, 2.30447, 2.31036, 2.31703, 2.3243, 2.33054, 2.33465, 2.33461,
2.33363, 2.33249, 2.33133, 2.32745, 2.32013, 2.31006, 2.29791, 2.28109,
2.26138, 2.23961, 2.22241, 2.20989, 2.20273, 2.19947, 2.19882, 2.19891, 2.197,
2.19135, 2.18643, 2.18593, 2.19323, 2.20358, 2.21429, 2.22205, 2.22762, 2.2318,
2.23714, 2.2453, 2.2581, 2.27177, 2.28115, 2.28212, 2.27693, 2.26768, 2.25654}
{19705.6, 19705.6, 19705.6, 19705.6, 19705.6, 19705.6, 19705.6, 19705.6, 19705.6,
19705.6, 19705.6, 19705.6, 19705.6, 19720.4, 19738.5, 19747.4, 19752.8,
19761.2, 19768.2, 19778.4, 19769., 19763.1, 19756.7, 19747., 19730.7, 19700.5,
19694.7, 19696.1, 19700.7, 19711.1, 19706.9, 19722., 19735.2, 19760.3, 19806.5,
19840.6, 19885., 19905.4, 19924.6, 19939.9, 19927., 19928.4, 19919.1, 19907.5,
19906.7, 19865.6, 19842.6, 19794.2, 19791.1, 19802., 19809.7, 19846.3,
19843., 19851.9, 19883., 19861.1, 19851.6, 19830.5, 19839., 19807.9, 19761.,
19709.5, 19660.7, 19654.2, 19664.3, 19642.3, 19652.1, 19692.3, 19754.9,
19828., 19894.7, 19872.1, 19911.9, 19846.5, 19800.8, 19753.3, 19699.2,
19657.9, 19634.6, 19561.9, 19477.4, 19404.9, 19421.6, 19383., 19446.2,
19480.4, 19499.5, 19537.7, 19563.1, 19595.4, 19705.7, 19783.8, 19772.8,
19760., 19737.5, 19674.2, 19635.6, 19686.4, 19749.8, 19834.5, 19824.8,

19 746.
19:873.
20926.
20768.

2, 19692
8, 19983
9, 20947

6, 20884.

.2, 19698.7, 19720.9, 19761.3, 19839.6, 19912.1, 19892.4,
.2, 20183.9, 20426.7, 20689.5, 20854.6, 20873.4, 20902.6,
.4, 20962.4, 21013.8, 21019.6, 20914.5, 20839.8, 20754.2,
,20984.6, 21067.2, 21140.2, 21189.4, 21207.4, 21089.1,
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21014
20309

19828.
19708.
¥9:757.
19937
19649.

19 489

19.585.
20320.
20142.
20363.
20633.
20159.

17512

.5, 20882.1, 20720., 20617.3, 20584.1, 20515.5, 20443.5, 20374.1,

.8, 20237.9, 20157.5, 20093.7, 20035.6, 20029.9, 19986.1, 19897.9,
,19786.3, 19737.1, 19715.5, 19699.9, 19720.2, 19748.9, 19746.9,

6, 19729.6, 19770.7, 19825.3, 19799.2, 19762.3, 19745.3, 19731.7,
4,19824.5, 19841., 19922.3, 19884.3, 19851.6, 19818., 19862.8, 19913.5,
6, 19931.7, 19897.4, 19822.9, 19832.3, 19795.4, 19812.8, 19749.9,
4,19604.7, 19553.7, 19546., 19596.6, 19606.1, 19550.8, 19 528.8,

.6, 19464.3, 19516.5, 19598., 19619.8, 19659.1, 19611.8, 19541., 19519.9,
9,19605.3, 19653.2, 19693., 19838.3, 20056.9, 20237., 20279.6,

4, 20324.6, 20331.1, 20299.9, 20289.1, 20298.1, 20324.2, 20235.3,

8, 20000.5, 19952.2, 20040.7, 20144.9, 20180.8, 20260.5, 20 333.2,

6, 20405.6, 20447.2, 20425.6, 20490.8, 20578.2, 20575.5, 20 562.5,

, 20581.8, 20541.1, 20501.5, 20423.1, 20332.6, 20260.6, 20184.2,
3,20138.5, 20152.3, 20129., 20195.9, 20254., 20212.1, 19352.1, 18453.,
.9, 16590.3, 15638.4, 14701.5, 13718.2, 12752.2, 11761.4, 10800.7,

9750.27, 9817.62, 9962.34, 9748.78, 9811.8, 9793.49, 9762.08, 9747.82, 9855.37,

9983.

59, 9940.37, 9869.63, 9513.95, 9120.91, 9109.36, 8814.17, 8590.92, 8347.92,

8113.06, 7738.05, 7368.83, 7139.06, 7122.95, 7117.03, 7116.55, 7118.98, 7113.97,
7110.14, 7117.25, 7109.98, 7103.54, 7098.28, 7085.44, 7078.3, 7046.94, 7015.18,
6985.01, 6967.31, 6957.74, 6956.94, 6964.13, 6975.76, 7008.27, 7046.44, 7081.53,
7135.96, 7189.33, 7229.21, 7261.24, 7290.33, 7311.43, 7314.7, 7325., 7310.58,
7281.4, 7268.22, 7251.23, 7243.84, 7249.59, 7260.37, 7280.82, 7306.8, 7349.18,

7389.

36, 7432.13, 7483.69, 7522.46, 7555.6, 7581.4, 7596.46, 7589.99, 7568.15,

7547.12, 7527.42, 7508.47, 7495.05, 7484.41, 7466.08, 7437.52, 7405.36, 7376.28,
7363.65, 7356.04, 7358.69, 7355.3, 7341.63, 7326.47, 7307.3, 7297.28, 7304.1,

7315.

55, 7323.8, 7347.84, 7366.38, 7374.21, 7376.26, 7381.82, 7379.77, 7371.06,

7351.62, 7325.15, 7291.04, 7262.78, 7221.89, 7190.24, 7202.89, 7230.16, 7267.21,
7301.11, 7356.62, 7418.61, 7465.99, 7525.33, 7582.05, 7627.93, 7668.93, 7663.3,
7650.02, 7620.84, 7592.97, 7551.03, 7503.7, 7471.94, 7428.21, 7382.06, 7342.58,

#3025,
7140.
7112
T2E6:.
2312
7217

62, 7265.25, 7225.03, 7191.72, 7184.23, 7168.68, 7162.14, 7150.4, 7143.63,
51, 7144.2, 7145.55, 7147.37, 7155.78, 7160.09, 7141.87, 7129.82, 7115.9,

54, 7117.39, 7119.61, 7116.39, 7121.22, 7126.17, 7135.1, 7156.33, 7183.34,
88, 7251.19, 7277.18, 7289.6, 7301.36, 7312.41, 7319.67, 7324.24, 7322.29,
46, 7298.98, 7281.9, 7265.29, 7253.62, 7245.29, 7243.05, 7238.37, 7231.42,
81, 7203.69, 7185.19, 7172.78, 7165.64, 7163.58, 7163.51, 7167.77, 7173.04,

7182.27, 7233.41, 7294.56, 7363.03, 7417.32, 7462.03, 7506.65, 7536.22, 7538.45,
7547.26, 7550.45, 7553.09, 7519.2, 7480.94, 7434.62, 7407.12, 7380.43, 7349.75,

7331
7422.
F272%
72561
7320.
7118.

.9, 7345.36, 7352.49, 7366.44, 7379.01, 7391.39, 7405.03, 7411.57, 7416.04,

35, 7419.57, 7410.12, 7388.45, 7354.67, 7330.56, 7315.24, 7299.16, 7280.86,
12, 7260.36, 7243.25, 7234.13, 7225.1, 7227.38, 7247.27, 7255.18, 7255.64,
18, 7255.07, 7262.67, 7276.84, 7297.5, 7316.64, 7335.8, 7346.17, 7338.8,
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02, 2595.77, 2633.41, 2668.13, 2642.21,
81, 2521.44, 2510.63, 2501.44, 2499.88,
01, 2509.57, 2457.86, 2414.09, 2395.43,

.51, 2245.76,
.53, 2171.03,
.28, 2237.78,
.6, 2239.93,

.2, 2334.46, 2298.91, 2262.18, 2215.33, 2167.23, 2131.23, 2135.55, 2135.65,
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2127.74, 2092.36, 2140.03, 2217.46, 2310.59, 2386.23, 2448.64, 2509.5, 2509.45,
2521.97, 2522.78, 2514.81, 2521.27, 2464.57, 2381.82, 2330.71, 2296.88, 2305.52,
2320.14, 2301.43, 2273.15, 2256.4, 2248.39, 2231.6, 2196.7, 2157.43, 2070.01,
1981.99, 1865.95, 1747.33, 1717.4, 1703.23, 1704.09, 1714.62, 1733.18, 1756.82,
1789.71, 1833.01, 1882.8, 1936.36, 1995.14, 2052.08, 2101.83, 2142.38, 2179.04,
2212.86, 2245.25, 2275.3, 2299.04, 2350.11, 2390.48, 2423.39, 2454.79, 2486.84,
2524.53, 2558.76, 2591.21, 2619.95, 2641.21, 2660.18, 2638.19, 2621.34,
2605.52, 2589.8, 2572.59, 2547.68, 2521.64, 2494.92, 2470.9, 2453.51, 2439.28,
2433.72, 2427.8, 2419.44, 2410.58, 2401.62, 2393.07, 2386.53, 2379.99, 2373.32,
2365.2, 2357.05, 2345.82, 2338.72, 2335.66, 2333.98, 2335.07, 2339.57, 2346.33,
2355.38, 2362.24, 2368.75, 2374.27, 2381.32, 2386.64, 2393.74, 2403.85,
2412.27, 2416.81, 2416.86, 2410.76, 2405.61, 2397.68, 2391.25, 2386.35, 2385.8,
2325.04, 2259.3, 2191., 2126.87, 2068.65, 2022.5, 1979.61, 2005.77, 2030.92,
2046.4, 2062.53, 2135.98, 2207.22, 2275.6, 2339.96, 2406.13, 2453.45, 2494.93,
2476.53, 2470.83, 2483.4, 2503.22, 2518.54, 2552.95, 2605.28, 2672.54, 2751.91,
2749.25, 2749.15, 2688.43, 2615.12, 2534.08, 2442.73, 2377.92, 2325.01, 2268.37,
2197.52, 2113.43, 2124.18, 2130.47, 2195.65, 2261.03, 2325.58, 2389.39,
2442.02, 2472.65, 2498.63, 2524.96, 2561.99, 2594.33, 2622.74, 2642.73,
2666.82, 2693.44, 2724.81, 2763.88, 2806.87, 2861.32, 2909.02, 2920.51,
2922.86, 2874.13, 2829.39, 2780.82, 2728.14, 2669.9, 2594.22, 2572.72, 2515.18,
2493.92, 2484.32, 2478.4, 2539.78, 2592.18, 2664.44, 2748.9, 2810.65, 2829.18,
2785.19, 2753.45, 2672.11, 2580.06, 2477.36, 2366.93, 2264.32, 2140.38,
2017.06, 1934.23, 1895.2, 1855.71, 1836.91, 1851.01, 1901.82, 1972.08, 2048.65,
2128.38, 2211.47, 2285.74, 2343.35, 2379.21, 2411.29, 2427.5, 2431.37, 2432.53,
2409.04, 2370.98, 2335.04, 2344.02, 2348.82, 2352.27, 2375.03, 2402.58,
2431.25, 2459.75, 2481.53, 2528.07, 2585.75, 2641.42, 2651.1, 2658.07, 2666.66,
2673.87, 2678.62, 2680.16, 2679.67, 2671.23, 2616.3, 2556.07, 2492.79, 2428.5,
2367.47, 2306.69, 2253.95, 2203.58, 2158.8, 2171.12, 2184.72, 2240.46, 2299.16,
2361.51, 2421.85, 2484.13, 2548.34, 2607.64, 2669.19, 2732.22, 2720.61,
2705.64, 2683.46, 2653.28, 2619.2, 2584.97, 2554.88, 2530.52, 2506.69, 2483.43,
2463.08, 2454.9, 2436.74, 2430.65, 2434.37, 2438.67, 2434.79, 2425.17, 2399.49,
2369.39, 2336.26, 2298.48, 2267.36, 2249.92, 2229.87, 2209.84, 2192.79,
2190.95, 2189.56, 2206.55, 2227.27, 2247.5, 2235.97, 2224.21, 2201.48, 2172.83,
2141.51, 2108.01, 2069.49, 2037.86, 2005.38, 1973.13, 1945.08, 1942.07,
1925.83, 1919.41, 1921.18, 1931.4, 1952.81, 2024.88, 2084.6, 2137.9, 2191.11,
2235.01, 2283.89, 2344.58, 2408.75, 2468.23, 2516.73, 2552.14, 2535.39,
2524.79, 2508.27, 2490.81, 2479.07, 2469.61, 2463.4, 2455.47, 2449.28, 2445.72,
2442.63, 2436.75, 2427.28, 2416.46, 2411.36, 2419.59, 2431.53, 2442.38,
2449.87, 2458.97, 2468.85, 2479.54, 2503.1, 2531.24, 2562.42, 2585.33, 2590.2,
2587.17, 2581.34, 2578.87, 2578.66, 2581., 2582.7, 2574.84, 2562.52, 2544.76,
2528.24, 2512.89, 2505.47, 2501.29, 2498.08, 2493.52, 2487.46, 2485.34,

2479.5, 2466.84, 2460.72, 2450.44, 2412.1, 2346.57, 2282.93, 2222.14, 2167.33,
2117.01, 2070.84, 2026.77, 1991.28, 1953.79, 1965.94, 2011.24, 2076.91,
2142.53, 2204.03, 2261.45, 2313.84, 2360.11, 2374.22, 2364.64, 2359.04, 2308.,
2256.32, 2207.86, 2157.49, 2106.91, 2053.54, 1994.87, 1929.65, 1896.39,
1882.07, 1861.5, 1845.28, 1828.1, 1810.79, 1794.59, 1777.96, 1761.11, 1748.7,
1745.95, 1749.79, 1755.41, 1756.02, 1752.73, 1746.01, 1738.87, 1729.63,
1720.86, 1711.61, 1702.9, 1690.97, 1676.63, 1666.66, 1665.13, 1669.89, 1684.37,
1694.39, 1704.47, 1707.81, 1708.4, 1701.54, 1696.22, 1687.38, 1693.57, 1703.95,
1710.21, 1717.29, 1727.11, 1731.8, 1740.43, 1751.59, 1769.16, 1783.25, 1793.68,
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1787.
1781.
1837.
1672.
1919.
2185.
1850.
1741.
2322
2890.
2856.
2248.
3774.
3197.
2731
1731.
2140.

36, 1772.52,
12, 1798.24,
62, 1810.12,
16, 1681.31,
78, 1960.47,
75, 2175.18,
29, 1798.34,
36, 1795.41,
86, 2389.37,
03, 2928.61,
93, 2729.41,
23, 2345.07,

83, 3175.53,
09, 2595.33,
05, 1730.28,
11, 2281.01,

Length[Density]
Length[PVelocity]
Length[SVelocity]

1231

1231

1231

17565
1816.
1783«
1694.
1998.
2139.

1745

1849.

2403

2970.
2593,
2490.

3175
2444

2415

14, 1733

58, 1837.
.61, 1735.74, 1718.03, 1705.45, 1688.42,
.48, 1741.85, 1775.9, 1813.8, 1849.65, 1883.64,

81, 1754
83, 1716

.01, 1724.6, 1724.23, 1732.99, 1748.5, 1762.51,

02, 1860.31, 1882.49, 1871.48, 1857.76,

» 2040.92, 2079.31,.2109:.6;, 2136.43,.2155.24,2171.11,

18, 2108

-65; 1692+

62, 1900

.05, 2426.
43, 2994.

.23, 2075.04, 2018.95, 1962.
33, 1665.53, 1658.58, 1646.
.87, 1946.59, 2042.04, 2133.
51, 2454.59, 2529.24, 2630.
12, 3003.87, 2999.82, 2992.

63, 1906.
51, 1690.
62, 2246.
98, 2753.
32, 2934.

26,
24,
55,
83, 2814.8,
36,

1, 2447.45, 2317.1, 2220.79, 2161.37, 2122.41, 2171.19,
65, 2692.72, 2927.29, 3154.88, 3360.9, 3522.69, 3666.76,
8, 3769.22, 3752.11, 3721.17, 3633.4, 3526.83, 3403.05, 3293.84, 3221.2,

.47, 3193.47, 3193.47, 3105.86, 2996.08, 2859.49,
.36, 2288.47, 2147.82, 2023.53, 1920.34, 1798.21, 1750.3,
1725.

1, 1722.21, 1728.05, 1754.08, 1789.96, 1898.69, 2009.6,

.2, 2550.69, 2682.87, 2738.34, 2775.82, 2781.98, 2772.}

So we are now down to relatively small data lists, which will help below when calculating the offset reflection coeficients.

Pick your favorite wavelet

T’ll use the Ricker for now because of it’s simple construction, the fact that it is zero-phase, and its nice finte impluse response:

Ricker[t_] = (1-2n%£2t?) E* (-n% £7 t?)

RS (1—2f2 2 tz)

In this representation of the Ricker filter the wavelet’s defining characteristic is f, the peak frequency in transform space. Let’s

pick an arbitrary freqency for now:

NumericalRicker[t_] = Ricker[t] /. £ - .075

e—0.0555165t’ (1 _0.111033 tZ)

Here’s what she looks like in the time domain:
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Plot[NumericalRicker[t], {t, -12, 12}]
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Now we’ll pop over to the frequency domain where, as expected, we find a weighted Gaussian distribution:
RickerTransform[w_] = FourierTransform[NumericalRicker[t], t, w]
€1+50316¢% (4 44089 x 10726+ 27.0285 w?)

Plot[RickerTransform[w], {w, 0, 30}, PlotRange » {{0, 1.6}, {0, 2.2}}]
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Normal Incidence Synthetic Trace

In this section we create one synthetic trace from the imported data. To create this trace we need acoustic impedance data; for
simplicity we will assume acoustic impedance is equal to density * velocity. We define the reflection coefficient at a plane
boundary to be the ratio of the amplitude of the reflected wave to the amplitude of the incident wave, so we find:
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ReflectionCoefficient =
Table[ (Density[[n+1]] * PVelocity[[n+ 1]] -Density[[n]] PVelocity[[n]]) /
(Density[[n+1]] » PVelocity[[n+1]] +Density[[n]] PVelocity[[n]]), {n, 1, 123}]

{-0.051699, 0.0453592, -0.722117, 0.0477839, -0.0463764, 0.0816606, 0.0414433,
-0.0758221, 0.0125725, -0.00871785, 0.00079736, 0.057967, -0.151543, 0.100852,
-0.0097173, 0.0415447, -0.0416681, 0.0244586, 0.0560465, -0.0206885,
-0.0647083, 0.0810408, -0.0869361, 0.102944, -0.0576352, -0.157066, 0.175023,
-0.0207086, -0.00094189, 0.0386291, -0.0486518, 0.0580482, -0.0445209,
0.00743577, -0.0119791, 0.00385986, -0.00175264, 0.0188995, 0.0173384,
0.0297042, -0.00673069, -0.0276776, -0.000271434, 0.0485662, -0.000158765,
-0.0127649, -0.0391017, 0.0193608, -0.0179958, 0.0604367, 0.0360823, 0.00953254,
-0.0642632, -0.0185188, 0.00181852, -0.00631784, 0.0211396, 0.0652542,
-0.0303289, -0.0510886, 0.0333606, 0.0651871, -0.0232204, 0.0100322, 0.0289782,
-0.0894187, 0.047488, -0.0445293, 0.0283278, -0.00788931, -0.0128669,
0.0798778, -0.068142, 0.0414557, -0.0238927, -0.0607158, 0.055865, 0.004807,
0.0875285, -0.032968, -0.0752027, 0.132003, -0.0986402, 0.0496246, -0.0571239,
-0.0113417, 0.0836816, -0.0917656, 0.101081, -0.0845715, 0.0162614, 0.0686557,
-0.080996, 0.00659842, -0.00597757, 0.0748117, -0.0212885, -0.0228605,
0.0622928, -0.0480386, -0.0365857, 0.0108792, 0.0314612, -0.0190084,

0.044192, -0.0342514, 0.0452338, 0.0163914, 0.0602557, -0.115439, 0.0870078,
-0.0484844, -0.0307677, -0.0191953, -0.00501974, 0.156943, -0.108182,
-0.0387603, 0.0597251, 0.0218979, -0.0318743, -0.0130834, 0.0079458}

The next step is to convolve the acoustic impedance data with the wavelet scaled down the time axis to create a seismic trace:

NormalTrace[t ] = Sum[ReflectionCoefficient[[k]] NumericalRicker[t-k], {k, 1, 123}]

0.0079458 ™ (123407 (1 _5 7% (~1234+1¢)2) -

0.0130834 e (-122+t)7 (1—2n -122+t)2) - 0.0318743 7 12107 (1 _ 5 2 (~121+1t)2) +
0.0218979 e " (-120+6)7 (1—271' -120+t)2) +0.0597251 ™ (-11948)° (1 272 (-119 +t)2?)
0.0387603 e (-118+6)7 (1 -118+t)2) —0.108182 e 17T (1 _2 72 (L1174 ¢t)2) +
0.156943 e (116407 (12 22 (~116+t) )—0.00501974 e 7" (-1154t)7 (1 272 (-115+t)2) -
0.0191953 e (-114+t)7 (1—2n (-114+t)2) -0.0307677 e (-113+0)* (1—2712 (-113+1t)2) -
0.0484844 €™ (U207 (1 -5 22 (~112+¢)2) +0.0870078 e (-111+0)” (1—2rr (-111+t)2) -
0.115439 @ (107 (1 _2 52 (L1104 t) )+o.0602557 e (10907 (1 _ 52 (L109+t)2) +
0.0163914 ™™ (108407 (1 _5 7% (_108+t)2) +0.0452338 ™™ (-107+0)° (1—2n (=107 +£j?) =
0.0342514 ™ (106407 (1 _5 72 (_106+1t)2) +0.044192 7 (F105:0)* (7 _ ( 105+1t)2) -
0.0190084 e/ (-104+t)7 (1-27% (-104+1t)2) +0.0314612 " (-1034¢)2 (1-27% (-103+1)?) +
0.0108792 ™ (-102+46)7 (1 _5 72 (_102+t)2) -0.0365857 ™ (-101+6)° (1—2 72 (-101+1t)?) -
0.0480386 e (710046)* (1 _ 5 52 (—1oo+t)2) .0622928 e (*99)7 (1 _2 72 (994 1)?) -
0.0228605 e (-9+8)7 (1 _ 5 72 (_98+¢)2) -0.0212885 e () (1 -2 12 (97 +1t)2) +
0.07481176'5“96’”:(1—27‘( —96+t 2)—0.00597757e'””“95'*“2(1—27r2( 95+t)2) +
0.00659842 e )7 (1 25 (~94+t)?) -0.080996 € (97 (1 25 (9341)2) 4
0.0686557 € (*92+0)7 (1 _ 272 (~924+t)2) +0.0162614 € (07 (1 5 1% (~9141t)?) -
0.0845715 ™™ (-948)7 (1 _ 2 72 (~90+t)2) +0.101081 ™ (BN (1 L2 12 (~B9 +1)?) -
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o O O O O O O O O O O O O O O O O O O O O 0O O O o o o o o o

©O ©O ©o ©o o o o

o

0917656 @ (B0 (1 _2 52 (_gg+t)2) +0.0836816 e T (1272 (~87+1t)2) -
.0113417 @7 (8607 (1 _ 2 72 (86 +t)2) -0.0571239 e (FH0)* (1272 (_85+1t)2) +
.0496246 e (-84+t)7 (1-27% (-84+t)?) -0.0986402 e (-83+t)? (1-2n%(-83+1t)2)+
LI32003e ™ (F82+)7 (1—27r -82+t)2) -0.0752027 " (B1)* (1 o 52 (_8141)2) -
.032968 € (8047 (1 _5 72 (_50+t)2) +0.0875285e€7" (77 (1252 (~794+1)2)+
.004807 e (-78+t)? (1—2 72 (78 +t)2) +0.055865e <77 (1272 (—77+1)2) -
.0607158 e (F76+t)” (1—27r (-76+t)2) -0.0238927 € 7O (1 _2 7% (~75+1¢)2) +
.0414557 @ (7407 (1252 (~74+t)?) ~0.068142 e (737 (1202 (~734+1)2) +
.0798778 e (-72+t)7 (1—2 72 (=72+1t)2) -0.0128669 e (7O (1 -2 2 (71 41)2) -
.00788931 e (F70+t)% (1 _ (—7O+t)2) +0.0283278 7" (-69+t)7 (1—2 n (69 +t)?) -
.0445293 e (-68+t)* (1—2n -68+t)?) +0.047488 e (-674t)" (1-2 -674E) ).
.0894187 e (607 (1 _2 52 (_g6+t)2) +0.0289782 e (60 (1272 (~65+1t)2)+
.0100322 ™ (6407 (1 _ 5 72 (_64+t)2) -0.0232204 7 (76340 (l—27r =63+£)2) +
.0651871 e (-620)* (1 _ 2 72 (_62+t)2) +0.0333606 € (61 (12 x2 (_614t)2) -
.0510886 @ (-6+6) (1 _2 72 (_60+t)?) -0.0303289 € (3367 (1272 (~59+1)2)+
0652542 e (9817 (1 _2 7% (58 +1)2) +0.0211396 7 (3748)7 (1 2rr2 (-57+t)2) -
00631784 7 (364817 (1 _ 5 n2 (- 56+t)2)+0 00181852 € (-35+0)* (1 _2 72 (554 1)2) -
.0185188 7 (397 (1 _2 52 (~54+t)2) -0.0642632€7 (3O (1222 (~534+1)2)+
.00953254 @7 (-52+t)° (1—27r (-52+1t)2) +0.0360823 e (P17 (1 _5 72 (~514+1¢)2)+
.0604367 e (3097 (1 5 52 (~50+t)2) -0.0179958 € 4N (1272 (~a94+1t)2)+
.0193608 " (-48+t)” (1-2n (-48+t)?) -0.0391017 e (47*0)" (1—27‘r2(—47+t)2)—
.0127649 e (-46+¢) (1—27r (-46+t)2) -0.000158765 €™ (4547 (1 _2 1% (~45+1¢)2) +
0485662 @ (444007 (1 2 72 (~44+1)2) -0.000271434 e (434007 (1 2 72 (~4341)2) -
.0276776 @™ (4207 (1 _2 52 (_42+t)2) -0.00673069 e (417 (1 _ o 52 (_4141)?)+
.0297042 ™ (H40*0)% (1 _ 2 52 (_40+t)2) +0.0173384 € (390 (1 _2 22 (_304+1)2)+
.0188995 e (3+0)* (1 _ 552 (_38+t)2) -0.00175264 € (3H)* (1 _o 52 (~3741)2) +
.00385986 e (-36+8)7 (l 72 (-36+t)2) -0.0119791 7 (3407 (1 _ 2 7? (_35+1¢)2) +
.00743577 € (34807 (1 _ 5 72 (L344¢)2) 2 0.0445209 €7 (337 (1 _ o 52 (23341)2) +
.0580482 e (-32+t) (1—2n2 (—32+t)2) ~0.0486518 e~ (-31+t)7 (1-27(-31+1¢)2) +
.0386291 e (-30+0)7 (7 _ -30+t)2) -0.00094189 e (-298)7 (1 2 72 (204 1)2) -
.0207086 " (-28+t)7 (1—2 72 (-28+t)2) +0.175023 " C2*0* (1 2 2 (~274+1)2) -
.157066 €™ (-26%t)% (1 _ 5 7% (26 +t)2) —0.0576352 e (207 (1 _2 1% (_25+1t)2) +
.102944 € 284007 (1 5 72 (~244¢)2) - 0.0869361 e (27 (1 o 52 (~2341)2)+
.0810408 7 (2207 (1 252 (_22+t)2) -0.0647083 € 2O (1272 (~2141t)2) -
.0206885 e 297 (1 2 72 (~20+t)2) +0.0560465 e 1M (1272 (~194+1t)2)+
.0244586 e (118+6)7 (1 _ 5 52 18+t)2) -0.0416681 e (1797 (1 _2 7% (~17+¢)2) +
.0415447 @77 (1164007 (1 _2 22 (~16+1t)2) -0.0097173 e (107 (1 2 2 (~15+1)2) +

2100852 €7 (107 (1 572 (~144¢)2) -0.151543 7 (IHT (1252 (“1341)2) 4

.057967 e (124807 (1 _ 5 72 (_1241)2) +0.00079736 € IO (1272 (L114+1¢)2) -
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0.00871785 e""’“m“" (1-272(-10+t)2) +0.0125725e™™ <7 (1272 (~9+t)?) -

0.0758221 € (*8+6)7 (1 _2 72 (_g+¢)2) +0.0414433 ™ 7*)7 (1272 (=7+1¢)2) +
0.0816606 ™ (-6+0)* (1 _2 22 (~6+t)2) -0.0463764 €™ (-3*)* (1272 (-5+¢)2)+
0.0477839 7 (-4+t)” (l—2rr (-4+1t) 2) 0.722117 €7 397 (1272 (~341)2) 4
0.0453592 e 207 (1 _2 72 (~2+¢)2) ~0.051699 €™ 17 (1_27% (~1+1)2)

The plot below is colored and rotated to match industry standards for seismic data. Also, the indexing is an arbitrary designation
assigned by the number of data points. In industry there would be an extra step above mapping depth data to wave numbers, so as
to make the synthetic trace useful in creating time-depth pairings on a seismic section.

Rotate[Plot[NormalTrace[t], {t, -1, 125}, PlotRange » {{0, 123}, {-0.2, 0.2}},
ImageSize -» {1200, 712}, Filling » Axis, FillingStyle » {White, Black}], 37/ 2]
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Offset incorporation and AVO

To impose an angular offset on our viscous media boundary, we use the Aki Richards approximation to the Zoeppritz equations:

AkiRichards[6_] =
(1/2) (1-4 8% (sin[e] /a)z) Ap/p +1/ (2 cos[61%) Aa/a -4 p* (Sin[6] / a)? AR/ B

435in[6]? )
Aasec[0]? 4 pBABsin[6)]? ‘3"(1‘ a? J
- +
2a a? 2p

We now set up the equation to be useful in a situation with a multi-layer stack of viscous media with mutually independent
acoustic impedances:

AkiRichardsLayers[6_] = AkiRichards[€] /. {a - (al+a2) /2,
Aa-»a2-al, B> (B1l+B2)/2,AB-»B2-B1, p-» (pl+p2) /2, Ap > p2-pl}
4 (31+32)? sin[6]?
(-al+o02) Sec[6]2 8 (-Bl+fB2) (Bl+p2) sin[e]2 (~PL+02) (1-————=""
- +
al +oa2 (al +0a2)? Pl + p2

n Comparison of the Zero Offest Aki-Richards Term
For comparison, we ask Aki for an offset angle of zero (normally incident) and stick in our data:

NormalAki = Table[AkiRichardsLayers[0] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 123}]

{-0.0516044, 0.04526, -0.850497, 0.0478109, —-0.0463811, 0.0817957, 0.0414611,
-0.075916, 0.01257, -0.00871772, 0.00079736, 0.0580081, -0.152377, 0.101084,
-0.0097171, 0.0415622, -0.0416811, 0.0244615, 0.0560348, —-0.0206907,
-0.0647572, 0.0811618, -0.0870964, 0.103218, -0.0576827, -0.158042, 0.176336,
-0.0207104, -0.000941889, 0.0386384, —-0.0486799, 0.058097, —-0.0445427,
0.00743571, -0.0119746, 0.00385965, -0.00175259, 0.0189011, 0.0173396,
0.0297092, -0.00673057, —0.0276828, —0.000271422, 0.0485948, —-0.000158763,
-0.0127653, -0.0391157, 0.0193626, -0.0179962, 0.0604908, 0.0360907,
0.00953274, -0.0643244, -0.0185203, 0.00181834, -0.00631733, 0.0211405,
0.065322, -0.0303291, -0.0511218, 0.0333667, 0.0652565, -0.0232219, 0.0100323,
0.0289718, -0.0895757, 0.0475141, -0.0445325, 0.0282969, -0.00788861,
-0.012867, 0.0799873, -0.0681993, 0.0414735, -0.0238961, -0.0607662, 0.055869,
0.00480689, 0.0876673, -0.0329415, -0.0753008, 0.132498, -0.0988562, 0.0496512,
-0.0571693, -0.0113415, 0.0838241, -0.0919115, 0.101259, -0.0847216, 0.016262,
0.0687365, -0.0811282, 0.00659815, -0.00597754, 0.0749161, -0.0212865,
-0.02286, 0.0623212, -0.0480633, -0.0365971, 0.0108787, 0.0314511, -0.0190101,
0.0441543, -0.0342601, 0.0452384, 0.0163863, 0.0602899, -0.115623, 0.0870403,
-0.0485087, -0.0307742, -0.0191713, -0.0050137, 0.157642, -0.108151,
-0.038763, 0.0597685, 0.0213001, -0.0318817, -0.0130738, 0.00794575}

NormalTrace2[t_] = Sum[NormalAki[[k]] NumericalRicker[t-k], {k, 1, 123}]
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0.0276828 € (4207 (1 _2 72 (~42+t)2) -0.00673057 e (+41+0)” (l—27r (-41+1t)2) +
0.0297092 e (H40+6)% (1 _2 72 (~40+t)2) +0.0173396 e (3948)7 (1 _ =39+t)2) +
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0.00743571 7 34407 (1 _2 72 (_34+t)2) - 0.0445427 7" (3307 (1 _2 22 (_3341)2)+
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0.0207104 e (-28+8)% (1 _2 72 (_28+t)2) +0.176336 €™ (27*0)% (1 _2 7% (—27+1t)2) -
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0.0811618 ™ (-22+0)° (1-2n (-22+t)2) -0.0647572 e (-21+0)° (l—27r (-21+t)2) -
0.0206907 e (-20+t)? (1-27% 20+t)2)+o.0560348e'”z"19‘“ (1-27" (-19+1t)?) +
0.0244615e™™ (184807 (1 _5 72 (_184+¢)2) ~0.0416811 e (177 (1252 (1741)2) 4
0.0415622 ™ (16+) (1-2n (-16+t)2) -0.0097171 ™ (1540 (1-2 m(-15+t)%) +
0.101084 @™ (-14+t)7 (1 2 (-lawt)?)-0.052377e™ (U115 72 (-134)2) &
0.0580081 e (-12+t) (1—27'2 -12+1t)?) +0.00079736 ™ (F148)7 (1 _ 5 n2 (11 +1)2) -
0.00871772 @ (110407 (1 _2 72 (~10+t)2) +0.01257 e (70 (1 -2 7% (-9 +1t)2) -
0.075916 e ¥ (1 _2 52 (~8+t)2) +0.0414611 e 7V (1_272 (-7+1)2) +
0.0817957 ™ (897 (1 _2 7% (6 +t)2) -0.0463811 e ()7 (1_27% (-5+1t)2) +
0.0478109 ™ 1O (1272 (~44+1t)?) -0.850497 € 3O (1272 (-3+1)2)+
0.04526 € 2407 (1 _2 72 (24+¢)2) —0.0516044 ™ 17 (1 _2 1% (~1+1t)?)

Rotate[Plot[NormalTrace2[t], {t, 0, 123}, PlotRange » {{0, 123}, {-0.2, 0.2}},
ImageSize » {1200, 712}, Filling -» Axis, FillingStyle » {White, Black}], 3 n/ 2]
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As we can see here the zero angle Aki-Richards term exactly matches the normal incidence trace we have above.

= Back to the offset terms:

Now we define a set of data points for each offset angle. Each one of these is a set of reflection coefficients tweaked by the
offset. Though it is possible to make as many of these as you would like up to the critical offset angle, here we go from normal to
50 degrees in increments of 5 degrees.

AkiRichardsO := Table[AkiRichardsLayers[0] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards2half := Table[AkiRichardsLayers[2.5 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards5 := Table[AkiRichardsLayers[5 Degree] /.
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{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards7half := Table[AkiRichardsLayers[7.5 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichardsl0 := Table[AkiRichardsLayers[10 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichardsl2half := Table[AkiRichardsLayers[12.5 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichardsl5 := Table[AkiRichardsLayers[15 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichardsl7half := Table[AkiRichardsLayers[17.5 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards20 := Table[AkiRichardsLayers[20 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards22half := Table[AkiRichardsLayers[22.5 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards25 := Table[AkiRichardsLayers[25 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards27half := Table[AkiRichardsLayers[27.5 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards30 := Table[AkiRichardsLayers[30 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards32half := Table[AkiRichardsLayers[32.5 Degree] /.
{al - PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards35 := Table[AkiRichardsLayers[35 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards37half := Table[AkiRichardsLayers[37.5 Degree] /.
{al - PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards40 := Table[AkiRichardsLayers[40 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards42half := Table[AkiRichardsLayers[42.5 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards45 := Table[AkiRichardsLayers[45 Degree] /.
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{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards47half := Table[AkiRichardsLayers[47.5 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]
AkiRichards50 := Table[AkiRichardsLayers[50 Degree] /.
{al » PVelocity[[n]], a2 » PVelocity[[n+1]], Bl » SVelocity[[n]],
B2 » SVelocity[[n+1]], pl » Density[[n]], p2 » Density[[n+1]]}, {n, 1, 1230}]

Next we take these sets of reflection coeficients and, as above, convolve them with a set of wavelets scaled down the time axis.
The multiplicative normalization factor you see in front of the convolution is a simple wavelet amplitude adjustment, thrown in to
increase or decrease clipping on the waveforms.

TraceO[t_] = 75 » Sum[AkiRichardsO[ [k]] NumericalRicker[t-k], {k, 1, 1230}]
Trace2half[t_] =

75 » Sum[AkiRichards2half[[k] ] NumericalRicker[t-k], {k, 1, 1230}] +2.5
Trace5[t_] = 75 » Sum[AkiRichards5[ [k] ] NumericalRicker[t -k], {k, 1, 1230}] +5
Trace7half[t_] =

75 » Sum[AkiRichards7half [ [k] ] NumericalRicker[t-k], {k, 1, 1230}] +7.5
TracelO[t_] = 75 * Sum[AkiRichardsl0[[k]] NumericalRicker[t -k], {k, 1, 1230}] +10
Tracel2half[t_] =

75 » Sum[AkiRichardsl2half[[k] ] NumericalRicker[t-k], {k, 1, 1230}] +12.5
Tracel5[t_] = 75 » Sum[AkiRichardsl5[ [k]] NumericalRicker[t -k], {k, 1, 1230}] + 15
Tracel7half[t_] =

75 » Sum[AkiRichardsl7half [ [k] ] NumericalRicker[t-k], {k, 1, 1230}] +17.5
Trace20[t_] = 75 » Sum[AkiRichards20[ [k]] NumericalRicker[t -k], {k, 1, 1230}] +20
Trace22half[t_] =

75 » Sum[AkiRichards22half [ [k] ] NumericalRicker[t -k], {k, 1, 1230}] +22.5
Trace25([t_] = 75 » Sum[AkiRichards25[ [k] ] NumericalRicker[t -k], {k, 1, 1230}] + 25
Trace27half[t_] =

75 » Sum[AkiRichards27half [ [k] ] NumericalRicker[t-k], {k, 1, 1230}] +27.5
Trace30[t_] = 75 * Sum[AkiRichards30[ [k]] NumericalRicker[t -k], {k, 1, 1230}] + 30
Trace32half[t_] =

75 » Sum[AkiRichards32half[[k] ] NumericalRicker[t-k], {k, 1, 1230}] +32.5
Trace35[t_] = 75 » Sum[AkiRichards35[ [k] ] NumericalRicker[t -k], {k, 1, 1230}] + 35
Trace37half[t_] =

75 » Sum[AkiRichards37half [ [k] ] NumericalRicker[t -k], {k, 1, 1230}] +37.5
Trace40[t_] = 75 » Sum[AkiRichards40[[k]] NumericalRicker[t -k], {k, 1, 1230}] + 40
Trace42half[t_] =

75 » Sum[AkiRichards42half [ [k] ] NumericalRicker[t-k], {k, 1, 1230}] +42.5
Trace45[t_] = 75 » Sum[AkiRichards45[ [k] ] NumericalRicker[t -k], {k, 1, 1230}] + 45
Trace47half[t_] =

75 » Sum[AkiRichards47half [ [k] ] NumericalRicker[t-k], {k, 1, 1230}] +47.5
Trace50[t_] = 75 » Sum[AkiRichards50[ [k] ] NumericalRicker[t -k], {k, 1, 1230}] +50
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A very large output was generated. Here is a sample of it:

75 (-0.00669556 @0-0555165 (-1230+t)7 (1-0.111033 (-1230+1t)?) -

0.00644421 @0-0955165 (-122946)% (1 _ 0111033 (1229 +t)?) - «<1> + «<1906>> )

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

2.5+ 75 (<<1>)

| Show Less || Show More I Show Full OutputI Set Size Limit...

A very large output was generated. Here is a sample of it:

0. 00
0.

| Show Less || Show More I Show Full Output I Set Size Limit... |

A very large output was generated. Here is a sample of it:

P

) -

7.5+75(-0.00671797 ©0-0555165 (-1230+¢)” (1-0.111033 (-1230+¢t)
00652214 @-0-0555165 (-1229+¢)% (1 _0.111033 (-1229 +t)2) - «<1> + «<1903>> )

0
O:=

| Show Less || Show More I Show Full Output I Set Size Limit... |

A very large output was generated. Here is a sample of it:

10+ 75 (<<1>)

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

12.5 %75 (<glss)

| Show Less || Show More I Show Full Output I Set Size Limit...
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A very large output was generated. Here is a sample of it:

15+75 (<1>>)

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

17.5+75 (<<

I Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

20+ 75 (-

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

22.:5 75 (<153 )

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

25+ 75 (<<l>>)

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

27.+:5 +715 (<

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

30475 (<1>>)

| Show Less || Show More I Show Full OutputI Set Size Limit...
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A very large output was generated. Here is a sample of it:

32.4:5 #75 (&£155)

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

35+ 75 (<<1>>)

I Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

37...5 I8 (Ll )

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

40+ 75 (=<1>>)

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

42.5+75 (<1>)

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

45+ 75 (<<1l>>)

| Show Less || Show More I Show Full Output I Set Size Limit...

A very large output was generated. Here is a sample of it:

47.5+75 (<<l>>)

| Show Less || Show More I Show Full OutputI Set Size Limit...
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A very large output was generated. Here is a sample of it:

50+ 75 (<<1>>)

| Show Less || Show More I Show Full Output I Set Size Limit...

plot0 := Plot[TraceO[t], {t, 0, 1230}, PlotRange -» All, ImageSize » {900, 400},

AspectRatio » Full, Filling - Axis, FillingStyle -» {White, Black}]
plot2half := Plot[Trace2half[t], {t, 0, 1230}, PlotRange -» All,

ImageSize -» {900, 400}, AspectRatio -» Full,

Filling- 2.5, FillingStyle » {White, Black}]

plot5 := Plot[Trace5[t], {t, 0, 1230}, PlotRange -» All, ImageSize » {900, 400},

AspectRatio -» Full, Filling-> 5, FillingStyle -» {White, Black}]
plot7half := Plot[Trace7half[t], {t, 0, 1230}, PlotRange -» All,
ImageSize -» {900, 400}, AspectRatio - Full,
Filling - 7.5, FillingStyle -» {White, Black}]
plotl0 := Plot[TracelO[t], {t, 0, 1230}, PlotRange -» All, ImageSize -» {900,
AspectRatio -» Full, Filling - 10, FillingStyle » {White, Black}]
plotl2half := Plot[Tracel2half[t], {t, 0, 1230}, PlotRange - All,
ImageSize -» {900, 400}, AspectRatio -» Full,
Filling- 12.5, FillingStyle » {White, Black}]
plotl5 := Plot[Tracel5[t], {t, 0, 1230}, PlotRange -» All, ImageSize -» {900,
AspectRatio -» Full, Filling - 15, FillingStyle » {White, Black}]
plotl7half := Plot[Tracel7half[t], {t, 0, 1230}, PlotRange - All,
ImageSize -» {900, 400}, AspectRatio -» Full,
Filling - 17.5, FillingStyle » {White, Black}]
plot20 := Plot[Trace20[t], {t, 0, 1230}, PlotRange -» All, ImageSize » {900,
AspectRatio -» Full, Filling -» 20, FillingStyle -» {White, Black}]
plot22half := Plot[Trace22half[t], {t, 0, 1230}, PlotRange - All,
ImageSize -» {900, 400}, AspectRatio -» Full,
Filling - 22.5, FillingStyle » {White, Black}]
plot25 := Plot[Trace25[t], {t, 0, 1230}, PlotRange -» All, ImageSize » {900,
AspectRatio » Full, Filling - 25, FillingStyle -» {White, Black}]
plot27half := Plot[Trace27half[t], {t, 0, 1230}, PlotRange - All,
ImageSize -» {900, 400}, AspectRatio -» Full,
Filling - 27.5, FillingStyle » {White, Black}]
plot30 := Plot[Trace30[t], {t, 0, 1230}, PlotRange -» All, ImageSize -» {900,
AspectRatio -» Full, Filling - 30, FillingStyle » {White, Black}]
plot32half := Plot[Trace32half[t], {t, 0, 1230}, PlotRange - All,
ImageSize -» {900, 400}, AspectRatio -» Full,
Filling - 32.5, FillingStyle » {White, Black}]
plot35 := Plot[Trace35[t], {t, 0, 1230}, PlotRange -» All, ImageSize - {900,
AspectRatio -» Full, Filling - 35, FillingStyle » {White, Black}]
plot37half := Plot[Trace37half[t], {t, 0, 1230}, PlotRange -» All,
ImageSize -» {900, 400}, AspectRatio -» Full,
Filling - 37.5, FillingStyle » {White, Black}]
plot40 := Plot[Trace40[t], {t, 0, 1230}, PlotRange -» All, ImageSize -» {900,

400},

400},

400},

400},

400},

400},

400},
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AspectRatio -» Full, Filling - 40, FillingStyle » {White, Black}]

plot42half := Plot[Trace42half[t], {t, 0, 1230}, PlotRange - All,

ImageSize -» {900, 400}, AspectRatio -» Full,
Filling - 42.5, FillingStyle » {White, Black}]

plot45 := Plot[Trace45[t], {t, 0, 1230}, PlotRange -» All, ImageSize -» {900, 400},

AspectRatio -» Full, Filling - 45, FillingStyle » {White, Black}]
plot47half := Plot[Trace47half[t], {t, 0, 1230}, PlotRange - All,
ImageSize -» {900, 400}, AspectRatio -» Full,
Filling -» 47.5, FillingStyle » {White, Black}]
plot50 := Plot[Trace50[t], {t, 0, 1230}, PlotRange -» All, ImageSize -» {900, 400},
AspectRatio -» Full, Filling - 50, FillingStyle » {White, Black}]
Rotate[Show[plot0, plot2half, plot5, plot7half, plotl0, plotl2half,
plotl5, plotl7half, plot20, plot22half, plot25, plot27half, plot30,
plot32half, plot35, plot37half, plot40, plot42half, plotd45, plot47half,

plot50, PlotRange » {{-5, 1250}, {-5, 55}}], 3x/2] // Timing
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