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When an electromagnetic plane wave strikes the planar 

interface between two linear homogeneous and isotropic 
media, the complex amplitude Fresnel reflection coefficients 
rp and rs for the parallel p (or TM) and perpendicular s (or 
TE) polarizations are interrelated by 

where f is the angle of incidence.1 We assume the exp(jwt) 
time dependence and p and s directions according to the 
Nebraska (Muller) conventions.2 

If the medium of incidence is transparent and the medium 
of refraction is absorbing, both rp and rs are in general com
plex, and the function rp = f(rs) of Eq. (1) can be studied 
graphically as a conformal mapping between the complex 
planes of rs and rp.1 In this Letter we examine the special but 
important case when both media are transparent. 

In the absence of absorption two situations are physically 
distinguishable: 

(1) Partial (internal or external) reflection, in which case 
rs and rp are real and \rv\ <l,v = p,s. Here we plot rp vs rs 
as real variables with the angle of incidence f as a parameter 
using Eq. (1). 

(2) Total (internal) reflection, in which case \rv\ =l,v = p,s. 
If we substitute rv = exp(jδv) in Eq. (1) we get 

Equation (2) is equivalent to a single real relation between δp 
and δS) namely, 

as may be obtained by taking the argument of both sides of 
Eq. (2). Equation (3) provides a direct relation between the 
phase shifts δp and δS that the p- and s -polarized components 
of the incident wave experience upon total (internal) reflec
tion.3 Here we also plot δp vs δS with the angle of incidence 
f as a parameter. 

Figure 1 shows rp vs rs (denoted by RP and RS) at one angle 
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Fig. 1. Relation between Fresnel's reflection coefficients for the p 
and s polarizations (denoted by RP and RS) at a fixed angle of inci
dence f (taken here equal to 30°). The curve represents partial re
flection at interfaces between transparent media. The significance 

of the points marked on the curve is discussed in the text. 

Fig. 3. Relation between the total-reflection phase shifts δp and δS 

for the p and s polarizations (denoted by DELTA P and DELTA S) 
at 19 angles of incidence between 0° and 90° in equal steps of 5°. This 
figure applies to all possible instances of total reflection9 and 

throughout the electromagnetic spectrum. 

Fig. 2. Relation between Fresnel's reflection coefficients for the p 
and s polarizations (denoted by RP and RS) at 19 angles of incidence 
between 0° and 90° in equal steps of 5°. This figure applies to partial 
(internal and external) reflection at all possible interfaces between 
transparent media and throughout the electromagnetic spectrum. 

Fig. 4. Relation between the total-reflection phase shifts ∆ = δP -
δs and δs (denoted by DELTA and DELTA S) at 19 angles of inci
dence between 0° and 90° in equal steps of 5°. This figure applies 
to all possible instances of total reflection10 and throughout the 

electromagnetic spectrum. 
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of incidence f (30°). The origin O(rs = rp = 0) represents the 
limiting case of wave reflection from a vanishing interface 
when the two surrounding media become the same. The 
point B(rs = cos2f, rp = 0) represents reflection at the 
Brewster angle. The point of minimum rpM[rs = —tan(f — 
45°), rp = —tan2(f — 45°)] corresponds to wave refraction at 
45°.4 From Fig. 1 notice that while there is only one value of 
rp for each value of rs, a given value of rp leads to two values 
of rs. (An rp = constant straight line intersects the curve of 
rp vs rs at two points, or does not intersect it at all. At M the 
two points of intersection coincide.) From Eq. (1) the two 
values of rs that correspond to the same value rp are given by 
rs = 0.5 cos2f(l - rp) ± [rp + 0.25 cos22f(l - rp)2]1/2. 

Figure 2 shows a collective view of rp vs rs at 19 equispaced 
angles of incidence from 0° to 90° in steps of 5°. The fol
lowing features can be deduced from Fig. 2: 

(1) If we exclude normal and grazing incidence (f = 0,90°), 
as rs scans the full range from — 1 to +1 , rp scans (twice) the 
truncated interval, —tan2(f — 45°) < rp < 1, at any given 
angle of incidence5 f. 

(2) The limiting cases of normal incidence, f = 0, and 
grazing incidence, f = 90°, are represented by the straight 
lines rp = —rs and rp = rs, respectively. These lines define 
the boundaries of the domain of all physically possible pairs 
(rs,rp), where \rp\ < \rs\. 

(3) The curve of rp vs rs becomes the symmetrical parabola 
rp = r2

s when the angle of incidence is 45°.6_8 

(4) Two curves of rp vs rs associated with two angles of in
cidence equally above and below 45° (i.e., f = 45° ± d) are 
mirror images of one another with respect to the rs = 0 
axis. 

(5) The locus of the point of minimum rp (M in Fig. 1), as 
the angle of incidence is varied, is the inverted parabola rp = 
—r2s. This locus represents all possible instances of wave re
fraction at 45°.4 

(6) When rs = —1, we have rp = 1 at all angles of incidence 
except grazing incidence, 0 < f < 90°; when f = 90°, rp = —1. 
Likewise, when rs = 1, we have rp = 1 at all angles of incidence 
except normal incidence, 0 < f < 90°; when f = 0, rp = — 1. 

Figure 3 gives δP vs δS (denoted by DELTA P and DELTA 
S) under conditions of total reflection9 as computed using Eq. 
(3) for 19 angles of incidence from 0° to 90° in equal steps of 
5°. The following can be noted from Fig. 3: 

(1) The limiting cases of normal incidence, f = 0, and 
grazing incidence, f = 90°, are represented by the straight 
lines δp = δS + 180° and δP = δS, respectively. These lines 
bound the domain of all permissible pairs (δS,δP), where δS < 
δp < δs + 180°. 

(2) Incidence at 45° is represented by the straight line8 δP 
= 2δs. 

(3) Two curves of δp vs δS for two angles of incidence equally 
above and below 45° (i.e., f = 45° ± d) are symmetrical with 
respect to the straight line δP = 2δs, in the sense that any δp 
= constant straight line intersects the two curves at two points 
that are equidistant from the point of intersection of the same 
straight line with δP = 2δs. 

For completeness, we show in Fig. 4 ∆ = δP — δS (denoted 
by DELTA) vs δs (denoted by DELTA S) at the same angles 
of incidence as in Fig. 3. Both δS and ∆ are limited between 
0° and 180°.10 Mirror reflection with respect to the straight 
line ∆ = δS (f = 45°) relates any two ∆ vs δS. curves at 0 = 45° 
± θ. This symmetry property is somewhat simpler than that 
stated above for the δP vs δs curves. 

Finally, we emphasize that all the results presented here are 
valid independent of the specific media that define the in
terface and are applicable throughout the electromagnetic 
spectrum. 

The author is now with the Department of Electrical En
gineering, School of Engineering, University of New Orleans, 
Lakefront, New Orleans, Louisiana 70122. 

References 
1. R. M. A. Azzam, J. Opt. Soc. Am. (in press). 
2. R. H. Muller, Surf. Sci. 16, 14 (1969). 
3. Equation (3) can be obtained by deleting the relative refractive 

index n as the common variable between δS and δP expressed as 
functions of n. Such functions can be found, for example, in M. 
Born and E. Wolf, Principles of Optics (Pergamon, New York, 
1975), p. 49. 

4. R. M. A. Azzam, J. Opt. Soc. Am. 68, 1613 (1978). 
5. Values of rp in the remaining interval, — 1 ≤ rp < —tan2(f - 45°), 

make rs complex. This interesting situation is possible only in 
the presence of absorption and is discussed in Ref. 1. 

6. S. P. F. Humphreys-Owen, Proc. Phys. Soc. London 77, 949 
(1961). 

7. D. W. Berreman, J. Opt. Soc. Am. 56, 1784 (1966). 
8. R. M. A. Azzam, Opt. Acta 26, 113 (1979). 
9. For total internal reflection at interfaces between transparent 

media at a given angle of incidence, the maximum attainable 
phase shift for the s polarization is equal to double the angle of 
incidence, δS = 2f, and occurs when the ratio of refractive indices 
of the two media tends to infinity. The associated phase shift 
for the p polarization reaches a maximum of Π. It follows that, 
in Fig. 3, δp and δs for total reflection at interfaces between 
transparent media are confined to the domain denoted by I below 
the horizontal straight line δP = 180°, which is also the locus of 
δs = 2f. Domain II, above this line, represents total reflection 
at an interface between a transparent medium and a medium with 
a negative real dielectric constant (e.g., a plasma). The phase 
shifts in this case are also interrelated by Eq. (3). 

10. In Fig. 4, the diagonal straight line ∆ = 180° - δS (= 180° - 2f) 
defines the boundary between two domains I and II with signifi
cance as indicated in the foregoing footnote. 

1886 APPLIED OPTICS / Vol. 18, No. 12 / 15 June 1979 


	Relations between amplitude reflectances and phase shifts of the p and s polarizations when electromagnetic radiation strikes interfaces between transparent media
	Recommended Citation

	tmp.1336577911.pdf.EkKif

