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Figure 6.5 Two-loop rainbow self-energy contribution to a .4 ff.

_m, 6(2)m denote the one- and two-loop self-energy mass

correction, respectively. I corresponds to a countert-
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1. Introduction

Perhaps the most outstanding problem in quantum field t.heory is to compute tlle

- bound state spectrum and relativistic wavefunctions of hadrons at strong coupling.

In quantum chromodynamics (QCD) one needs a practical computational method
m

which not only determines the hadronic spectra., but also p,-ovides nonperturbative

hadronic matrix elements.

Lattice gauge theory, in which tile Feynman path integral is evaluated on a

discrete spacetime grid, provides an appropriate tool for suc]l calculations. I:or strol_g

•' _ • . :_coupling, it leads to an appealing description of confiil:nlcnt. Numerical results ill

general have, at least qualitatively, been consistent witll experilnent, all(t tilers' is

little doubt their accuracy will improve with increasing computing power.

- Nevertheless, it is necessary to develop other methods which are perllaps lll()l'('

intuitive and less time consuming than the !attice gauge theory approach. In addi-
d

tion, it is particularly important to compute the relativistic wa.vefunct.ions needed l,o

calculate structure functions, form factors and other had:'o_ic matrix elemei_ts. A

step in this direction has been undertaken by a method known as Discrete Light-Con¢,

Quantization (DLCQ). So far, the theory has been applied mainly to the elucidatio._

of quantum field theories in one space and one time dimension. In 1+1 dimellsioilal

QCD, for example, the full spectra and wavefunctions could be obtained, using tll¢,

DLCQ method [1]. These results, which required only a minimal numerical efforl,

are in agreement with other calculations when available. The success of DLCQ, as
w

well as a similar approach, known as Light-front Tamm-Dancoff method [9], prox'id_'

, t,he hope for solving field theories in 3+1 dimensions.

However, the transition to dimensions higher than 1+1 is anything but sl raigl_l--

forward. Some of the reasons are the following:

1

t
i'lll lr[!",_'Ill ',r R_ , ,, .... i_l'/l, ' ,, ,, ,i'll " '"II I " ,lrI.... i_ ,,i, ir,_ ,I11 'II' ISl Irl 'ill 'I11' ' ,',i"Ill '_I ' r'l" i'l[T" ' '1'li" "III'" ',i, , iv,,,plll......... "" I'I' "'!I' .... _I_'I ....... II' " ,flit,II'I_I' ll,,,llr,l_r_i ,,, '_!llrqll,jl,' iilllll, , ll_l_iI ,ill fill' II'1',,_[I' III'r



• Theories in 1-+1 dimensions, quantized on the light-colic, are m,mifestly c_-

variant. This is because the operator of boost transfornlalioIls, which is a

kinematic Poincare operator in light-cone quantization, is tile only gener_l.t.or

of continuous Lorentz transformations, This is generally not tile case in higher

dimensional field tlleories, since the underlying Poincare group includes certaill
q

rotat.ion operators, which are dynamical in the light-cone formulation. 'I'hlls,

the recovery of Lorentz invariant physical observab!es is a Ilontrivial proble1_

in light-cone quantized theories beyond 1+1 dimensions (as for any form of

ttamill, on dynamics)[3].

• The Hamiltonian formulation of gauge theories in 1+1 (tirnezlsiolas is eft'ectiw.,ly

gauge invariant [4]. However, in higher dimensions the regul_-_rization impos¢,d

in such a formalism will generally Sl)oil gauge invarit_nce, since the gauge field

quanta become a dynamical degree of fr_,dom of the tl2eor\', lJlllcss a caret'III

regularization is imposed, gauge invaria1_t a.ml)litudes are 7_(.,trecovered ill t,ll_-'

continuum limit.

• Simple theories like the Yukawa model or gauge theories ill 1-4-1 dilllensions are

superrenorma, lizable. In 3+1 dimensions, however, _l re.llOrln;-_lizat.ion SCtlCnlc

to all orders in the coupling constant and masses rnttst l:_:,imposed for l.]_cs(,

theories in order Lo ensure a consistent trea, t'_nent of t.ll('ir sllort disl.;_llce be-

havior.

® The number of degrees of freedom in a+l dimensional theories is drastically

enhanced compared to the 1+1 dimensional world.

Thus, a thorough investigation of light-cone properties wllich are che_.r_cteris-

tic for higher dirnensiorls is very important. The easiest way of addressing these

issues is by analysing the perturbative structure of light-cone field theories first.

Pertnrbative studies cannot be substituted for an analysis of problems rela.ted to a.

nonperturbative approach. However, in order Lo lay down groundwork for upcoming

2
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nonperturbative studies, it is indispensable to validate the renormalization methods

at the perturbative level, i.e., to gain control over the pert,urbative treatment first. A

clear understanding of divergences in perturbatiorl tt_eory, as well as their tlumerical

. treatment, is a necessary first step towards formulal, ing such a progran-_.

The first objective of this dissertation is to clarify this issue, al, least in second

and fourth-order in perturbation theory. The work in this dissert.atioll call provid{,

guidance for the choice of counterterms in DLCQ or the Tamm-Dallcoff approacll,

A second objective of this work is the study of light-cone perturbation theory

(LCPTh) as a competitive tool for conducting perturbative Feynman diagram cal-

culations. Feynman perturbation theory has become the inost practical tool for

computing cross sections in high energy physics and other physical properties of field

theory. Although this standard covariant method h_s been applied t,o a greal, razlge

of problems, computations beyond one-loop correct, iolls are very difficult. A llulllber

of examples of two-loop and 1,igher calcula, l,ions using l_'eynlnall met,hods are givell

in tlef. [5].

Because of the algebraic complexity of the Feynman calculatioIls in higller-order

perturbation theory, it is desirable to automatize t'_ynna,n diagram calculations so

that algebraic manipulation programs can carry out almost the entire calcula, tioll,

This thesis presents a step in this direction, The technique we are ela,borat, iilg oil

here is known as light-cone perturbation theory (LCPTh) [6-8].

LCPTh is similar to ordinary time-ordered perturbation theory, familiar in botll

nonrelativistic quantum mechanics and quantum field theory, where each time-ordered

. amplitude is constructed from a product of energy denominators and interaction ver-

tices. The covariant Feynman amplitude is, in principle, obt.ained from the slim of

time-ordered noncovariant graphs with tile same topology. Inst.earl of ordinary tin_',

-: -- . 'Fthe LCPTh evolution parameter is the time along the ligllt,-cone r t ::lc, ll_'

r- ordered amplitudes are each invariant under a large class of I,ore_ltz boosts, s()

3
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that each r-ordered amplitude is itself frame-independent wit,tl respect to those

symmetries.

A straightforward way of relating the LCPTh amplitudes to the Feynman rules

is by changing variables of the independent loop momenta k in a Feynman integral

according to [9, 10]

j 1/d4k -4 -_ dk+d2kldk -

with km = k° 4-k a, and perforrning tile integr_tion over /_'-, The residues give

tlle I,CPTh amplitudes. Alternatively, these aml)litudes can be obtained directly

from the Itamiltonian formalism derived a,t.fixed r, Thus I)3, constr_lct, illg LCPTh

directly, only a three dimensional integral has to be performed for ca,cb loop. Since

the complex contour integrations over energy or k- do not occur, the h_rnlalisn_ is

immediately suitable.' for numerical treatrnent.

The price to pay for ttle sirnple features of LCPTII is thal every t'-'ey111nalldia-

gram with n vertices gets decomposed into a set, of light-cone till_(,-ol'dered diagrams.

ttowever, unlike time-ordered perturbation theory (which can be c}btainod after per-

[i_rming the k° integration of the independer, t loop momenta,), tile number of light-

cone time..orderings corresponding to the Fe.ynman amplitude is considerably sma,llcr

than n! For example, in the case of tile fourth-order (a/rr) _ correction to the elec-

tron's anomalous moment ( without vacuum polarization ), there are 516 ixldividual

time-ordered contributions, but only 8 of them are nonvanislling in tile ligllt-cone

formalism. This example will be discussed further in tlle following ,;ections.

There are a number of other advantages of the light-cone perturbation t,lleory

formalism.

• Since ca.cb amplitude describes the propagation of on-mass-sl_ell particles wil.ll

a specific time-ordering, the physical meaning of cacti I,CI_'l'h a.ml:)lil,_ldeis

4



immediate, General properties such as unitarity a.lld cluster decompositiotl

theorems become explicit,

, If one quantizes in a physical gauge, ali internlediate states correspond to tile

propagation of physical particles with positive metric, The physical va.riables

. used to describe jets or particles in high energy pllysics llave a1_ in_mediat, e

interpretation in terms of the LC variables,

• The cancellation of infrared divergences is immediate and can be carried out.

for contributions with the same LC time-ordering.

• The LC quantization of quant, um chromodynamics leads l,o a direct pllysical

interpretation of the theory, The iml)lemental, ion of current algebra beconles
i

essentially a kinematic problem [11-13], The currelll, ma,trix eleln,:-,'llts ,1+

needed to compute form factors and structure fullctiol_s can be writl,ell a.s

" dia.gollal matrix elements of the light-cone wa,vefuilctions, since sucll ctlrrellt, s

do not couple to vacuum fluctuations in the LC quant.ized theory [1,3, 14],
J

This thesis is organized as follows :

• Chapter 1.gives an introduction.

® Chapter 2 lists light-cone perturbation theory rules.

• Chapter 3 presents a new algorithm for the automatic coml)ul, al, ion of 1 eylllnall

diagram amplitudes, Once the topology of a dia.gran-i is defined, the a,lgoril, l_1ll

constructs all corresponding light-cone tirne-orderi_lgs. We explore i,lle method

for two- and three-loop calculations in QED. This chapter lays dowll the coil>

putational techniques used in the thesis.

• Chapter 4 discusses an ultra,violet regularization and rmlormalization proced,lr('

of light-cone perturbation theory, which is suitable for numerical apl)lical, iol_,

In this sense, Chapter 4 augments the discussion of (.?}la,l-)t,er 3. The fotlrl, ll-onlcr

correction to the anomalous magnetic momenl, of l,]_e elecl, roll is cOlnl:)lll, ed iii

5



J,

light-cone gauge. Several regula.rizations of the associated gauge siT_g_llarity are

explored. Local countergerms are constructed to remove tlle qua, dratic light-

cone divergences from the formalism. Problems of the Discrete I.igllt.-(,oll,

Quantization (DLCQ) and the light-front Tamm-Dancoff approa.ch, beyolld

the one photon exchange, are also described.

. Chapter 5 elaborates upon the t)roblems of Chapter 4 in t,lle context, of XlO11-

perturbative methods, such as DLCQ. The light-cone I-lamilt,oilian for QED,.+I

consistent with covarlant and gauge-invariant perturbation theory is coi_st,r_lcted.

Extension to gauge theories in 3+1 physical dimensions is also descrilJe,d.

• Chapter 6 investigates speci_c features of a perturbation eXlmnsion in liglll,-

cone field theory. The decay of a heavy scalar particle at rest,, in the Yl_ka,wa

model, al, the one- and two-loop level, is studied, lt is showll explicitly tl_a,t,

naive light-cone quantization leads to a violation of rota.t, ioilal invariance. Nol_-

covariant counterterms are constructed in detail to restore Lorentz covariance.

An analysis of surface a,nd zero mode coiltributions clarilie,s the origiil of tile
L

problem.

• Chapter 7 summarizes this work and outlines possible fut_lre work i_l tills tiel¢l,

It, may be used as a expanded abstract of the thesis.

This thesis is structured such that eacl'l chapter can be rea.d mostly indel)endetltly

from otller chapters. The advantage is that the reader, whose iIll,eresl, in tills work

is focused on LCPTh as a competitive tool for standard Feynman diagranl ca.lc_lla.-

G r_ "Jtions, needs to concentrate mainly on Chapters 2, 3 and 4. I host_ interested ill tlle

consequences of this work for applications in I)I, CQ should focus o11 Cha.pter ,5 (a,_d

t,lle la.st subsection of Chapter 4). D)r those inte,rest.ed in the results of t.his t.hesis in

geller_d the focus during the first reading should be on Chapt, ers 3 a I_d 6.

- _ .,'Chapters 3, 4, 5 and 6 of this tt_cs_,, have been eitl_er p_lblisl_'d, accq)ted or

submitted for publication [15],

6
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2. Light-Cone Perturbation Theory Rules

In this section we present light-cone l)erturbation theory rules which are adopt, cd

from Ref, [1], The ligtit-cone Green's functions are tlie probability amI)litudes that, a

state starting in Fock state [i) ends tlp in Fbck state If)a (light-cone) time r 1,_t,er [3]

(fli) G(f,i; T) - (J']e-iHLc'r/Uli)

(2,1)

i de if'r2--i 2--,Trre- C(f, i; e)(f i),

where Fourier transform O(,f,i; c) ca,n be writ, tell

{ 1 i)(.fli) G(f,i;e) = f e _ Hie: + lO+

\l[I. ' ' v '= f - Ho + iO+ + ('2,2)- Ho + iO+ _ - Ilo + i()+

a

1 1 1 ' \

+ V 1." +,,,]/)i .e - It() + lO+ _:- tto + lO+ _ - tto + i()+

ftLc and .Ho denote the full and free Harniltonian resl)eCtively, i ll_ rules for r-

ordered perturbation theory follow immedia.t,ely when (_- ll(i)-I is r(-.'pl_c('d by its

spe.ctr+d decomposition

¢.,,_

1 = _fl-I dk_d2k-Li I'z'/'Li'A') <'' '/'-:"Ail (2,:1)- H,,+ lO+ .,_, 16_:'_,) _- ?2(_'i+ ,,,"'),/C + io+'
!

Ttle sum becornes a, sum over ali stales n int,ermedia.te bel.weon two ixlt,ora.ct, iotls'.

To calculate G(f,i; e) perturbatively then, all r-orderecl diagranls lnllSt be coll-

sidered, the contribution from each gra.ph computed a ccordillg t,o l,lle followixlg rllh's'

" 1. Assign a, momeilt, urn /,:1_t,o each line such t,lla.t t,ll(" tota.l /,'+,/,'..L a.r(' ('olls('rv(:'(I

,') , , ) ,'_ ,a.t,ea.ch vertex, and such tha.t, L: = m-, ).e., /c- = (/,'].. + 7_')/1,"+

2. Include a factor ®(/,',+) for each line.
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a. _o,_,,_l,gl,,o,,(pl,oto.)1i,,_i,,_l,,d_,_f_,.to,,_},9/_'+wh,,,,,,+. i_(,l,,_(g+,ug,_,
depelldent) polariza, tlon surn, III Fc'ynmml ga,uge dl, u (;quals -,quu. In ]iglll,-

cone gauge7 I , A = A + =0,

d(k)

_=1,2

'= -9j_v + )ll'kv + ?l_klL
tl' k

where k. _ = 71' k = 0. For a regularizat, ion of the gtmge slngularil,y at, 71, I,',= 0

(,+:,:s'r' R.efs, [4--.6]).

'1. Tile gltlon (photon)-fermion w,'+t't,ex is

The trigluon vertex is ,i

-_,)[(z,- q)"r/""+ (q- t,,),'q""+ (z,- t,)",q""]

and l,he four-gluon vertex is

d)(rJ"",1""- .q"'.q""),

Generally there are three irldependent ways of inserting tit(: fout'-gluon V(.q'l,(PX;

ali must, be included.

,5. i;'or each int,ermedia, l,e .star(.' there is a fact,or

1

where the sums in the "energy denominat, ors" are over (,lie light,-con<' "e))ergi(,s,"

/,:-, of the incident (inc) and interrnediate (int,erm)particles.

10

,I, rlpig tr , ii ..... m II'l .... +1 m ......... lit ,, III,Pik II , II ,e ) WIPI Illl'+,,,111),',, ,_ r, i_lf+, ..... )1, .... rim' Imll ,,



6, In Feynme_n g_uge, ghosts loops occur, For ench ghost line include ta.la.ct,or

-[O(k +)]/k +, The gluon-gllost vertex is eole:u,

7. The fermion prope_gat, or consists of two pttrts:

• A propa.gating piece

1 1

k.--;(:' + ,,,,), _(-_ + ,,,.),

where the first and secoIad term corr{_spond t,he 1)1'Ol_g_l,l,iorl c)f ,_,f_:;rl_lioJl_l.lJ(I

_tntifc.'.rmion, respectively,

• An instanta, neous cont, ril)ution

+

21,.+ '

Also tlle gluon (phot.oxa) propagal.or in light,-cone g_l_lg_!']l_ts_ll illst_trlt._aIl_!'oll._l_l'l

" (rl/_Tls')/k 4-_, _s does t,he ghost, proI:)agat, or,' In e_.c)l c_.se, tl_{_inst,;.mt_t_leotls i.)rC_l_-

gat, or c_tn be absorbed into the regular pt'op_tg_l,o_" by r(:'l91_tcit_g/c, th_: _ol_.,lal._t_

associ_,t, ed wit,h the line_, by

( ' )
in the numera, tor of those di_gr_tms i_ which t,he t'ermio_, glt_on (1)hotc-_n), or gl_osl.

propagates only over _ single time interw,1, Here Y'_.i,,cde_ol,_:s sumn_at, io_l ovel' ,_11

. initia,1 p_rticles in the diagram, while _i,,.ter,,, derlotes s_lml-atal,iol_ ov(:,.r ztll pa,rt.ic:l(2s

irl the intermediate state other tha_z the particle of i_l,<'_rest,, q"t_t_s, iii ligl_t,-co_('

a(_,-)
gauge, _' replaces k in the polarization sum ,._,,, ns w¢,ll as in _.la¢'l._'igluon COul)li_lg,

for gluons appearing irl a single int.ermediate st,_t.(_,. Si_llil_al'ly, _ ],'. rr, is x'('l:_l_c('(l

1,y + tr],
11
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8, Ixlt,egrate J'dk+d:kL/16_r a over each independent k,

9, Include a factor -1 for each closed fermion loop, for ea.cll fe.rmion liil_.',tha, t

both begins and ends in the initial state(l,_.,, v,,,u), and for each cliagraxn

in which fermion lines are intercha,nged in either of the initial or fiIla,1 states.

10, A partlcula," useful spinor basis is given by

,l.(k,A) = 1 ( -. ) {x(T) A=T (2.4)

or

,,/L,,,)= ' ( ) ,,-1vg--g a,+-/j''' + -_'_L._± (:e..5)x(T) ,\=,t

wher_x(T)= ]/v'72(1,0,1,0)_,d x(l)= 1/_(0, ],0,-]) r,

11. Color factors are computed as for cowtrianl, diagrams,

b

As an example we comI)ute the r_mgnetic fonnfactor t_:,l, a,ssoc.iated witll t,tl(,

decay of a. heavy top quark (t) into a massless bottom quark (b) a.nd a W-boson, via.

t -4 bW

to second-order in perturbation theory. In the limit of zero t, ll_a.ss tllc Clll']'ellt

associated with this process is given by

F _' = ('7_'PI, F ....1L + i c*t'"q_,I'n F,,I + qJ' Pt_(7) bI tl,I,'*

' _ "J "1 ( 7where the projection operators PR.L = (1/2)(1 :t:_7") the formfact, ors l:'aL, t',21,,

and t,he annihilation operators b,t, W haw_ been introduced.
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Figure 2.1. One-loop contribution to the decay t -+ bW.

In order to extract F2L it is convenient to consider the llelicity-flip amplitude of

the corresponding I"+ current

<£1r+ lT>.=[-(p_ + m+a&L+ (['_- p_)C.:],:iz,(£)',t(T), (2.(i)

where pt = (P+,PT,Pt,±) and Pb = (P-_,P-b,Pb,±) denote the four-momentum ot't

. (with mass m ) and b respectively. Ft,,: l.h s. of Eq. (2.6) can be computed ill

LCPTh, yielding two light-cone time-orderings shown in Fig. 2.1. ttence,
J

<_b(Pb,1)lr + I_,,(m,T)>=
O0

4 e 2 [d21c,±dk + O(P + -- _:+)
3 ]67r3 J _.+(_,_---_'.+)0,{- _'+)

0

×

(P; _+"_'_+' - _)(P; - ,,-F,_" - _) +;' (2.r)

"3167ra jd2kzdk+k+(#+ - pb)(p + - k + )
+

0

(P-_ - P_' - 7 eT--)(Pi- ht - ) + i(

where, the four-.vectors are given by Pl : (Pr -- I¢"t-'1"_ -- I¢2_.L/_I-I-'Pt, -L -- /¢-1-)'1)2 z

(p_._k+,p;__k2/a._,p_.___;.),_= (_,+__:+[(_,,____;±)e+,,,:,]/(_,+_ _+),_,,__
lO

 1tl
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= (k+ _ _ p;-_ k_L)2/(P+ - - , nd t

4/3 includes color. Here, the momenta pt,pb, k correspond to t,b and the virtual

gluon respectively. The computation of t,he r.h.s, of of Eq. (2.7) for two different

choices of the momentum Pl, (note that (pl- Pb)2 = m,_V,where mw is the \V-boson

mass) enables the extraction of/_)L in Eq. (2.6). For m/mw = 150.0/80.9 we find

F21_,(m_v) = (0.49 _-t-0.001)(c_s/27r).

Equation (2) in combination with Eq. (3) has the rema,rkable feature that they

immediately lead to a practical prescription for the calculation of general scattering

amplitudes in perturbation theory:

• Approximate the Hilbert spr, ce by a, finite iluml:)er of Fock sl,al,cs.

• Compute ali matrix elements < t,:ilV]l%i >, between tl_ose Fock sl,al, es Ikl >.

® Connec(, initial and final st,at,e, insert tlm corresl)ozidiilg el)ergy-d('11omi1)al, ors

and sum over ali intermediate states.

• Self-energy con(,ribul, ions can be identified l)y Fock sl,at,es wllich occur nmro
lt

than once in the expansion. Thus, an approl)riate ma,ss slll)t,ract, ion seelns pos-

sible. Wavefunction renormaliza.tion is not necessary sill("(:,Eq. (2) correspoll(.ls

to the sumnml, ion of a,ll IPeynman diagrams t,o this order irl l_('rl.urbation i, ll(.'Ol'y,

ttence, ali wavefunction counl, erl, erms cancel by meaJls of l,]le Ward idelltilies.

Charge renormalization can be carried out by ideilt, ifying vactttlnl polarizal.ioli

diagrams [8].

Unforl, unately, a direct numerical applicat, ion of those sl,eps is of't.¢,ll extremely

inefficient,, since most of the Fbck st,al,es, generally, do ilof c.ollilecl initial and final

states. In addition, ultraviolet regularization, by recalls of a l:ock space t,ruilcal, ioll,

poses extra problems. Nevertheless, due to t,he facl, t,ha.t, tile cxpa.llsio1_ in ].:;q. (2) is

manifest, ly unil, ary, i.e., causal, an ef[icient, modificatiorl of t,ll¢ above:, l_rocedtlr_' Call

be constructed for the aut, ornated compul, ation of scattering ami_litlldes in l)ert_lrba-

t,iol_ theory.

tt
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3. Perturbation Theory in Light-Cone Quantization

3.1 A general algorithm for generating LCPTh

In this section we develop a procedure which automatically constructs ali light-

cone time-orderings associated with a given Feynman diagram F. The only input

required is the set of photon connections of F [first photon (4,1), second photon (5,2)

in Fig. 3.1], which define tile topology of the diagram.

x,.%3
02/ 03

";__. 131_P4

7-91 6983A1

Figure 3.1. Two-loop QED cross diagram. Tile momenta p2 a_d /ca correspond to

the internal momenta of the i-th fermion and j-tt_ plloton, respectively.
l,

In the first part of this section we outline the procedure for qual_tllln electrody-

nantics in the specific example of Fig. 3.1. In the remainder ot' tllc sccl, ion a gcilcl'al

algorithm, useful for higher loop calcula, tions, is described.

First we shall review the derivation of LCPTh rules introcttlc¢'d t)3, SOll)er [2].

The F>ynman answer F for the two-loop contribution to the elect, romagnel, ic w'rtex

7*(q) + e-[(pl) -_ e((pF) corresponding to Fig. 3.1 is given by {1,7]

/f;' =e 4 d4xld4x2d4xad4x4d4xsT(xs, T)7 _'

")'+e-iqz3 _, (:_. ]
X iS'r(x5 - X4)TAiSF(X4 -- ,r3) + iS'l.'(x:_ --,c'_,)')

Pl

X iSt:'(x.2 -- xa))70_(Xl, _.) iDl.',,xp(z4 - zl)il)_'t,,,(,rr, -,r..,) ,
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where p_" denotes the incomingllght-cone nlomentum of the electron. Here we lla,ve

chosen tile helicity-flip amplitude (pFld+/p+]ps) and the rr_mewith q+ = 0 which

is appropriate for obtaining the anomalous magnetic moment of the ele,ctron a l_d

. its Pauli form factor Fz(q 2) [S], The Feynman propagator can be written in the

convenient form [3]

' O0

SF(a:) = (_7-)a d2p-L -_-g- + @(-a:+)(-_ + ,n)c ipz
0

oo

17+
+ _2@5(x+)_. / d2P± i dP+e-'(½"+zc--"'L_'l)p+

0

_:s,_+_(_)+47)(,)+ sp",(x),
(a,'2)

where the electron four-vector is on the mass slmll i,c. p- = (,_'2 + l;_)/P+, q'llis

result follows from

5'F(:,')= (i0,_' + ,,,)At,(,,') (:',.:_)
,p

and
oo

aF(.T)- (27)_ d2"_ _p+(°(*+)c + (')(--"+) )'
0

]'he third term in Eq, (3,2) gives rise to an instanta, rieous fermion intera, ctioll in liglli-

cone quantized QED. The photon propagator in light.-coile gauge 7/ . ,4 = :t + = 0 is

given by

oo

D,.(.m)= (jT}a-i i d2kL io _ (e-ik'®(z+)+ eik'(')(-'r+))_--"{:,*,(k,aX){:,,(/c,.\)

oo

+ d21__cdt_+<5(a;+)(7 ._ • -k,.,.,.)
0

_ r,(+/ 1,7)(_)+ ,,, (,,,)= ..,. (z)+ D Ds'''t
(a,,J)
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where

71uk. + 71vkl,
_,*,(k,_/_.(k,_/- -g,. +

_=1,2 r/k '

This result can be obtained by perfornairlg tlm k- integration of

1 f d4ke-ika: -g_,us),,,,(_)= (2,_--)_,_ _:_+ ,.'---7' (,'J.s)

The external field tISl for the incident electron is given by

wliere 'ul(p,s) is the solul, ion of the free Dirac equation, lll l"_wirnan ga.uge l,lie

polat'izatior_ sum F_,a=a,2%(k,._)e.(k,._)in (3,4) gets replaced I:,y -9,, ,., a,nd tl_e in-

sta.nta,neous contribution drops out.

In order to compute tlm scattering arnplitude, Eq. (a.1), using light-corie per-
t-

turbation theory, one first has to split up the integration region into all possiblo

t,ime-orderings. For illustration purposes we pick a, typical l,ime-ordering rl4a'.,s

x+< :q < _,,_< _,,,,+< x+ (a.r)

a.nd obtain the contribution

F(r) = e4 / d4x d4(1432,5) 1 m.2d4'xad4x4d4z5

x o(_+- x+)o(_+- _+)o(:,,+- ,_,+)o(_,+--_+)_+',',:"_(,_,,T)_"

× is_+)(x_- x_)__,s_:-)(x4--x_)"_+_-'_:',:s_;-)(,_,:,:)-,,"
p+. a .... 2

b

g¢,(+) iplXl ,,.,(+)
_z2"+' (z,l - ,r.1)7,-.'s:,,,.,(:r.s- a:.2)x "'-'F(*2- _)('V'_- _(m,.l.)) F,,_p

(3.s)

The corresponding r-ordered diagram is shown in Fig. 3,2. Not.<, that tlie insl, anl.a.-

q,lieous contributions iii ,gp(x4 -- ma) and _,.(:ra - .r,2) do not colll.ribute because of

18
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Figure 3.2. Light-cone time-ordering contributing to the cross dia granl,

7+'/+ = 0. The instantaneous contribution of S/_'(x2 - xi) gives zero result in tllis

case due to

x+)O(x+x,+)o(x+x+)o(x+ . - 0

p

Iii the same way it is shown that tile insta, ntaneous cont, ributio1_ of ,9F(a:5 -x4) van-

ishes. In general, instantaneous interactions give rise to a nollzero coi-lt,ribut, ioll only

ii' they do not extend over more than oile intermediate state for the same reason [9]

. EquM, ion (3.8) leads to a phase factor of the form

exp{i [pF:CS- p4 (a:s - x4)+ pa(x4 - xa)+ P2(Xa- :,"2)

(a,9)
-q*a - p_(_2- xi) - pi_l - _:_(x4- _ ) - _:2(:,'5-- :,,2)]},

The naomenta Pi, kj denote, the momentum associa.ted with the i-Lh fermion and l.ll('

j-rh photon line respectively. The momenta pl, PF corresponds to the initi_tl and final

momentum respectively. The integration over x_, a:_- ca_l be performed trivially aald

demonstrates momentum conservation of p+, p/l_ at each vertex.
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In order to perform the x + integration, it is convenient to change variables a,c-

cording to [2]

(3,10)

The light-cone time part of (3.9) becomes

exp½[i,_4+ (P7- k_"- PF)+ i'_a+ (-P)- - PF- 1'7+ P_)

+ian-(-p; - v-i- _,;+ pT,- q-)
(a.l_)

:exp½[icr(,,,_)+ ix_(-_,-/-,_-+p?)] ,
w

This will pla,y an important role in our discussioIl, so we lla.ve introduced tl_e ctefiIlit, ioll

of a, cha,ra.cteristic exponent CF(r) oi"a time-ordering r. 'l"lle integral over ;rit- caJ_ 1,¢,

performed trivially aJld gives overall light-cone energy conservation. Tlle rema.inillg

integrals over x + can be performed by means of

OO

/ dTei(fl+ic)T _ iIt + i( '
0

The product of these denominators, and the fa.ctors [-i/(27r)3](1/p +) from (3.'2)aad

(3.4) then lead to the LCPTh answer of the time-ordering (3.7').

.As far as the treatment of instantaneous diagrams is concerlled, a simple s_ll_-.

stitution allows the incorporation of instantaneous vertices [9]. 'I'o, :.(._" tllis, collsider

the 7+ contribution of one fermion line to an arbitrary Ii_ynman diagram

F=... 2/ r
_,+(_-+ 9-77 ... , (:l.1'2)
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where d- = p/-p- - _spec P{ is the light-cone denomillator containing tile fernliott

line urider consideration. In general, P7 is given by the total light-colic elwrgy of

the incoming particles and the sum runs over all spectators of tile corresponditlg

intermediate state.

The second term in Eq. (3.12) presents the instantaneous contribution t,o F. Ii'
,J

we define Penergy-shell = P- + d-, both terms combine to

l'7+P_nergy-shellF =,,.
p+d- "' '

Note tha,t P_lergy-shell is the light-cone energy one would obtain if one required ligllt-

cone energy conservation at the vertex, Thus ali instantaneotls fermion corlt,ribtll.io_s

can be taken into account, by putting those p- on energy-shell in tile numeral, or

whenever that fermion does not, exl.erid ow',r more tha.ri one irll,ormediat, e st.ate [9]. ]_1

the same way the light-cone gauge photon interaction in (3,,1) call be handled [4].

Now we are ready to describe our general as a sequence of 10 sLc'ps (see, Fig. 3.3).

For illustration we again consider the order e_ contribution t.o the electron vertex.

We start, out noting that each two-loop r-ordered contributioll to t,lle electroll w,rt.ox

(which contains no vacuum polarization contribut, ion [10]) is of t,he form

/" dAq < +d2a:2o(,l+)(-) lO(v4+)
F(il,,..,i5)-. (16_a) 2 J p+p+pa +p4+k+k2+ d-(1)d-('2)d-(3)d-(4)

X @"/#(il)(84}4 + m)7**(i2)(,sa/_a + 7tt)"iP(ia)(,s2/'2 + 'ttt)"[ l'(i4)

x (Sl/)l + m)7 t*(i'')u) D1,(1)1,(2)(/¢1) D1,(4)/,(5)(/_:2)

(3.14)

. where the diagram is defined by its photon connections. The explicit, construci, iorl of

(3,14) is done as follows:

• Step (I): the indices il,i2,,.,,i5 are specified, For l,tle diagranl of Fig. 3.1 w¢'

have il = 5,i2 = 2, ia = +, i4 = 4, i,5 = l, For the diagra.In of Fig. 3.4 wc llav¢'

il = 5, i2 = +,ia = 2,i4 = 4,i_ = 1.
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ICiiaGgevariablesto _+- XI_I-XI_ k _ I Is the l-th fi)rmlonan elootron II re-.e×pressOF('_)In termsof ;_

CF(,_)=ZI_+d" (I) (W_) ; or positron? |

deterrnlnesl = ±I (IX)• .,,,I.=.,,...,..,.._ ,..,M_ ITI_

Extraotd-(I)& solve,theaet of linearequations IIi ICal°Olate N
, d" (1)=o !1 I .., rlum ($1 ..... 84) e4

_-(al.o (vi I I'_'(_)Pi+":f;;kt"; _-(_>:"_-<'>HIRegulateand Integrate (X)
andoonstruct ii __ - -

+= +k - k FnPl Pl ( I'k2' Pox)'P.LP.L(kl' 2' Pox) |

as a functionof theIndependentloop momenta | _n

andexternalmomenta ..... ii

i .- i

Figure 3,3. Flow chart for the auto_natic computation or QF;I) alnt)lit_l(l(',_

• S(,ep (II): For each of the n! = 1120time-ordering:'_ one defi:_es a v(:,clor r(l), =

1,...,n = 5. r(l) describes tile position of tl_e I-Lh vert,ex of I'-'. Irl l,h(:,eXaml)l('

of Fi_,.a.l we get r(1) = 1,r(2) = 2,r(:',) = ?,,r(4) = 4,r(5) = 5. In l,l_(?

example of Fig. 3.2 we get, T(1) :=- 1,r(2) = 4, r(3) - 3, r(,l) -'>,.,,r(5 --- 5. lt

, is a.lso useful t,o define

A(r I))= I, (3,1:;)
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Figure 3,4. 'I"wo-loot, "corner" (lia,granl.

• Step (III)'. Once a t,irne-orderillg is deiined we know Wtllcll l,iec_,s (,_lt, of til('

propagat, ors (3,2) and (3,,1)are to be I>icked. T}_(' <,,,_sl.r_(:l.i(,_ ()t' (.,'r('r')(I,,-.

fi_ed ill ('3.11)is stra,ight, forward, Not,(, t,llat, til(, t,(_l'lll wilicll d(.,sc'ril.,_,.,.;ov(,rall

mo111(,llt,um conservat, ioll m_lst, be sul.)l,ract, ed ill ()r(Ic,r t.o (_bl,aill ('l,'(r),

• S_ep (IX,/'): olle (;t_a,nges variables Lo ,\_- - _r+ --,r + for /," = 1 ,1 all(Ilk4 I Ik _ ' "

expresse.s t,he clla.ract, erisI, ic exponent.ial ill terms ot' At. ,..

c,,,(T)= ,
i

® St,el) (V): In general 5t different, tiri_e-()rderings ('ali ('OIlt.ribtzt.(, t,o l;', l low(,v(,r,

ill prae:t',ce most of thegn w.lisll, This is due l,o t,l_(, t'a.('t, t,hat ali ligl_l-c_,_l_,

morr_enl, a are grea, l,er or equal zero and conserv(,(l a.l. eacl_ vert,(,x [11], Ali

3,o _example is given in Fig, ' _ whi('.l_ contai_s a va('uun_ fluct, uatio_ at ,r,t A

vacuum tluctuation a,t zi can be form_dly identified wl_e_ ali t,erl_s of d-(i)

. ca.rry tl_e same coeflicie_t (namely, +1, or -1). _I'l_e d-(i) cm_ t)e ot,tail_(._l

from C'l,"(r) by setti_g ,k_,.= _6ki.

" • Step (VI): ]% obtain the form Eq, (3,14) ali n,onw_i.a l'¢ a._(i p{ _,a_st. I,,,

expressed in terms of t,he independent loop mom('_la a_l(l (,xt,(:,rlla.[ _nol_('l_ta,

Tl_is ca,n be a.cl_ieved by solving t.he e..qlld,I,ions'
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o i_Figure 3.5 Exanlple for a vactlum fluctua,tlon t,o the cross diagram,

d-(1) = 0 ,

d-(2)= o ,
(:.+,I(_)

d-(3) = 0 ,

d-(4)= 0 .

For example, for Fig, 3,2 we ft[ld

• St,ep (VII): The expressions for the internal fermion tllOllIl(-'llt,i-i.,obt, aillod iii

step (VI), are substituted into d-(i) in order t,ocotlstruct, ali energy dcllollli-

nat, ors d-(i) explicit, ly.
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• Step (VIII): When setting up the fermion ps= in the numerat, or ii, nltlst, b¢!

decided whether the fermion line Pi extends over more than ot_,_il_t,e:rllledia.l,¢:'

st_te, A formal criteria for that is given by

abs(A(i) - A(i + 1))= I , (:],18)

If (3,18) iv correct, p_- is set on energy shell, which metLlls

Pi- = Pi,,n_...-.hell + d- (ins) (3,19)

where ins := min(A(i + 1),A(i)),pi:m_L_.___h,,H= (,,._2+ 7'_)/Pi _, If (3.1S)iv nc,t

fulfilled we have p_- = Pi.mas_,;-shell'

, Step (IX), The only variables which are left to be dc,te|'mined iii (3,14) arc" ttl_:'

signs si which define whet,her a fermioll or ant,iferlnioll propaga,t,cs. Tile pllas_'

can be determined ft'ore

A(zi+l) - A(:,,i)
si = , (3,2{))

ab,_(A(,ri+l) - A(:_,,))

• Step (X): (3.14) can now be calculated, If nec(,ssary, tl,(' (liagral_l cal_ 1,,'

regularized using Pauli--Villars regularization,

It, should be noted that st,ep 2 to st,ep 10 can lte readily carried o_lt a.ul,on|aI-

• ;, Jica,lly, using an algebraic manipulation program like IlI_,I)l (lIE. 'l'llc, algoI'ittllll call

be generMized easily to higher loops. As an exanlpl_,, ill li'ig. 3.6 We pr_,sellt til,,

time-orderings, generated by the algoritllm, to a tllree-loop co|lt,ribution of l.tl(, _:,l{:,c-

tromagnetic vertex for q+ = 0,
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3.2 Numerical results

In this section we report on the use of the general LCPTh algorithm to rec!o

the two-loop calculation of the anomalous magnetic moment (g - 2)/2 = a = F,_(0)

by Petermann and Sommerfield [12,13]. Figure 3.7 shows ali t"eynman diagrams as

well as the corresponding light-cone time-orderings, contributing to the anomaly in

fourth order.

The vacu_un polarization diagram 6 can be computed by the effectiw; replace-

ment [14]

1

t2 "k 2-t2 +ic -_ - dt (3.')1)7r 1 - t_ k'2 4'"_-

after performing the integra, tion over k- [15,16]. All diagrall_s ill Fig. 3.7 (witll ex-

. ception of graph 5) are ultra,violet divergent and require rellorina, lization. However,

by coml)uting certain sets of diagrams si|nultaneol|sly, the calculation ca li l:_c at-

" ranged such Lt]at ultraviolet divergences cancel between diagrains of the s/-llllC Set,

As an example, Table 3,1 shows tlle result of the 11umerica.l illtegrat, ion, us.i]lg tile

adaptive integration rout, ine VEGAS [17] of diagram 1 and "2for clifferent va.ltles for

the ultraviolet cut off A2. After mass renorma,lization of l,lle self-ellergy diagra.lll 2.

we obserw.' only a residual A dependence of the form

1

_-ff,log AU . (3,'2'2)

which can be easily eliminated by an al)I)ropriate fit in A'2 [18].

We obtain for our estimate of diagrams 1 and 2, a = (-0.326 + 0.001)(a'2/Tr'2),

which is to be compared with the ana.lytic answer of Petermann [19] a = -0.327...

c_2/_r2 and Sommerfield. Table 3.2 shows the result of the residual diagrams. The

agreement with the correct, result is better than 0.2% for single diagralns. To obtail_
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Figure 3.7. Six Feynman diagrams a,nd l,he corresponding ligllt,-cone t,ime-oi'derirlgs
contributing to the fourth-order anomalous magnetic nlomelll, I,o tile elecl,ro11.
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Table 3.1. Result (Sa) of the numerical integration for diagram 1 + 2 _fter mass

renormalization in units of (a/_r) 2. The data converge for large wdues of the Pauli--

Villars cut-off A (in units of the electron mass).

5 a Lambda

-0.289 25

-0,305 50

-0,313 100

-0.324 1000

Table 3.2. Numerical results (&) for the two-loop diagrams of Fig, 3,7. The

results are compared with the analytic answer by Petermarlrl.

Diagram 6 a Res_llt by Pet, ern_ann

1+2 -0.326 :t: 0.001 -0,327

3+4 0.TSO + 0.007 0.778

5 -0.,165 4- 0.002 -0.467

6 0.016 -4-0.001 0.016

Table a.3. Numerical results (_a) for the sixth-order contribtltiolls of th¢' di_-
9

grams in Fig. 0.8. The results are compa,red with ttle restllt, s givell by Bro¢lsky alld
Kinoshita.

l)iagraln 6 a Result by Brodsky and Kiilostlita

4+7 -0.114 :t: 0,(}02 -0.115

1+2 -0,0031 :t: 0.003 -0.0032

5+6 0,053 + 0.002 0.053

3+8 --0.09 :t: 0,02 -0.088

these results we n_ded typically only one minute of CPU per gra, pll on a I1/1_.13090.

These successes encouraged us to attempt s{)ITle sixtll orclcr inomenl, calculatioJls

for the I_ynnlan graphs shown irl Fig. 3,8, n Tal:)le 3.3 we conipa, re our esl, irl-ial(,

with the results obtained by Brodsky and Killosliita [20]. For t'urttmr ret'erellces sc,c

also [21].
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Figure 3.8. Sixth-order Feynnlarl diagrams containing one-loop vacuun_ pola.riza-
tion.

3.3 Summary

We have presented a new algorithm for the _utomatic cornl)llt, at,ion of F(2yl_mall

diagram amplitudes. The met, hod, which is ba.sed on light-cone l:_erttlrba.tioll t,ll{:,ory

(LCPTh), is explored for two- and three-loop calculations in QI);I). The a.mplitudcs

are constructed automa, tically al,d explicitly, given just the pl_oton conn¢,ctions of t.ll,:_

corresponding diagrams. The extension of the algorithm to higllor loops is st,ra iglll,-

forwa.rd [22].
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One of the most useful applications of LCPTh and this algorithm could be tlm
' 0 ,

computa, tion of multi-jet processes irl e+c-- annihilalion, since LC,PTI_ amplitudes

correspond closely to tile quark and gluon jets identified in high energy physics. These

. reactions have not been completely calculat, ed beyond tile one-loop order in pertur-

bation, theory. However, the extension to quantum chromodynamics requires a more
,.tr

careful regularization of the ultraviolet behavior of tile tlleory. Tile imi)lcnlentat, ioll

of dimensional regularization and ottier renormalization isslles will be described in

Chapter 4.
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4. Ultraviolet Regularization of Light-Cone

Hamiltonian Perturbation Theory:

Application to the Anomalous Magnetic

Moment of the Electron in Light-Cone Gauge

4,1 Introduction "

One objective of this chapter is to explore some of tile rexJo,',nalizaiioll isslles i,l

the ex_m@e of the anon_alous magnetic nloment of t,lle electron a = (g - 2)/2 to

order (a'/Tr) 2. III particular, the discnssioll shall foclls on a rcltot'illalizal.iiJll scl,c:'lll('

whicll is a.lso sulta.ble for a numerical treatmelll., This r('(luir('s I1_(' (:onsl.rtlcl.ioll of

certain counl, erterxns on tl_e local level il_ order to prev('Ill, rolllld off ¢,rrors.

rI'lle first sect, ioll of this cllal:)ter address(:'.s l>rot>lcms a.qsociate¢:l willl (iLla¢lrati{

divergences in ligllt-cone qllantized gallgc, l,),eories, lt is sllowll thal l:('3'llIll_ll gallg("

leads to ali infinite number of quadratic divergellt l,()P'l'l, diagl'allls at ol,c 1¢)ol).

'l"ll(:'_situation is signii3cantly better iii light-cone ga.uge sill('(' ill l.ll(:' ('ol_l.i,l_l_ll_,oI_)y

tl_e self-energy m_d the va.cuum l)ol_-v'ization display a qlladrat.ic (liv_,rgcllc_, al (_,1_'

loop. Ilowever, a COml)_ta.t, ion i_ A + = (1 gatlgc, re(ltlir('s a ('ar('['_l r<,gularizali()l)

of ttle a.ssocial, cd ga.uge singularity. Most reg_la.l,ors r(,duc(, tl_¢' sl_all ,r I)clla\'i,.)r

of the light-cone p]lot, on propagator to that presenl, in l:(,y_ln_a_l ga l_g(', 'l'l_t_s, ali

_lndersl,_mding of B:.,.ynman gauge is essentia.l even if ca.lct_lat.ioils ar(, ca.rri(.d ot_l ill

A + = 0 gauge,

Tl_e second section discusses l,l_e fourtl_-order correctioll ¢_f9 '- 2 ill 11_('lig]ll.-coll('

ga.t_ge. Two difFere_atdescriptions for the regularizal, io_l of tl_e/,-.t- sit_g_larily ni'(' (lis-

cussed, 'l-'he sensitivity of physica,l ol)scrvables to a t]nit,¢.' l,ruilcal.io_ is inv¢,sl i_.!al¢,(l,

The third section tests the ultra.violet regulators, wl_ic)_ at(' c(,illlllot_ly _ls(.'_lI'(,r

the purpose of no_perturbativc calculations i_ I)I,(:Q. lt is sl_ow,l l.l_al l.)_,se rr,g-
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ulators do not recover the correct _mswer for a = (g .- 2)/2 irl fourth order, unless

special count, erterms are invoked,

. 4,2 Light-cone quantization iii Feynman gauge

• In any ga,uge different from light-cone gauge, canonica.l llght-cone quantizatiotl

is anything but st,r_dghtforw_u'd, ']'his is due to the fs,ct l,lla,l,, after solving tlle Sl_)illor

coilstr_dnt equ_ttion, the light-cone Hamiltonian in these ga.uges colll, a,lns terlns wliicll

are of _rbitr_rily high order in the A + fie.ld. Thus, in this c_lse, we will not ,_/tl,ellll)l,

to write down the light-cone Htmliltonian, Itowever, e\,eli wit, llotlt consl, rtlctillg til(,

light-cone H,mlill, onizm explicitly, one can st,iii derive llght-coile l)erttlrba.tioll t,l,(,ory

(LCI:)Th) rules for Ii_ynmali ga.uge simply by se.l)a.ratirlg l.ll(yx'ario_ls liglit,-('()il(, tilil(,-

orderings of the Feynnlai3 a rnplii, udes. A useful referell('(' can t.)(, follrld in [1] (s(-,(,

a,lso Cha.pter 1).

Feynnllm perturbation theory in Feynm_m ga.tlge lias the advanl, ag(, l,llat c','(,ti till'-

shell Greens' functions exhibit the full Lorentz structure. 'I'tiis simple t'eai, tir(:, provi(l(,s

irril)orl, a,llt consistency checl<s for ligllt-cone qua,ntized field theories, siil(:c lll_llit'('st

covaria, nce is lost, iri this case. In addition, ii, helps l,o diselll, a.i_gl(' 1)rol)lell',s asso(,iat(,cl

with sirlgtilarities irl the light-cone gauge t)ropagator froin l:)robleilis irltriilsic t,o liglll-

cone quantiza.tion itself.

\_,le start our discussion with the ewdu;.-ttion of the fourl, l-!order correcl, ion I.o t,ll('

anomalous magnetic moment of the electroil (,q - 2)/2 iii I,C,I)TII. Tile Feyrlrnail dizl-

grams and the corresponding ligllt,-cone time-orderiiigs are displa.yed iri Fig. ,t. 1. '1"11(',,

techniques we used for this c_dcula.tion has, been discussed in the previous cll_tl-)i.('r,

so that we only comps.re the LCPTh a.nswer of the a.nornaly

,-)

('i'"

a c,prj, = (-0,324 -_t:0,O04)-7,
71"-
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Figure 4.1. Feyrlnl_m die, grimes F with corresponding ligllt-conc time-ordered di-

a_rams contributing to tile electron anom_dous magnetic lnon_ciil, ct = (q--2)/2 I,o
[ourt, horcler.
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• g.gl
700gA4 n

" Figure 4.2. n-phot, on jellyfish graph,

Figure 4.3. Powercolinting for the 'li = 2 jellyfisti (liagraxll leads t.o a logai'itl,lllic
divergence.

. with the a.nalyt,ic result, by F_et,erinaiiri and Sonlmer/ield [2,:.1]

9

-. a =-0,327...--7, .
Tr"

Iii C,hapter 3 ,.;orriesixth order coritrlbutiolis lia.ve also t:>_(,licalclllatc'(l using 1_(',I"1'11.

It should be empllat_ized ttla,l,, iri order t,o obtaili t,liis agro<,lrwlit, a<l_lit,iollal r<,ll_,r-

realization, beyond usual procedures, is necessary for t,lie self-elic:,rgy diagralil '2 iii

Fig. 4.1. This is because the one-loop self-energy exhil)ii, s a Cllia(lratic di\'t,rg_'llcc, iii

liglit,-cone quantiza.tion, which is rather atypical for ga lig(' l,lieoi'i_'s [4]. 'l'll_. "ll.,illo<!

of alternate denominators" ha.s been suggested a,s a r>ossil_h' solut,ioli to i,llis l_rt,I,-

,. loin [5]. llowew:;r, iii Appendix 4A we sliow t,liat t.liis lliei, liod illtlSt t)(' II,<j_'_lwit.li

ca.tltioil if oile Wttlll, S tO recover tile usual I;'eyrlllla, ll a, llSWOr for gelieral l)¢rlllrl_;iliv< ,

processes.

Wherea.s the problem of the one-loop quadratically divergent self-elior_;y occlli's

also in A + = 0 gauge, any ga,uge different, from ligllt,-colie galig<', siicli ils Feylllllaii

a7

i_'!





p-q

., g.gl 7oogA1

. Figure 4,4, One.,loop correctjorl t,o (.2Oll11:)[,oll sclll, l.(.'rlllg,

As f,/.r _ts t,lle se.lf-energy is conc(:rlled, a nlet, ltod whicll is I,ils(_d on til(, corr(,ct,.

tensor si,fuel, tire of the dial.gram can be proposed, 'I'his is possil_le sillce diIt'erellt,

I,ellsor COml)Ollent,s slmuld be rela, t,t'd by covariz:_,_ce:

t, r ('f- l_,f,t f -,,,,cryv ) lr-= •_ t,r("/+ l..,.if-,.,,,,..,/) (,I ,.1)
p + , , ,

,,vllere p-F p- correspolld t,o t,lle nlo11_elfl,lllll of the fl,l'illit_l_ itl=<l l,,,,ty'-,,,_,,!/tl ,l(,l_¢,t('s

, t,lle ['ermioll selt'-eI_ergy. III otle-k_Ol_ it. is straigllt, r{.,rwnr_l t._}slle,w ll_nl (,1..1)is (,(l_li','

alcllt, t,o t,lle ¢,fl'ect,iv(' replacemer=t,

p_,7_ (,I,r,)
P2 --_l_lr_rrpp-ql,¢ll pit"

(s(,(: l,'ig, ,l,.i) i_ 1,1_(.l)in_.c _(_r_t, or, wl_(,re 1_]_ :-- f'+, 1_. -.......1']_- 1"-_, t'-_,,,,,,:/.,/.-.,,/,,ll --:

p-, 'l't_e u_ol_cnt, a. p+, p- de_ol.(' tile t,ol,al ligl_t,-coIle lllOlll("lll,tllll a_=¢l('llcrgy I'('Sl_('('

e_('rg;y co_serva.tion was i_xposed, TI

• l,OI_('lll. _' (i,(',, .),-t-) i_ terll_S of t,]l(' "good ('OInl)(_etll," (i,(',, _-) _-_.l_(.Il[_ls r(,l_,l('r._

til(' s(,If-('ner&v covaria._t, by cc_llsl,ru(:l.k_n, Ile_c(:, l,t_(' l_r_}_l('l_ (_t' t.ll(' <l_l_,ll'nlJ_' (Ii.
,t

w,rge_cc is avoided i_ t,l_is c,sc [10]. l!;quat, iot_ (,i ,.1) c;:_==I,(, g(,_(,='_=liz(',:lt.<, I_i_.,;l=('_'

1ooi_self-e_('rgy dia,gral_s, provided ali stll_loops are tirsl l'(,l=del'('(I c_vnl'ii._llt _1=_{Itl_,

_lollcovnria, l_l l_ie(:(' is of t,he t'orl_ C"?+/t., +,
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such a local procedure. For n - 0 the idea of the null subtraction is based oi1 tile

observation that the troublesome ternl in Eq, (4.2) is given by

c 1

= :tr(7-1.,=o)p-=o =o (47)
. p+ 8 ,I,± '

where C is independent of the external momenta. Itence, we defille the null subtrac-

tion as a procedure where the "bad" component of a quadra, tlcally divergent gral)ll

or subgraph is subtracted for vanishing external (with respect to the divergent gI'apli

or subgraph) p- and P_l_momenta, while keeping p+ >_ 0. In the, above exalnl_le wc

obtain for the null subtraction

1 1 ,p 7 + k 2,+m 2

_'[ p--4-"(I-'__-_,-T"/'p ( :l ,_s)
e 2 f ' _,. a:cd" k_L

]Null - 1C-_a J x(1 - :r) (0 (1-_,) _'

Performing repltmements similm' to those given in At_I)Cl_dix ,llt yields

1 ,_2 9
- dx d 21,:_!_ ,,

I,_,tl = "16w3 p+ k2. + A'2(1 -- a') % m:'.r
0

1

e2 ")'+ [ f d ,\'2 " ('1,'})-- d:r d_k l_ log(Tn2:r + (1 --,r)+ k2 )
167r3 p+ j _ _t_

0

• O

- d" k± log

What we encounter here is nothing but the noncovariant piece of Eq. (4.3). tterl(:_,,

the null subtraction removes the quadratic divergence automa.tically in the correcl

wa3.

" I,et us examine now the null-subtraction for the jellyfish ,;:'al)h for 'li = 1 (wliicll

is actually the one-loop vertex correctio_ in this case) ']'he covariailt answer is

expected to be of the form [13]

i

F' = "/' F'l(q_) + 2._r'"q,.l;:2(q:' (4,10)
,
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Using the Gordon-decomposit, ion, Eq, (4.10) can be rewritten as

1 (p+ p')+
KI"+u=_7"/+u(Fj(q2)+ F2(q2)) -_(p+p')+F2(q 2) _ 5,_,_, (4,11)

1 (P + I/) +

ulT" 'u = K'y,-u (F'I(q 2) + Fe(q2)) - -_(p + p')-F2(q 2) V p/__p_W 6,\,_, , (4,12)

wllere A, AI denote the initial and final helicity respectively. Tile nlomenta p and i/

correspond to the initial and final fermion respectively. If one inserts the aila.lyl, ic

form for tile second term on the r.h,s, of Eqs, (4.11) a,nd (4.12), l,lle sunl l;'l(q")+

l;:,(q2) ma,y be computed in two clitt'ere,nt ways: t;-)(qU)+ 1;;,(q'2)can b(' obtaiJJ¢,d

t'roT_l the I'+ current by means of Eq. (4.11). This is straiglltforward, since we do

m:)l,expect trouble in this c_se. [14,15]. Howew:,r, the extra.ctio_ of lq(q:")+ l;:2(q '2)

by nlcans of (,1 ) i e. current requires a llull sul)t.racl.iollEq. .12 , . , by conlputirlg tile F-

wtlicll t,at<es the t'orIl_

1

1(,,=:1) = e"' / d,rd2l,:_L ")'_'½"I''1-_'_-_ "T-_ l v+_c_27-'5'_' (4.13) "Null 167ra a:(1 .-,r) 2 ( _ _)'*,-- (l-x) "- r0

Note l,tlal, we only subtract the 7 + coml)onent for zero external p- and P_L lllOlllC'ii{i.l.

li' the null subl, raction removes the quadratic divergences correctly, the result, for

F'l(q e) + F:,(q <') shottld be tlw, sanae in both cases. We ha,ve cllecked t,his sta.l,emelll.

nulner;cally [16]. Hence, the null sul.,tra, ction resl, ores l,he covarialll, answer also in

(,Ii(!,cas(e of the n. = 1 jellyfish graph.

If we take those results, together with the fact tlm(, the one-loop \¥a.rd idci)tit, i(i's

a,re fulfilled for tile good components in LCPTh, one can say thai, tile null subtracl, ioll

preserves the Wa,rd identities at one-loop (for external fermion lines on shell).

I1, should also be mentioned that we have checked the Ilull slll:)lraclion m(!'t.ll_)cl

for the case: of (,he two-loop r,_inbow self-energy in Fig. 4.5. More inl.er('sti1_g, ])ew-.
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Figure 4.5. Two-loop rainbow self-energy diagram.

+- _

res. component

-2656 + 7.7 .I.

-2691 + 37 +
9.91

-2641 + 50 - ,oo,,,

.. Figure 4.6. The two-loop self-energy contribution of the dect, ron is expected t,o

be of the form A+ B/5, where p corresponds to the external fermion inomentum. The

re¢;ult res shows the extra, ction of B by means of tile various coinl)onent, s of p.

ever, is tile two-loop self-energy of Fig. 4.6 since it contains two 77 = 1 jellyfisll

subdiagraxns [17]. The corresponding null subtractions are

] 1--x

la - (16_a) 2 kl_Ldx d2k2Ldy Xy{]- z)(1 - y)(1 -a'- y)
0 0

,._+k_. k.___+___)(p_ ,,,_+(_-k_/_ __X ( --rv,m2+k_ _)(--x (l-z-y} " z (l-y) y -)" ,- t,-,) - - -

(4.l,l

where p2 = (1 - y,p- - (,\2 + k2.L)/Y,P_L -- k'2_L)and
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1 1-z

e2 f fd2k l l d x 1(167r3)2 d2k2±dYxy(1 - x)(1 - y)(1 - x- y)
I2

0 0

_-(b_ + m)_._-/2-_'_!_+'y-_--%t_!_'_ ''y 2 y 2
×

(4,15)

respectively. Figure 4.6 shows the result of the numerical integratior_ for different

components. The result is that the null subtraction eliminates the quadratic diver-

gellce and restores a covariant form within the error of the ca,lculatioi1,

The general definition of the null-subtra,ction of the n-photoll jellyfish grapll

p -I"

_ e 2 /[ j ,: .- ( ] 6---'-_3U dk+ d2k.L
0

o(p+ -/,,+)o(v+ _ _:+_ q+) . , .o0,+_ _:+..... q,+)
X

_;+(i,+- a,+)(p+- _;+--q+)... (_,+- k+ - q+ ...... q,+,)

"r"(b_+ ,r,,)_,',(t,_,+ ,,,.)_'_... (b,,+ ,,,)_,
×

(7)-- ]_- m_+(PJ'-k±)2 )P'+-k+ ..... (71)- -- _c- tll24(P±--l"3---ql±l'+ --lc + _q4 ......... q+ q'l'L )2 )

(4,1(_

witl_ external fermion rnoi-nentum p = (p+,p-,p±)and momenl, uln cii = (q+, Cl] , q,_l_

for the, i-th external photon line is given by [18]

p+

•n (,2 /
IN"'U = (16rra) a dk+dk±

o

(-3(t,+_/,:+)O(p+ -/_+ _ qi_)... O(p+-/,.+ ...... q+)
×

_:+(_,+- k+)(p+- k+ - q+)... (p+- _:+- q+ ..... q+)

.rt,½Pl .r+ .),. , 1 3-7+.?,_ a -._+Ft 2 ' ' ' gPn %*
X

- p"-x' l)+.-k+-qit'-q+ .... q,+,)

(,,_.1r
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wliere k- = (/¢,_ + )_2)/k+. The fermion light-cone energies l'i- are given by 1'_- =

-(k_ + A2)/k +, if P7 is set on energy-shell i.e., the i-th fermion line does not cxtc._ldS

over more than one intermediate stt_te [5]. The on-mass-sllell case yields p_- =

(rh 2 "-t-k.t.)/(P+ -k + -q+- ' 'q+), Note that the null subtraction in (4.17) is to

be used in combination with only one Pauli-Villars pa, rticle. Thus, the number of

degrees of freedom is considerably reduced. The was possible since ali tligher-lool_

noncovariant terms are independent of the photon mass. We elaborate on tllis issu(,

in more detail in the next chapter.

The null subtraction was ch,.velol)ed t.o deal consisle.nl[\' with qlladralic div,,r.-

gences, in particular in the conl,(-,xt of a. numerical treal.m(,lll. In Cllal_ter (iil. i_4

shown that the occurrence of noncovariant terms is due to nonvaIlisllillg sllrfa('_, all¢l

zero mode contributions in light-cone quantized field theories. Ali alterilal.i\'_, nletllcJ¢l

ba,sed on the actdition ,,t" noneovariant counterterms to ('ur_' t}lcs_, l_r(,l:,lc_s will I,_,

prot)osed in the following chapters.

4.3 Light-cone quantization in light-cone gauge

r "_ -)For nonpertu.rbative methods such as DLCQ or the ligllt-front la, mln-I a l_coff

procedure, A + = 0 gauge is by far the most favorable clioice among all gmlges, rl"l_is

is due to the la,ct that gllosts and spurious degrees of freedom shotlld ll_l, C}('Clll'ii1

this case. Furthermore, it seems to be the only gauge, wtlere calloni('al liglll-coll¢'

quantization is tractable, since it avoids having the A + field in the deI lOlninator

after solving the constraint equation for the left.-handed spinors. In adr.:litioIl, ollly

" light-cone quantization in A + = 0 gauge provides a.convenient ext, ra ction of llaclro_ic

structure functions and, therefore, ensures an intuitive picl, ure of high-energy scal-

tering processes. Due to our discussion of the previous section, we nlay a,d(l/.1_(' facl

that quadratic divergences and noncovariant terms are restrict_,d to a. mt_(,ll sl_all_,r

set of dia.grams, compared to any other gauge. Howcw:'r, as a noncovariallt gatlg_'.

*10
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A + 0 requires a careful regularization of its k + singularity, in particular beca,u_c._.: a.. S _

the covariant structure in a Hamilton formulation is already lost,. Many procedure, s

have been given in literature to regulate the light-cone gauge singularity [19--21]. Ill

any event, every prescriptoion gives rise to the introduction of a regulariza.tion paran>

eter e into the theory. It is essential for analytic, as well as numerical calculations,

to ensure independence of physical quantities on the e regulator.

In this section, we want to focus on e prescriptions, which are easy enough to im-

plement, i.e., they are of potential interest for practical applications in DCLQ or tile

light,-front 'IT'amm-Dancoff procedure. In addition, we investigate, in the particular

exalnple of the anomalous magnetic inoment of the electron (9 - 2)/2, the sensitivil,y

of physical observables to a truncation at finite e. We start out wilh l.lle light,-corLe

gauge propagator, which has the form

711,_:u+ 7/_,/_'IL

d#_ = --91,L,+ 71" /_: ' (4. I 8)

where 7/. k := k+ [23]. One possibility to regulate the 71. k si_gularity is gix,(.,_ 1,5

rll,k,, + 71.k#

= -v,,, + } : . a.-

Not,e that, the. @-function of tile second term does not regula.t¢, l,lle gallge piece,

ozlly, but also ali energy 'denomina.tors which will multiply t,llis t,eri_a, SiIlce ga/lg¢,

invariance in QED should occur locally (or qua, si-locally [2,5]) we expect tt_e correct

result for the anomalous magnetic moment of the electron for rely value for c: I_e-

t,ween zero a,ild one. This is exactly wlla.t we observe in our numerica, l calculat.iolls,

It is instructive to see how the contributions of sillgle diagralns a(td 1,o t,tl(:' gallgo

w

invariant, answer. This is shown in t;'igs. 4.7 and 4,8. We remark that cor_tribut.iolls

of single diagrams grow logarithmically if _ gets small, whicll nlakcs il. I_loi'_' ditficull

t,o n_aintain the numerical accuracy for small values of" _. Irt ol'¢l¢,r I.¢_ol_lai_l t,llus(.
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graph res _ E

1. _ 4941 2.2 0.05

7 \

" 2. _ -172.9 1.1
/ \

3. _ 2.34 0.3

4. /_ -734.55 1.3

,_ 319.17 1.1
5.

/ \

" 6. _ 9 0.48
/ N

7. _k,k+/__ k -121.1 2.3

8. ,l_kv_ -3952 2.0
m .s.-"/,,_,,_

-428.8 2.79.

9.91

Total Result -137.8 5 -_oogA_2

Figure 4.7. Contributions re,'_of single l,(:',PTll dia graills to tll('allOlllaIotlS lllag-
" netic moment of the electron a = (9 -- 2)/2 1,ofourl,}l order in ligllt,-<'¢,tJ('gallg,' I'¢,t

different, values of the light-cone gauge, cul,off _ [24].
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graph res (_

1. _ 523,73 2,5 0,5

/ \
d,,

-135,63 1,3
2,

/ \

3, _ -9,16 0,3
J 'l

182,5 0.2

4.

,/_ -167,4 0,73
5,

/ \ ,i

/ 9,69 0,5
6,

/ \

7, + _ 419 0,6

"rlgKv_

8. m,s.--.-_ -104.7 0,04

-852.7 2,29,

9,91

Total Result -134,7 3,7 7oo.A_a

Figure 4.8. l?ourth-order correction 1,o the electroll _uloilla.ly ill lighi,-coIle gauge'

for ;-l,different, value of its gtmge regulator. ']"he a,ntdyl,ic Feynmall _llswer is givell 1)y
-137.2 for _:_'/27r-- 10.
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Figure 4.9. Instantaneous contribution to the e×t,ernal wavefunct, ion correct, io1_i=_

light-cone gauge,

results, it was essential to include the instantaneous self-energy diagram of Fig, 4,9

wtaich vanishes in Feynman gauge, This is because t,lle exterllal self-eiic_,rgy cliagrall'

does contain a. double pole in A + = 0,

The price we pay for the compleLe c-iiidel.)elldeI_ce of l_lls'sical observal,les t'(_t't.ll¢'

regulariza, tion introduced in Lq. (,t 19) is t,laa.t,for 7/ k < ¢ t,llt' COlnt)llt, at,ioll is carri¢'(I

out essent, ially in Feyilma.n gauge. Indeed we filld

. 71/,dt'"(_) = -g+-(1 - O(,]./,'- ¢)) :/0 (.'1.2()

for 71.k < c, Basica, lly, any prescript, iorl wllich regulates t,l_ese<'orld t,erlll i_l 1!',¢1.(,I,IS

clifferellt from the first one exllibit, s this feature. Tllis is wily, ¢,veJl il_ ligllt-ct_t_¢' gallg_',

the existence of ghosts cannot be excluded in geIlera,1 [2(-;], Froln a t('cllxlical l_c)illl of

view ILq. (4.19) means that the jellyfish problem does occur evell .iii ,"1"t- = 0 gaug('

The only exception to this ca,se is given by a regularizat, ion, introduced tllrougll

di'"= ( - 9/'" -F rl"kv -F '/uk" ) (')(y ' k - ( ) ''l' k (:1.21

whicll means that A + = 0 gauge is strictly obtained ex,'(,ll at tiz_ite (., i.e., A+(_) =

0. The advantage of this choice is the absence of gl_osts a,_(l t,l_e jellyflsl_ l_roblcll_

at finite c. However, regularizatio_ (4.21) will, ill ge_eral, tru_cat,e a.lso pllysic;_l

contributions to Feynmar_ integrals. Tllus, correct, l)tlysical al_swers ar_, r(,cov_.r,,,I

4 /)

!I



Table 4.1. Total answer for the electon anom_ly to fourth order ill ligllt-colw gauge

for different values of the ga,uge regulator. The analytic Fcynmall mlswer is given by

a=-131.4,.. (c_/_r) 2.
............

_a c
,,, -... •

-128,3 4. 8.a 0.0

-125.6 4. 1,8 0,01 ..

-105.3 4- 1.1 0,05

57,5 4- 0,1 0,1
.............

ot:ly in the e ---. 0 limit. For the purpose of practical apl)licatio1_s, sucll as DLCQ,

oIle can investigate the numericM significance of such a trullcatioll. Iii Table 4.1 wc

present tlle result for the computatioll of (g - 2)/2 for finite ¢, usillg the l)rescl'il:)tioll

iii ( l)I);q, 4,2 ,

,1,,1Regulators in DLCQ

N()llperturbative methods should generally be COml)a.til)lc witll i)('rl.url)al.ioll t,llc!,-

ory ii1 the weak coupling domain of a theory. In lattice Qc, I), for eXaml)le, t,llc cia ta

scale like the one-h)op ft-function for weak coupling. 'l_llis important feature in(:li-

cares the recovery of the correct continuum field theory for sxl_all values of the latl,ic(,

spacing. A ]Iamiltonia_n formulation of field theory, such as I)I,C,Q, should irl pril_-

ell)le reproduce correct perturbative results for any scatteri|lg l)rocess to fiilite order

in til(, coupling. Thus, the calcula, tion of g - 2 to fourth order l)ro\'i(l('s a l)OWt_r['lll

(,ollsistency check as well as nn ideal testing grourld for thos(:' Inet, tlods.

We start ollr discussion with the test of the global cul,-ofr,wllich is colnlllollly

llsed in I)I,CQ [22]. The global cut-off regulates an intermedia, te state witll I1 particles m

according to

@ _ m? + ki_L + A.2 (,1 '''),_ ,_

s=l 3:z_

5O

.ll
II lr 1,1,' II1 illlI n lit ' r,llln, , pl1 li i , i1 i, ,i 'llllr ,, ,r ,_,1
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Figure 4.13. Ladder diagram contribution to the electron a,nomaly in fourth order.

where xi, hi_L,mi refers to the light-cone x,, the perp.monmnta and the mass of the

i-Lh particle respect, ively, A denotes the ultraviolet cut-of[, whicll is tak(:'xlt,o illfinit,y

at the end of the calculation, Our result for the calculation of gt'aph 1+2 in Fig. 4,1

is 1i'1+2 - (-0.34 + O,O05)a2/Tr2 which is t,o be coml:)a|'ed wit,h (,lie analy(,ic result

r"

by Petermann: Rt, "- -0.3285,., c,2/rc2 . Yh(. result for tile ladder graph usillg

the global cut-off is (0.658 :t: 0,006)a2/Tr 2, However, the ('()rrec[, allswer is givell by

m.w _ r) , r 1I?, = 0. t78(:_'/_"_ Ihus, the global cut-off does not recover the correct ('ont, irlllUl_l

, ailswer in tlm limit A -_ co. In order to understand wllat, llas happened, w(, recall

the theta-function in the 0'_ 0 limit, for the countert, ernl (see graph 4 iii Fig. 4.1)

( , )@ _ m 2 + I¢_d._ A2 4- k,,'2,,l- -t- A:" (,1,23)
1 --X X

where m,A denote the fermion mass and the photon mass, respect, ively. I Iere, t,ll(,

variables ]_2.J_and a' correspond to the loop momentum of"the virtual pllotorl [27].

However, the thet, a-function of the second intermediate sta,t,e of t,lle diagranl (:orr(,-

?,spending to ]lg. 4.13 is given 1)y

6";)(- rn'2+ (k2-L+/c1"L)21- x - y - A2+/C2"l'y- A2 -" ]";-L"kA2)X (4,2,1)

,/

Obviously, (4.24) does not reduce t,o (4.23)in the large /_'2_Lli_nit and l_encc dc,,¢,s

not a,llow a fa,ctoriza.tion of its infinite contributioli. This ,,fr{,ct,illduces l,lle observe¢l

deviation froln the correct answer in the A _ _ limit.
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. Co 'Figure 4 10. rrec.t,lol_ Lo e+c - sca.tterlng,

tleceIll, ly, tile.' so-ct_lled loc,'tl cut-ofF ha,s been proposed {28], _',,lli(:llresI, ri(:t,s flit,

difference in tile inwu'ia, nl, rrmss locally, i,e,, _._ti_glveIl vert, ex onlv,_ t,o va.lltes less

t,ha.n A2/a:, Here a is given by tlm' fn, ctioll of t,he lighl,-cone inomentum w,lllcl, Ilows

t,llrough l,he vert, ex ullder coil,!'lderat, lon Hence, (4,24) get.s replaced by

" ,7__ + t,__L{ Ae7,,/' + (/,'1± + /_":_±)': ,\'e -F /_"_.1.q_ <: , (,1,25)
1 --a:-_l i_/ 1 -a' I - I -,r

(i'.llatlgingx,a.riables_tccorcliilgto V= (1 -a:)fl, b.,m- l,'._,.j__)l,:l_Lnl=(l,'_"-- A" -,,
J

, _91r_,(I,,ces (4 25) 1,o (4 ,..3) ,n_(l, thus, avoids t,l_e l,,'ol_h.'m of t,l_e glottal ctlt...c,tl', l_de(,cl

our calcttlatio_s show t,l_at,the h_cal ct=l-off repl'(_duc(,s the ('(_i'l'('{'ln,s,=ll t'(._rt}=_'l_=(ltl,'_'

graptl, II=_fortunat, ely, ii, leads t,o l.l_eil_corwct, a_sw('r for grapl_ 1+'2 it_ Fig, 4,1, lt.

is st.raiglll, l'orward t,o sllow that. the local cl=l,-ofl' violates ga_lg(' i_lval'ia_l('(, nlr(,n_ly nl

t.}_(,t.ree-level [30],

()l,l_er t,het.;>f_ll_ction cut-oil's, whicl_ }_ax,e bee_ proposed [31], ;_r(' ;tls_, (1oo_1('(I

to failure, _nless a noncovariant, c'o_ll_t,crt,er_n is invok_'(l, Tile reasol_ is tllat tl_('y

defend on mo_nellt, a., i,e,, deriv_tt.ives o_ly, l]owevc'r, a ga.tlg_, i_lvaria_l, regulal, t,r

v,'otlld require a ft_llct,io_xal depe_ldel_c(, oI_ covaria.l_t, deriv_tlives i_st.(,a¢l.

I11Al)pen(lix ,IC we de_nonsl.I';-_t.et,l_eiml_le_ne_l.at, io_ of dil,l_',lsioll_tl ,',_g_=lnl'iz;_-

t,ion o_ I,l_e.liglll,-conc.,
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4,5 Summary

We h,_vo shown tha/t ligiti,-cone (ttt_.t.tli,iz_d,iot l irl li'('ytlill*Hlga.tig(' lea(l, {,(J,tr itlfi.-

. tlii,e nunl[)er of qtt,_Ldr,_.i,i(:,,dly(liv(.,.rg(_lit,LCP'I'II (tingr_ml,_ ,it, [,ilo (,tt(,-It)()l) I(,v(,I, 'l'It(,

problo_m o(:cu.r_ for self'..energy cli,,_gr,,mls wll(.,.re II'I)]IOI, OIIS (?1 _ 0 ) a.t'(._itl,_(_rt,(,(liii{.(,

" the loop ("ll-phoLotl jellyfisli problolll'), We COllSt,rtl(:{,(,([ ,ii lo('_tI r(!t.,r('s('ttt.tti.i(.,tl(,I'

' " ill or*lor t,o r(.tlll(Jv( , t,II¢)_(!llotlcovli, rifl, llt (.:OU][IL(2F_(I]FIIIS,I c:t_lloclLife"Itttll-stti.)i,r_,t:Ltoti,

divergences from t,he fortn_-tli.,_tn,

II1 iI)l'illci.t)l(_, also liglit,-cone qut'l.lII{,iZa.t, iOIl iii lighl,-C()ll(_'gattge (.'xltil_it_st,llis I'(,Itittl'('

for ali li (and Ilo{, only t'or ll--'-O), 'I'llis is (Irl(, t,o t,ll(, t',*J('tlt,ll.t Iilt_st, r('glll_Iiriz.tit,l,,,..; (,l'

tl_e ligllti-(,otl(_ga ug(_ singt.il_rit, y rt.dur(, i.lt(, sulf, li ;r bt.lx_-_vi()r,.,I'I,I_(,I)ll_,i(,_l i,r(,i).g.l(,r

I,o t,ha, i, itl F(:,vtllxmti ga.ug(,, It_ t,l_is c,_.s(_,,t,ll(, tltlll stli)t,r,_t('{.i(,tt('_t_t I_(,tls(,(I it*ttit(, s;t_,l_,

W a y,

Iii St c'.t,tot] .., v,,(_;ev_dua.l,ed t.lie fotlrt, l_-order corr(,(:,t,i()t_t.o l.lte att()i_],_l()tts _]]_tgl_(,ti('

lllOllleIit, of L]lOel(.'cLron in Iig',t_t.-cot_egaug(, aI_(Ir()i,ro(lll('('(I t.l_(, ,tt_tlyti(' l"(,yt_;tl,

t,esi, ed i_l t)(!rt.url)ai, ion t.hoory. It was _I_(),,vt_l,llat t.llos(, r(,gulat.(,r_._(1(, ll(,,I,r_'(,(,w'r tit('

correct, colltiIllIll.¿i-ll field t,heory it_ t,lie A -_ ox:,lixl_iI,.

At)I)et_dix ,lC denl()llSl, r_tt,(:!s til('illt, r()dtlCLi()ll of (lixlt(_ttsi(,tl,tl l'('gul,_trizali(._,, iitll(.,

Lh(_ligllt.-(:()tl(_'t'ortnt-rlisill.
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,t,c; Appendix 4A

Ill this Section we discuss ttte "method of t,_".'rilat,e deliolllillators".' wllicll was

illt,rc:,dllcetl iii lh_,f,[5] a.sa possible way of i'cIlioviilg quadrat.lc divergt,tlces iii tile liglit..-

cone forllltilai,ton, l,'or illust,r_Ltioitt,lle oIle-loolJ corre,ctiogl to t,lx_,(',ulill_t,¢,llgrapll,

sliowti iii Fig, 4,,I, yields [32]

_71(/_l-i",,l.)
[(_,lOtllllh ::

s,](i,, )

(j'x dl,:+clUt,,a. 9'_ll(/)i -- _' "t'" 7_1)'_¢11

.... /li;"t'(p 1.-k.l. ):" ,\ ;'_1_k. (t'l- l,')+l,'+(s', 7-_._ .- )
(,I,7(i)

ll'f )

_. /dk.t.d:Xk.l 9'l'(/Jl--- #('q-,,z)"/#, .

(ki "k 1,1)/*u
X

vn i -t___I[LL

l'i (j'i- )

'l'llc' secoil¢l l.erni is l,lie ali,erlial,e ¢leiiOlllilia.l.or (a,ll,) slll_l.racl.ic_llwllicll is ¢l_,si_411ecl

l,t;.I (!itil('.(!l l,lie qua¢lrat, ic diw_'.rgence iii l,tie til'st t,erlll as w<,ll as l)<,i't'llrill l ll_' lllaSs

reliiJi'llializat, i/lii (see lfig. 4.11). "I'll<' il,.d, l,eriii is cJt:>l.ailieclI_y r<'l>laciilg i,ll<' illii,illl

eliei'gy Pi- iii l,lle orlergy-dellOrllirla.i, or or tile ¢luadrarl, ic.ally divc,rg<,lil stll>gl'al>li I.>v i1._

adjaceilt, Oll(,rgy _D7- wllic.l.Iis, iii case of l_lie selt'-.eliergy ¢liagralil iii l"ig. ,1,.1, ('<lllal l.t>

tile lilass.-sliell f_,llt._r_:_y D7 (sc(' t><,low),

9.91 70DOA2

Figure 4,17l, Mass cori'ecl, ioli l,o ell'ct.roll (',ollll>l,t>ii scal.t,¢,rilig,



Obviously, the quadratic divergence is subtracted ill tl_is procedllre sillc(, it. is

independent of LIle incoming energy. Howev(r, it remaiils t,o be sllowll tllat tile Izjass

subtraction of Fig. 4.11 is carried out correctly, using t.he a.d. metllod. Nol.e l.]lat

the a.d. term Ia.d. of Eq. (4.26) is obtained by performillg l.he /,:- integration of

ttere,/31 is on-shell, i.e.,/)_' = p_' for tL :/ - and hl-= (7''e + 1'_±)/1 '+ llo,,'(,v(.r. ,1_(.

usual F_ynmai1 counterterm is given by

1 [ d4a:5¢(b_-+,,,)h., = 2,,,-'. (p_- ,,,_+ i_)
• (.t.2,,<)

(rg(/31)'y,,(]"l- _:)q-"t')"/'''"'(/_l ) ) (/)l -Jr-'t')'*Ux ((hl k:)'-' " k:'e .\_ ' :;--

Obviously, there is a, difference I)etwe('Ii til<'s(' (,w(, ext)r('ssi()lls I,(.calis(, t)t' iii," sl,ill(,r-

u(/5:t) and W(/'*I) which project, out tl_e &,, l:)iec(' flo,_ t l_,=s,,lf-('_,('rgy i_, 1'1,1.(.l.2x}.

Thus, we co_lclude that tile a.d. me(llo_l ,ntlst t,, _s_,(l wit t_ ('a_li,,l_. lt(,w('v(,r, if ,,_,,,

ignores the double instantaneous g. ai>t_of Fig. 4.12 h)r i_ i)1(,)))(.._I,al I_.as_(,_(. t,t tl_(.

f',t fermions is on-shell and the corresl)o_)ding propagator

/_1 -Jr _t
•) ,1

m

gels replaced by

_>_+ '" v- "(_,..')_(p,..")
') 9 "---'-2_..,, -7; - - ) -

,g

so that the missing projectioal o_lto tt_(' b)_ p'e',l:t( i)_ K(t. (-t.2'7) is a(i)i_,v(,(l I,x 1,,

adja.cent on-shell fer_fion li_('. TI_(' l)<)iI)t is ii)al, ul_l,',,> (,)),' i:.. (,_li(,_a..)i_,. ;_,

5."i

_lllr . .. II III" .111' _11111.lr' ')1_ "'1_ 'li IU' " ' II' fill I1' ' '11')l'rl.' Ill"'r' II "' )rl= mill= II'1.11Ii ,1'11 rl_l.I1 .) ' lll?llllllll'llqllll'll ' II rll_l"rl]l '
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Figure 4.12. Double instantaneous diagra,m to electon Compton scatt, eriilg.
u

met.hod tre_tts the double instemta.rleous gra.ph incorrectly by subl, ra.ctl]]g a. nonzero

contribution[aa].

Tllus, if one modifies the a.d. method such that the subtraction is excluded from

the double i_lstantaneous self-energy dia.gra111, tile usua.l (Feynlna.n- a.llswer can I)(,

obt,aiiled [34].

J
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4,7 Appendix 4B

Irl this section we prove that the n = 0 jellyfish graph (which is actuMly just tl,e

one-loop self, energy) with Inoment, um p- (P+,P-,pi) ha.s the form

(7+ i>/+U)c (49(})I.=0= (/,-,,,)x3+ (b --,)_(p_) + _ 2,,_p+ -'

after mass renormalization. In the following we want to imply that the' integral

f dA2p()_2) = 0 is always taken, i.e., one Pauli-Villars subt, raction is a,ssunwd.

LC,PTh yields for the 3'- and 3'.1_component for the n = 0 jellyfisll grapll

1

:fi: _,-, .1__ da"d"2Ic.t.
-- 1(;_ 3

0

× ,) ,j ,) ,)

(/,'1- pfr)- - 7,ix- - I,-,p+:,,(1- ._.) + (.,-' + 1,5),_,+ .\-'(] -,_,))

(.1.30)

where the "good" vectors t2= (P+, (), P_I_),__:= (k +, O,/,'± ) have t_,(,ell inl rodtlccd. '1'1_('

" quailtity x is given by tile relative n_on_ent, um carried by lilc virtual l)lioto._l, i.('., .,' =

l:+/p +. t/ewriting the denomiIlat.or in terms of t,tle four lllOnlCJll.uIl_ p" =_ I_+p - --1/"__1_

and shifting integration variables yields

1

v,-,± _ e" [da, d"l,:± ,, _(1 - :,')
'-" - -8---£:-T,, -lc'__k + x(1 - ,r)l/2 - r,,ea:--,\2(1 -.r) (1.31)

0 =

For l,he 3'+ colnponelll we find

c2 1 "t+ __,
= .... dxd"' _:.1_ ., (.1.:12J

_+ 87ra '2 p+ -/,'_ + x(l - x)l/2 --_/te.r- .-\e(l --.r) :
0

i,

Since we are usi.tlg Pa.t_li.-Vil la rs regulator, t.}_¢'ret)l_ce_ll_'l,I t,'", -, p".r( 1 -.r) -_,,:._ .... :..a..

>('(1 - :r) does not chang,:' t,],(' value of I}_. i_tcgral [35]. 'l }_,_s,

1

'2 ,\2 "

e'2 + a'P_ + ')_- + P.'i. l --,r)

x'+ _ . I_ dxd"l,'± ., 2.,. .,( l.:{:l)"-" - 8_ra'2p+ -k']_+,r(l - .r)pe -- ,,, -.\ 1 --.r)

-

_- 57 :
=

z-

vi '*l}_d ' I]_,'}}1t"' I Ill 't'T_%}]_''_]%,l'll"lll'_Jl"II]]_' " "_1" 'tl_'...... II", _1', ', ,lilt I'[' W '" q_l'" 'llll " ........ ,t _1........ ,t_ ,, r......... , ...........



Using

xp2+(rn2_,\2) =_ [(1-2x)p 2-rn 2+A 2] +(1 -x)p 2

____d [p_(1- _)-....._,_ (1 .)_ _',i]+(1 _)j,_dz

we obtain,

Obviously, the lasl, integral corresponds to tile integral in t;;q. (4.31) and is l,ll¢_l'('- .

fore part of the cova.riant answer.

Itowcver, lilw, first integrand in Eq. (4.3,1)is noncovariallt, alJd leads t,o

'I'he t,otal answer becomes



where &n denotes tile mass correction. Performing ma.ss renorrnalization yields

e2 (7 + 1-7 .+ '_I,,=0=16_--s7+ 27_"7v'_)
1

x I d'k.j_dwff_,:log (i,2,(1 -x)- z,n :a- (1--,r)A' - k_[)
0

1

_=I (1-_1(t,- ,,,.) (4.at)871-3 d2k±dz-k_ + a'(1 - x)p 2 -,-mea .- A2(1 - :r)
0

I

e2 f 187r3 d2kzdz (-lr 2 + x(1 - zip 2 -,,,"ca" .- A'2(I - x))
0

(1 - x2)zm(p 2 - m 2)
×

(-_+[+ .(1- .),,,_- .,_._,-a_(1--:,,))

,' ._,_).Thus, we obtain tile form of the self-energy in I_,q. (4 ,)c
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4.8 Appendix 4C



vvhcre _2 = k2 +y/(1 - x)kl a,nd k]- = (/,:_+ A2)/x, k_- = (/,'_ + A2)/;q, If ,,,c CXl.,a,,¢l

tllc numerator according to

" N(q, kj, k2 1 -Y x kl)= A]_',_+ B]q + C: (:1,:1(})

tlm lasl, integral ca,n be performed analytically by means oi'

f F(A --I -co)d2_ 1 lt, l. _ 1 1 6j,,, i_-_,;_A: i--d '(2_)_ (12+ M".')A (4_)_r(A)2

With the defil_ition

Y

f(k.l,a',y) -{1 - x)4x

1 1
X

( )" (. ,, _+/,,_ + )1 _ - _,? __"_,_'r+ _'_-2 _ -1 + .___._,,- l--:r (l-r) ,

one obtains

1 1

I:c- [_(;_:_)_.a'2_:l (l.vf(_,_,:,,,v)(A+_:A'),r(_-_)(_--.-(',,,,_.)+,_(_t,._+,1 .
1) {1

(.l.,_l)

wller(' w(' tlavc written A(() = A + ¢:At A, A I, H (,ail be ('oilll,Ul,(_d, usiIlg a alg¢,l,l'_i<

lnanil_ulal,ioll prograIn lik(_I:IEI)[ICI';, (,1,41) can be inl,(,gral.c,d_eric.ally, (",,,t. i,_

tl_e' t:;lll(,r collstant and given by Cc,,I. = 0,577 ....

_" _, see Fig, . co III111: co untert,erm 1,o Fig. 4.13 (_. diagram 4 iJl ,1 1) is lnl-)Ut,('(l ill a si liar

way, lt st_ould be stressed t..liat the pole in the one-loop vertex correct, ion of diagral)_.l

it_ Fig. d.1 not only cancels Lhc pole in Eq, (4.41), but a.lso gives ris(: t(_ a til_il(,

co_tributioi_ [37].

We have redone the entire fourth-order calculation usi_g dill,(!nsio_lal r(,gl_lariz;_-

lion, Unlike the computation of tl_e ladder graph, in general one has l,o COll_bi_('

energy denomina.tors first, before the analytic ])art of l,ll(' integral.iorl ca._l 1:,(-,carri(,(I
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out, I1a contrast to a covariant theory, only o11e additional _ parameter is lleces-

sary in light-cone quantiza,tion, This is due t,o tile fact t,h,tt the l_lloton propagator

1/(k x 4-ie:) simply becomes 1/k + in this case,
w

On the other ha,hd, the coefIicients A,A I, B are harder t,o extract in light-colic

qutmtization since the fermion energies generally depend implicitly on the loop nlo-

rne n l,a.

Al1 undersl, anding of dimensional regulariz_l, ion is essential, if one wa,nt,s 1,o ex-

l,e l_d L(,] l h to non-,Abelian gauge l,lleories,

G_
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ce,lte qltaXlt,iZa.t,i<,ll,AIO' viola,t,ic,rts of z',,,,t,,_:tt.i,c,_a]iI_variallc_,, _,,g,, <lt_, t,_,a.l_in_l.,rol.,_,r

tl'eat,Z_l¢'.lit,of Lilesllort, di_t,a,nce _illg_ll_u'il,ies, _.re t,l_¢,_cal_c'¢:,ll_:,_lI;,yad¢li_ ¢,Xl',licit.ly

'l'lt(, t'(,_tlt,it_g re,gula,riztx,tio_t iut(l r_,llorlllltllz,_ll, loli [._rogra,lll }IaN. P_'/or/ IIt,[}lill_

t,_ do v,,it,l_ t,lt_,',us_xalrellol'lllMiza, t,ioll,'.,; oI' l_l/-x.ssa.l_d Clta.rgl!, As i_. lt'_at,l,er (_[' fact,

wltile it_iil_il,e t_ass altd cl_a,rg_:!rettot'n_aliza.l,im_ a,l'(,off,etl _ot II_'('_,,_._aryi_ h,n,,.;l.ltal_

_li_,txsio_s (_:,',:c_,p_,i, 1+1, ,,vh_r_:l,l_'re _u'_'_o sl_-xtial r_l,_t,i_l)[,1],

lt_ or_ler 1,__l_l_l_asize t,hin potful, ,,,,'_,,,viii _o,_t,ly work i_ '2-t-1 _li_l_,_i_l_n, 'l_l_is

will h_'ll_S_'l,_l'al,e ligltl,-cotle Sl_eCitic_liverl._e_rt,_a_ld r_,_,I'_naliz_t io_s t'1'_ tl_, _tn_l

_l_,scril,_,_l_t _,1_'e_l of l,l_is l>_l_,r,

s,,_ Pauli--Villars regularizat, ion of tl_e ligltt,-coue qua_t, ized

Yukawa model

As a sitl_l_lt,_'x_tllll_l(',w}lic}l t,xliil,il.s ll_;_ll_,,c_l'l,]lt'ligl_l-c<,ll_'r_,l_tl('<ll)I'¢,l,l_,,,_s,wt,

first, c(.,_lsi¢l<'ri,l_('littlll,-cotle <l_t.lzt'd '_'ul,u_v,'a_o(1(_1,

('xl_il,it.¢'.ovarial_ce, I_ l)art.icular, c_z_eslloul<l I,<,a.l_le t,¢)(,Xl,r('._:_1.11_,t'('r_lli(_lls(,lI'- "

_,_(,I'_,b, ill I,]l<,t'or_

E(P_') = (/' ....':")./'1 (/'2) -F,f,2(l,'2 , Y,,2)

"" 'q,J_ +' Ill _' ..... 'l" ' ,, _,,, +, ,, ,, ,u ',,l," 'r, ' ' ' r' ''II"' '' '_Ir+'lll ,'r,' " ' 'Pll ' .... '' '" 'ii '' " _l'qll_' I_ IU i,i,,,+ ,l,ir,,li, i"ll e' ,II IIIr'' 'Pl' 'II r1't,l



t]owever, naive light ue perttlrl.,ati(,t_ t t,(,orv yicqd., [5] ¢:\ ..,il_Jil;,t ,:;,),;21,._1i,.,_,i_,

QED(3 -t- 1) tta.s been do,:e ii, th(, Api,(,tldix ,llnl rJf (:l_al,i,.; t. _ ,,_ (,I_,')'"'t'

! O¢.,

tr(E7 + ) = cp + d jda:dk.l x(1 -- :r)I/'-' -- m".r-.-.\"(1 .... .r) .... L",.,.....r],,.., i'. .,":t
0 -oo

- "I -, A"

1 ex, ,il_4.(£_L_/.., ).'

tr
7-7 :,.(1- :,:),:'- ,,, -. (l - .,..).... s,.:......,u._._- 7".1 i

0 - ev,

-- "/_ --> A"

wtiere c.-: "/"/rr . AddiIlg '_

1 :r(1 - x)p" 7,_,r (1 --x) - (lc_t.---,"M.l)
0 - .- ",\ ..... .\'" 5.7,

. _ ....... ,\'2 '1 x x(l ac)p '2 7,z,:-_:r (1 .... lr)- (/,"_1.-- ,"l'_t )"

to the integrarid in Lq, (5.4) one fiil(ls
,m,

J c_...,
(') () , )

v, - c / jdx dk_L :cP" _-'n"-/\'q(l-:/')l)Z.__ ).ei,r(_v )-- s'+ , .r(1..-a.')s,"- 7,,._,,'- ,\"(1 .,').....(L'_L--."l'l
0 -cx'o

-",,k --+ A"

1 coo d <J 2a'

p-"-+ dm dk_l _ '- " x(1 - ,r.)p- - 7n.ex - Xe(1 ---a') --(kL - ,rS, L)='
0 - oo

-- ",\ --_ A"

" p- c?r

p +
(s.(_)

,,

()t:,viously two conditions, namely f dX2p(A2) and f d/_2V_2p(), 2) = O, are necessary

1<_cancol t lie norlcovariant term which implies the need for ar lea.st two P.V. particles.

II _l']lis is rat,her uriplea.sant perha.t)s unexpecl, e(t, a

and Sill('.e in ma, rlifesl, ly coval'ii:1111,

III ' lil_q"l'lr' .... "l_i' '' W' 'iii 7lr ri , ii h ,, Ilri iq , qp





F'or the p_rpose of P-V regtlltu'ization (as well _s if one w+_ll,s to ittt,rodtlce +_I_ll{-

t'egula,tor) ii. is necessary to specify how tc) introduce a mtt,ss for til,-' A-field. ()i_c

might be tempted Lo add just, a term like (Ae/2)A.A" t,o Eq, (,5.8). However,

since A_,A/* = A+A - - A_ - -A_ (note: A + - 0) this metms tha, t only l:tte

" .L-degrees of freedom become mt_ssive whereas the longil, udilta,l degrees of fi'eedom

rema,in massless, In terms of the photon propaga,tor this meatls



i,e,, even at the tree level, the photon prol)agator does not va,nisll for A2 + oo aJld

tile "insi, a,ntaneous" contribution

I)I _u
lira *"A = (5 10)^-.o_ (n_:)2 ' ,

remains. Wh_tt one tlas to do, in addition to adding _m (A2/2) A_,,,ll' (,erm to £, is

to i11troduce a. dynmnlcM longitudinM degree of freedom: a scalar field ¢ of l).lass A

whicla couples wit)_ strength (eA/k +) to the current j+, i.e.,

,s£_o,,_= -¢(n + 1'2)4,+ i_a¢ 1 ,n"01----7r/'jl, . (5.11)

111(_cffc.c(, of (,his scalar field can t)e a.1)s(Jrl)ed iIl(.o t,lw photo)l l)rol)aga(,or, 3.'i(:'ldilJg

"_ (,_,.I'>1
D_"(eff)- D_" -F/)_"(lo,,gitudi,,al) = -'q"" k2 - A"

Since for o11-sl_ell Clreells functions (,lie 7_1'k" (,enlls do not conl, rilJ_ll(, [7] , ali q'-lllatri×

elenmnts should exllil)il, rot,,tiona, l invariant( .......evell for finit.r A'2!

tlaving specified how to treat tile A-field we can now proc(:'ed t,o cozlst, rucl (,Ii('
o

Ilan)iltonia,)_. As a, _n_t,ter of conve)_ie)lc'e we c]lo()se to repr(:s(,i_l, l,]_e tlm_lill,())lia.)l

using discrete lig]_l,-cone quantiza.t, ion (I)LC, Q) [8 9] ;, . Except for til(, lorlgil, u(lii_al

r-I 1"_

[i(.,ld this taa,s b(;e,n (:t()_e already by A..IaJ_g [10] for QED3+_ so tt_at we do _ot l_av('

t,o go into tlm details. For one flavor of fermion (b+ = fernaio_, d+ = a,ntifer_nio_l)

a,l_d o_e ma,ssive photon (a + - (,ra,nsverse phol, on, c+ --longil,_l(liIlal pllot,()Ii)o1_(,

firlds in 2 + 1 dimensions



f

{(_
. - dtm__dl_ - di m la m n ",a+Dm '

[b+ d+ b+.4+'_ (1.1)._(2) }
" + \ Trr,_lh_ lm,_,ln_.j _-t--.., "n__+m,1,_+ h.c,,

. c 7r a12 PA_ 7__1_ 7lt ,±

I',,o tiip = 2L_L 2

__ ,_+ /+ ,-('-'1 }
' sp_.!t)s!!.OK+l__,Tt_....... ,__ ,_ _ _--- _.. ' '

q,.

" _/insl,' phol = "- -- ([-tl_
7rL.k "_ --- "-.....s,t,k,[,p__,___

- ,_U_/',_',,,,t',,,- _ . ,_ _
(,_,.17)

+ [/,"- ,,,,lC+ ,,,], [_Pk_,",e_4,,,_,_',-,,_,+t,;",_,b,r,,_,,_,,_,,_,]+/,,,,,

__+k(Z+e_,,,,,,L.,,,.[_.+e,, +,,]!
J

_ 1 {s,/_;,t,rn__
(,5,_s)

" ' -- "L_',m+[_ ¢.@_a-,".!_r±Oc_,k-l-n_t 4-h.,c., ,
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,Jill;hb,

i{s,E,q_,m,n

+ [_+t, + ] _}-t....} 0.' ..Iq .,}]
,' , i/I

+ + 4 (5.19)
+ % a__b_md__,_,.{p - ml '_ q .n.}:+ h.c.

+ .7_,___.:_,d_._,.[{__., _j+ n) - {p- ',,I_+ -_}]+ b.c.

, + d '1 +.,,}+h_,/+ aL,aZ[b_,,_,t+_.,_,+ d_,,, ._,_,].{p + -- q J

I-Iere

p, q = 2,4,fi,,,,

(r,,2o)
P±, q.L, k±, lx, 7r_±,7t,.L= O, ii, i2,...

,,_,t---T,,L

,_(2) 1{-,I',,}= ..,,_,,,_,' -
7v_ (5,21)

[,ni,z] = ,_(2) 1,, ,,_.,_," 7"]-7 ,

VNO represerlts the normal ordering terms which are part of the 0 ( _ I _ ) contril:)u-.

tions to the self-energies. Since they axise ft'ore instanta, neous i.nte,ra,ctiolas t] ey are

indeperlderlt of particle masse, s and thus vanish in P--V regularization [l 1].

P

'We leave the explicit construction of the P.-V regula.rized I-lanailtorlia.n to the

Appendix. For perturb_ttive calculations we will weight the contributions fr(ma the

wrio.__l_¢tron__ndphoton_(physical.,.d e-V)with_o¢_icion_,__,__nd_ wl,i_h_,,.,,
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later determined such that ali unwanted terms vanish, E,g,, the O(e 2) cont, ributions

to the self-energy of a transverse t)hoton with momentum E are (i;± = P± (rr/L.k)):

In order to Obtain a finite results in the continuum limit we have to require _i c._= 0,

This allows us to simplify the numeral, or by using the rel)la, celne_}l, (_.t_ - p'_k(n,/p))" --_

-,,,._+ ;h, (1/_,.+ 1/v-,,.)-_,i,_,,

.....-1' - 4-_',L± p ,
s Ii

- 4'm_ + l _ (v-_,,)_" p2 "
X

{ ( _)[( ,, ]}
= _):._L7)

I

X

{ ( )[( ) ]}A2 1 -'- n " ')
"(P - '_) 7- - ;; + _!; % - ,'..L;; + ,r,,,,

,_/plong

J

where we ha,ve already separated the self-energy of a longitudinal photon

Iq_ l°''g ¢2 1 _ 2_ 4'_2/P 2

= ci 2 l ' (5,24)
=
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./ J

For l}racl, ica,l calcula, t,io_s ii, is useful to re(:t_lce *.t_(__lll)('r of 1' \;coll<litio_ls. 'lh

a,cl)icve l,]_i,,,;one can a,dd a c.ountertern_ l,o tile Ilamiltonia_ wl_icll ('a_lc'(,ls (.lie)s(,

ter,,,s whicl, are multil, lied by c: '_and c_ _ i,, the self-e,,e,'gi,.,s of I,I,oto,,s a,,,,

electrons respectively. Al, one 1oo17 tills reduces ......by co_strt.lctio_ .... l,t_e _l_l_(,r of

P-.V conditions'req_lired. Itowever, and this is a highly no_l, rivial res_ll,, _l_l_oric.al

ca,lculations of the self-energies as well as tlm example in Apl)e_ldix 5B s;!_ow float.

this is also t,rue for higher loops, i.e., the second P--V particle is only _ecessa','y at

o_e loop. Once we a.void it by adding a. suita.ble one-loop coulll,erl,('rln l,]lere is olll),'

. one P-V pa.rticle needed at. two loops a.nd most proba.bly also for I_ighcr lo{}ps.
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of rot,_Ltional invariance (which in our case are induced by an improper handling

of arbitrarily high energies) can be compensated by _ redefinitioll of ternls iii tile

t la.miltonian. In general such _ renormalization procedures c'a_l }_e quit, e leligtliy

since, at least in principle, the e- masses which al)pea.r in tile ki1_e_,ic energy azid

in the vertex, the various e- charges t_nd the various photoil masses can ali require

different renorma,lizations, i.e,, instead of t,hre.e renorma,lizal, ioll COllSl, alll, s (7_,,\,_!)

we would ha,ve to deal with nine (lllkin, rTZvertex, ellip, e:no tlil,, ciust phot, ci,_st f,,n,_,

,\long, Atrans, ,_w,rtex). Itowever, pra, cl,ical ca.lcul_tl,ioI_s l_ave showll l,llal. violat, ioils of

rota.l, iollal inva.ria.i_ce izl LC gauge occur ollly in l,Wo-l)Oilll. ftlllcl.i_l,s all_l l.llere {,lily

ill a Very Sl,cOllie for_ll [l,F_], _t_('l 3,

r{,g_llal'iz,_'_lr,,sull,s, wllictt lend I,_ rol.alioltal i_lx'n_'ia_ll._,l_s_,l'x'nl,l_,s cal_ t,_, I,_t_illl_.

cl.ri::,c_t t,y _113' two a_l_lilio_lal ('()llSl,_llll.S_'1,('2' '1'1_' 1,_'_l_'I_ _,t' [il lil_g _ti_,' rt,l_,rll_;tl-

iz.l,i(_tl ('t_llSl, ltltl, S l|aS l,llllS I_,_.,ll_'_._l_'_'_ltt_ [illi_lg ti\'_' [1(;] . I_ I_l'_t_'lic_' ol_,, .{l_ls lwr,

{?X l,l'il t'(_ll lll,f'l'l ('I'11 IS

== --. '-. ,_. ,... (_iil_{i t
1/

,'_,_

(_,,'.'S

P

1.o tile ]la._ilt, o_ia,_l a._ld adjusl.s ,8,,l_i,, a._l _'\(r_,,s s_cl_ l,l_nl rot;_lio_lal i_lvarial_'_' is
u

r,_st,ored (t)_is poilll, will t,e distressed below). 'I't_e llext, sl,(,p, wl_icll in not _lecess;.,_'y

i_ Ql!_I)2+I, would t,he_ be t,l_e usua.l n_ass a,_d charge renorn_a.liza.l, io_ [17].

" A[r_u_s_.tre de,refinished a.s follows, Fixi_g _A'(r_u,s is_l"l_{_collsL_tl_l,s `4r_,[dn and ,4 "

r_ttl_er easy: one di_gon,fiizes the I-Iamill,onian (wil, hin some approxill_a.l, io_s like e.g.,

2
cut, off in Fock space) for a,given ,4Arrans a.nd coml_a.res the physical l_asses (eigenval_'s
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rl_ l t ' ' '.t z_:.eXt,ens]oll t,o nollM:_e.]la,n gmLge t,]leorles Is not, as st,ratgl_i.['_rwar¢l, Ali nl_,t,ll-

ods discl.lS,,.le([iii Lhis work viola,Le local ga.llgt,, illvariall(:¢, at, ]¢_a,st., ill [rlt,_,l'lll_,di;-iI.¢,

_t,eps, ]or Qf,1) this la no_, a problem slllce, ¢!,g,, t,]_('P..-V l'eglllarlza.t,i_l_ ]_resc'v\,_,s

* tile Ward ident, lt,les, In QCD t,l_ls is not, tlm case and one Ilas t__}ad_{ ftlrt,ll_,,vgarage'

brealiint!; count,erLe,l'Ins wliicll l'OSt,ore gallge i_lvtu'itmce [19],

,5,(; Summary and conclusion

Naive ligllt,-coIm qua,ntiza,l,io1_ wil,llo_l, careful regltlaviza't,io_l violat,,es vol,at,i_lal

_ invariance. It_ tt_eories with a covaria_l, l,agraagian v,,_,I_av(,(l(,l_(:)l_slral_'<ll l_i.'-+I,y

_:'!I il_v{,sl.igal,itlg t.he covariat*tt,stt't_cl,t_r(:o1's(,lt'-_,_{,rgi_,s,1_ t.l_, cas_,c,t'a
Iil._lll'_.:,vilri_llll

'++t+

i-tll('(' _ll'{_ lie)t, ol,vlous,
ii

llm,,'_,v_,,r,t l_,s_,_qt'ectsn_st. sl_ov,,Ul_in t,l_, {'alcltlat.i¢,t_{,1'l,lLvsical l_t'{,c_'_:,'._.'1'_,

. sltl_.l+,,'I.l_'l,_ ii. is ('(:,_',,,{'t_i_'_t,I,_)s_,l('ct,t,l_{_s_'I_t'o_'_,,'-+,'-;_'s,,',,'l_i_'l,av_,,'-+_'l_sili','_'1,:_','i_,l;_li_,,,

of its coVari;tlit Sl,l'tl('l,ur(:' a.swell as t.ecl_ically ralll_,r _,asyl_, ,1_,;_1wit l_. I_ (._1':1)l l_,,

as (',o_l:,i.c,_ l,ack _;cat,l,et'ing are sucl_ l)roc_'sses.

/" '+ i '_.I 11_violation o[' rol,at,io_.al in,,'arial_ceis _t. lit_it._'(l t_, _i_, lt)_,l, ;_llll_,_,gl_lt,_l_,

i_igl_t, eXl',_"c.t,t,t_is since uorrna+l..orderinga.mhigtlit.i(,s arise, o_ly il_ {)1_'..1_Ol,s_,ll'-

et_:,rgk-'s.I_ Pa.ct,,_less regttlarized prol)(_rly, 1,1_('nol'_llal t)t'(l_'rillg (',,_iitril,_l i_s I_'_1

l,o violal, iot_o1'rol,a,l,io_al s),_nl_,l,ry, ]lo,,v(wer, l l_os(,l,(,t'l_s at'_,I_{:,Il.l_(,o_lly st,_rc_,

. o1'viola t.iotts of t,l_iskit ld a+sottr eXl_licit, t.v,'o-lool_calctllatit,tls sll_)w, '1'1_,i,,¢1;_¢','<1

divergettce+sttr(, less severel,lt{;re, t,ltougl_.
,+

We l_a.vediscussed from two basic mel,l_odsto r_,st.{_t'_,rol.at.iollal illvariatlc(,, t+l_'

Pauli-.Villars m('t,ltod and t,he tnet.t_odot' ttot_covarial_l,('otltlt_,rt.(,t'llls, :l'_t,tI+.t+tt_,ll_(,tl._

secttr t,o t'_c!ttit'ea. la.rg("ntttt_b(,r of +'t{:l(lil,i_t_itl dt,gt'(,(,so1'l't'_'(,dt_n_(,r c¢,_l_t.<,rl<,r_lls.
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llowew:,r, l_ecauseot" l,lle,Sl:_C.'ctflcsl,ruct,_lrc,of r_t,_l.ioIiM ivlvllri_._.vlcevic_l_.l,icJll ixl li_.,.;lll,
i

toxic: Clllt_nt,iza_,ic,ll .....t,lle worsl, prc._l:,lel_st_rerest,ric.t,ed g,ootl(, 1_oI, _tvJ_lollly c'.erl,ail_

covxlpolle,r_i,sc:,t't,wo l_Oiut,func.t,io1_s(t,he ,.),-t-c:c.,InpoXlelit,of t,llc' ['_'rxliiOIlsell' _'l_,rgy

aIId t,inc",_L..I.- colllpollellt,_:_of l,lie vac'iillrrsp,.:,l_rizat,ic:_)are. _ttrc,c,l,_,cl,"l'l_is _-_llov,,sus

t,o opt,i_ize l,l_c._se_,uc,l,l_c_d_co_sidertd_Jy,We give tuialyt,ic _Xl_Vessiol_st'_,rc,l_e-lc_c_l_

couut,ert,erx_s. As a. result, t,lle,P.\,", _,l:,prc_'_,cl_t,t_c,_lrequires o_ly _,_x_:.:glxost, 1,_,1'I_r_,!c'l_:'

t,c,c,fl's_,t,l,tle violt_t,io_s of roCe,,l_ic_a,ls?,,i_xlxle'_ry_,t,t_igl_c_rlc:,Ol:,S,

irtll('[ I'1'_III_"% (,.l' C,,'s, pl_oi,oz_s,
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a (1 - a)(1 -: q_+.+)_=- (k+ + q+)(1-, q+ -. k+) + k+(1.- q+ - k+ ),]

M 2 = #-1. ._q2#-1 (q++k+)(1-q+-k +) + (1-q+--k+),

( m2+q_ m2+q_ )+ a p- q+ + k + 1-q+ - k+
(6.8)



5.7 Appendix 5A: The Pauli-Villars regularized Hamiltonian

for QED2+I

,e

As discussed in the section about Pauli-Villars regularizatioll, one Pauli-Villars

condition

2 _,,
dm pe(m,2) = 0 (o.,_0)

d,\2p._(A 'e) = 0. (5.:11)

for electrons and photons respectively is sufficient to guarani.ce covariant r(,gulariza-

tion in all calculations beyond one loop--provided ali one-loop s_ll)grapl_s lla\'(' I)('('ll

rendered covariant (e.g., by constructing the n(,cessary one-lool) COUllt(:'rl,('rlllS), ()11(',d

can easily, convince oneself that the sum rules (5.30) and (5.31) call lye aclli(,ve(l I,v

introducing one additional electron and photorl field respectively wtlicll at(' (tllaIl-

tized with t.he wrong metric. One way to do so in practice is to inirodu('e ai_ (,xl ra

factor of _--'T for all heavy photon vertices and another factor of x/---T for all ll(,a\'\"

electron pair creation and annihilation vertices. In addition the heavy eh'('lroll llas

to be quantized as a boson.

In practice this implies

" HPV -- H0 + Vflip "nt- I'q_o flip nc _ong -Jr- I"{nst ferm -Jt- l'q loop (,5,:t_)

W h(? l'()
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qL CCh.c. _

(r,.::_4)

1 _ ap+iA,, (2p.L n_L ro_L)
_I;,o - - _

flip e 2Lj.. v_ \ p n n_
s p rn2_n

_(2) (5.3_.,) •
+ ,_(2) -(d%d_,, + D_+,,D_,,),,,,+_,,,,,x (b+,,.,_,,,+ .B,,,.B,,,),,+,,,,,,,

B, mD_,,,).p,,+_ } + h.c.
4- (b+ d+ + i + + ,_(21 ,, ,,
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_ pal/--7 {s_,m

_ _ _ m+p,k _ ._ m+p,k '

. _ -- _ _ L'k+m,p

_/inst ferm _ e2 1 s_ 1 {47rL± Z -'_ (a+ + iA+)(a£ +iAp_)pqmn

x ( + B,+ Bs,a + + ,(2)b..,m......b,_,_,+ -t-d,,,, d,,:_,+ D .,,,,D .,.,,_)..p+,,,._+.,,

x ({7,+ ,,, _+ ,,}= {_,-,, q- ,,,})

-(a v'+ + iA +)(a + + iAn )(d_,,,l,,,,, + ii)_..,,zf3s,_,)

- + (a++ ,'.A,+,)(%+ ,:A,_,)(d._,,,_,..,,,+ ,D_,,el_.,,,,)

,-(2) , ,,
× %.q+m+,,_k{P- n q -t-7n} - {p- miq + 7,}) + "'h.c.

+ (a,, + iAp)(aq + iAq)(b,,,b_,, + B+,_tB._,_, + d,_,,,,i,7_,+ l);_,,_,l)._,,,_)

x 6m.7,+q+_{P+ r_l- q + 7,_}+ "l_.c."
(,_,.:_T)

85



, ,, , . , ,, LI .... IdlL , dL, , ,,Ld IJiI , , h,_ ,IJah , ,
, , ,_1_ ,A, .... _ h__, ,_l

i,n --_ n -- p-n
' m

[ ,., +
+ "_+ _ A2 -4 A2'' e2 b+

,,p__a_ --_ A+ Ap_, t- 47rL.L Z - r_
n_8 •

X Z_ _ - _ "2 +(n J--hZ p(p - ,z) "-*
P n p n-p

+ "b+b _ B+B,d+d .._ D+D,m 2 _ M 2'' '

(5.3s)

The conventions are the same as in Eqs. (5.13)-(5.19). %, A_,c£, Cq_,13,,,,_, D_,,z

obey usual boson commutation relations, bs,md,,,,__fermion a nticonunutatio]l rcla-

t,ions. "b.c." indicates Hermitian conjugation only fox" field operators .... not for c-

numbers, i.e., iAa + "h,c." = lAp + iA +. Of course H is thus not, horrnit, iart bttl, t,lJis

should not influence unit, a,rity below tile production threshold for t,l}e heavy t_hol,ol_s

and electrons, There is no instanta, neous photon exchange term since I,[loso t,erl_s

cancel among the light and heavy photons [20], The one-loop count, ert, ei'll_s tlav(,

been constructed such that they, I,ogether with one-loop corrections itlduced by tl,

avoid ali on,:-loop self-energies which would be proportional t,o ,['dr_,2p(r_2)_ or

f d1"p(A2)_ ' in the continuum limit,, Without the one-loop count, er(,e,rms )_or<,

Pauli-Villars particles would be necessary to make ali such terms v_Lllis]a.
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5.S Appendix 5B: Tile two-loop self energy in Yukawaj)_+=,

In light-cone pertubation theory (LCPTh) tile strong divergences (quadratic iii

3 + 1) occur ai, the one-loop level. Thus one rnight be telnpted to exl)ect that tl_e
t

violations of rotational invariance occur also only at one loop, This is not true as

• the following simple example shows.

We consider a massless fermion coupled to a massive scalar boson via a Yukawa

interaction term. As a specific example we evaluate explicitly the rainbow grap]_

(Fig. 5.1) contribution to the 3,+ component of the one-shell fermion self-energy. If

--_ O "4-

we choose vanishing P_Lfor the incoming electron, i.e., Pi,_ p'L/t) --0, it, follows

from (2.2) that this component should be zero.

9-91 7009A6

u

Figure 5,1. Rainbow diagram contribution to the two-loo I) t'ernli()II s(,lf-ellergy iii
the Yukawa model.

II1 orcter to separate one-loop and two-loop effects we allow tile ilmss_,s of l ll_,

inner (A) and the outer boso_ (A) i_ the diagra1_ to be differe_t fro_ eac}_ otl,¢,r.

This also makes it ea,sy to regularize the inner 1oot) "sllf[icierltl3:" wllile leavillg i11¢,

outer loop unregularized for the moment. Applying LC,I)']7'h one easily fillrls [21] (til)

to the same constants)

- 1

f [ d;r t'1 ]ll, O0t' /'l r, ,.,

J J "2(t ,t_) = C d D_k:i x(l - x) 2 + k_,_2 (t'l) _k]_ .+ _ (.,..l:)
, 0 x_ 1-*' x

where

- - :rl/ (:51()
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and

1

jj ',jA' :i-,,,i,',bl dDxq. k d _ . (5.41)
0 -- Yti-x_ -- "(*-Y)(i£Z) 9

Here we ha.ve already used f dA2p(A2) = O, f dA2p(A2)(A2) D-t2 = 0 to c:_st 111"°°I'
u

into a rotationally invariant form [22] . Using [note that pl is an energy shell; se(,

Eq. (5,40)]

[ k:+v-]p_ = -(l-x) [1 -x + x (5.42)

one finds

1 1

tr (ET-) = C dDakl_ dDa'q_L x2(1 - x) _ 7 dA_p(A")
0 0

, /,.2+ Au I (5.,I:I) .

X :I--'-T,ka _ A_ _x y(i'xlq_'l-A2 (k+q)2+ -- + + (1---_i--,- t

rr f dh'2p( A'2)= c r(1 - Dx) sir, 7r(I)z/2) (h2) I-D± =/0 .

, "e' aild rotational illx'ari-First and most import, ant the .,/4-component of 2 is nonz .lO

_-t ([ance is thus violated since p- = 0. Secon lly, the result is indel_endc'nt of tile otltcr

boson mass A; i.e,, a Pauli-Villars regularization (with conctitioll ,['dA"p(,\ '2) = O)

would have rendered tr (ET-) zero.

This is a rather typical result for higher loop gral)lls and implies the followiIlg.

Once one has (over-) regularized the short distance singularities so mllcll ttlat oil('

can handle the one-loop singularities in a rotationally inwtriant way (as in p_.\z) ttl_,l_

the (milder) higher loop singularities should be no problem any nlore if one uses the

same (over-) regularized versions of the theory there.

It is, however, not sufficient to acid only a one-loop counterterln a_L¢ta_ld I_o

two-loop counterterrns at, all. althougll one rnigllt be tempted t.o do s¢), I,eca/Is('
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e,g., in 2 + 1 dimensions the two-loop self-energy of a fermion is finite in a covariallt

approach, this violates rotational invariance by a logarithmic divergence,
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6. Rotational Invariance in

Light-Cone Quantization

6.1 Introduction

Light-cone quantization might be a very valuable tool toward a better under-

standing of the strong interaction. The main advantages of the formalism are the

simple vacuum structure, the manifest boost invariance in the z'direction and the

H_miltonian formuh_tion that leads to a very physicM approach to field theory.

One of the major disadvantages of the formalism [1] (as for any Hamiltonian

form of dynamics) is its nonmanifest Lorentz invariance (here, rotational invariance).

Being not manifestly Lorentz covariant one still expects that physical observables (S-

matrix elements) exhibit the full Lorentz covariance of the underlying Lagrangian.

Since the verification of Lorentz covariance of the S-matrix in _ noncovariant formal-
,d

ism is in general rather tedious, it has become common practice to simply assume

covariance of the S-matrix in naive light-cone quantization [2] . This paper deals with

the problem of Lorentz covariance (in particular, rotational invariance) in light-cone

quantization.

A powerful test of rotational invariance is given by examining the angular distri-

bution of the decay products of a heavy scalar particle at rest, such as

w

vr --, f f . (6,1)

Starting out with the light-cone quantized Yukawa mod_l (see Chapter 5)
.¢

/2 - 7(i¢? - m)f + ¢(Wl+ A2)¢ + 77f¢, (6.2) .

c4we note that any deviation from a uniform ff distribution in physical _.-rnatrlx

elements would indicate a serious violation of rotational invariance,
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_k

Figure 6.1. Tree level matrix element for the decay _ -+ ff. Tile dashed line

represents a heavy boson wlth mass )_ aL resL: p+ = p-,pi = 0 .The sum runs over

tile fermion (mass m) spin labels sf,s 7.

This section investiga,tes the decay (6.1) at, the one- and two-loop level. A dis-

cussion beyond one loop is important in order Lo decide whether self-induced inerLia,

terms [13], which naturally arise from normal ordering of the tta, miltonian, could

cure the problem. Violations aL higher loops would mean, in particular, tha,t any

clever arrangement of self-induced inertia terms cannot restore a covariant, answer

for physical S-ma.trix elements, since self-induced inertias are of second order in the

tout)ling.

, We demonstre_te an alternative treatment, by _dding counterterms Lo the La-

grangian respecLing only those symmetries, which are manifestly preserved on t,lle

light-cone, i.e., transverse rotations and boosts along the z-axis. The goal of this

paper is to construct them explicitly and show how rotat, ional invariance can be

restored for physical ,q-matrix elements. To complete the discussion, in Sect, ion 4

we address the question of why light-cone quantization leads to incorrect, results, if

naively applied.

6.2 Breakdown of Covariance at the One-Loop Level and

Addition of Noncovariant Counterterms

We begin out' considerations with the decay of a. sca,la.r particle into a. fermion

antifermion pair cr --_ ff at, tree level. The corresponding matrix element sqtlare¢l is

(see Fig. 6.1)
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Sf,SI

<) ....+ <>
t ---+ -- + C.C.

6-91 6945A2

Figure 6.2. Fourth-order contributions to a _ f_ The b'm in'_ t', ser 1on represents
the one-loop mass counterterm.

IMI 2 = Tr ((_b/-t- my)(-,0 + my)) , (6.3)
sl,s 7

Overall light-cone energy conservation constrains the external momenta, leading to

,_2 = m_'-F q21 ((i4)q+(1-q+) "

Note that, in order to allow for noncovariant counterterms, two different masses have

been introduced [4] . A vertex mass my, appears in the numerator, and a kinet, ic

mass m, appears in P- conservation and in all denominators associated with the

diagram [5] (see also previous chapter). Eqs. (6.3) and (6.4)lead immediately to

m 2 _ rt_ 2

lM 2 = -2 q+(1 - q+) - 2"_2+ 8m_. (6,5)
$1 ,S7

Obviously rotational invariance is obtained if and only if rn.v = m , i.e., no problems

arise in tree-level physics.

At the one-loop level the set of diagrams in Fig. 6.2 contributes to the decay. Note

that to order 74 only interference terms between one-loop and tree level diagrams
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O ,k,,Q/_/_

,_ 6-91 6945A3

Figure 6.3. Typical contribution to the vertex correction of cr --, f_.

contribute. As an example we calc_,late the contribution from interference between

a boson-exchange graph ax,d the tree graph (see Fig. 6.3) [6]

1

IBos-E:c -- 7 4 f dk+ 0(1 - q+ -- k +)(16_"3) d2(1-t)kL (q+ + k+)(1 -q+ - k+)k+
0

(p- m2+(qx+k±)2q4+k+ m2"i<_) , :l-(@-'k4 -'_ )_2-Fk_
(p_ m_+ q±+kj. . m'_+q_l-q+ ]

(_(;).

Using the Brodsky trick [7] to include instantaneous fermion contributions, perform-

ing the trace, combining energy denominators and integrating over kx., we obtain

1 1

IBos.-Ez =74/ dk+ O(1-q+-k+) /dc_ 1' 16_ a (q+ -t- k+)(p+ __ q+ __ k+)k+ p2
. o o (6.7)

(A+B P(e) C). 2 (M_)_+ 2-_

where
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#--- (k ++q+)(1-q+-k +) + k+(1-q+-k +)

M2=#-1. q2_j_#-I (q++k+)(1-q +-k+) + (1-q +-k+

+oY p- + q_ rn2
q+ + k + 1 - q+ - k +

(6.8)

+(l--a) (p- m2 + q2-1- 'x2 m2 + q2-L ))q+ k+ 1 - k+ - q+

A = 2(4m2q+2 -- m2 - q_-)
(q+ + k+ - 1)q+

B - 2(4m2q+2 -4m2q+ + m2 -4-q_).
(1 -q+)q+

C acquires terms from zero and linear order in tile integration variable km of the

Dirac trace. The linear terms give a contribution after shifting momenta. Since the

expression is rather lengthy we do not display it here.

Similar steps must be performed for ali the other diagrams of Fig. 6.2. This

involves renormalizing the diagrams using minimal subtraction and performing the

integral over k + and c_ numerically. Then rotational invariance can be checked for

the total one-loop S-matrix element by computing the diagrams for two different sets

of external momenta:

Set (I)' q+ = 1 qX =1 qV=O2' 4'
(6.9)

Set (II)' q+_ 1_ _, qf, =0, qV =0 .

In both cases, we have chosen A = 1, m = V/-3/16. Since both sets obey Eq. (6.3)

and describe a scalar a.t rest, i.e., P+ = P- and Pi = 0, the answer is supposed to

be the same for both of them, unless rotational invariance is broken.
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Figure 6.4. Instantaneous contributions to the external self-energy.

For the asymmetry r, i.e., the result of the numerical integration for the difference

of set (I) and set (II), in in terms of

871"a

a - 9'4 _ la.'/2, (6.10)
si* 7

we find r = 0.02a. That means rotational invariance is broken for physical S-matrix

. elements at the one-loop level. In Appendix 6A we give details of this calculation, In

particular it is shown there that the piece which violates rotational invariance comes
ii

from the instantaneous contribution in the external self-energy diagrams shown in

Fig. 6.4.

In order to keep our discussion as clear as possible, we restrict the number of

spacial dimensions to two in what follows. This enables us to disentangle the specific

renormalization procedure on the light-cone from the ordinary ones, since the Yukawa

model is superrenormalizable in 2 + 1 dimensions.

The remaining goal of this section is to show that the term that violates rotational

invariance is of the same form as the first term in the r.h.s, of Eq. (6.5). Thus,

by allowing independent renormaliza.tions for rnv and m one can restore rotational

" invariance.

Using light-cone perturbation theory (LCPTh) rules one finds [8] for the graph

in Pig. 6.4
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1 --q+

dkl.dk+l(q+,q±) = 16rra
0

Tr((b- + m)(h +m)½< +.,))×

(1 -q+ -k+)k+(1 -- q+) (p_ r,,'+qk_ __._._ m'+(q_L+hl2_l,_q+_t.+-)'

(6. 11

A change of variables k + = (1 -q+)x, k.l. = k.j_ +xq.t_, combined with use of

m2 + q]- q[ = rn2 (6.12)
(p_q)2 =p-(1-q+)-(1-q +) q+

and

m2 + (q_t. + k±) 2 A2 m 2 (k.L + q±x) 2 + xq]_(1 - x)

x 1 - x x 1 - x z(1 - x)

yields

1 ,..

--/ dkxdx Tr(.,.) , (6.14) •

0 x(1 --x) m2 x 1-x - x(l'x)

where k = k± + q±x. To write this in a more compact form, we define the q+ and

q_l_independent function

1 A

f(rn A) = f dk.t.dx 2- x
' 0 (167ra) @(1 -x)m 2- A2(1--x)-m2x-k_) " (6.1.5)

Discarding odd terms in k± , which do not contribute to the integral, we obtain

1

dk± (2 - z)m(1 - q+) - (2 - x)m2q + (6.16)
I = 0 dx (167r3) (x,(1 - x)m 2 - A2(1 - x)- rn2x - k,__) (l-q+)

1-2q + ( 1 )f(m, A) (6.17)= l-q+ f(m'A) = 2 l-q+
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A similar calculation for the diagram that correspond to the anti-fernlion self-

energy, yields

-_ (_'1) f()'7z ,\) (6,18)
I= 2-77 , ,

which contains the same function f(m,)_). The total answer,i.e.,the sum of I and I',

is

( 1 )/tot = 4- q+(1 - q4-) f(m,,X) . (6,19)

This result has the remarkable feature that it contains t!le same q+ dependence as tlm

(,erm in Eq, (6,5) that violates rotational invariance, tlence the violation of rotational

invariance a.t the one-loop level can be cured by an appropriate renormalizat.ioll

of m and my, i,e,, by using different bare values for m and my in l.,lle light,-cone

Hamiltonian,
if

6.3 Breakdown of Covariance at the Two-Loop Level

In this section it is shown that violations of rotational invariance in the light,-cone

formulation are not restricted to the one-loop level. This statement is correct even

if the one-loop subdivergences are treated cowriantly.

In order to constrain the number of diagrams that contribute to the S'-ma,l,rix,

we introduce a second fermion flavor and bosons, which change isospin, into tll¢:

2+1 dimensional Yukawa model. However all couplings at fermion-boson vert,ices

are a.ssigned differently, so that isospin symmetry is broken. The new interacl, ioll

, Lagrangian is

/_int = gpn-prtd/)- nu gpp'fiP¢o -]- gnnrin¢o + h.c, ((.20)

In this two-flavor model only the rainbow self..energy (Fig. 6.5) and the ladder vertex

2 4 to the decay ¢0 -+ PP, All otllcrcorrection (Fig. 6.G) contribute at order g,,v 'gp,,
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sf,sT
_(2)m.

+ -- -- "<<>+ >--
>-

Figure 6.5. Two-loop rainbow self-energy contributiorl to o" --, f,7, 571_,6(2)7_,
denot,e tl_e Hne- and two-loop self-energy inass correction, respectively, I correspollds
to a col tnterternl wllich restores rotationa, l invariance at t,tl¢-,one-loop level,

Sl,Sr

•
>-

1li, |t_A,O

Figure 6.6. Two-lool_ ladder vertex correction to cr _ fT, Six timeorderings add

,_p to the covaria, nt answer.

diagrams contribute with other combina.tions of coupling constants and must be

separately cova,riant, if covariance is assumed for all values of the couplings.

The ra,inbow self-energy contribution is shown diagramatically in I'-'ig. 6.5. The

tllird diagram restores covariance at the one-loop level. Diagrams which contain

_%_.,b(_)m are one and two-loop mass counterterms, respectively.

As in Section 2, we consider the instanta.neous contributioll to tlle self-energy

diagrams in Fig. 6,7 separately froIn the rest. Table 6.1 shows the result, of tll(,
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, kl,.,_2" kl _,_

• + p,> _ -5._,+ ....6945A17 7-91

Figure 6.7. Instantaneous self-energy correction in two loops. Momentum labels

are assigned as indicated,

m

Table 6.1. Self-energy contribution to cr --_ ff in two loops, a2 describes tile

contribution ft'ore the insta,ntaneous diagrams (Fig. 6.7), which violat, e rot, a,tional

invariance, al is the result of the numerical integra, tion of the residual self-eIlergy

di t._gra.ms.

Set al a2
,I

(I) -1.58 4- 0.01 0.01,5 4- 0.004

• (II) -1,58 4-0,01 -0.135 + 0.002

Table 6.2. Result of the numerical integration of the ladder vertex correction t,()

o'-, ff (Fig. 6.6). A rota, tional invariant answer is obtained for both sets.

Set al

(I) -2.134-0,01

(II) -2.134-0.01

, numerical integration for both sets of momenta in (2.7). As in the on.e-loop case,

rotational invariance is violated for the instanta, neous contribution to the external

self-energy diagrams.

The ladder vert, ex contributions yield the 6 time-orderings shown in Fig. 6.6. 'Pile

result, of the numerical integral, ion is given ill Table 6.2.
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/ \

Iself =' ' '

eg45At3 &9t "

Figure 6,8. n + 1 loop rainbow self-energy correction.

Thus the ladder diagrams appear to be rotationally invariant by themselves, _.md

a possible cancellation of the noncovariant terms in the self-energy diagram cannot

occur. Details of this calculation are given in Appendix 6B [9] .

In tile remainder of this section we want to demonstrate that the breakdown of

covariance, as in the one-loop case, can be cured by an appropriate renormalization

of rnv and m. Since the calculation is similar to that of the one-loop case, we restrict,

ourselves to an illustration of this procedure.

We start out with the matrix element in Fig. 6.8 in two loops. In Appendix 6C ii,

is shown that the two-loop self-energy lseU" contains a noncovariant piece proportional .

to C@'/p + (see also previous chapter), where C is independent of the incoming

fermion momentum [10] . Thus, after on-shell mass renormalization, one finds

( 7+ gT+u) CIsel f = 7 "_uP+
(6.:2.1)

+ (jb -- m)fl(p 2) + (p2 _ m2)f2(p2).

The instantaneous self-energy contribution of Fig. 6.7 becomes

1 7 + 1 (b+m)) C,72l=Tr (-_'+m)2 p+ m

472C p+-k + 2p +-1= : 472C (692)
p+ p+ "_
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where we have set ]_= m for the external fermion irl Fig. 6.7, and used t,he following

"),+7+ = 0, k+ + p4. = 1 and gT+u = 2p+.

An analogous calculation for the diagram which corresponds to the antl-fermlon

self-energy, yields

... ( 1) (6,23)" I=47_C 2 l-p+ '

so that the total contribution becomes

I + I = 472C 4- p+(1 - p+) '

Again we see that gq. (6,24) has tile same form as the piece that violates rotational

invariance in Eq, (6.5) , which means that rotational invariance can be restored by

tuning the vertex mass and the kinetic mass differently [11] .
I

6.4 Surface and Zero Mode Contributions

In the previous sections we have discussed the breakdown of rotational invari-

ance in light-cone quantization and described a way to cure the problem by adding

noncovariant counterterms. In order to make the discussion more complete, we will

investigate in this section tile question of why rotational invariance is broken if light,-

cone quantization is applied naively. Tile conclusion will be that naive light-cone

quantization omits important surface and zero mode contributions,

We start our discussion with the n + 1 loop self-energy dia,gram in Fig. 6.8

" in d dimensions and covariant perturbation theory. Since the theory is based o_

a manifestly covariant Lagrangian, one expects for the n-loop self-energy I_'_.tl tll_,

following structure after mass renormalization

= n )2I',;tl (15-_-m)Z_((p-q)_')+[(p-q)2-m2]f2((p-q ) (6.25)
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where f_' must have a, spectral representation

OO

fl'(q 2) = f d,_ q2 p_'(s)_,s + ie (6.26)
,qo>O "

with no poles for q2 _< 0. We discuss here only the zero mode effects induced by f_'.

F'or ,[_' the same considerations can be reticle yielding similar result, s [12].

One finds for tile ,[__contribution to the self-energy in )7,+ 1 loops

dDq "n

((1,-.-q)2)(/,_ + ,,,)
"self = (27r) I) ((p- q)_ - _,7.2 + tc)(q'2 _ A_ + i_:i (6,27).

Since problerns are expected for the 7+-component only [13], we compute

1 Tr(7 _lf)=/ (P- + ) 'tl((P-q)'a)
-I n+l dDq q_ A2 ,n

D (2./r)D q+ ((p_q)2_m2+ie) (q2 _.A2 +if.) ii

/ dDq 1 f{'(>!f- q)'_>+ (2a') D q+ (p -- q -- m" + ie

where

1 (q2 A2 + (q_2L+ A2)) (6'_- = _ - ,2,t)
q q+

w_s used.

lt should be emphasized that even though light-cone variables have been ill-

troduced, only algebraical steps have been performed so far, i.e., no breakdown of

cova,riance can have occurred at this point. The trouble occurs when the it_t,egra.tioll

over q- is performed, in order to obtain LCPTh.

The first, integral in gq. (6.28) poses problems at the one-loop level, i.e., f - 1,

when trying to perform the q- integration. This is because the integrand falls off

no faster than 1/q- for p+ -q+ = 0 or q+ = 0. Whereas l,he first case stlould give

rise to a contribution of nlea.sui'e O, we expect nonvanishing contributious fro)n l,l_t,
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surface term in the second case, since the denominators are mult,iplied by a function

which diverges for q+ _ 0.

What. we encounter here is nothing else but the one-loop problem of the self-

energy which has been noticed by marly authors [7, 14, 15], i

• IIowever, in higher loops we expect no trouble arising from this term, To il-

lustrate this we use the spectral decomposition of _'Lq, (6,26) and write the first.

contribution to Eq, (6.28) as

OO

I1 - ds (2Y) D p-, (ll + /_2q+ ((p_ q)2_ _+ i<:)(O,-q - ,,,,_-+ i,_)
,qO

1
X

(q2 _ ,_2 .j_ if.) '

((;.a0)

If sutticiently regular behavior for pl(s) is assumed, the integrand falls off like ,-.,v

(l/q-) u or faster, which means that surface terms do not cont,ribute [l(;-18].

" The situation ia difrerenl, for the second integral in Eq, (6,28), however, l_erforilv•

ing the q- integration leads to [19]

i i dD "1 gq_dD_ 2 1 f{,((p_ q)2) _ 1 _7(1,+ _ q+) . q,/'¢,((t,_ q)'2)ql 74- (p_ q)2_ ,,.2+ ie - v-# (q- p + ,-,,"+ i, '
(c;.:_l)

This is because for p+ 7_ q+ the contour of tlle left-hand side can be cl_oseiI stlcll

that its contribution vanishes. The rest follows ft'ore

p+

i f ' :'<<"--'"''i""":'<<"-""'. 1 dq+ dq-d:)-::q_L_ )_ = .... ::, - =, -- (U:_)2 ela. (p q rr_,_ + ie p+ ' '- - (p- q)" - m," -I- i<
0

r_ ' Zel( -illod(, contril._lil i(,iiIhe point is that naive light-cone quantization onlits the' ')

Oil the right-hand side of Eq, (6.31) aiid t,hereby (;atls(:s a, violation of rotati(ilial

invariance. This also predicts t.ha,l, the piece tliat violates rol.atioilal iilval'i.aiic(, is
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i

always proportionM Lo 1/p +, w,llicll is irt perfect agreement with ,dl our experie1_ces

at t,he one, two and three-loop level,

" • ' Lq, ,II) not t,he out,er bosonSince the rlght;..hand side of i_ (6,' does clepend on

rn_ss, we s_u-;tha,t, using a heavy F'altli-...Vilhu's boson I'egulat,or instead of dimensional

regula, riza,tion would have taken care of t,tle prol)lem [20],
lt

To colnplete t,his section we want to .list _gain the properties of t,h_-_diagrams in

Fig, 6,8:

• lt is very likely tllat noncovarlances appear in any order of perturbation theory,

• Tile noncovaritmt piece is always p± ancl p- independent and of tile fornl

c:

• The IIOllCOV_:I,I'i_LIIt, zet'o-Illode corltril.)lltiorl iS indel)endcnt of ttx(; outer boson

mass, which explMns why a.Pauli-Villa, rs regula.t,or plays an extraordiIlary role

among regulators,

• l)imensiona.l regularization is ilot st|f[icient, neither is I,l_eso-called "covariant

cut-off" [21] ,

• I!,vei._supersyn'mwtric t,l_eories suffer from t.his problem (see Appe.ndix 61)).

(_,5 Summary and conclusions

We have sliown 'l,haL naive liglit-cone quantizal, ioll loads to a viol.a.t,ioli of rot,a..

tiona,1 itlvariance in l)hysical _g'-matrix elenietll,s. ']"odo this we irtvestigal,ed l.tle decay

of a,heavy sca,la,r particle at, rest, and observed a deviation from a Ullifor_lldisl,ribution

of it,s decay prodtlcl.s. J lie. analysis shows that the effect is not, re.sl,rioted t.oone loop

(An explicit example is given in Appendix 6C). Following t,he general a.rgtlmct_t,s of

Scct,loIl 4 one expects a violation al, any order in pcrturbat, ion thcxJr,,,.

At, the oIle- and two-loop level, we explicil, ly show tha,t, the problem call lie

"l "cured by tuning the w;rtex llla.ss m,, dift'ere_ll,ly froth t,he kittetic niass 7_,., Ills
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procedure cmIespondsc" to adding noncovariant count,erterms, which preserve only

the kinematic llght-cone symmetries, That requires an addit, ional renormalization

condition, compared to _ nlanifestly cow_riant theory,

" We suggest the decay of a heavy boson at rest because violation of covariance

is obvious in this case, Once the additionM counterterm is fixed the statemellt

of renormaliz_bility requires th,_t all processes can be evaluated to the same order

in perturbation theory ")9_ '[.._jwlthout encountering any further violations [23] To

complete our discussion, we investigated the question of why light-cone quantization

goes wrong if it is not, applied carefully enough, We found that nonvanishing surface

contributions accompanied by a zero mode problem a,t one loop and missing zero

mode contributions at highe r loop orders cause a breakdown of the covariant structure

of the theory, At this point it, should be mentioned that the same problems are

expected to occur in gauge theories (in A + = 0 or any other gauge), quantized c,ll
,m

the light-cone. As far as practical methods are concerned, such as DLCQ [24] or

the Tamm-Dancoff procedure [3], additioIlal viola.t,ions of rotational invariance arcw

anticipated, This is because one is forced to work with a finite value of a cut-off

which by itself breaks Lorentz invariance. In this paper, wc have discussed only

those violations of rotationa,1 invariance which survive the continuum limit.
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6,6 Appendix 6A

Using LCPTh theory for the self-energy corlt,ribution I,,_,11(Fig. 6.9), one fl)lcts

,_4 f O(1 - q+ - 1,+)l+"_'U=l(i?ra+, dk+d2(1-e)k't" (1-q+)k+(1-q+--I,; +)

Tr ((t,_+ ,,)(t,_+ ,_.)(t'2+ ,,.)(-k + ,,-,.))

f,. )'- i-q+ q+ ) P-- (i::q+:zk'_i _
(6.a:._)

where P.L = 0 and p+ :-- 1, Note that an off-shell value for p- ha,s b_n a,ssign¢_d irl

order to deal with the double pole. At the end of the calcula.tioll, p- is tak_:'tl otl

shell. If one shifts variables to

/¢+

k± = k± -t-qx 1 - q+' (6,34)

tlle Dira,c trace can be reduced to the simple form Ak[J_+ C, where

A = 2(4m2q+ - 3m2 + q+_2 _ 2q+A'2+ q_L-t-,_2)/Ic+ (6,35)

_md C contains terms of zero and linear order in the integration varial_le k_Lof tilt

I)ira,c rra,ce. This is correct only after terms are discarded which do not, coilt,ribul,+,,

S'to t;he integral. The linea,r terms give a contribution after shift,ing mort lent,a .... ince

,. .o(-'qq"

7-gl 8945A14

Figure 6.9. Seli'-energy diagram in one' loop.
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the expression is rather lengthy we do not display it here. The k l_ irltegrzttion carl

be trivially performed, yielding

1

. _ .y4 f 0(1-q+-k +) I- -16rr a dk +

0 _:q-w (6.36)

(ms)__._._+ C(M2) _

where

_+(1 -k + -q+)
M 2 --_

1 - q+

( k + _2 m 2 .+Cl_ rn2 +q__)x q_ (1-q+)(1-q+-k+) + p- k+ l.--q+-k+ q+

(6.37.)

Ceut = 0.577... is Euler's constant. The self-energy counterterm that corresponds to

, the diagramm in Fig. 6.10 is evaluated in a similar fashion. As in the self-energy

diagram (see Fig. 6.9) the instantaneous contribution is included by putting

m2 + q_- (6.38)
p_ = p- q+

on energy shell. 5m is given by

15m = l__2m72 dk+d(]-_)k± k+(1- k+)

7i'(1,] + rr,)u (6.39)
. X

with p± = 0, p+ = 1 for the initial fermion.. Note that ii, does not matter whettler

the insta.ntaneous contribution is included or not, since ii, is k± independent and

therefore gives a vanishing contribution in dimensional regularization.



Figure 6.10. One-loop mass correction to the self-energy.

Table 6.3. Total one-loop contribution to a _ rf.

Set a:

(I) 0.048 4-0.2,10 -4

(II) 0.285 4- 0.6 * 10-5

Performing steps similar to those taken before one finds

,'/ (:)6rh= -2: dh+(l-¢ertN 2) 7 - Ceul (6.40) .

x (_(_2 _ rn2) + m2(1 _ k+) + k+m 2 _ 2m 2)

where

N2 _k+(l_k +) (p- m2 A2)= 1 -k + k+ " (6.41)

Table 6.3 shows the result for the numerical integration. The result is that rotational

invariance is broken at the one-loop level. Numerically we find that the violating piece

arises from the instantaneous self-energy contribution.
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6.7 Appendix 6B

We start out with the two-loop rainbow self.energy diagram (Fig. 6.5). LCPTh

- yields

4 2 [ dk+dk+2dkl_l.dk2_l. 1gppgpp

Itri.bow-"(16_r3) 2 Pl+P2+p3+'+k+k+p4 (.P- ,n2+v_±,+_ ,n_+q__)q_4

Tr ((;bI + '_)(D4 -4-m)(_3 + m)(_2 --[-m)(]_ 1 -t- Irt)(-//-[-m))

D1

Tr ((fif -4-r/z)(_4 _- r/_)(-_rrt)(_ 2 rf-r/'/_)(_l -4-m)(-_ + 71z)) P3+ 1
+ D2

[gppgpp

(167r3) 2 __ ( rn_+P_± m" ). Pl P2 P3/-'4 A"I /¢2 P- p+ _'q++q_

'rr ((/by + m)(_b 1 + m)(-_ + m)) 4--_Tr (ffi + m,)f_ + m)_ + m))

_ _ ((b:+ m)(h +m)(-_ + .,)) W,.(_ + ._)(-_.,.)_ + .,)) P3+

+ lmirrow ,

(6.42)
- where

D1 = P--k_-- +t2± +q__
p_ q+

( 3.1_ +q2_L)(p-_ )
P- _ ki" _ k2 _ m 2 + p2 rn2 rn2 + P4_l_ rn 2 -4-q2± kl

p + q+ p+ q+
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!)2= (p- _ rn'2+P 21.1_ rn2-pq2 I±p+ q +

i.,2+ q+ p,+ q+
and where Imirrow denotes the contribution from diagrams in the last two lines of

Fig, 6.5. The momenta are given by

Pl = ( 1-q+'A2 m2+q_ )q+ ' q± ,

_Z 2 + q2
P2 = P4 = (1- q+ - k +, A2 k 1 -q±-kl±_

q+ ' / '\

P_ 7_+ kl k2±)
Pa = 1-q+--lc +-k +,777.t.a,-q±- 1-

P2

-- k_,-q± kl_t.) ,
P2 = p4 = 1-q+ - k +, m2 + pl±'z _

,1

na - 1 - q+ - k+ - k,,_, 7-g_'a , -q± - kl± - 1,:2&
" P2

aYld

k2 t 21,_1_+

= k+ '

p2 m21,2 +
PM,1 = pl+

p- = A2.

Note that the third diagram of Fig. 6.5 which restores covaria, nce al, the one-loop

level can be taken into account by setting Pa = (p.7/p+)pa t- and 13a = (/3:7 /p+ )p+
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This rtlle relates tile bad component of the self-energy (7+p_-) to the good component

(7-p +) and covariance is acllieved by construction [25].

Tlm one-loop mass correction 6m is given by

1

e'--_zf di,;+dk2.L (1 - k+)m 2 + m 25,m
16_r3 J +kt ")'

w,

o _-k_- V

The lasl, two terms of Eq, (6.42) correspond to the two-loop mass correction /5(2)m,

Note that they are defined quasi-local, i.e., the 5(2)m-subtraction occurs already al

the integrands before integration. This makes the expression suitable for numerical

integra lion,

The instantaneous self-energy contribution can be obtained by subtracting a

similar expression like Eq, (6,42) from Irai,,bow, where Pl is set on mass shell, The

.. two-loop vertex correction is computed in a similar way.
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6,8 Appendix 6C

In this section we show by explicit construction that the two-loop rainbow self-

energy irl naive LCPTh contains a noncovariant piece of the form
a

3'+

C fi-4- (6,43), .

even when ali subloops have been rendered covariant. C is independent of the incom-

ing fermion momentum P, Since by assumption tile 1-loop self-energy 1_] t. (Fig. 6.9)

1
is covariant, one should be able to express .lsetf in the form (6,25), (6,26). In this

pa,rt, icular example we find

e2 /pl(s) = _Tr3f_(D) dx (1 - x)(r(x))-_-lO (T(X))

" /
e" ) _, m (6,44.)

,t

where r(x) = (a'(1- z)s- (m2x 4- A"(1--x)) was introduced, ft(D)is the volume

of the D-dimensional unit sphere, Thus in a covariant formalism the 2-loop rainbow

self-energy becomes

OID OO

1 (2) = ds (2_r) o (k 2 -/_ + ic)(t_- _, - m + ie)((p - q)2 _ s + ie) (6.45)
s0>0 -cx_

Naive LCPTh replaces 1.(2) by T(2)"lc _ where

(2) / ds.1h, = (2(27r2)D-1)2

f dk+dD-2k±
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= (2(27r)D_l)2 (p+_ k_b)2k + pl(s)+_ +rn)p2(s)

f_+ ._,) (¢ - k+)
8 -- rrt2

m

. .(_a-ki)_+s
(P--(Pi-ki)_+m2p+-k+ _) (P- - '" ,,+-'k+

gIl d

J_l -" p-t- _ k,+p- k + (p+ _ k+ ) ,p_t_ - k_l..

'li'he problem is thus reduced to finding the noncovariant piece of the one-loop self-

energy, This has been done [13] and the answer is of the asserted form of Eq. (6.43).
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6.9 Appendix 6D: The two-loop self-energy in the supersym-

metric Wess-Zunlino model

When dimensional regularization is used in the Yukawa model, there is no need

for a one-loop noncovariant countert, erm if the boson and fermion masses are equal [26].

This observation could be of crucial importance for the light-cone quantizat, ion of Sll-

persymmetric field theories. In fact,, in Ref. 27, it ha,s been proposed to use the

(finite [28]) N = 4 supersymmetric Yang-Mills t,heory as a regularized ext, ensio_ of

-'Dlight-cone QC a.1.

Compared to normal theories with similar interactions, supersymmetric tlleories

have a less singular UV-behaviour. Since part of the problem with tlm violation

of rota, timlal invaria.nce is connected with the loop regulariza, tioI_ of light-cone sin-

gula,rities, one might hope that SUSY theories are less troubled by tloncovariant

self-energies. Technically, the improved UV-behaviour arises from ca ncella, t,ions b(,-
lP

tween various diagrams related by SI.JSY transformations, Perhaps somel, lling similar

happens wit,h the noncova, riant self-energies in lighl,-cone quant, izat, ion. As meilticnlc, d

above thi:a iv indeed the case ai, the mm-loop level if one uses dimensional regular-

iz_t, ion in the transverse coordinates. In order to find out whet.ller sucll a 1oellaviour

persist, s in higher loops, we will investigate the two-loop self-energy of a f(:ril_io_l i_l

the SUSY Wess-Zumino model [29]

1 1 1 -
z:= -g (O,,A)_- _.(0,,/:_)_"- _ i_/,.r"g,+

1 A2 1 B2 1
- _ ,,,2" - -_,r,,_ - -_miTg,

1 24, ., )2-,q77_A(A2+B e)-970( +tr

- i.qV,(A- "r_t_)_,,
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where ¢ is a. Majorana spinor and A and B are, respectively, a, scala.r and a, pscll-

doscaiar field, The (unsubtracted) one-loop self-energies lo,' bosons and fermions irl

this model read

, EF =/_lfl (P2) EB = 2P2 fl(P 2) (6,47)

w

where

1

fl(p2) _ c / dt)_2[¢l_ / dx 1- x, p2x(1 - x)- m u - k_ + ie (6.,18)
0

(c is some constant). Performing an on-shell mass subtraction one finds [30]

i'I'
_'; EF = (/J - m) fl(p 2) q- (192-- m 2) f2(P2)ti_

m (6,49)

, _B -- 2 [(p2 _ rn2),fl(p2) + (/,2 _ rn2) f2(p2)]

where

.f2(p 2) - rn2 fl(P2)- fl(rn2) (6.50)
• p2 ._ m2 '

h lserting these one-loop corrections into the one-loop self-energy yields the nested

(rainbow-type) contribuLions to the fermion self energy at, O(g 4) [31]

f 1 ($-)),h((p-E_"(P') = a dZ)l`:k2 - .3 + i_ (p-k) 2 - rn'_+ ie

1 2(_6- f,).fl(k 2)Elb(p/') = 5 dPk k 2 - rn2+i¢ (p-k) 2-rn 2+lc

f 1 2(1,- -E2a(pl,.) = O. dPl`: k 2 -- m 2 + ic (p -- k)'2 _ rn_ + i_!

1 2(_-- _)f2(k. 2)E_t'(P')=_ d°l" k_-m 2+i_ (p-k) 2-m_+ie
o

where _ is some constant.

E a and E b correspond to insertions of 2 l'l°°p into the fermion and boson li1_e,

respectively.
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Following Section 4 we substitute in the numerator of _he 7 + comt)oIlei_t

k2 - m2 k[ + m2
E la, N2a : --k- H k+ k+

(6,52)
E_b,E2b : p--k-_ (p-k)2-rn2+(p±-k±)2+rn2,(p+- _+) (p+- k+)

As we have shown there naive light-cone qu_mtization (NLCQ) simply neglects the

first term thus omitting

dDk fl((p-k) 2) c / dD fl(k 2)AEI" = -_7+ k-T (p - k)2 - m2 = -_-4" t; k2 _ m2.

7+/dDk fi(k2)AE lb 2 _ k2 _ rr_'_,
(6,53)

f f2 (/_,2)AE 2a _2 -2 _ 3'+ dDk k2 _ m2p+

c 7 "t-./ dOk f2(/_2)A_ 2b= 2 _ _ k2_ m2 '

One can easily verify that the /XE terms arising from f2-insertions cancel whereas

this does not happen for fl. Thus NLCQ falls short of tlle correcL result by an

a,rnount

3,+/dD_: fl(k2) / 0 (6.54)/X)]NLCQ = p_ k2 __m2 .

In the beginning of this appendix we raised the hope that SUSY theories are free of

the zero mode problem. Unfortunately this turned out to be false as Eq. (6.5,I) shows,

This means that if one want to use SUSY theories as a regulator for other theories on¢;

still has to preregulate them in such a way that there are no noncovariant terms or

rise some otl_er technique (e.g., noncovariant counterterms) to compensate for /XE.

This might limit the practical use of SUSY regulators in light-cone quantization

considerably.
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7. Sumnlary and Outlook

In the first part of this dissertation a. new algorithm for the automatic compu-

- tation of Feynman dta.gram amplitudes is presented. Tile method, which is based

on light-cone perturbation theory (LCPTli), is explored and tested for two- and

three-loop calculations in QED. The amplitudes are constructed automatically and

explicitly, given just the photon connections of the corresponding diagrams. The

extension of tile algorithm to higher loops is straightforward [1]. In contrast to usual

techniques, where single Feynman diagram amplitudes get renormalized, this pro-

cedurc constructs renormalized amplitudes of se!s of Feynman dia.granls only. This

simplifies the renormalization procedure significantly since those sets can be (:llosen

such that ultraviolet divergences, associated with wavefuncl, ion renormalization can-

cel between diagrams of the same set. Also the infrared behavior is improved in this
1.

case, since wa,vefunction countert, erms generally induce artificial infrared divergences.

Mass- and coupling constant renormalization must be carried out the usua.] wt_y.

In contrast to standard covariant procedures, light-cone field theories involvillg

fermions require further renormalization [5]. In the case of the quadratically diver-

gent one-loop fermion self-energy, this problem has been noticed by many

authors [2, 3, 4]. In this dissertation it is shown that additional renormalization

is necessary for an infinite number of quadratically divergent LCPTh diagrams at,

the one-loop level. Also the two-loop order induces additional divergences. This

happens even if one--loop subdivergences have been removed consistently from the

. formalism, lt is most likely that additional control of the renormalization proceduro

is necessary at any order in perturbation theory.

.li

One of the m_dn results of this thesis is that the additional divergences of I_CQ

can be identified with noncovaria.nt terms in light-cone quantization. II, is shown thal,

those terms lead to observable effects, unless further renormaliza, tion is invoked. Ali
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noncovaria, nt terms that we have encountered in the Yukawa. model always had the

structure

7 +

C7-4"_

find an additionalwhere .(7,is independent of the external momenta. In QED we

noncovariant term in the _1_,.1_-component of the vacuum polarization. This sur-

prisingly simple structure greatly reduces the mlmber of noncovariant counterLerms

necessa, ry for the restorat;ion of Lorentz covaria,nce. In the case of QED the burden

of :fitting nine constants is reduced to just two (one for the 7+/p + term and the other

one for the vacuum polariza,tion).

Another part. of this disserta,tion has been devoted to the analysis of perturbation

theory expansions in light-cone field theories, In order to avoid possible subtleties

of the quantization procedure for small a', we derived the light-cone formulation of

• -_ _- _[_eynman amplitudes by integrating over light-cone energies, rbe result shows t,hat

naive light-cone quantization may omit import, ant surface and zero mode contribu-

tions..The analysis recovers the noncovariant, term 7+lp +.

Another objective of this dissertation was to lay down some of the groundwork

which is necessary for upcoming nonperturbative studies. The noncovarianl, countert-

erms constructed in this work are a.t)l._licablealso for nonperturbat, ive calculations.

An essential step is the derivation of renormalization conditions necessary for the

adjustment of the a,dditional counterterms. In the case of QED (2+1) (the general-

ization to QED (a+l) is straightforward) the ttamiltonian, consistent with covariant

and gauge invariant perturbation theory was constructed explicitly.

In the following we would like to outline some of the future challenges in nonper-

turbative light-cone Hamiltonian dynamics. LCPTh provides a useful source of intu--

ition for nonperturbative methods such as DLCQ or the light-front Tamm-Dancoff
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approximation. The contraction between nonperturbative questions, i,e., an eigen-

value problem

. (E - It0)_ = V_ (7.1)

(the free problem is defined by H0_0 = E0_0) and the language of a perturb_tion

expansion is given by

1 1 1
v + v v (7.2)

=(1+ E_ tto E- tto E- tlo

since each term iri Lq. (7.2) presents a given order in perturba.tion theory and al-

) lows for a, depiction in terms of LCPTh diagrams. Nonperturbative Hamiltonian

!; formulations often use an effective version of Eq. (7.1), such as
iI

(E - H0)q_ S7 = '/c/S _/7 (7,3)

in order to compute physical observables within a certain subspace of Hilbert space
lp

(such as e+e "- or q_" for fermion-antifermion subspaces in QED and QCD, respec-

tively). The corresponding effective potential _._/$ is of infinite order in the coupling

constant since Fock states of arbitrarily high particle cont, ent can couple to the sys-

tem under considerat, ion. Most methods, however, such as a finite Tamm-Dancoff

truncation, approximate Vej'I by a renormalized kernel [_II which is of finite order

in the coupling only. The solution of the corresponding integral equation iterates

those kernels ad infinituum and generates LCPT}_ diagrams up to infinite order in

perturbation theory [see Eq. (7.2)]. The problem is that these dia,grams are highly
m

reducible and form a nongauge invariarJt set thereof. In gauge theories in light-cone

gauge this results in k + singularities, due to incomplete cancellations of its gauge

terms.

A possible solution of this problem might be the addition of nongauge invariant

counterterms to l/ef.r which could simulate the effect, of missing higher-order kernels.
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However, st,me of those counterterms are expected to be nonlocal as well as of higher

order derivative structure. This could give rise to run-away solutions which would

aggravate the numerical treatment of the problem.
t,

With the introduction of n counterterms, rx additional parameters Cl,C2," ',Cn

have been introduced into the formalism. If one wants to go beyond the construction

of phenomenological models those parameters need to be determined by a set of n

constraints such as

< ijlfk(cl,c2,...,c,)lil >= 0 (7.4),

where lij > corresponds to eigenstates to (7.3) and k = 1,...,n . The challenge is to

construct the functions fk, k = 1,...,n explicitly. Possible constraints could be given

by current conservation, rotational invariance, and a zero mass for the photon (in

case of QED). Note that lij > implicitly depends on cj,j = ],...,n and is of infinite

order in the coupling [6]. Thus Eq. (7.4) would determine the new parameters to

all orders in the coupling. Another challenge is given by the consistency check for

the obtained set of constants cl,c2," 'cn. A possible way could be the consistent

overdetermination by means of further constrains.

The last challlenge to be mentioned iri this context concerns the scale-dependence

of computed quantities in nonperturbative methods. Scale dependencies are gener-

ally introduced through ultraviolet counterterms in the construction of the effective

renormMized kernel. Atthe fixed point of the theory, the parameters can be adjusted

(with respect to the scale) such that physical observables are scale independent. In

cases where the fixed point, of the theory lies iri the weak coupling regime, the per- .

turbative/F-functionshouldbe recovered.
I,

The central objective of this work was the study of LCPTh as a competitive tool

for standard Feynman diagram calculations. The main challenge here is to generalize

the algorithm for non-Abelian theories. One might be able to reduce the labor associ-
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ated with the computations of one and two-loop processes in QCD and the Standard

Model considerably. Examples of interest are the two-loop corrections to top quark

decay, QCD-corrections to charm and beauty production in deep inelastic scattering,

as well as tile higher loop corrections to the various spin-dependenf_ parton distribu-

tions [7]. In particular the last example suggests the use of light-cone quantization,d

since this is the most n_tural frame to discribe structure functions. Computing

higher-order corrections to these spin-dependent structure functions could also helt)

to clarify whether the Burkardt-Cottingham sum rule [8] is violated.

Finally, we present a list of statements concerning renormalization which have

been developed in this dissertation. This list serves as a glossary and provides the

reader with the necessary orientation of the results in this work.

• Alternate Denominator (See Appendix A in Chapter 4.) is a metllod in-

troduced in Ref. [9] which is designed to locally cancel quadratic divergences

as wcll as perform the mass renormalization of fermion self-energies, in or-Ib

der to ensure a consistent description for general ferx.nion self.energy dia granl

amplitudes, the method must be modified' Contributions where instantaneous

fermions are adjacent to the self-energy from the right and left must be excluded

from the alternate denominator subtraction. In addition, QED in A + = 0

gauge requires further restriction to the 9#v piece of the photon propagator

only.

• Counterterm. In addition to counterterms which are necessary in a man-

" ifestly covariant theory, LCQ requires additional counterterms. This is gen-

erally the case even for superrer, ormalizable theories (see also uoncovar'iant
q

struct, ure of LCQ and SupeT-renormalizable Models). For the construction of

those counterterms see vertex mass, kinetic: mass, alteT"natedenominator, nv,ll-

subtraction.
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• Dimensional Regularization (See, Appendix C in Chapter 4.) can be intro-

duced in LCQ by altering the dimension of perpendicular (with respect to the

z-direction) degrees of freedom.
m

® DI,CQ see Theta function regulators in DLCQ.
r

b

• Gamma-plus over p- plus terms. (See for example Section 5.4.) In the case

of the Yukawa model the noncovariant structure of the theory (see Rotational

Invariace) is restricted to terms proportional to "7+/p +. The same statement

applies for Feynman-gauge QED diagrams which contain no vacuum polariza-

tion contributions. Noncovariant terms of this kind are due to an improper

treatment of surface and zero-mode contributions in LCQ (see SuTface and

Zero Modes ). They can result, in quadratic and logarithmic divergences in LC

field theories (see Quadratic DiveTyence).

® Jellyfish Problem. (See Section 4.2.) Jellyfish diagrams are defined by irl-

serting n (n > 0) photons into the one-loop fermion self-energy. In QLI)

in I_ynman gauge jellyfish diagrams give rise to a quadratic divergence (see

_, A +Quadratic Divergence). In the continuum version of QLD in - 0 gauge tll(:

problem is reduced to n = 0 (which is actually just the fermion self-energy).

However, the problem can a,lso occur in A + = 0 g_mge since rnost, regular-

izations of the associated gauge singularity (see light-cone ga'uge si'ng'ltlarity)

reduce the small x behavior of the photon propagator to that in Feynmarl

gauge. Independent of that, quadratic divergences are unavoida, ble in A + = 0

,if questions such as current conservation are investigated ]:or the removal of

the quadratic divergences in the jellyfish graph see Null-Subtraction.

• Light-Cone Gauge Singularity. See Section 4.3.

• Kinetic Mass. See vertex mass.

• Noncovariant Structure of LCQ. See Rotational Invariance.
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• Null Subtraction (See Section 4,2,) is a method which locally subtracts

quadrtLtic divergences in n-photon jellyfish diagrams (see jellyfish problem),

The subtraction term is given by setting the total light-cone energies and perp-

momenta for the bad component of n-photon jellyfish (sub-) diagrams to zero,

® Pauli-Villars Regularization. (See for example Section 5.2.) LCPTh of

QED and the Yukawa model is equivMent (at least to two loops) to ordinary

covariant Feynman perturbatiorl theory if Pauli-Villars regularization is used,

However, unlike regularization in a covariant formMism, where only one Pauli ....

Villars photon and fermion are necessary, three ghost particles of each type

must be introduced in LCQ. If noncovariant terms (see also (';aroma-pl'us over

p-ply.s) are consistently removed at the one-loop level, tliglier loop coIltributiolls

require only one Pauli-Villars particle for each type. Pauli-Villars regulariza-

tion plays an exl.raordinary role among regulators in LCQ.

,, Quadratic Divergence. (See for example Section 4.2.) LCQ involvillg

fermions give rise to two kinds of quadratic divergences (QD).

1. QI) which cancel when all light-cone time-orderings, corresi)orlding to a l_'eyll-

man (tiagram, are summed. Those divergences are due to the la ck of al)soltll, e

convergence in Feynman integrals. A similar problem occurs in ordillary tim('.-

ordered perturbation theory. A regulator coilsistent with covariance is essential

in this case in order to recover the correct continuum answer. An example is

given in the amplitude of diagram 6 in Chapter 4.

2. QD a,ssociated with a noncovariant structure of LCQ (see Rotational h, va ri-

ance). For the removal of quadratic divergences see Alternate Dcnom, ain,ator,

Kinetic Mass, Null-Subtraction, Tensor Method, Vertex Mass, Pauli-Villars

l?,egularization.

• Rotational Invariance. (See for exainple Chapter 6.) Unless surface .....and

zero .... mode contributions (see surface and zero m.o&:s) are treated properly,
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LCQ violates rotational invariance for physical S-matrix elements. Those rota-

tions mix longitudinal with perpendicular degrees of freedom, 'rhr problem is

not expected to occur for scalar theories with energy-indeperldent interactiofl
e

vertices (see also Gamma-plus over p-plus terms),

• Self-Induced Inertia (Sn Section 6,1,) terms arise from norma, l-orderlng of

the t-l_mliltonian and can be interpreted as ma,ss counterterms which naturally

e_rise in LCQ, Their treatment is a regulal, or dependent, In Pauli-Vill_:trs reg-

-pulariz_tion femnion self-induced inertlas vanish in the case of QI:.D and the

Yuk_wa moctel, This is due to their independence on the photon (or boso11)

mass, Self-induced inertias are of second-order in the COul)ling a,lld do not give

rise for a consist, ent renorlna,lization ill higlmr loops,

. Superrenormalizable Models. (See Chapter 1 ) LCQ of stlpcrrellormal-

izable n_odels such as QED 2 + 1, QCD 2 + 1 or ttle Yukawa model in 1 + 1

dimensions show divergent structures unfamiliar to manifest, ly covaria,1_t, forml, l-

lations, ] he cause is given by a breakdown of parity invariance in naive LC,Q, "

which is due to an improper treatment of surface and zero mode contributioi_s

(see Surface aT_d Zero

• Supersymmetry. (See Appendix D in Chapter 6,) The supersymnletric

exte_lsions of the Yukawa model, known as the \Vitten-Zumino---Witterl rnodel,

does not avoid the necessity of noncovaria, nt, counterterms (see co_177*crierms),

• Surface and Zero Modes (See.. Section 6,4.) can give rise 1.o nonzero con-

e intributions when performing the light-cone energy integration in ] eynma, n -

tegra, ls. Surface and zero modes are ornitted in naive light-cone quantizatiorl

which (:&li give rise to noncovariant structures of LC field theories (see rola-
lb

tional invaria'ncc). This haI_pens when a cancellation of light-cone enc_"gle,"s iii

the numerator and denominators of Feynman diagrams occurs such that ali

poles lie either in the upper or lower complex-plane.
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• Tensor Method. (See Section 4,2,) Irl the c_se of the fermion self-energy in

the Yukawa model and QED in Feynman gauge the associated quadratic cti-

vergences (see Quadratic Divergence) can be consistently removed by relating
t

the bad component of the self-energy to its good component, Lorentz inwu'i-

ance (see Rotational InverT'lance) is achieved by construction, The quadratic

divergenc.e is avoided in this case, In addition the usuM ma,ss renormalization

must be carried out, In QED in A+ = 0 the application of the, tensor method

is rather restricted due to the more complicated Lorentz structure of the self-

energy. However, in the one-loop self-energy the tensor method can be used

when tesi,rioted to the g_,_,piece of the photon propagator only,

• Theta function regulators in DLCQ. (See Section 4,4,)Theta funct.ioil

regulators limit a function of the total light,-cone energy of Fock states. Those

regulators generally respect the kinematic symmetries of light-cone qua,nl.iza-a

tion but violate rotations which mix longitudinal and transverse degrees of

• freedom. Theta function regulators do not recover correct continuun_ a.ilswers

for general perturbative processes, unless noncovariant counterterms are used.

P the Yukawa model• Vertex Mass. In the Itamiltonian fornmlation of QLD or

the vertex mass of the electron (positron) is defined as the mass appearii_g in

the helicity flip vertex of tlm theory. In contrast, the kinetic ma,ss appears in

the free kinetic energy of the fermion, Whereas t,he (regularized) bare values

for vertex mass and kinetic mass coincide in a manifestly covariant formulation,

they must be tuned differently in LCQ in order to offset violations of rotational

, invariance (see Rotational Invariance and (.lamina-plus over p-plus terms).
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