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A Linear and Nonlinear Study of Mira

Arthur N. Cox

Theoretical Division, Los Alamos National Lahoratory

Dale A. Ostlie

Weber State University

ABSTRACT

Both linear and nonlinear calculations of the 331 day, long period veriable star Mira
have been undertaken to see what radial pulsation mode is naturally selected. Models are
similar to those considered in the linear nonadiabatic stellar pulsation study of Ostlie and
Cox (1986). Models are considered with masses near one solar mass, luminosities between
4000 and 5000 solar luminosities, and eflective temperatures of approximately 3000 K.
These models have fundamental mode periods ‘hat closely match the pulsation period of
Mira. The equation of state for the stellar material is given by the Stellingwerf (1975ab)
procedure, and the opacity is obtained from a fit by Cahu that matches the low temperature
molecular absorption duta for the Pojpulation 1 Ross-Aller 1 mixture - alculated from the
Los Alemos Astrophysical Opacity Library. For the linear study, the Cox, Brownlee,
and Lilers (196R) approximnation is used for the linear theory varintion of the convection
luminosity. For the nonlinear work, the method described by Osilie (1990) and Cox (1990)
is followed. Results showing internal details of the radial fundamental and first overtone
modes behavior in linear theory are presented. Preliminary radial fundamentul mode
nonlinear calculations are discussed. The very tentative conclusion is that neither tie

fundamental or first overtone mode is excluded from being the actunl observed one.
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I. BACKGROUND

Mira variables have been studied observationally for hundreds of years, because many
of them are bright enough to be seen with the naked eye or with small telescopes. and their
periods are so long that constant attention is not needed. Theoretical studies, however,
have been far fewer, mostly because the extensive and deep convection is difficult to cope
with in the context of stellar pulsation. In this paper we present new theoretical results,
but a definitive conclusion for which radial mode of pulsation is actually occurring still
eludes us.

The basic parameters of Mira variables are their pulsation periods (or many periods
for the red semiregular variables), their redii, and their luminosities. Surface compositions
seem to be at least hydrogen rich as for most stars, even though these stars are obvi-
ously remnants of more massive stars that have undergone significant mass loss. Thus
the composition of the pulsating envelopes, while surely honogeneous, may not be that
for normal solar type stars. Numerous coniposition anomalies are known. For example,
these red giants are often in spectral classes R, N, ancd S. Mira masses are unknown and
disputed, but most seem to come from stars with original mass of less than 2 solar masses.
More massive progenitors become red supergiants and even Mira variables, but their red
supergiant lifetimes must be short as they rapidly lose mass to create planctary nebulae
and ultimately white dwarfs. Most Miras have currently near only one solar mass.

The evolution of the Mira stars is just at the Hayashi line on the Hertsprung-Russell
diagram, Lecause their luminosity is very large for their mass. The very low mass envelopes
result from the high lumincsity blewing out the matter to large radii. The low temperature
of the matter gives it a high opacity, and consequently strong convection to carry the high
luminosity.

Nonlinear calculations to study the behavior of the Mira pulsations have been made
by Wood (19/4), by Tuchunan, Sack, and Barkat (1978, 1979), and by Perl and Tuchiman

(1990). We at Los Alamos have been trying to do these ealculations for 10 years, but
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we have not been able to be satisfied that our results are correct. We believe that the
neglect of turbulent pressure in all previous calculations is a significant deficiency, and the
instantaneous adaptation of convection by the Israel authors may be a bad approxima-
tion. Studies of the upper atmosbheres of Miras have also beer carried out by numerous
groups using a driving piston boundary condition near the photosphere, with thc latest
papers being by Bowen (1988) and Beach (1990). The resulis of these various studies give
conflicting conclusions as to the pulsation mode of Mira. Qur conclusion is that either the

fundamental or the first overtone mode is ellowed, but our demonstration is not yet secure.
II. TIME-DEPENDENT CONVECTION PROCEDURE

In both our linear and nonlinear studics we have adopted the approximate time-
dependent theory of Cox, Brownlee, and Eilers (CBE, 1966). The concept is that the
instantaneous conditions suggest a convection luminosity that cannot be realized because
the turbulent eddies have an inertie that the hydrodynamic forces cannot overcome rapidly.
Thus there is a lag behind the desired ' uminosity that can be represented by the formula

for the convection luminosity increment:
dt .
dL. = ';[Lc(t) - Lc(”]~

where 7(t) is the mean eddy lifetime at time ¢ at the level of interest in the convection
zone, and L. is the instantaneous convection luminosity desired. If 7 is smal!, convection
can adapt well, but for Mira variables it is often comparable to the pulsation period II.

The instantaneous luminosity is given by
L, = Ac'

where w is 27/I1, and A is the amplitude for completely adapting convection.
The solution for such a model with time-dependent convection is that the convection

luminosity increment, with the 7 taken constant in time, is

6L(-(t) - Btl(uﬂ—')‘

3



wkere

ard

™
]
—~
%]
I
o
)
]
fem |

Tke empl:uds B a-cually realized s of-er rmucl sinzller s2zr. ske amrplitude A. This is
because as ke cornvection is sirugeling o reack :ts explzude. the pulsation configurazion
ckarges sizn resiZiy. cvercomming eny fonvectich limincsity charges before they can Le

:raired.

Implemer-at:cn of -Lis tirme-dependen® zonveczizz involves frse calc:lating the partic

der:verives of ke cenrsciion luminzsit witk respec: ts tle temperature ard dersity orn

sth sides of ar. :r-erfz-e betvieer. Lagra=igizrn r.zss shels °n tke stellar -zodel Tlese are
calcula*ed during mocel cerstruction. Tley ere ther converied to denivat:ves witl: respect
tc the per:urtatcas of sur lineer *lecry. that is ¢ end T€S Tlen these terms are eddea
to ke exis:ingz me'rix elerer:s -ccefhicier:s of :he periu:b--:cr variables that represer:
tke Liearized mcrmenzn and erergy eguat:ons for tLe stellar quass elements. Allowance
is m:ede for :he fracticn of the 2otal luminesty d-ie ts convectiorn. the actual redzced
ar=ph:ude fror: the CBE procedure. and the ccsine of tke leg arzle 8 A-ddizioral maun:x
eler=crnt s are ricceszary for the :niap:nary paris of - == corvec o lursinosi®y vanatiurs also.
ard they use tle sin2 =f the laz acgle instead of the cos:rne

For many sizllas madels. tke legarihm:c derivatives of :ke convection lumizzsity are
L-:ze. maybe cver 2% For rad:2tiorn they rarcly get a®.ove 15 {ir *he teiaperat-ire der:vative

nd uck =.aler for ke density denivetive Tlois riatnx eleierze are sonetimes greazly
itcrez ed end cke noapadizhat:c eigenvecar and eigensclcicn can be considerably differer:

frour: the adiabat.c crne
IIl. MIRA MODELS

For *i.:s wora we Lave ron=1eted GaRy mesdels The e diceseeed ik detral Lere Las

4



one solar mass, a luminosity of 4000 solar luminosities, and an effective surface temperature
of 3000 K. The opacity used is given by a fit by Cahn to the Ross- Aller 1 solar composition
with X=0.70 and Z=0.02. The Stellingwerf (1975ab) analytic equation of state is used
throughout. For both linear and nonlinear studies 60 mass shells have been used. Table 1

gives additional interior details.

The construction of our envelope models necessarily includes turbulent pressure using
only the convective velocity at the exterior interface of each mass shell, because as the
integration proceeds, the interior interface convection is not yet known. When this model
and its linear theory eigenvector is used to start the hydrodynamic calculations, turbulent
pressure from both sides of a mass shell is needed. This is produced linearly over the first
hydro period, and it tffects the entire mean structure as well as the nonlinear solution.
This relaxation can be done rather easily, because the time scale of the layers where the

turbulent pressure is significant is ty pically a sinall number of pulsation periods.

IV. LINEAR RESULTS

Plots of the work per pulsational cycle to drive or damp pulsations are given in the
five figuces. The first one shows the hydrogen ionization driving that has been considered
for years as the sole cause of the instability. This driving occurs just exterior to the strong
convection zone top near 9000 K, because at the usual hydrogen driving temperature of
11,000 K, convection is too strong to allow tie x effect periodic radiation blocking. Figure
1 presents the strong fundamental and weaker overtone net driving, with extremely small

damping.

Figure 2 shows a very different situation where our time-dependent convection is
allcwed to adapt completely to the current configuration. This means that 6 ie zero at
all tines for all mass zones, Again the fundamental mode is more strongly driven. The
overtone has two penks in its driving because it has a node in its oscillation eigenvector at

a temperature just over 11,000 K. The driving for both modes occurs between about one
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and ten percent of the mass of the star, but the damping extends deeply to almost half of
the mass.

Figure 3 presents our best linear interpretation of what occurs for driving and damping
in Mira stars. Here 8 is allowed to be greater than zero, as appropriate for convection
lagging. Note first that there are two fundamental mode pesks and three overtone peaks
in the driving, “hereas completely adapting convection gave only one for the fundamental
and two for ‘he overtone.

Figure 4 shows the time-dependent convection case when turbulent pressure is ignored.
Again significant differences can be seen. The fundamental mode period is changed from
330 days to 343 days, but the growth rate is unchanged. For the overtone, the period is
changed from 152 days to 153 days, and the growth rage is decreased from 0.73 to 0.44
per cycle relative to our best case in figure 3.

An interpretation of these time-dependent cascs is displayed as Figure 5. Here I'; - 1
is plotted versus the same zone numbers. This quantity reveals the relation between the

temperature, density, and entropy variations as
8T/T = (T3 — 1)6p/p + 65/c,.

Places where (I'3 — 1) is small are where the temperature fluctuations are small and where
convection cannot be modulated so much. These then are places where the pulsation
damping is smaller. Convertion seems to drive when the I'y — 1 is rapidly changing giving
a rapid change in space of the temperature eigenvector. Note that the driving comes
largely from the spatial variations of ér and TéS in the eigenvector. The other factors in
the convection luminosity variations, such as ¢he fraction of the luminosity being carried by
convection, the CBE amplitude, and the Ing angle are only very slowly varying throughout

the model.

V. NONLINEAR RESULTS

Our procedures for nonlinear calculations were described by Ostlie (1990) and Cox
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(1990). The main features are: Turbulent pressure is included. Turbulent viscosity, while
small, is included. There is weighted spatial averaging of convective velocities from neigh-
boring interfaces at the previous time step, with an adjustment for their velocities relative
to the interface of interest. This spatially averaged velocity for an interface is time lagged
according to the CBE procedure, and this velocity is then used in the mixing length lumi-
nosity formula. Finally, for an interface with a subadiabatic gradient, the spatially average
convective velocity is decreased in time by the mixing length theory dragging formula, and

the luminosity at this subadiabatic interface is taken to be negative.

Current results for our nonlinear work include a fundamental mode case at the very
long period of 998 days with an amplitude of about one kilometer per second. We have
found that most models tend to decay in amplitude as they expand and cool from the

hydrostatic model. Many more calculations are in progress.

VI. CURRENT CONCLUSIONS

Since turbulent pressure plays a significant role in limiting Mira pulsation amplitudes,
hydrodynamic calculations without this real pressure, such as those by all earlier calcula-

t.ons, are probably not realistic.

Completely adapting convection produces a different phasing of the convection lu-
minosity than that for the correct lagging, and thus results using completely adapting

convection are not higlly accurate.

Our use of masses at and above one solar mass produces unobserved low pulsation

amplitudes, indicating that Mira masscs are small.

Fur masses as low at 0.9 solar mass, both fundamental and overtone modes grow

rapidly in emplitude and do not reach realistic limiting values.

Mcast important, fundamen:al mode pulsation for Mira variables is not excluded.
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FIGURE CAPTIONS

Figure 1. The work per zone each pulsation cycle versus zone number and external
mass fraction for a linear solution with frozen-in convection.

Figure 2. The work per zone each pulsation cycle versus zone number and external
mass fraction for a linear solution with completely adaptive convection.

Figure 3. The work per zone each pulsation cycle versus zone number and external
mass fraction for a linear solution with the properly lagging adaptive convection.

Figure 4. The work per zone each pulsation cycle versus zone number and external
mass fraction for a linear solution with the properly lagging adaptive convection, but no
turbulent pressure.

Figure 5. The I'3 — 1 versus mass zone number and external mass fraction for the
3000 K, 5000 solar luminosity model.
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Mira Variable Star Model
Mass: 1.0 M (1.989x1033g)
Luminosity (constant through model): 1.53x10%7erg/s (4000 Lg)
Effective Temperature: 3000 K (1.628x10'3¢m)
Composition (constant through model): X=0.70 Z=0.02
Mass Shells: 60
Last Shell Mass: 7x10%%g (r = 3x10~2)
Central Ball Mass: 9.2x10%%g (q=0.46)
Central Ball Radius Fraction: 0.04
Mass Ratios: range from 1.3 to 1.0 to 1.1 to 0.965
Convection Zone Temperature Range: 2.6x102 K to over 2.8x10% K
Radiative Luminosity Minimum: 2.0x10~% at 15,800 K
Mixing Length/Pressure Scale Height: 2.60
Turbulent Pressure
Time Dependent Convection
Fundamental Mode Period and Kinetic Energy Growth Rate: 330 days, 1.23

First Overtone Mode Period and Kinetic Energy Growth Rate: 152 days, 0.73
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