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FOUR-D1MENS1ONAL BEAM TOMOGRAPHY*

G. N. Minerbo, O. R. Sander, and R. A. Jameson
LCIS Alamos National Laboratory, Los Alamos, NM E17545

Y!3xY
A cornptitercode has been cevelaped to recofi-

struct tbe 4-~J tr~nsverse phasf-sp~ce distribution of
an accelerator beam from a set of linear profiles
m+asured at different angles at three or mere stations
along the beam. iine. The cod,! was applied to wire-
scan data obtained on the low-intensity H- beam of
the LAM?F accelerator. A 4-C reconstruction was
obtained from 10 wire-scan p’ofiles; 2-0 projections
of the reconstruction agree fairly well with slit-and-
collector measurements of tlIe ho-izonlal and vertical
emittance distributions,

Reconstruction Technique—

An algo”ithm for reconstructing the 4-O trans-
v~rse phase-space distrib~tion
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of a bean from a set O’ linear Profiles WIJS given in
fief, 1. klre scdnners or o~ticdl mpdsuremcnts provide
samp!inqs of J one-dlrr?nsic!ndl projections of f,

j = 1, .... J ,
Lu4-

In th~ simpl,,<t r.asP of interest. the

).

(1)

transfer md-
triccs TJ correspond to a drlr’t fol;owud by a rOtd-
tlon about the z-a] is

[
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Tnus gj is ~hr I-D profile measured at ~n lnq!e
tJj from the (horizontal) n-axis at a position
7 = L from (h? r)riqin.

~h(, 4.0 rv~nntlruct Ion problem is st=verely ~nder-
cfrtwminer,; the makimum ~ntropy approach’ p!od~.et
,1 solutir,n tll~t !s the “mo!,t probable” cons i~tcnl
wltll th: data for g in Lq. (l). TIM! algorithm in
ut~f. 1 was first Implpmmteri u$ing a simple trape-
lUId,II rulo tu eva]ualr th[, rcquir,,d 3-[1 integrll$.
This version of the codr WIIC prnhlbitf~ely tlmr
cu~sum(ny. U(* dvs{ r ib(,bv Iw two impruvenwnts lhat
W.reaserl the ear(ut ion tlmr hy abuut : ‘?ctor of lLI
for tnc s.dnw accuracy. Flr<t, we <tart tnti WNI
ILeratitms’ frum d 4-n bau$.ian dittrlbutlon whu$I~
prujectionz have the snmv RM$ width a> thp rrwa{ur~d

$rcond, we u~c Gaussian ouadraturr
g~f~~)~~ ~~~h tn~ w~]qhts a~lrlah%cissas of H~rmfte
polynomials to evalui,$(, the J-D inteqrals. Th~
variational procmftme to mitxtmlz~ the rntropy needs
to be rr.formulated sumowt]~i to acconrnodate these two
chnngrs.

●%L prrform;~] urtder tho ausplc.et of the US
Departmnl of Enerqy.

He assume, ;or simplicity that f has beer nor-
malized and centered as follows:

~d4v f(v) ❑ 1, ~ d“v vn f(v) cC, n= 1, .... 4.

ThA transfer matrices have det TJ = 1 under very
general conditions, hence ths gj will a150 be nor-
malized ant centered. Me define bj, the R~b width
of gj, by

b:= jduuzgj(u), j= 1, ....J .

The covariance matrix o cif f is defined as

omn= ~d4vvmvnf(v), m,n= 1, .,.,4 .

Tile relation between bj and o is

b;- SjoS+ ,
J

where SJ is a 1 x 4 submatrix of Tj.

S = [Ill ‘12 T13T14] ,

dfl~ >+ denote> the transpose of S.
Since o 1s syrmmtrlc, it has lU independent

e~um~flt~. At least J = 10 profiles are needed to
flncl u. Iicwever, if the Tj havk the term showrl
in Eq. (c’), u ~dr!nol bc completely dvtermincd for
any J. The matri~es in [q, (2) have the property

Tl]l14=T12T13 ; (7)

thus 014 -023 is not flxedby Eq. (5). This
indeterminacy pf’~sists for dny T-matrirrs thdt cLlm-
IIIltewilh the mdtrix

[

o 0 10
fJ 001

d-i=-l
1

000. (8)
o -1 rl (-.

H is the generator of rotations about the z-axis, and
014 - Gzj is pr~,portional to the mean value of
the angular mcxnentum of the beam. If T is produced
by Hamiltonian time evolution, it has the s~ulectlc
propprty.b It can be shoun that, if T is s.wplc”tic
and 1 cmnutes with 4/, thrn T must \atisfy Eq. (7).
Placing quadruple mdynel ’,between sta’.ions if OIIL’
way of remuviny the indeterminacy in 014 - oj,).
Houevpr so!enoldal field~ or $pac~-charge forcr~, arr
not cffccliv~ in removing the ind~terminary.

The procedure wc follow i> tl first flnrf thv
funl,tion $ wltF the Iargrst entropy that 11,1>thu
s~mr h, a% the mcasurrw! Drof ilr~. 1)11.entropy H 01
$ is ft;flnerlas

}1 ■ - j d4v ~(v) in $(v) .

The solution, obtained by varlallonal
~>

$(v) “ w -~ (dpt k)li~ exp [-(v, G v),

where thr 4 x 4 matrix G ha> the form

(3)

(4)

(E;

(6)

9)

10)

(11)
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The relation o = 1 ‘1,~G used in Eq. (5), cfetermines

‘he ‘diceois ~nown, he reconstruct f by rna~imiz-

Ing the conditional entropy5 (that is, the entropy
of f given $)

H(fl$) = -~d4v f(v) in [f(V)/$(v)], (12)

with Eq. (1) treated as ccmstraints. By using
Lagrange multipliers, one finds that f must have the
form

f(v) ■ $(V) ~ hj (Sjv) . (13)

J

;h~ unknc,wn 1-D functions hj are determined by
in$erting tq. (13) int~Eq. (1)

gJ(u,)= hi ‘+’ (Ul; j du2 j du3 ~ du4 $(T ;lU)
.

x n hki (\k Tj-’u) .
k#J

(14)

The superscript i indicates the iteratiun number.
The functions hj are inltidily set to unity and
upddted accc)rding toEq. (14j. Because the present
algorithn starts from a Gaussian distribution $
L},d’ matche~ thp bj of the inPut profiles, fehcr
iteratio,,s ar* neecw~. ho f~~nd th~t two or three
iterations Mill usually prlGJCE an adt)qUatt!m~tch to

‘htdd’afor’’’uqi”TO evaluate t t lnteqrals in [q. (14) wti nerd a
quadrature rule fcr intt>gral> of the form

I E ~ tiu2 ~ d~~ \ du4 exP [(-u, f)j u)] X(U) . (15)

He first perform a cholesky dtcompositiont of
l-l+; T-l intu factor!, [ that .lre

!~~r trianqu’l?r Q E+ E, ano compute the
inti~rse of L!, F ~-1 which is alsn lower tri~n-
qular. Uith the chanqe of variablrs w = Eu. thp
inteyr~l I becomes -

? 2 ?

I = F2., F21 t44 e‘w’ ~ dwl e-w? ~ dwi e-w~

i!
-u

x~dw4e 4 )((}W) .

Gaussian quadrature rulef based on Hermite
of order N arr ~pplied \ucct?ssIvPly to the

(16)

integration> in ~.q. (lb). Adrquat; accura~y is
obtd~ned with N = II In prdCtlCdl SftUaf iOn\. Thf>
matricc~ L anu F .an lIP cmrputpd ef~icicntl.y with
subroutines SPLKO dnd SIi!Il in the L1!WACk llklary.’

[xp~-rlmentdl R.vonstrurti-oni

Hire scan!,ers at thre~ stat inns separatpd by
about 90 cm were used 10 obtnin pr~i ilci of thr lAWl
be~m at 750 kPV. The m~ittlnism of thr wirr.scanr,or
actuators dld not allow US to obtain vcrttrai $can~
(8 m W). Irsstcad, we used ssmpllng angle> of
npproxim~tply -60°, 0°, and +60° fr[]m the horf~nnt~l.
At the first station, an additlon,ll profll~ w~.,
ohtalned at about 45=, The vaiuei of 1, 6, and thr

computed value Of b for tho 10 profil~~ nro given in
id~l~ I.

Ar, a chpck on thr rm:nnstruclion proeeduro, :Ir
ol,tainrd sltt-and-ct~l lr{-l[lrrnrn,.urrrnt.ntsof tnw hori-
.’ontat and vrrlicfil rmlttanlr rti~trihutlons npa~. the
ce:ltrai stdtlon. $IK Cnmoirlc set, Ot tiat,a tmrr

Table I
Geometrical Parameters of Medsured profiles

Profile j Lj (cm) ej (degrees) bj (Cm,)

1 -91.2 59.1 0.176
?. -90.9 44.8 O.lb.i
3 -90.6 -0.5 0.20C
4 -90.2 -6o.o 0.15!3
5 -0.2 59.8 0.138
6 -0.3 0.131
7 0.! -59.7 0.133
8 33.2 61.6 0.231
9 93.4 1.4 0.247
10 93.5 -59.1 0.265

obtail’ed for different conditims of beam and detec-
tors. All six data sets produced viabie rLcon-truc-
tions although the accuracy of the reconstructi~n
varied. Results obtained with the first data sei are
reported below. For the transfer matrices, we used
the simple form in Eq. (2); space-charge corrections
were not needed.

The o matrik computed from Eqs. (5) and (11)
was (in units of cm and radians)

[

1.71-2 5.2i-5 7.17-4 -1.77-5
5.2?-5 3.98-6 -4.38-5 -5.26.7

o= 7.17-4 -4m3R-5 1.B6-2 1.03-4
-1.??-5 -5.26-7 1.03-4 2.71-6

The cros>-correlation coefficients

’13
0. ‘J14 - 073_ ..—-—- , 0.04, —Q---= -0.16,

m
K17j~

=[).!? (!5)
\~

are small frr’ Lhls beam, but not negligible.
The 4-D reconstruction alg~rithm convery~cl in

two iterations and reqllirrd three mlnutcs LIII,1~b(
7550(1coml,:ltpr. The oriqinal version of ihc code typ-
icdlly requlrcd six iterations and a total of three
hours of COL 7600 time. Two-dimensional projections
of thr reconstr Icted 4-D distribut ion f are shown in
Fiqs. 1A, lB, and IC. The horizontal emittance
distributlun

[:,

11

(X,X’) ~ ~dyj dy’ f( y )..: (19)

Y’

shown in Fig. 1A also can be reconstructed by proc{ >\-
ing profiles 3, 6, and 9 with thp 7-I) emittanrm corlr
of Ref. 1. lh~ results ctbtail,ed wllh the ?-D code ar~,
d:s.pltiyed in Fig. lIJ. }iyure IL shows the result~
obtained by dPPlyfn9 the ?-~ tomography code of Rt’f. 7
to profilps 5, 6, and /. The aqr~enwnt bef.ween tl,:
4-D anti 7-I-ICodes wa> genrrdlly qssod. For comp~ri~ou
wc Irlcludr in Figs. IF and Itith~ slit-and-cc; l-(:or
mca$urrm(,nt> of t!e horizontal and vrrtical emittant”l)
dlstrihutinn, Ilyurc 1A is fairly clo~p tu 11 on a
quantitiitivp basl’,, but tht’ aqreement ht)twern Iiq>. IL
and lG is nut as good, Hmwvrr, the vrrt ical emlt-
tancr WA,, not nptimdlly smnplt=d with our choice of
vlpwinq angles.

four-dfmn~fonal r~c~nstructi~)l techniqut’~ will
bu dttp!oymt’ on the Hanford Fusion MatPrlal$ irra-
dist tons l~~t F~ctlity (}MI”r) acrpleratnr undrr con-
struction at Los Alamos. Lig:lt ?mltted by ionized or
exrltod rc~idufil gast-> will be collmt~rl hy TV camrrat
and riiyit17pd. lhe TV camera, allow fiexihillty iII
thp choler nf vl~wing anqies: tour view$ at (1°, 45°,
Yom , and 13’Imwlli h nhtalnd ,~tFnch of thrpr %La-
tiuns. Ihr a~[urfiry of thr 4-[1 roronstruc’tiont should
br Intprovi=dhy having 1? profllof initond of lo.
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1. Ccmpnrlwm of 4-D rccurstruL4km, 2- 1) rwunHlru’tlon H, snd ~Ill-urd- C[lll(lL,LOrmunsl!rcm~nl S. FILnlrcN 1A, 111,

mnd lC mrr 2- 1) projwlbnfi nf the raconfitruclcd i 1) alit!!rllmli(:n. The rrmm+truc. tlmis in Fig! . ]11 sn,l IE w~~ru

obtulnml wltlI 2- 1) raconfltructmu ml~orllhmti, Flg’urek 1F and 1G nrc lhr hurlzuntnl nnd vrrllcnl emlttlumr dlst I I -

butkmn meufiured rlkefrtiy wllh ❑llt - and- culkclur tnd rumtmt:!tlon.


