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FOUR-DIMENSIONAL BEAM TOMOGRAPHY™

G. N. Minerba, 0. R. Sander, and R. A. Jameson
Los Alamos National Laboratory, Los Alamos, NM B7545

Summiary

A compJter code has been ceveloped to recon-
struct tre 4-0 transverse phase-space distribution of
an accelerator beam from a set of linear profiles
measured at different angles at three or mcre stations
along the beam iine. The cod: was applied to wire-
scan data obtained on the low-intensity H™ beam of
the LAMPF accelerator. A 4-[ reconstruction was
obtained from 1) wire-scan p-ofiles; 2-D projections
of the reconstruction agree fairly well with slit-and-
collector measurements of the ho-izontal and vertical
emittance distributions.

Reconstruction Technique

An algo-ithm for reccnstructing the 4-D trans-
verse phase-space distribation
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of a bear trom a set o' linear profiles wds given in
Ref, 1. wire scanners or optical measuyrements provide
samplings of J one-diransicnal projections of f,
denutec by

!
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In the simplest case of interest, the transfer ma-
trices T, correspord to a drift foliowed by a rota-
tion about the s-aiis
cos 8 I cos v sin 0 L sin @
V] cos ¢ v sin 0
1 - |[-sin® -l sin ¢ cos 0 L cos @ (2)
0 -sin 0 cos ©

Taus gy is the 1-D profile measured at an 1ngle
6§ from the (norizontal) x-axis at a position
7 =Ly from the oriqin.

he 4-0 reconsteuction problem s severely under-
determiner,, the maximum entropy approach! produces
a solutinn that {s the “most probable* consistent
with th. data for g in tq. (1). The algorithm in
Ret, 1 was first implemented using a simple trape-
70 vdar rule to evaluate the required 3-D integraly.
This version of the code wac prahibitisely time
cansuming. We describe below two improvements that
age.reased the exccution time by about & fsctor of 10
for tne same accuracy. Fir<t, we start tne MIN]
1terations' from a 4-D Gaus.ian distribution wnuse
projections have the same HMS width as the measured
pr01v1ﬂ§ 9. Second, we use Gaussian guadrature
rules?s *th tnhe weights and abscissas of Hermite
polynomials ta evaluiy’c the 3-D integrals. The
variational procedure to maximize the entropy needs
to be reformulated somewhat to accommodate these two
Cchanges.,

*Work performed under the auspices of the US
Department of tnergy.

We assume, .or simplicity that f has beer nor-
malized and centered as follows:
Jddv f(v) =1, [ dd vy f(¥V) =C, n=1, ..., 4.
Th: transfer matrices have det T; = 1 under very
general conditions, hence the gj will a'so be nor-
malized anc centered. We define bj, the RM5 width
of 95 by

bg = | duu? I C NV (3)
The covariance matrix o of f is defined as

Omn = | 4% vpovg f(v), min =1, ..., 4 . (4)
The relation between by and o is

? +
bj = Sj o Sj .

where S; is a 1 x 4 submatrix of Tj.
S = [T Tz g Nal) (6)

and S* denotes the transpose of §.

Since 0 s symmetric, it has 1V independent
e'ements. At least J = 10 profiles are needed to
find 0. Hcwever, if the T; have tne torm shown
in Eq. (¢), v ctannot be completely determined fur
any J. The matrices in Lq. (Z) have the property

Tir e =Tz 3 s (7)
thus 014 - 023 is not fixed by Eq. (5). This

indeterminacy persists for any T-matrices that cum-
mite with the matrix

0 0 1 0
0 0 0 !

q=|-1 0 0 0 (8)
0 -1 0 0

€ is the generator of rotations about the z-axis, and
014 - ¢23 is pruportional to the mean value of

the angular momentum of the beam, I1f T {s produced
by Hamiltonian time evolution, it has the symplectic
property.® It can be shown that, if T {s symple-tic
and T commutes with &, then T must satisfy Eq. (7).
Placing quadrupole maynet: between sta‘ions is one
way of removing the {ndeterminacy in o0)4 - oz).
However solenoidal {ields or space-charge forces are
not effective {n removing the indeterminacy.

The procedure we follow is t) tirst find the
function ¢ with the largest entropy that has the
same bj as the measured profiles. Ine entropy H o
¢ is defined as

He - | ddv e{v) In e(v) . (9)

The solution, obtained by variational techniques,’®
is

olv) = n -7 {det G)V/2 exp [-{v, G V)] . {10)
where the 4 x 4 matrix G has the form

4

G » } ) bj SJ . 1)



The relation o = ) G']. used in Eq. (5), determines

the 18.

rnce ¢ is known, we reconstruct f by maximiz-
ing the conditional entropy® (tnat is, the entropy
of f given ¢)
H(f1¢) = - ddv f(v) In [f(v)/8(v)], (12)
with £q. (1) treated as constraints. By using

L agrange multipliers, one finds that f must have the
form

fv) = ¢(v) T h. (S.v) (13)
j J J
vhe unknewn 1-D functions hj are determined by
incerting tq. (13) int~ Eq. (1)
i+] \ -1
QJ(U]) = hj * (U), f du2 | duJ | du, ¢(T j u)
x o non s 1y (14)

k=) k ko
The superscript i indicates the iteration number,
The functions hj are initiaily set to unity and
vpdated accorcding to €1, (14). Because the present
algorithr starts from a Gaussian distribution ¢

that matches the bj of the input profiles, fewer
iteratio.s are neegea. We found that two or three
iterations wi'l usually pricuce an adequate match to
the data for *he g,.

To evaluate tﬂe integrals in fq. (14) we need a
quadrature rule for integrals of the form
De [duz | duy | dug exp [(-u, Q5 u)] x{u) (15)
We first perform a Cholesky decomposition® of
Q; = 1;-1*3 15-1 intu factors [ that are
Tower {rianguiar Q; . €' £, ana compute the
inverse ov £, F E“ which is also lTower trian-
gqular. With the change of variables w = Eu, the
integrel 1 becomes
o _w2 _N?
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x [ dw, e x(Fw) (16)
Gaussian quadrature rules based on Hermite polsnonials?
of order N are applied successively to the three 1-D
integrations in fq. (lb}. Adequate accuracy is
obtaned with N = 11 1in practical situations. The
matrices t ano F _an be corputed efficiently with
subrout ines SPOCO and SIRDL in the LINPACK Tikrary.*®

bxperimental Koconstructiony

Wire scanrers at three stations separated by
about 90 cm were used 1o obtain praiiles of the LAMPI
beam at 750 keV. The mechinism of the wire-scanner
actuators did not allow us to obtain vertical scans
(6 = 90°). Instead, we used s 'mpling angles of
approximately -60°, 0°, and «60° from the horfzontal.
At the first station, an additional profile wa.
obtained at about 45°, The vaiues of L, 6, and the
computed value of b for the 10 profiles are given in
fable I.

A< a check on the reconstruction pro-edure, e
ol.tatned slit-and-collector measurements of tne hori-
sontal and vertical emittance distributions near the
ceatral station. Six comblete sets ot cata were
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Table |
Geometrical Parameters of Medsured Profiles

Profile j Lj (cm) 8j {degrees) by (cm)
1 -91.2 59.1 0.176
2 -90.9 44.8 0.183
3 -90.6 -0.5 0.200
4 -90.2 -60.0 0.158
5 -0.2 59.8 0.138
6 0 -0.3 0.1N
7 0.2 -59.7 0.133
8 3.2 61.6 0.2
9 93.4 1.4 0.247
10 93.5 -59.1 0.265

obtaired for different conditions of beam and detec-
tors. A1) six data sets produced viabie recon_truc-
tions although the accuracy of the reconstruction
varied, Results obtained with the first data sei are
reported below. For the transfer matrices, we used
the simple form in £q. (2); space-charge corrections
were nol needed.

The o matrix computed from Egs. (5) and (11)
was (in units of cm and radians)

1.71-2 5.27-5 7.17-4  -1.77-5
.27-5 3.98-6 -4.38-5 -5.26-7

o=| 7.17-4 -4.38-b 1.86-2 1.03-4 V175
-1.77-5  -5.26-7 1.03-4 2.71-6

The cross-correlation coefficients

(4] O~ o} -0
B g.0a, =2 - 01, ?3?{ R,

v . 4

are small for {his beam, but not neyligible.
The 4-D reconstruction algurithm <onverged in
Lwo iterations and required three minutes on a CW(
7600 computer. The original version of the code typ-
ically requirad six iterations and a total of three
hours of COL 7600 time. Two-dimensional projections
of the reconstr icted 4-D distribution t are shown in
Figs. 1A, 1B, and 1C. The horizontai emittance
distribution
[x
l L]

“(xen') = [ dy | dy' f([y )
yl

(13

(19)

shown in Fig. 1A also can be reconstructed by proccss-
ing profiles 3, 6, and 9 with the 2-D emittanc~ code
of Ref. 1. The results obtained with the 2-D code are
d:isplayed in Fig. 10. Figure 1L shows the results
obtained by applying the 2-U tomography code ot Ret., 7
to profiles 5, 6, and 7. The agreement between ti. .
4-D and ?-D codes was generally good. For comparison
we include in Figs., IF and 16 the slit-and-coil~cior
measurements of the horizontal and vertical emittance
distribution, Figure 1A is tairly close to Il on a
quantitative basis, but the agreement hetween Figs. IC
and 16 s not as good, However, the vertical emit-
tance wan not optimally samplied with our choice of
viewing angles,

Four-dimensional reconstruction techniques will
he deployed® on the Hanford Fusion Materials Irra-
distions [rst Facility (FMIT) accelerator under con-
struction at Los Alamos. Light emitted by fonized or
excited residual gases will be collected by TV cameras
and digitized. The TV cameras allow flexibility in
the choice of viewing angles: tour views at 0°, 45°,
907, and 135" wil) be ohtained at each of three sta-
tions. The accurary of the 4-0 reconstructions should
be improved by having 1?2 profiles instead of 10,
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Fig. 1. Ccmparison of 4-D recorstruction, 2-D reconstru-tions, and ¢ lit- and- collecior measnrements,  Figures 1A, 1R,

and 1C are 2-D projections of the reconstructed { D dintributica.

obtained with 2-1 reconntruction algorithms, Flgures

The reconstructions In Fig o 1D and | E were
IF and 1G are the horizontnl and vertical emittanee distii-

butlons meurured directly with slit- and- collector Instrumentation.

Refrrences

0. R. Sander, G. N, Minertn, R, A, Jameson, and D 0, Chamber 1in,
“Bcar. Tomagraphy in Two and Jour Dimenstons.”™ Proc. 1979 Linea:
Accelerator Conference, Mor cuk, WY, Sept. 10-14, 199 (Broochavrn
Nal. lab., Upton, NY, 198, 'NL-S1194, 114 114, -

M. Abramowils and 1. A. Steyur, Mandtond of Mathematlch une -
tions,{Nat. Bureau of Mandards, Washington, DF, Y9RL, BT 974,
U. K. xahaner, Nat. Bureau of Standsrdy, Mashinglon, DL, private
communicatlion, 1980,

L. D. Courant and H. . Snyder, Theor
Sy 'chrotron, Ann. Phys. 3, 1-4B (194%).

of the Alternating-Gradient

C. t. Shannon and W. Weive: , Mathemaltval Theory of Comrunica-
tion, (Umiv. 110inots Prosy, Urbana, 11, TOGT), Sed, 0.
Y. J. Dungarra, C. B, Moley, J, R. Bunth, and u. W. Slewarl,
LINPALK Users” Gutde, (Souve'y for Industrial and Applied
Matnenatics, Pniladelghia, PA, 19/v), Chaps, 3,6.

6. Minetbo, "MINT. A Barimum Fntropy Algorithm for Reconstructing
® Source frum Projection Data,” Tomputler Graphics Impge Proresy-
tng 10, ab-6it (1N)9).

D. D. ¢homemr T4, 6 W, Moaerbo, L. 0. Te ), and J. . G Vpaas 3k,
“Nunintercept tve Transverse veam Tlagrosty o, ® Paper [-BU, thiy
Conference.



