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Experimental and Theoretical Studies of Spectral Alteration in Ultrasonic

Waves Resulting From Nonlinear Elastic Response in Rock

P. A. Johnson, K.. 1?. McCall, and G. D, Meegan, Jr,

Earth and Environrncntal Sciences Division, NIS D443, Los Alamo$ National Laboratory>,

Los Alamos, New Mexico 84545, USA

Experiments in rock show a large nonlinear elastic wave response, f~r

greater than that of’ gases, liquids and most other solids, The large response is

attributed to structural defecfs in rock including rnicrocracks and grain

boundaries. In the earth, a large nonlinear response may be responsible for

significant spectral alteration at amplitudes and distances currently considered to

be Wt)ll within the linear elastic regirnc.

k~wrdingi of’ seismic wiivcs ;It vwious dislwlccs from (Ilc ~(mrcc arc used to cstIl]ul[c llw

mognitude of the swrw, ~hilriictcriz.c high frc(iucncy roll-off iid model source p;tr;ltm’[cr~, It is

gencrii]ly iiSSU1lWLl thtit beyond H fC’V S(mfcc radii, seismic WiiVCS ptl)p:lgiitillg OUtWiUd floill ?hl?

~(!~!r~yr~si(~ in [~n~]:~sli(’:!]lvIiw;!r !l]L!!L’rlL!!,!.1:,. In iI ln~)lcri:ll1}]:11Il:l\ HIinmr mi;lliollstlip

hctwccn strew iind Striiill. A n(mlincw rcl:l[i(mship hctween strr$s iind str:kin (n(mlinr;ir t’liisfl~ity)

implies WiiVt? nlultipli’:iiti(m haling to thr. C1~il(ioll of SUII1 iilld diflcrencc frqucll~y W;lvf.’s, i.c,, the

ftiilurc t)f WilV(’ superp(vii(i(m Thus, if wismic w:lvcs pll)p;ig;ltc :It sufficient Stl’ilillS in il suitably

hrgc Volume for n(mlinc:!r clnstic cfltcts to Iw inlpm:mt, then Ill)pollilllt fCiltllfl?S in ii scis[l]()~r;lt

will h: modified hy el;istiu Ilorltlnc; trity, l; Still lill~\ 01” magtllltldc, i!sse$sllwrlt (: I 11)11 of”t”, ;ul(i

rn(xlcis of s(mrt’c pm;lrlwlcrs sh(wl~i be (’ollslslrtlt with n(mllnrill ClilStlL’bctl;tvi(m

I
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Seveml laboratory studies of nonlinear elastic behavior in solids already exis[ 1. Tl,ew

studies show that spectrum al[ermion in tie form of harmonics incrcme: wi[h wave propagation

distance. However, s!udy of nonlinear elastic behavior in rock is relatively newzg. in cm-mast m

most solids, rt~k is strikingly he[crogcneous cm scales from millimeters to tens of meters duc in

part lo structural defects in the form of micrwmcks, grain boundaries and frictures. Tlwse

structural defects cause a large compliance and [herefore a large non]ine:ir elastic response in rtwk,

As a result, the cubic anharmonici[y (the first order nonlirwa.r elastic contribution) in rock is

typical] y many orders of magnitude gma[er than in other solids2,71 ‘[’.

Our goal in this work is 10 exuminc k extcnl 10 which source frequency conkn[ is alIcml

during rmnlincar seismic wil~~ prop:lgil!i(m. To this end, we hiiv~ conducIIx! ul~iis(]niti

experimcn~s to study the spcctrtd ~hiln~~s th;~[take plii~e al(mg [hc W;IVCpropilgilti(m p;l[h. t:or il

pltint ~il~r proptigilting in :11)~lii\[i~ m:]l(.riil] with cubic iil~l);i~l~)lli~.ity, [h~ ampli[udr (d”ltl~’ 2(,J

h:mmmic is pr(~i~tmi(mill K) xli~l !;. whcru x is ~tic propiigiliio[~” (li\[iinc~, k=tic is the ~il~~ vc~.t(w.

and II is the displil~~n~n[ ;~nqlli[u(lu o!’ [h. wmcc at frcqucm.y m {)ur initii~! cx[u’rimcnls fiwuwxl

on u(m~lnning [hi~ rsult. Wc um!inncd [hill [hc illl]~~l][ild~ IJt”Ihc 2m hilmx)[lk SL’UILYI w III] x. AI

lixcd x, tt,c umpli[udc ()!”[hc ?(I) h;lrmtmic sc:IlcLi ,IS frqm-my ~qlliir:(l (h;) and i\\ s(ulrL’r

imlplitudc S~llilKYl ( 1 I; ) “1’1111s IllL- funlhllwnlul prrdi(ll[)ll lt~l lhc t~hu~i(}r (Jl”[hc 2(0 Immlfnllc in

nrnskW:lS Lxmfinmxl “1”11~c[~ll][ll(’!,si~)l];ll ll(~lll~ll~ilr 11NXII]II15 (1 W’ilS llk’il~lll”l”(l Ill k 7(HK) ‘/ 25’;;

(1111is lvs~ th;lll I () I(w 111(1s[s(di~l>i 11()), V’r ill!io (d)sclvcd Ihc slr(m~ f:r(~wltl (Jf (xhl t~ilml(mic’s 111~

timl 50), Suggrstlllg ttl;ll il Iligtwl (mh’r lcnll ill Itw slw:fs slr:lill rvlilli(mdlill (q[l:lrtit,’ illllJill lllolli Cll\ )

lllil~ k ncccswy [() ~ivr il C(NllplCIC tlWolTli L’ill drs4.-ripti(m 01 Ilolllillrilt Clil\liC lWllil\lol in I“(KL

WC Mgllf!, hil.SC(l(Ill our ol’)SCrVillioll\” ill illlrilSollll” fnx~url)cms, IIlill IIIC CffCL’1of Ilolllillcilr Cli\Slll ily

on seismic wlivc pll}pil~il[loll llul~ lx IilrgC, III](I sh(mld k ct~llsidl.rrd in m(deliilg
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inclusion of linear attenuation leads to a stxdightfi.mvard mmlificiinon of this equalion ’41’ 5“(’. For

a longitudinal plane wave propagating in the x direction, the equation of motion in the absence of

atwnuation is ‘b

MLu) _ 1- al&4 =
ax? C2 alz + -j!X(a$y )2.

when= ~ is the nonlinear coefficient defined ns

~ ~ ~(A+2p)+2(l+2nl).. . ----

2(k+2}l; ‘

l(k~ (IN) , 11[1’’h”xJ?k, ?(,,,,
U(x,l) Il\)( x.1)+ 111(X,1) = [11”

2
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fundamental ampliluck [!. In our experiment, we tes[ for these signatures of a 2QI harmonic due I()

cubic anha.mmnicit}’.
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cm, also at increa~ing drive level. For de~ected displacements at the fundamental frquency as

small as l(TN m, the composiricm of the displacemerlt frequency spxtrum at 58 cm is extremely

rich in harmonics no~ present a! the source, out to at least (k Funher, these higher harmonic

displacement fields have amplitudes that am a sensitive function of the drive amplitude. Similar

results were obtained for .30 frequencies in the range 8-24 k}{z.

In order to emphasim how little wave distortion is required to produce the harmonics

shown in Fig. 3, Fig. 4 shows a portion of the time signal at Iiirge input drive level collected at 58

cm (large amplitude solid line) in relation to a pure sine wave of equal amplitude (diishti Iinc).

The difference betwern the two signals is the low amplitude solid Iirw.

The amplitude of the displiwment field at 2W was found to inmetise linearly with source ~~

receiver distancr x. A represen[:i[ive rcsul[ is shown in }:ig, S, where [he relative amplitude R of

the 2(I) hilrrnoni~ is plot[ed iis it function of dist:~m”c from ~h~ wwrcc trilnducer for ;I 1.3,?5 kl I ~

drive. R if [hc riltio of the amplitude ul ti[ l,) (sollruc frcqurnc} of m) to the amplitude U(! ;iI 2ii)

(sourve freqt]cnq of 20)). ‘1’his rillio Wil\ Iiilil’11 in (mlcr [(~ LIXTeL”tfor detector sitr cffc’cl~ :Illt!

in[rin$ic a[tcnu;ition. Auxmlinp I(J til, (2 ], this riitio is proporti(m;ll” to the ~)n}piig:l[i(~l~ dis[ilm.~.:

~ = lU](\!2(l))l

IU()(S,20))I
-x (1)

“Ilw rrsults in l:i~. 5 cwnfirrl] this prrdi~’ti(m, MciIsiINtIWIlls thr(nl~h[mt IIw frqucm’y

1W’.7
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the behavior of the obsemed 2m harmonic amplitude and Eq. (2), we are confident tha[ a

significant portion of the observed response is due m cubic anharmcmicity in the elastic response of

the rock.

The compressional nonlinear pmi.rneler ~ was calculated fi-om Eq. (2),

p = _ WJI(X,2U)I
(JXluo(x, (o)lp

(4)

where u] is the amplitude a[ 2W m.! U() is the amplitude a[ rJIwhen the source frequency is w, c =

2600 ‘/. 50 rds, 61Q7t = 13.75 ‘/ 0.()()2 kIIz, and x = 3.() 4/. 0.1 cm, We find ~ = -7000’/ 25C,i

for our simdstonc sample,

We htive used [he simp]cs[ form of [hc theov, Eq. (2), to discuss and analyzf the di)tii,

neglecting the cffcc[s of :i~[cnuiititm and higher order [m-m in the solution m Fq, ( 1). We htivc

available Ihe msul[s of u complc[c ~il[mcr][ of [hc thcorc[icid problem including atlcnuiit ion lfI tind ii

~illilCUlilr, Wt’ Iill(l 111;11the 3(1) tlilIlll(MliC illll])lllll(l~ pro~~ l)rol~ortioi]iill~ wilh ( I ~, ii rcsull which is

thnt higher (mlcr tcrn]s (i,r, quitrti~ ill)ll;lrll](~[)il”ity) in ttw stress s[rnill rt-l;ltim~hill m:ly k

lle(’~ssilr~ I(J givr il (“olllplclc (Icsl”ripti(}l) 01”Iltmliwnr cl,lstic tYhil Vi[)r in nn’k,
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Discussion

What do our observations imply for seismic wave propagation in the earth? in order to

answer this question, we examine some important considerations affecting nonlinear el;~s[ic

behavior in seisrmc waves.

How does the nonlinear response of rock vary as a function of depth in the earth? It is

known from laboratory experiments19 that the dependence of velocity on applied stress in rock. is

very large due to structural defects such as grain boundaries and crocks Wtlich act m make the

material complianl. At pressures of order 0.5- 1.0 k13ar, depending on the degree or type of

structural defect, velocity becomes relatively independent of applied pressure, as is the case for

materials such as metals or single crystals. Therefore, if the nonlinear response is similar at

seismic frequencies we expect thal the strongest nonlinear response due so structural defects in the

earth will occur to depths of several hlltmleters. At deep crustal and upper mantle depths, the

question of the pmsencc of defects in the form ( open cracks and fractures, which COLIld cause a

large nonlinear response, is under discussion2°21’2227.” Evidence suggesting the existtncc of

open cracks at dccil cn]suil ~nd upper nxintlc depths is based t~nlargcI thiin expecwd (fn)nl

Iaborator>” experiments) clcutricai c(mductivity rllc:tsl]mrl~cnts~()’~1,~~,~~,deep I-xmht)lc

obwrvatiorrs of ~)pcn cracks and fracture s24,2f, infcrrnces fnm] nwt;imorph ic promsscs where

chemically k)und wtitcr is forced inm defec!s 20, direct obscrvution of crii~’ksin upper m;inIlc

xenoliths27, seismic wurcc inferences requiring largr fluid prvssurcs~x, ami ariiwmx~p) in wave

pr{qI;I~I;ItI(mattr-lbutc(i to alIgncd urack~ and fra~turrspo, Bawd (m the ab(we cvidrnut:. it i~

p)ssiblc that a large n(mlinrar rcsix~nsr is pmwnt ilS drxp as tbc base {Jfthe cn]~t and upper nxinllc

(fuc to the existence of struclur:il de!”uI\ thiit act 1() n]iikc the mntm-ial mom complitini.

Arc strains large enough to pr(xtuce a significant nonlinear response at large distances from

a seismic s(wrcc, iin(! will the w’ depcndcncr of the nonlinc:w rcsptmsc. Ik]. (2), mitkc mmlimar

effects at scisl]]lc f“rqmncirs ncgll~ihlc” Wc hilVC’nurlwri~ally nltdcllcd the pn)pii~;lli(m 01 a l~liill~

W;IVC]V(M!l]CC(!by d btodbi!rd SOIIICC(I{]ill’kll];lll 1 iillTi\ window) :It wi~!llic frultlrr]~ic~

including mmlinc;lr clasl Icltv aml alt~llilation If’. WC Chosr [J 10{, Nn(l spcuific dlssip:lti{m Q

7
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(equivalent to energy loss per cycle) for an active tectonic rrgion of order 102. The initial source

displacement amplitude was chosen to be consistent with a typical displacement from a magnitude

5.5 source~),j]. In Fig, 6, we show the evolution of the displacement frequency spectrum at 1,

10, and 100 km including the nonlinear response to first order. Note especially the change in

comer frequency with propagatioil distance. Clearly, t~e effect of nonlinear elasticity on the

displacement frequency spectrum with distance is significant, especl: lly at low frequency and in

the high frequency roll-off portion of the spectrum

In conclusion, our results indicate that the progressive effect of nonlinew response in rock

on the frequency spectr:iof’ sei~mic waves may be significarl for waves propagating in the earth’s

crust and upper mantle. Remote obsewations o!’seismic frequency spectra may be substantially

different from the originating source frequency spectrum. Further studies of nonlinear elastic

response in rock as ~ function of pressure, fluid satur;ition, stru~’tural defect, and dimension tire

forthcoming

Slrc.ss

(5)

Here,

K
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A can be thought of as the fractional amount of the displacement derivative which is retarded in

time, T is the characteristic damping time, and the t always refers to the sign of the angular

fRquency] 5. By making the assumption that T and A m the same for all displacement

components, we are assuming that Q is the same for both compressional and shear waves, and th~t

both types of waves experience the same velocity shift from low to high frequencies. In the

absence of attenuation Eq. (5) be:omes,

cr = 2(2 + 2p)Uko cos(mL)t). (6)

We have taken measured strain to be the linear strain definui by EL= $. In Fig, (7), we show’

the time mace of strain as a function of applied stress. The stress is applied at x = Oand the strain

is calculated one wavelength away (J. = 200 t-n’),Fig. (7a) is a plot of stmin as a function of’stress

in the absence of tittenuatiorl, Fig. (7b) is a plot ~~fstrtiin as a funcrion of stress when at~enuati(nl is

present. The input pmameters for the calcul;iti(m were wJ2n = 30 Ilz, u=lo-~ m. c = (lo(x)nis, p

= -101,6 = -I(F (secon(l order nonlinear coefl’icient)l~, T = 0.01 s, A = ().1, x=200” m, and k + 2p

= 10s MP;i, I’Jotcthat in Fig, (7a), the first order nonlinear contribution to the strain consis(s of

,,
symmetric lobes about the cmgln. while the scctmd order non]inetir contribution is asymrnctri~,

causing the toMl strain to roll over towarci an asymptote. The direct]on of the roll over of the

second order term depends on the sign of thr mmlinear coefficient 5 which is alwtiys negati~’e for

r(Y:k in our cxpcricncc !n ill: (-~t>)wc src th;il ~ttcnl];ltit)n wfds hv~teresls to the Iinc;kr stt-uin. At

these lCVCISof attcnuati(m, [he first orcier rmnlincar contributitm is ch;tnged very Iittlc f’r(m~its

contribution in the absence of attenu:, tion.
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Science (Contract # W-7405 -ENG-36) with the University of California. A review by R. A.

Guyer, and discussions with T. J. Shankland, R. J. O’Connell, S. R. Taylor, L. Hirsch, and B.

P. Bonner me gratefully ackriowledgecl.
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Figure Captions

FiG, 1, Experimental configuration,

FIG. 2. Source disph’ :ement spectrum at increasing applied voltage< as shown by the different

line types. Drive at 13.75 kHz.

FIG 3. Displacement spectrum 58 cm from source at increasing applied ~:olmges corresponding to

FIG. 2. Note (he richness & the spectTurrIcleated by nonlinear elasticity in the rock

during wave pr[pig:ition. Drive is at 13.’75 kHv..

FIG. 4. Time :eries showing distorted wave at 58 cm from source (Itirge amplitude solid line)

versus purt’ sir;e R:l\Ie (dashed lirw). Tllc diffm-enm l-wtwcen tht IWOs]gnals is the I(N

ampliludc solid Iinc.

II
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FIG. 7. Smss - strain response over one cyck from a continuous sine wave source. The linear,

first and second order nonlinear, and total strain response are shown. (a) In the absence

of attenuation. (b) including attenuation.
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