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1. Introduction 

When the matrix of a nuclear waite in porous rock dissolves 
in {round water, other species in the waale are ako releaaed. Some 
ipecies, such at the actinidea and rare-earths, areofauch low solubil
ity that they may precipitate aa aoou aa they are dissolved, depending 
on the rate of matrix distortion, their concentration ia the waate 
solid, their solubilities, and the ground water transport rate. We 
have previously studied the solubility-limited dissolution of single 
ipecias i t controlled by the rale of advective mass transfer from the 
wsste surface.1 When the waste constituents include low-solubility 
members of a decay chain, Ike radioactive decay daughter can form 
a precipitate at the wast* surface or in the rock away from the waste 
surface. Here we present a simplified analysis of Ike precipitate for
mation and dissolution of special in a two-member decay chain. For 
this purpose it is assumed that flowing ground water becomes satu
rated with the chemical species of Ike nuclides as it flows past the 
waate, resulting in a constant rate of solubility-limited dissolution of 
the waste matrix. Assuming congruent release of other wsste con
stituents Cram the solid, the time-dependent amounts of precipitates 
of the first and second member of the decay chain at the waste sur
face can be calculated. Numerical illustrations for tke M 4 U - J S 0 T h 
chain from spent fuel are given ia this paper. Full derivations are 
given elsewhere.3 

2 . AaarytU 

We consider one-dimensional transport Ikcougk porous rock 
bom sa iafaiu plane source normal to the direction of water low. 
Water tows unidireclionally at tke tame velocity tkrougkout the 
medium. Retardation ia treated by eevikbriurn sorption. Dawersion-
free transport is assumed. Tke mass balance at tke interface between 
watte aad porous rock m skown tekemetican'y ia Figure 1. 

Tke governing equations lor transport of a two-memket decay 
chain are 

/ f t ^ + »2j!|i+A,/r,JvY*0, i >»,(>!. (0 

* l ^ + » ^ + A>K,tf, - XiKtN,, * > 0 , I > 0 (2) 

where subscripts 1 and 2 refer to the mother aad daughter nuclide* 
respectively, and 
W,(r,<) is the concentration of the i " member in tke water phase in 
a porous medium at a distance z from the dissolution location at a 
time I after the start of dissolution, [kg-nuclide/m1], s'=l,2 

A', = sorption retardation coefficient for the i' h member, i=l,'2 
X, = decay constant of the i1* member [yr" 1], i=l ,2 

The aim of this paper it to find the mass rate of release per 
unit cross sectional area, «\; the mass of precipitates per unit cross 
sectional area, l\; the concentration of the nuclides at the interface 
and in the field, N ( (0,l) , ,V,(r, I); and l r t , the starting time of 1 M T h 
precipitation: I J,, the duration of uranium precipitate; and l j . k , the 
duration of 3 M T h precipitate. 

For illustration, we assume a simplified dissolution model 
whereby the waste solid dissolves at a constant mass rale for a leach 
lime 7", releasing Its waste constituent* congruently. We assume a 
waste cylinder 4 m high and 0.5 m in diameter with 1.8 Mg of heavy •> 
metal, containing 1710 kg of " U , 0.329 kg of >»U and l.o9 x 10"« 
kg of , M T h initially.' The waste it in a water-saturated repository 
where the rock porosity < is 0.01 aad ground water flows at a pore 
velocity v of 10 m/a. We assume a leach lime T for the waste solid of 
10* years and solubilities N' for uranium and thorium of 10'* kg/m 3 

and 10"* kg /m 1 respectively. Uranium released from the waste will 
initially precipitate due to the choice of solubilities. 

N„(z,t) 

Work supported in p u t by the Repoiiiory Technology Program of 
the U. S. Department of Energy via Contract DB-AC03-76SF00098 

Fig. 1 A compartment model lor the dissolution 
le precipitation of a two-member decay chain 



From a m m balance in the waste we find these initial concentrations 
that would result in the absence of solubility limit* 

N; = 8.55 x 101 * 5 / m s 

.v; = 1,64 x 10"* k)/m' 

.Vf, = 1.80 x 10-'° i 9 / m 3 

(3) 

(•1) 

<5) 

where the subscripts a, 3 and Th stand for "'11, ""U and "°Tli re
spectively. Ilt-cause ,VJ -r .VJ > .VJ, the uranium solubility, uranium 
precipitates at I = 0 and continues until 

fti = 5.5 x 10" years ("1 

For the purpose of calculating the duration of the uranium precip
itate, we include the decay of S M U, but we neglect the decay of 
: M U in the formation of "*U in calculating the latter'• concentra
tion. Assuming that '"(1 and 3 U U dissolve from the waste in the 
same ratio as they exist in the waste, we can write equations for the 
concentration at the interface 

AMO.tJasNuTT*"*". 0 < i < T (7) 

'*s 

N<(0 .0*Nu£j<-* , '** ' l , - r \ r < l < I J (8) 

W,(0,l) = 0, O i J , (9) 
The release function for the mother nuclide W U is 

*,(!) = vAf;«-*«"Jn(0 - h(t - T)) (10) 

where k() is a Heavitide step function. Eq. (10) states that, in 
the absence of a solubility limit, ground water at velocity « would 
carry away the initial concentration of ntV exposed at the interface, 
subject to decay, during the learn time. If we assume Ike isotopic 
ratio in the precipitate is the same as the waate, we caa calculate 
the rate of formation of the precipitate of uranium 

A" 
ftW = »$•(*•-AWe-**' o<<<r (ii) 

Eq. (11) stales the conservation of mass at the interface. The excess 
of the initial concentration over the solubility that is not advected 
away is precipitated. Here because U*U is much more abundant 
than 3 M U , precipitation is controlled by the concentrstion difference 
of , M U . Beyond the leach time, the amount of precipitate of J*1U 

«•<«) = 5 i - « " * , , + M , - T ) f t ( « ) . • > T (12) 

is directly related to the amount of precipitate of U*U. Assuming 

P.(«) = »r(W; - /VJ)e- l'"-T> - 2 j £ ( l - e"»«<,-T»),l > T (13) 

This completes the set of boundary conditions needed to solve the 
governing equation for the concentration of the mother nuclide 3 M U 
everywhere, and a full solution can be given 

A-,(,.J) = /VJ^e-<»''""'Me-»>< ,-'-'[M<- - ) - h(l-T- i-)] 

+ e - M . - . / . . » M . - 7 - . , . , > [ n ( ( _ T _ i , _ M , . , . _ i,,,, * > 0 

fH> 

where «i = v/Ku is the migration speed, the pore velocity divided 
by the retardation coefficient of uranium. 

Now we are ready to deal with the daughter nuclide a ° T h . 
At ( = 0 "°Tli is not at solubility so no precipitate of , 3 0 T h rn-
iBUi initially The rrlciwo rale of 3 3 n Tl i from the waste is also the 
dissolution rale, and is 

»r»«> = ",Vf K'-
f.V;A. 

, - a s 
- ( , - » • • ' - t - » T > l ] 0 < , < ,-

(15) 
Usiuc, i l5) lo solve Uw following equation fc.T the time rrs, that 
precipitation of ""'I'll begins at the waste wurlare 

«Vra(0.0 = —- + — : — = "V» 

t n = 1088yr 

(It i ) 

The precipitation of , M Th starts well before the end of the leach 
lime. To determine the duration of this a o T h precipitate we solve 
for a tero of 

/v»<«) = «•*"•«;*« 

[{l - w ^^ 
t-tTK \ ; , e ( » r . - * « | l - < ( > » - > . I l f 4 ^ 

Hi (AT. - *.) ' 

and obtain 

Ar» - *s 

_ ^ 2 » [ l _« -»« ( • -« ) ] , i „ < i < r 
An 

I} , = 1.5 x !()• yr 

<") 

ss the end of the '"Th precipitate. Thus the '"Th precipitate lasts 
longer than the leach time and we need a modified version of eq. (17) 
to serve as the source term for "°Th until the end of the uranium 
precipitate 

/*,»(<) = P , , ( 7 > - * » < " T > - ^ ( i -«-»«<«-'•>)+«-»»•/»•; A, 
Ar* 

, , (*»-*«)• - ( (An-kalT 

-ve-*"'//J 

Ar* - *s 

»-»«)• _7><»r..-»4] 

(18) 
After <j.t, r>»(t) = 0. Using the above we can obtain the interface 
concentration of ""Th 

WT»(0,«) = — + — — . 

Wr.vO.O = -Vf,. 

*/ra(0,0 = 0, 

0 < < < h 

'5 < «< t'v 

*>t'u 

(1S«) 

(19c) 

(19c) 

(I9d) 

Eq. (19a) slates that before the start or ""Th precipitation, the 
interface concentration is controlled by the rate of waste dissolu
tion, advection. and decay from the precipitate of , M U , the mother 
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Fig. 2 Normaliied conccMraliona and amoynu of precipitate! of 
the "'U—""Th chain from apent fuel, at the interface 

nuclide. In the period of T k precipitation, the interface concentra
tion k saturation, eq. (19b). After the '"Tu precipitaK haa disap-
peared but while the uranium precipitate stall remaiaa, the interface 
concentration ia controlled by the decay from the precipitate of the 
mother nuclide and adveetioa, eq. (19c). Finally, after all precipe 
tatea have disappeared, there is no ""Th at the interface, eq. (19d). 

The normalized concentrations at the interface and amounts 
of precipitates of 5 M U and , M T h are shown in Figure 2. The equa
tions for AV»(-.0 are very lengthy. They are givaa ia Reference 2 
but not reproduced here. Figure 3 shows the far-field concentrations 
of : M U and T b in the critical period whan there is m T h precipi
tate at the interface, calculated uaiafdiaoeraioa-fraeoae-dirMBaional 
transport, using a previously derived analytic solution4 and the data 
in Table I. Actual numerical outputs given in Reference 2 show that 
u ° T h concentrations in the field do not i.-ach aaturation. 

Table I. Properties of the " " U - ^ T h chain. 

» U **u » T h 

Decay constant, 1/a 1 5 4 x 1 0 - " 2.81 x 10-* 8.M X 10-' 

Sorption coefficient, cm'/a aot 20t 2»t 
Retardation coefficient* 8,000 t.ooo 74,300 

Migration speed, m/a 1.67 x 10"* l.«7 x 10-' 1.JS X 1 0 -

•A" = 1 + #/V 0 ( l - <)/<, rock density f = J.O g/cm.' t Ref. S. 

Conclus ion 

We have presented a simplified analysis of the dissolution, pre
cipitation and transport of a two-member decay chain with adveclion 
as the only transport mechanism. We show the analytic solutions for 
the various fluxes such as dissolution rates, precipitation rates; times 

$ . 10° • '"re $ . 10° • 

z 10 < 
c 
% mJ 

O 

1 ! 0 _ S - 10' v'5 - « - 10' y r j . 

c i. t \ 
u 10 -. , ; .0* fr\ 
•o * • • • 

r—̂ "-̂ . • . . • ' ' 
o 
o ' 0 - ' , ^ ! 1 

i n " ' : m . .,,. .,, J mJ . J 
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Oistance I, (m) 
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Fig. 3 Normaliied concentrations of the u , U - > , u T h chain 
in rock at 10', 10', 10* years 

for the precipitate existence; and nuclide concentration fields. The 
numerical illustration used the , " U - » M * T h chain from spent fuel. 

An important limitation of this analysis is that advection was 
assumed to be the only mode of transport. In several other studies, 
we have determined that in typical U. S. repository environments, 
ground water velocity may be so low that diffusive-advective trans
port may be the determinant of dissolution rales.' A more realistic 
model would be to include a diffusive term in the governing equa-
lions. 
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