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OPTIMAI. CONTROL STUDIES OF A SOLAR HEATING SYSTFM

by
M. Somasundaram and J. L. Mcelsa
Department of Electrical Englonecering

Unfversity of Notre Dame

and

D. R.

ABSTRACT

This paper presents the results of an op-
timal control study of a solar heating system.
The model used was for the National Security and
Resources Study Center at Los Alamos Scientific
Laboratory. The study shows that the use of
optimal control can significantly reduce the re-
quirements for auxiliary energy as compared with
conventional control syster-~,

1. INTRODU.L«ION

About 12% of the total energy uaage in the
United States is directed towards the heating
and cooling of commercial buildings. A design
for heating, ventilating and air conditioning
(HVAC) systemu that yields a significant saving
of energy would thereforec make posslble a con-
siderable reduction in the total natlonal ener-
gy usage. Previous studies using adaptiveopti-
mal control techniques have indicated that such
an energy-conservative HVAC system design is
indeed possible (1] - [3]. The logical next step
is, therefore, to establish performance bounds
in order to determine if further refinement of
control techniques is appropriate. Such bounds
may be obtained by carrying out an optimal con-
trol study.

This paper describes an optimal control
study of the HVAC system in a solar heating
‘building. Perfect knowledge of environmental
conditions such as amblient temperature, wind
velocity and insolation has been assumed in
order to determine whether prior knowledge of
such infurmation can be effectively employed to
reduce the amount of auxlliary energy used. The
study has been based on u model of the 66000 sq.
ft. National Security and Resources Study Center
'at the Loe Alamos Scientific Laboratory, asolar
‘heated and cooled building.

2. OPTIMAL CONTROL TECNNIQUE

Many systems ara raferred to as "optimal"
' and the sense in which optimality is understood
|dependn on how the performance specification is
atated. In the context of this paper, optimal
|¢ontrol is understood to mean controlling the
'intcrior temparature within some region of
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comfort while minimizing the amount of auxiliarv
energy used, and the performance index has been
stated In the familiar integral cost functionzl
Eorm.

Let the system be expressed by the usual
nonlinear state equation as

x(t) = F[x(t),u(c)] (1)
‘and the performance index by
. -
J(u) = I G[x(t), u(r)] dt (2)
0
Then the optimal control is that control
u*(t), 0 < t < T that minimizes J(u). This op-

timal control may be found by employing Pontrv-
agin's Maximum Principle [4] - [5] which states
that corresponding to the optimal control u*
and the resultant state tralectory x%, there
exists a costate ctrajectorv p* such that
B(E) = ),

(a) KM(t) = o p* (t) u (e) ]

BACE) = gE PA() = = S (6) p* (6) ,u (6)]

&)
(b) x*(0) = x,
p*(T) 13 normal to x*(T)
(or 1f x%(T) is unsgecified, p*(T) = O
(4)

(c) H[x*(t), p*(t), ur(t)] < H[x*(t),p*(t),u(t)]
for any u(t) ¥ u*(t). (5)
Here H is the Hamiltonian function:
HIx(E),pCE) ,u(E) 1=61x (L) ,u(t) [4p" ()F[x(t),u(e)]
(6)
There are a variety of iterative methods

available that utilize these three conditions to
generate the optimal control u®, Broadly thede

mathods may be classified into threc approaches.



Ir the ficst, v* ls expressed In terms of

x* and p%, su that i* and ﬁ* may be expressed
In terms of x* and p* alone.  Starting with an
initlal pucss of R*l(o), this method atrempts

to find progressively better mucsses pk(0),
p_',",(O) eeee 80 that the resulting 11;';(1') and
5;(T) satlafy LEq. (4).

In the second approvach, again u* is ex-
preaged in terms of x* and p*. But herc the en-
tire trajectories x* and p* ure guessed, at-
tempting to match tle trajectories with the
epecified boundary conditions.

In the third, the control u® is guessed

—0

and the system integrated using the boundary
conditions in (4). Here the aim is to guess
progressively better controls !3' 35 ve. SO

that Eq. (5) is satisfied.

: The system under study is sufficiently com-
plicated to make the explicit expreasion of u*
in terms of x* and p* impractical if not impos-
sible. For this reason,the first two approaches
are unsuitable in this application and hence
the third approach has been employed here.

Within the third approach there are a num-
ber of related algorithms. The algorithm se-
lected here is the Time-Weighted Stecepest
Descent (TWSD) wethod [6]. The method consists
of these broad steps:

l. Guess u(t) and integrate the state
equation (1) forward in time to obtain the tra-
Jectory ﬁl(t)-

2. Using p(T) = 0 from (4), and the state
trajectory x,(t) integrate the costate equa-
tion (3) back&ard in time to obtain the costate
trajectory p(t).

3. Evaluate

X Py and Y.

4. Determine a new guess of the cuntro)
from
1
| 8,(6) = uy (6 = (K + K &) G ()

wvhere Ki and Kf are diagonal matrices whose

" diagonal entries are found by a paramater opti-

, mimation technique such as the Rosenbrock Hill
Climber [7]. The objective in this step is to
obtain the best second guess given y, and

| (%5)1. 8ince "best" is defined as minimumvalue

2=

of the performance Index, the system will have
to be I[ntegrated several times with trial values
of the second puess (corresponding to trial
l
K
1
decond puess can he made,

2
values of and KI) before the opt imum

5. Repeat Steps 1 through 4

4 ouslong o,

instead of u-
This process is continued ideally until
gﬂ buecomes zero. In practice, the iteration

is continued until progress has slowed consid-
erably.

Most constraints may be expressed as a
term so that the method described above may
used without any modification. 1In the rase
magnitude constraints on the controls, it is
worthwhile employing a simpler technique called
the Clipping-off Technique [8], which 1is readily
incorporated in a gradient methed such as the
TWSD. The essence of the method is to use the
gradient technique as long as the control so ob-
tained 18 within the allowable magnitude range.
If the control violates the magnitude constraint,
then the control is allowed to tae on only the
extreme values of the range, as below:

o8t
be
of

u<u
' min

<u<u

umin max

u »

u?>u

Y ’ max

3. HEATING SYSTEM AND BUTLDING MODEL

A simplified model of a solar heating 4ys=-
tem for the building is used. The system con-
eists of an unglazed sclective surface solar
collector, collector coolant loop, a one-node

‘storage tank, an air heating coll, and a hcated

and ventilated enclosure with air recirculation,
It is assumed that the same fluid is used inthe
collector, storage tank, and heating coll. To
meet minimum fresh ailr requirements, the air
flow contains a quantity of outside air which 1w
at least 10X of the maximum air flow rate, The
rest may be recirculated. Auxiliary enerpy is
added through heated water from an auxiliary
heat exchanger. Mixing from the nuxiliary heat
exchanger and the storage tank i9 allcwed. A
schematic of the system is shown in Fig. 1.

Four differential equations describe the
system:

4 4
“ccpc*c = A [aQ - oc ((T_+ 460)" - (T + 460)")
= G (140.3V)(T_ - T) - 2U_(T, = T )]

(7)



M“c"uc e ” cpcc W (T =T )+ 2A(T-T )
(8)
MHLPR rs * Lp wc(1vc - Ts) + Cp hws(rhwr - Ts)
cC 4
(9)
'i' = ! - - -
Mrcpr . (.ths(rm T = (UA) (T =T d+u,
(10)
|A|R RECIRCULATION
EXHAUST <= Wy
Xe Wy p ]
R = IR
sy ST e T
T
/ \ T 9
Qe <!
[ ’ "O"
T EATED
% W mr  ENCLOSURE
SOLAR
COLLECTOR  yypgwaL [AuxiLIARY
STORAGE HEAT
EXCHANGER
Fig. 1. Solar heating system,

The algebraic equations which deacribe the
performance of the heating coll are

2

T L) T +l1- v ,
!I:szﬂﬁ:za)-I HBP[ U:Fr.wHPan - Tas

rs
(11)
2a
Thwr'[i' (I*i;TTI?i:7=I]Twsp
" (14‘.l Tea
:")(1+:.)-1
(12)
where
t, = %o, (tws + ¥hin) (13)

- ZUA)h

2 = p_W am
a _rs
A
C )h
T =T, T . or a mass flow welphtodd
ws | s aux
qum ol T and T . as appropriate
L aux
(153)

and the mixed supply in temperature s

- [13200+(1-xr)(ws— 13200)]Ta+xr(ws-13200)rr

s

(16)

}The algebraic relation for computing xr, the air
:recirculation fraction 1is
- 8 - Po + Css ('I‘ss - 60) + cr(Tr - 70)

5

X
r

17)

Equations (16) and (17) have to be simultaneous-
ly solved for 'I'Bs &nd xr.

The variables are

Tc = Collector surface temperature

ch = Collector coolant outlet temperature

Ts = Mixed storage tcmperature

Taux » Auxiliary hot water temperature

Tr = Room air temperature

Tru ~» Room supply air (heating coil outlet)
temperature

LT'.P = Heating coil water supply temperature

Thwr = Hot water return temperature

Tss = Mixed air supply temperature

Ta = Ambient temperature

Qc = Collector solar flux

Qr1 w Interior heat load

Hc = Coilcctor coolant mass flow rate

"hv! = Heating coil water mass flow rate from
etorage

hvs = Heating coll water mass flow rate from

auxiliary

H. = Ventilating air mass flow ratc

xr = Air recirculation fraction

v = Qutside wind velncity

The paramectcrs and come nominal values are
given below. All values have been ..xpreseed in
BTU, fcet, hours, lbs. and degreei Farenhelt.



= Collector surface area up o= W

= Collector mass

c
It
=

W +
2 hws hwx

¢ = Collecror speeific heat
Pe ug T whwx
U‘_ = Collector heat transfer
coefTicient = 37.0 . u, v WH
20 A = 5.93x10°
A/MC ) = 3.69 with constraints:
¢’ Tep, ‘
a = Collector surface 0 <wu = 160,606
absorptance = 0.9
o = Stefan-Boltzman radiation 0 <uy < 100,000
constant
€. = Collector surface emittance 0 suy 2y,
-10
Occ - = 3,12X10 66,000 < u, < 132,000
Cw = Wind convection coefficient = 0.5
= Collector coolant mass = 5780.0 The performance index was computed as the weighted
ce sum of the total auxiliary energy used and a term
Cp = §°11°°t°r coolant specific Lo defining closeness of the room temperature to
ce eat = 1. 70°;
= Storage mass = 83333,0
s 24 -3 4
= St ific heat = 1.0 - - - 70.
Cps orage specific hea J Jo {whwx(Taux TWt)CstIO +(Tr 0.) "}t
Mr = Room air mass = 42190.0
Cpr = Room ailr specific heat = (.24 4. RESULTS
(UA)h = ti:i:; :Oji §?§:}e:$at = 90086.0 The results of the optimal control study
cr coe ’ ) ) ar. indicated in Table I. It is seen that
(UA), = Building overall heat loss ) v
b fficient = 4143.0 auxiliary energy savings of about 307 as com-
coe -2 ' pared with conventional control [1] ispossible.
o
Cos =1 TABLE 1
r = 16 CONVENTIONAL OPTIMAL
ROOM TEMP
The weather and solar insolation data are
taken from actual measurements on a day which azgg;gﬁ Zg‘g gg‘g
f 8°F 23°F, * :
had temperature extremes o and 23°F, wind MAXIMUM 70.3 70. 2

velocities between 2 and 12 miles per hour and
maximum selar insolation of 284.8 BTU/hr - ftZ,
The auxiliary storage temperature is fixed at ENERGY USED
140°F based on previous studies of this system.

AUXILIARY 3.74 2.59
SOLAR 1.04 2.12
The variable controls are wc. whws' whwx INTERNAL HEAT 6. 12 6. 12
and ws. The magnitude constraints on these con-
trols are: TOTAL 10.91 10.83
0 < Wc < 160.000 PERCENTACE
' AUXILIARY 34.3 23.9
0 < Wy * Mhux < 100,000 SOLAR 9.6 19.6
SAVINGS OF
Since one conatraint has been placed on whws + AUX. ENERGY 1y
whwx‘ it was decided to compute the four con-
trols as: P The most important factor for this con-

siderable savings in energy is the more effec-
tive utilization of solar energy. Optimal con-

b



trol keeps the storage tack at a much lower
temperature [see Fig. 2] so that there Is a
larger temperature ditferential between the col-
lector coolant and the storage tank and, conse-
auently, more solian enerpy Is collected.  This
improvewent In collectfon efflclency 1s Indi-
cated in Foe, 3.

In this studv, perfect knowledpe of the
weather paraneters wias assumed In order to in-
vestigate whether such advance knowledge can
help control tempcrature jn a more energy-
conservative manner. Comparison of these re-~
sults with those of adaptive contrnl studies
(2] that did not assume such information imply
that prior knowledge of weather conditions did
not significantly aid in reducing auxiliary
energy usage.

W

)
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.
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8 TIME (HRS.)
~a T z " oa 12 e 20 rizi

Fig. 2 Storage Tank Temperature
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