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ABSTRACT

Scaling relationships for modeling the in situ vitrification waste remediation process are
documented based upon similarity considerations derived from fundamental principles. Requirements
for maintaining temperature and electric potential field similarity between the model and the prototype
are determined as well as requirements for maintaining similarity in off-gas generatidn rates. A scaling

rationale for designing reduced-scale experiments is presented and the results are assessed numerically.
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NOMENCLATURE

Description of Symbol

electrical conductivity

voltage

current density

domain descriptor

boundary descriptor
proportionality constant
characteristic length

material temperature

mixture volumetric heat capacity
charge

mixture theemal conductivity
volumetric joule heat

liquid velocity

heat transfer coefficient
temperature difference

latent heat of fusion

melt front velocity

gas density

time

soil porosity

soil permeability

gas pressure

gas viscosity

mixture thermal conductivity
volumetric gas production rate
superficial velocity

gas compressibility

coefficient of thermal expansion
gravitational constant
volumetric off-gas release rate

power
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1.0 INTRODUCTION

The in situ vitrification (ISV) process is being proposed as a means of remediating hazardous
wastes buried at the Idaho National Engineering Laboratory (INEL).1 2 Prior to implementation,
however, the program has been directed to assess the safety of the process and to determine the
suitability of the process to the local conditions existing at the INEL. In response, the ISV program
has proposed a strategy to address the issues of safety and suitability that includes an integral package

composed of analytical analyses and experimental tests to simulate the general ISV process.

The analysis package which has been proposed, and is currently under development, simulates
the ISV process with a set of mathematical equations derived from fundamental physical and chemical
principles. The testing program currently being considered will simulate the ISV process with scaled
experiments. The two projects will be integrally related, the analysis package playing a key role in
planning upcoming experiments and interpreting data while the testing program provides data for
assessing the accuracy and completeness of the analytical results. The success of this strategy, however,
is conditional upon the acquisition of relevant data whether analytically or experimentally.
Consequently, implicit within the ISV program objectives is the requirement to develop a rationale for
scaling between the prototype process and the scaled experiments. Stated otherwise, to assure the
applicability of the anaiytical and experimental daia obtained, the model ISV process must maintain
dynamic similiarity with the prototype ISV process. Requirements for maintaining dynamic similarity

between the model and the prototype are the subject of this report.

Three important areas for scaling the ISV process are addressed and include: 1) the
temperature field, 2) the potential field, and 3) the off-gas generation rates. Areas not addressed here
include: 1) the flow and combustion of off-gases, 2) the melt natural circulation, and 3) the soil/waste
characterization. Section 2 of this report presents the similarity considerations derived from first
principles. Section 3 presents the scaling rationale developed from the similarity considerations of
Section 2. Section 4 presents a numerical assessment of the scaling rationale using a finite element
numerical model of the ISV process? Section 5 presents conclusions reached from this investigation and

Section 6 lists the cited references.



2.0 SIMILARITY REQUIREMENTS

The concept of similarity is derived from gecometry: two bodies are considered similar when
their corresponding linear dimensions are in constant ratio to one another. The concept of dynamic
similarity demands in addition that all the other physical quantities involved in a given pair of
systems, such as forces, time intervals, velocities, and temperatures, are respectively proportional to one
another. In this section, the requirements for maintaining dynamic similarity in scaled ISV
experiments are documented. These requirements are based upon the fundamental physics governing

the respective potential and temperature fields and the off-gas generation rates.

A two-dimensional cross-sectional view of an idealized ISV configuration is shown in Figure
2.1. The problem domain is partitioned into four regions; the electrodes Qe, the liquid melt Qs the
surrounding solid soil Qg, and the atmosphere Q,. Boundaries are indicated by ri,j’ where i and j
denote adjacent zones. The moving boundaries are Fls and I'},. Outward unit normal vectors for the

liquid melt and electrodes are n and ne, respectively.

2.1 Potential Field

The potential field is governed Ly the charge conservation e uation® given here in vector form
g q g

V.eVV=0 in QeUQlUQs (2.1)
and the boundary conditions
V=V on Igg (2.2)
—'UVV'n=jn on Fea (2.3)
~oVV.n=0 on [gaU IS (2.4)

where V is voltage and o is electrical conductivity which is represented as a scaler function of T, the
temperature. In boundary condition (2.2) the voltage is specified at points along boundary I'ss. In
boundary conditions (2.3) and (2.4) the normal outward component of the current density, j, is

specified along boundaries I'e;, I'sa and I'),, where j is defined as:
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Figure 2.1 Idealized ISV configuration.
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j=—oVV. (2.5)

The governing equation, (2.1), expanded in cartesian coordinates is

8 (7. V1y, 8, 9V, 8, Vi
5(_1(”1?9?1')+371(616y1)+6_z1(016z1)—0 (2.6)

where subscript 1 indicates the prototype with a similar equation for the model (subscript 2).
similarly, the boundary conditions are:

—O'-EHI =Jn, | (2.8)

—o—1=0. (2.9)

It is now assumed that the two systems are physically similar, i.e., corresponding quantities in
1 and 2 are in constant ratio to each other. (The conditions necessary to render this assumption valid
are the derived dimensionless groups presented later.) Therefore, for all lengths, including coordinates

X,y,z of a point, the appropriate proportionality factor is defined by:

=2 (2.10)
| Ly '
The remaining factors are:
\f)
(voltage) — fv=v—1, (2.11)
. . 99 \
(electrical conductivity)— fo= 7y (2.12)
and
, )
(current density)— S:J— (2.13)
1

Substituting (2.10)-(2.13) into governing equation (2.6) and boundary conditions (2.7)-(2.9),

for system 2, results in



f 1y ov 8V1
fl2l: (e 18x1) 6y (Ulay )+ 8z1( 182 ) |=0 (2.14)

and
foV =tsV, | (2.15)
T ”l(anl) fin1 | (2.16)
gty f

Note that the governing equation places no requirement on the proportionality factors since fafv/fl2can
be divided out and is, therefore, arbitrary [similarly with the insulated boundary condition (2.17)].
Regarding boundary condition (2.16), system 2 is identical to system 1 if

Li::fJ | (2.18)
‘ 1
or equivalently,
J2L2 JlLl (2.19)
79Vy O1V1 '

Therefore, similarity considerations regarding the potential field require that

C‘E—LV =constant. (2.20)

The tollowing section presents the similarity requirements resulting from the energy equation.

2.2 Temperature Field

The temperature field is governed by the energy equation given below in vector form as

Cm(U-VT)=V-kVT+q" in QeUUQs. (2.21)
with the boundary conditions
T=To on FSS (2-22)
—kVT'n=hn9 on Fsau FlaU Fea (2-23)
k VT-n—kgVT n=pgH s’ -n on I} (2.24)



T:Tm on Fls (2-25)

where T is the temperature, Ty, is the melt temperature, Cp, is the mixture volumetric heat capacity,
k is the mixture thermal conductivity, q —J2/0"‘0'|VVl2 is the joule heat source, U= [u,v,w] is the
liquid melt velocity (equal to zero in Qg), hp is the heat transfer coefficient from soil to air (§= T-Tj),

H is the latent heat of fusion, and s’ is the velocity of the moving boundary, Fls'

Remark 1: Although the steady-state energy equation is used [equation (2.21)], dimensionless groups

arising from the transient terms are accounted for in the melt front vélocity boundary condition.

Following the same procedure as before, the respective proportionality factors are:

(velocity) — fu=‘§%, (2.26)
(density)— fpzz—?, | ‘ (2.27)
k
(thermal conductivity)— : fi :'ITZ’ (2.28)
1
: C |
(specific heat)— fC=C'2i’ (2.29)
T
e nd —_ 2 any
(temperature) fr —TI, (2.30)
H
(heat of fusion)— : fH=}T2’ (2.21)
1
and |
(melt front velocity)— fs =s-—,2-. (2.32)
5
1
Substituting (2.26)-(2.32) into governing equation (2.21), for the model, results in
fufT oT, 8T1 6Tl
u +v +w )=
fl 1 6x1 1 ayl I 6z1
f f oT oT oT
kT ) o) 1y, 0 1
k ki 5—
: f2Lax1 13%, ) T oy 13y, )8, M, )}’
fofy [ 9V, 2 (2.33)
fcf)’



Boundary conditions (2.22)-(2.25) reduce to

f 6. OT
ki1 Iy_
Y "1(“’3,11)*{th}‘191’

and

The above results yield the following requirements:

f‘%{'ﬂ _ fka __fo'fv2
Tr gl 2

fifr

kKT _
T‘fhf'r’
and

£
Kt _
e =fyfsf).

Therefore,

Cruly_Cougly
ky kg

“1T12= “2T22,
0'1V1 02V2

2 2
0’1V1 0’2V2

hyL; hoL,

and
kT __koTy
piLiH;s]  poLoHos)

f, f oT fi £ aT
k T 1 kT ] !
[Tkl(ﬁr)] '[TWEE‘J =fyfslpHpss’
1) Lh g

(2.34)

(2.35)

(2.36)
(2.37)
(2.38)
(2.39)
(2.40)
(2.41)
(2.42)

(2.43)



Ncte that (2.41) is simply a combination of (2.39) and (2.40). Similarity considerations regarding the

temperature fields, therefcre, require the following:

CuL Reynolds number x Prandtl number=Peclet number)=constant, (2.44)
k
hkL(Nusselt number) = constant, (2.45)
—%:constam, (2.46)
d oV
an

kT ;= constant. (2.47)

pLHs

Recall that the temperature field and the potential field are coupled through the generation
term, alVV[z, and the dependence of ¢ on T. So considering these two field variables together (i.e., T
and V), a different approacn from that above can be taken as * ‘ws. From equations (2.1)-(2.47),

there results 10 variables commen to each system, namely L, k, p, u, T, o, V, h, j and s'. The units of

each are
IL=m,
k=J/sm K,
p=kg/m3,
v=m/s,
T=K,
U=(‘.2/m28 N,
V=Nm/e,
h=J/s m?K,
j=c¢/s m2,
and
s' =m/s,

or 5 basic units (i.e., mass or force, length, time, temperature or erergy, and chcrge). From the

5

Buckinghar: Pi theorem® these 10 variables can be replaced by 5 independent dimensionless groups,

nauely (2.20) of the previous section and (2.44)-(2.47) above.

The following section presents the similarity requirements regarding the off-gas release rates.



2.3 Off-Gas Generation

For flow through a porous medium the equations of continuity and motion may be replaced

by?’7
cgf = —(V:pVp) +Q in Qg (2.48)
and
Vo = —5(Vp—pg), in 0 (2.49)

where ¢ is the soil porosity, « is the soil permeability, p is the gas pressure, p is the gas viscosity, p is
the gas density, Q is the mass production rate of gas per unit volume, and V,, is the superficial velocity

(volume rate of flow through a unit cross-sectional area of porous medium).

Combining the above two equations, neglecting gravity, and assuming an ideal gas results in
Op_ 0Ty _ g.Lry in 0 2.50
pf(ﬁat 73t)_ I P+Q n g ( )

where f3=1/p is the gas compressibility and y=1/T is the coefficient of thermal expansion. The

boundary and initial conditions are

p=p=0 on PgsU T'sa (2.51)
Vo= ~%(Vp—pg)m  on T (2.52)

and
p=po(initial)=0 in Q. (2.53)

Remark 2: Boundary condition (2.50) represents the inflow of gas V, across melt boundary I into the

liquid melt. Note that (2.50) is simply (2.47) defined along and normal to Pl



Proceeding as before

f,f oT
ple 1
——(p1e)(f5fp B —ffmy
f, 11 p1 7T13t1)
f,ff 0 8 Ky O
p'slp ) 8 21%1,9P1 9 P1%1,9P)
St )t + 2 — +
fl‘f? {Bxl(-ﬂ )B—X— dy; M1 )Oyl
F] 3p1 \
6_( “1 )821 +fQ Ql n QS’ (2.54)
with
fpplzfpf)1=0 on I‘SSU rsa‘ (2.55)
and
fpp; =fppy; =0 in Q. (2.56)
Equations (2.54)-(2.56) yield the following result
t t uhy
Therefore,
B1py_Bgpy
- .
11Ty 79Ty’ (2.58)
L2
‘131“1 |_coBmoll (2.59)
K1ty Koty
2
anTymbi_ 1aTomgls (2.60)
K141P) KglgPg '
€1£181P1 _€9P9B9Py (2.61)
Qi Qgty
9Ty _<9rg79Ty (2.62)
Qi Qoty )
and
p KoP
1K 1 —P2%aPy (2.63)

mLIQ) Hyl3Qy

10



The first r-lationship, (2.58) is trivial since for an ideal gas f=1/p and y=1/T. Closer
examination further indicates that (2.59) is a resta‘ement of (2.60). similarly (2.61) is a restatement of
(2.62) and a combination of (2.62) and (2.63) results in (2.59). Therefore, similarity requirements
relating to off-gas generation rates resuit in two independent dimensionless groups which must remain

constant between the model and prototype. These groups are

2
eﬁ'é‘tL =constant, (2.64)
and
epyT
ot =constant. (2.65)

Before proceeding, it should be noted that the first dimensionless group above is actually a
combination of two groups obtained from analyz.ng the modified continuity and motion equation

separately. In doing so the following two groups result:

L

Vot—.constant (2.66)
and

y‘,’chzconstant. (2.67)

Using an approach similar to that discussed for the potential and temperature fields, it can be
shown that, for off-gas release, 5 variables are common between the model and prototype with a total
of 3 basic units [or 6 variables if equation (2.64) is replaced with equations (2.66) and (2.67)). From
the Buckingham Pi theorem, therefore, the problem reduces from 5 variables to 2 independent
dimensionless groups, namely (2.64) and (2.65) abo\ * [(or in the alternate case the problem reduces

from 6 variables to 3 independent dimensionless groups, namely (2.65)-(2.67)].

The following section develops a scaling rationale from the similarity relationships discussed

above and presents some observations regarding the various dimensionless groups.



3.0 SCALING RATIONALE

This section develops a rationale for scaling between the prototype ISV process and scaled
experiments. The rationale is based upon the similarity requirements developed in the previous section

and summarized below

g% =constant, | - (8.1)
p(';‘(uL =constant, (3.2)
% =constant, (3.3)
—k—% =constant, (3.4)
oV
—;E ; =constant, (3.5)
pLHs
2
f'—a;-cﬂti =constant, (3.6)
and
%7; =constant. (3.7)

As noted previously, (3.6) can be replaced with

€L _

Vot =constant (3.8)
and

/?Cngconstant, (3.9)

by including the superficial velocity, V.

A scaling rationale can now be developed from these dimensionless groups. First (3.1) and
(3.3)-(3.5) are rearranged as follows:
Jo ool V
2= 202 (3.10)
1 912V

12



L, hk \
L—2 12 (3.11)

:/T-? 71k9Ty (3.12)

and

=(ELLL) 2 2, (3.13)

Several preliminary observations can be made from (3.10)-(3.13) above. First, looking at the

power requirements, P, where P is defined as

2
P=q'"(volume) =“a“L3' (3.14)

Multiplying and dividing both sides of (3.10) by jLs/ o for sysiem 2 and 1, respectively, results in

s 12
Py_JaLyVy
L jidvy
Substituting (3.10) in for jo/j; 9
1 olvlLl
and combining with (3.12) results in
1 *141™

Now, if it is assumed that kT is the same in the model and prototype (which will shortly be
shown to hold if the material in the model and prototype are the same and physical similarity i
maintained), then the powers have to be in linear ratio to some characteristic length of each system,
such as the electrode separation. If it is further assumed that the material density and latent heat of

fusion are the same in eac.. system then from (3.13)

!

sg L

2=1 (3.16)
Sl 2

13



Equation (3.16) indicates that similarity precludes equal melt front velocities. This conclusion
can be reached alternatively by first assuming equal melt front velocities in each system, then from
(3.13) and (3.15)

2
Py _roloHy
P17 pL2H,

and again assuming equal material properties, then

a result which is inconsistent with (3.15) and the assumption of the equal material properties.
Consequently, to maintain similarity between the mndel and the prototype requires that the melt front

velocity be higher and the time scale be reduced in the model.

In (3.10)-(3.13), there are 8 unknowns (assuming all of the prototype variables are fixed) but
only 4 equations thus indicating no unique scaling rationale exists. However, if it is assumed that the
inaterial temperature at each corresponding location in the model and prototype is the same, then a

unique scaling rationale results as follows.

If the material temperature in the model and prototype is the same at corresponding locations
then the material properties must also be equal at these points since the properties are functions of

temperature. Therefore, from (3.10)-(3.13),

Ly by
LRy
\%
Vo _
v,oh
L2
and ,
8—2:21‘._
:s’1 9



So, for example, if it is desired to model at a physical scale of % then
Vo=V,
‘ 52 =2j1a

and the melt front velocity would be 2 times the melt front velocity of the prototype, that is

Next, (3.6) and (3.7) are rearranged as

2
‘2“21*%___"292%) B
Ki1pqt )
cl“lLl 1¥1°1
and Q
o _f2foh 3.18
Q; 1Aty (3.18)
where, from (3.16), ;.9 :
R W | (3.19)
B Ly, 12 |
2°1 Lo

From (3.17)-(3.19) and the constraint of identical materials

P2 =Py

and

[
— D

OIO
e (]

L

[ OS] o)

Again if a physical scale of é is selected, then the following results:

Q2=4Q1,

15



and from (3.8)

Vo

=V thl V.

Finally, the ratio of the volume rate of off-gas release, Q, for this example can be calculated as

0
&_VOQ(area)g_V02L‘?_2 (l)-—l
Q Vol(area)1 VolL% 3/=35

The following section presents a numerical assessment of the scaling relationships discussed

above.

16
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4.0 NUMERICAL ASSESSMENT

This section presents results from a numerical assessment of the scaling rationale discussed in
the preceding section. The numerical model is the same as that used in the investigation documented
in reference 3. The numerical approach is an application of the finite element method to a method of

weighted residuals statement of the governing equat..ns and boundary conditions.

Figure 3.1 shows the finite element discretization used to perform the calculations. The
electrode placement is indicated by shading. Four calculations were performed. First, a base case
calculation was performed to simulate the prototype ISV process. Second, a one-half scaled model
calculation was conducted under the constraints of maintaining similarity which included increasing the
surface heat transfer coefficient by a factor of 2. Third, a calculation was performed to assess the
distortion resulting from scaling powers quadratically to maintain the same melt front velocities in the
mod | and the prototype. Finally, since manipulation of the surface heat transfer coefficient would be
difficult during the management an experiment, a fourth calculation was conducted to assess the

importance of this similarity requirement.

It should be noted that steady-state numerical calculations were performed. Assessment of the
scaling effects during a transient is beyond the scope of this investigation. Nevertheless, the steady-
state model affords a means of addressing the fundamental scaling principles derived in the preceding

section.

For convenience, the proposed scaling rationale is assessed in terms of the calculated
temperature fields and the calculated joule heat distributions. The results presented are for points
lying on a line parallel to the y axis and at selected values of x and z (elevation). The results are
presented in terms of the proportionality factors (f’s) defined for each variable in section 2 and writtc |

generally as

£

f —__model ’
¢ Eprototype

where £ is the variable of interest (i.e., temperature, joule heat, etc).

17



(a)

Y
) 7
pa P77 77272727777 272277 /
7222727 4 27 7227
/f ///// //I/// yAY 4 ///
ya Z 7 7727 7272722727 7 Z
Z yA A 7 77 7227 727 Z 4
pa 7 77 2 7727 7 77 /] Y/
pa 7 Z 77 72 227227 27 4 // /‘
AT
pa 7 7 7 222 7222222777 % % %
‘ 4 1 Y/
A % Y/
7 % 1 /
% % % /]
Y / A
" Y %
% /] %
Y " 4 4
" % y
% % Y/
A LAY
/ " y/
" y/
|}
%
/LLV
l/

"
(b)

Figure 3.1 Finite element model of the ISV process; a) top view, b) isometric view.
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Figures 3.2 and 3.3 compare the calculated temperature fields (in terms of fp) for the cases of
quadratic and linear power scaling. The results shown are for two elevations and for two relative
values of x (see Figure 3.1). For an ideal mcdel, the value of fp would be unity. As indicated, the
temperature field for the case of quadratic power scaling is significantly distorted both on the lateral
plane and in the axial direction. On the other hand, the calculated temperature field for the linear
power scaling case approaches that of the ideal field with slight descrepancies indicated in Figure $.3

near the domain boundaryﬁ the inherent result of numerical approximation.

Figure 3.4 compares the calculated joule heat fields (f ,,,) for the two power scaling cases. For
linear power scaling, f ,,, is essentially constant at a valu((al near the ideal value of 4. Again the
quadratic scaling case ;?roduces a distorted source field, however, the distortion appears to be relatively
constant except at the boundaries where the source field approaches zero. The ratio of the joule heat
between the linear and quadratic scaling cases is approximately 2 which is the expected value based
upon the scaling relationships developed in the previous section. The relatively low heat source terms
which occur in the case of quadratic power scaling would produce a melt front velbcity equal to that of
the prototype (based upon scaling relationships), however, they would also produce a temperature field
significantly distorted and lower in magnitude than that of the prototype (Figures 3.2 and 3.3). Since
these distortions vary as the ratio of the model-to-prototype length scales squared, they would become

significantly more pronounced as the model scale is reduced.

Figure 3.5 compares the temperature field for the case when the heat transfer coefficient is
ideally maintained at a value twice that of the prote’vne with the case when the heat transfer
coefficient is essentially equal to that of the prototype. These results were obtained assuming a
uniform soi! medium with the soil material properties obtained from reference 8. The analysis further
assumed that convective effects are negligible and the heat loss at the surface is radiation dominated?
The comparison shown in Figure 3.5 indicates that the largest difference in fp occurs near the
boundary of the domafn and the distortion in the case of the latter calculation is less than 4. Based
upon steady-state calculations and a model scale of one-half, it appears that the heat transfer
coefficient similarity conéﬁraint may be relaxed without introducing a significant distortion in the

model. This similarity constraint, however, may be less flexible as the scale is reduced.
The following section presents conclusions reached from this investigation.

19
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Figure 3.2 Temperature ai, x/xmax=0.33 and z/2max=0.30 (lirear and quadratic power scaling).
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Figure 3.3 Temperature at x/xmax=0.40 and 2/zmax=0.70 (linear and quadratic power scaling).
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Figure 3.4 Joule heat at x/xmax=0.33 and z/zmax=0.30 (linear and quadratic power scaling).

—e— power=quadratic

22

1.00



f (temperature)

1.05

1.00 | MA—Q—Q
095 |
0.90 |-
0.85 . '
-1.00 -0.50 0.00 0.50 1.00
y/ymax
—a— idealh —e— distorted h

Figure 3.5 Temperature at x/xmax=0.33 and z/zmax=0.30 (distorted heat transfer coefficient).
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5.0 CONCLUSIONS

Consideration of temperature and potential field phenomena and off-gas generation rates
results in seven dimensionless parameters which must remain constant between model and prototype to
produce dynamic similarity between ISV proc‘esses. These limensionless groups dictate a scaling
rationale from which it is cpncluded that the appropriate power scaling approach is to scale power by
‘the ratio of characteristic lengths between the model and the prototype. Ideally, the surface heat
transfer coefficient should be inversely proportional to this length ratio, however, steady-state
calculations indicate that this scaling requirement may be relaxed without introducing significant

scaling distortions in the model.

It should be noted that the conclusions reached above regarding power scaling and heat
transfer coefficient requirements are based, in part, upon steady-state calculations. It is recommended
that, as an extension to this investigation, calculations be performed to investigate transient scaling

effects on the model ISV process.
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