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COMPARISON OF MODELS FOR THE FREE-FREE GAUNT FACTOR

AT LOW TEMPERATURES AND FREQUENCIES

L. A. Collins and A. L. Merts

Group T-4 Los Alamos National Laboratory

Los Alamos, NM 87545

ABST’MCT

We perform calculations fur the free-free Gaunt factor at electron and

photon energies below 1 Ry in the dipole approximation to the radiation field

for a variety of representationsof the scattering potential. We consider the

static-exchange, static-exchange + model polarization, model exchange, and

static models. Within eact,model, the resulting Schti6dingerequation is solved

exactly using a linear algebraic prescription. We investigate the rare gas and

alkali systems. We find great sensitivity to the models for energies below four

eJ,ectron volts (4 eV). Above thi~ energy, the Gaunt factors for the varioua

models come into better agreemnt.
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1. INTRODUCTION

The free-freeabsorption or inverse Bremsstrahlung process is important to

the proper description of a variety of both laboratory and astrophysical

plasmas. The mechanism, which involves the absorption of a photon with the

resulting increase in energy of the scattered electron, is mediated by a heavy

particle such as an atom or molecule and is described by the following reaction;

hv +e-(E) +A + e-(E”) +A ,

where E(L-) is the initial (final) erergy of the colliding electron, A

represents a target atom, and hv(= h) is the photon energy. The process has

been studied using a variety of techniques and approximations~-18 from simple

classical models to e?.abotatequantum mechanical constructions. In an earlier

paper>3 we investigatedthe free-free absorption process for various models for

photon and electron energies above about ten electron VOIRS (10 ev)t We extend

this study in this article to a much lower energy regime and to a wider variety

of models. In Section 11, we p,ivea brief outline of the general theory and of

the models employed. We follow this exp~si~ion by a description of the results

in Section 111 and r~?:jerveSection IV for a few concluding remarks. A more

comprehensivedescription of theoe calculationsis given in Reference 19.

11. THEORETICAL FORMULATIONS

In this section, we derive the basic equations used to calculate the

free-free absorption parameters. All our models are based on a full quantum

mechanical treatunt of the interaction of the photon and electron With the

atomic target. We first introduce the basic quantities, such as the free-free

Gaunt factor, in terms of the dipole matrix elements and continuum wavefunctions

for the colliding electron. We then present a brief description of the methods

used to solve for these continuum functions. In all calculations,we employ the

$ipole approximation to the radiation field.

ll,Ao GAUNT FACTOR

The free-free absorption coefficient,a(E,w), in units of cm5 is related to

a dimensionless quantity, g(ll,w), called the Gaunt factor, through the

expression
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(1)a(E,w) = aKg(E,u) .

The scaling term aK is the Kramer-s form of the semiclassical free-free

absorption coefficient for an electron interacting with a point charge Ze and is

given byls

~q ~ 2e6
c

aK =
343 rn2chvv3

[cm5] , (2)

where m(v) is the mass (velocity) of the incident electron, e is the unit

electron charge, c is the speed of light, h is Planck”s constant, and v is the

frequency of the absorbed radiation. For the semiclassical formulation, the

quantit$ Zc represents the point charge witt~which the electron interacts.

However, for a neutral system, this identification is not appropriate. Since aK

is proportional to ZC2 and g(E,w) to ZC-2, the dependence on Zc cancels out of

the determinationof a(E,u), Thus, we may make any choice for Zc provided we

are careful in choosing the same convention when comparing to other

calculations.

For most applications, we are interested in the Gaunt factor averaged over

a Maxwell.-Boltzmanndistribution as

/= g(E,u) f(E)dE
~(T,w) = 0

/= f(E)dE ‘
o

where

f(E)dE = -& (kBT)-3/2 exp[-E/kBT]E1’2dE ,

(3)

(4)
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kB is the Boltzmann constant, T is the electron temperature,and E is the energy

of the electron (= ~ mv2). Upon performing the indicated integrals,we c~n

simplify Eq. (3) to the form

E(TJAI) = (kBT)-l /~g(E,~)e xP[-E/kBTldE . (5)

The integrationover

quadrature scheme.

coefficient per unit

astrophysicalmodels, by:

energy is usually performed with an ne-point Gauss-Laguerre

The averaged Gaunt factor is also related to the absorption

pressure per atom, K, which is more commonly used in

2 (Ak2)-3FJ3/2~(T,u) ,K = C5 Zc [cm4/dyne] (6)

where Ak2 is the photon energy in Rydbergs, O is given by 5040/T, and C5 is a

constant equal to 2,0991 x 10-28.

The Gaunt factor in atomic units (e = if= m = 1) is expressed in ~erms of a

quantum mechanicalmatrix element M(i) by

~(E,u) _ 43(Ak2)4 JI)—— s
8Z;nkk”

(7)

where k(k”) is the wave number (k = mv/11M 2mE/k2)1’2 of the incoming (outgoing)

electron. The q~ntit>~ M(i) is, in turn, related to the dipole matrix element

d~~~ (klk”) through a complicatedexpression involving angular momentum couplirtg

coefficients,lsThe dipole mntrix element is given by

(8)

where
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oi =

1
r i=l

d/dr i=2

~ dV/dr i.3,

the continuum wavefunctlon for an electron scattering from an atomic target (see

11.B) is given by fk~(r), and 2(2-) represents the initial (final) orbital

angular momentum of the scattered electron. The first (second) expression for

the dipole term is designated the length (velocity) form while the final

relationship in terms of the interactlnn potential Is termed the acceleration

form. For a local scattering potential, a11 three expressions should yield the

same value for the dipole matrix element. We generally employ the dipole length

(i - 1) form; a detailed description of the method of calculation is given in

Reference 19.

In this report,we shall restrict our attention to elastic scattering from

1) a local potential, 2) a closed-shell target atom or ion, or 3) an atom with a

single s-electron outside a closed shell (alkali). Within this restriction,the

angular (i)algebra can be greatly ~implified, and the quantity M can be

expresbed as

(9)

where 2MX is the maximum value of 1 and 1“. Technically, the sum in Eq. (9)

should extend over an infinite range of the orbital angular momentum variables.

However, in practical applications, the dipole matrix element decreases rapidly

with increasing1, and the sum may be truncated at a finite value !Lm.

II,E CONTINUUlfSOLUTIONS

In the previous section, we presented the principal expressionsused in

calculatingmost free-freeabsorption parameters of interest. All of these

expression were (i)related to a dipoie nb-.trixelement dll. between the continuum

solutions for the incoming and outgoing electrons and a particular operator
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‘(i)” In this section, we give the pr~scriptionsfor calculating the scattering

wavefunction as well as the various approximations invoked.

For elastic scattering from a target atom, the scattering wavefunction fu

is a solution of the following radial Schrtidingerequation:

Lfkl(R) =~@W(RIR”)fu (R”) dRO , (lo)
o

where

L = d2/dR2 + 1(1 + l)R-2 + k2 ,

and

W(RIR”) = V(R) 6(R- R-) +K(RIR-) .

(ll?i)

(llb)

We have divided the “p~tential” term W into local and nonlocal parts, The local

part usuall) represents the static or direct interaction while the nonlocal term

corresponds to exchange and polarization-correlation effects. The latter

interaction arises from virtual excitations to the excited states of the atomic

system. In the next subsection (117), we shall consider various approximate

representationsof W,

In all of the derivations of the Gaunt factor ?.nSection 11.A, we have

assumed the followingasymptotic form for the continuum solution:

fkJ(R) R;= sin (kR + Jllc/2+q~) , (12)

where nu is the phase shift, The programs th~t calculate the solutlons employ

a slightly different asymptotic behavior

t13)
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where ~1(~1) is the Ricatti-Bessel (-Neumann) function of order A, and K is the

reactance matrix (K = tan (VA)). The reactance matrix form can be converted to

K by 1(1 + ‘~~’~~~~2”scheme.the behavior of Eq. (12) by dividing f

We have solved Eq. (10) by a linear algebraic In the LA

approach, we convert the differential form of Eq. (10) to an integral equation.

Thfs integral for’mdation is in turn transformed to a set of algebraic equations

@ introducing a discrete quadrature of
‘P

points for the integrals and

wavefunctions. The resulting set of LA equations can be solved using standard

linear systems techniques. The approach is rim-iterativeand can take full

advantage of the vector architecture of the new super computers. In addition,

nonlocal terms introduce no add~tional difficulties.

11.C MODEL POTENTIALS

In this section, we review the various approximationsve make to the form

of the interaction poteatial given in Eq. (llb). In general, the “potential” is

rather complicated, involving contributionsfrom not only the elastic channels

but from all virtual excited states of the compound system. In order to

propc~’1y represent all these effects, we must employ a multichannel or optical

20 of t:hescattering problen. We have not performed suchpoteiic:al formulation

calculations in this report elthough we have compared our various models with

the results from more elaborate close-couplingcalculations.

1) Static-Exchange(SE)

In the SE approx?.mation,we neglect all virtual excitations but consider

the full effect of the Pauli principle on the composite system of ground-state

atom and continuum electron. The resulting interaction has the form of

Eq. (llb) with both a direct (static) and a nonlocal contribution.15,20,21 In

rhis case, the construction of the exchange kernel K(KIR”) 1S confined tO

orbitals representing the ground state of the target atom or ion.

2) Static-Exchange+ Polarization (SEP)

We attempt to enhance the SE model by considering several approximatiorlsto

the polarization-correlationterm, which arises in elastic collisions from the

virtual transitions to the excited states of the system, The firet two

approximationsare based on a simple truncation of the long-range form of the

polarization potential and have the form
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VC(R) = VP(R) [1 - exp(- (RIRO)6)I (14a)

.
and

VC(R) = VP(RJ [1 - exp(- (RIRO))16 , (14b)

where

VP(R) = -~R-4 , (14C)

with a the dipole polarinability of the atom. We term the first form SEPla and

the second SEPlb. We adjust the parameter R. to make the phase shifts agree as

close as possible with those of more elaborate calculations.

A second set of models [SEP2] is derived from a tree-electron-gas [FEG]

representationof the short-range component of the polarization-correlation

contrib~tion.22’23The approximate potential is given by

VC(R) =

I

v~orr(R) R < Ro

VP(R) R > R. ,

where Vcorr is taken from Reference

and long-range contributions become

(15)

23. The R. is the point at which the short-

equal and is not an adjustable parameter.

The full SEP pacential is formed by adding Vc to

(see IIOC.3), in Eq. (llb) and retaining the exchange

3) Static

vs, the static

contribution.

The static or direct interaction potential is given by

Vs(l) =~m p(+)lti- +1-1 d+ - ZNR-l ,

interaction

(16)
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where ZN is the nuclear charge and the atomic charge density p(?) has the form

(17)

with no being the number of occupied orhitals, and ni($i) being the occupation

number (wavefunction)for the i-th bound orbital. For a closed-shell target or

for one with a single

exact representation

expression represents

(S) approximation,we

4) FEG Exchange

In the two FEG

s-type electron outside a closed shell, Eq. (16) is an

of the static potential. For other atomic targt?ts,this

an “average” of the direct interaction. For the static

replace V in Eq. (llb) with Vs and neglect K.

forms, we represent V by Vs and make a local approximation

models.24 Both forms areto the exchange term K based on free-electron-gas

proportional to the one-third power of the charge density of Eq. (17) and are

distinguished by their asymptotic behavior. The Hara model (HFEGE) contains the

ionization energy in its definition of the local momentum while the

asymptotically-adjustedexpression (AAFEGE)does not.

5) Screened Coulomb and Point Charge

The screened Coulomb or Yukawa potential (Y) has a particularlysimple form

VY(R) = ‘~ exp[-AR] (18)

as does the point charge (PC)

VPC(R) = -; . (19)

The Y potential is used to study plasma screening effects in a very crude

fashion while the PC form is employed to test various schemes for scattering

from ions. In both cases Vy or VPC replace V and exchange is ignored.
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We un rank the various models according to accuracy by the following

stheme:

1) SEP

2) SE

3) AAFEGE/HFEGE

4) s

5) Y, Pc ●

The top ranking given the SEP model is only valid in those cases in which we

have elaborate cloee-couplingcalculation to teat the choice of Ro.

III. RESULTS AND DISCUSSION

In thie section, we compare the various aodel potentials discussed above

for the determination of the free-free Gaunt factor. Before presenting the

detailed comparison,we first investigate the validity of the various models by

comparing with other calculations.

111.A COMPARISONWIlllOTHER METHODS

As a first teat, we treated atomic hydrogen at infrared frequenciesand at

temperatures of a few thousand degrees at the SE level. In Table 1, wa compare

our abeorpticn coefficient,corrected for stimulated emission,25 with those of

John8 and of Doughty ad Frazer.10 The agree~nt is quite good over the eutire

range of tempereturee and frequencies. In addition, our results compare well

26 who have probably performed the best calculationstowith those of l!ellet al,——

date. Even though these mthors include correlation-polarization effects

ti~roughthe solution of mlti-chan~l equations, their results are within 20% of

the SE for the range under consideration. In addition, we have obtained similar
27,28,29 by ueingagreeunt for He ad Ne w~th other more elaborate calculations

the SEP2 model. Finally, in order to check the higher energy regimes, we have

found excellent agreemnt with Green16 for the screened Coulomb potential.

These comparisonsindicate that the basic forualism ad numerical procedures are

being evaluated correctly.
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111.B COMPARISON OF MODELS

In this section, we compare the averaged free-free Gaunt factors for the

various models for a range of photon energies and electron temperatures

extending down from about 10 eV. We make the comparison for several atomic

species including the rare gases (He, Ne, Ar) and the alkalis (Li, Na).

In Fig. 1, we make a comparison of the SEP2, SE, AAFEGE, and S models for

helium (He). We used the near-Hartr~e-Fock wavefunction of Clementi30 to

represent the target atom. We used 90 points for the Gauss-Legendremesh in the

LA calculationof the continuum wavefunction and distributed there points in

three subregions as follows: 30/0.0 - 1.0/, 30/1.0 - 3.0/, and 30/3.0 - 10.ao/.

To calculate the integral over energy in Eq. (4), we employed a five-point

(ne = 5) Gauss-Laguerre quadrature; the sum over partial waves in Eq. (9) was

carried to an 9.m equal to four (4). In applying the SEP2

polarization-correlationpotential, we let a be 1.38 ao3 and determined R. to be

1.773 ao.

We observe f~om Fig. 1 that all models perform reasonably well for He. The

S case is ~pproximately a factor of eight coo high at the lower energies but

comes into good agreem?nt at about 0.5 Ry. The SE and AAFEGE models remzl.in

close throughout the entire energy range (0.(!3- 1.(!Ry), and both are within

fifteen percent or better of che SI%P2result, which is used as a standard.

In Fig. 2, we make a similar comparison for argon (Ar). The parameters

employed are as follows: n
?3
= 120, 40/0.0 - 1.0/, 40/1.0 - 300/, 40/3.0 - 20./;

‘e
= 5; ~m= 4; a = ~~co a. and R. = 2,9177 a. (SEp2); and Zc= 1. We note

much more striking differences among the models. At the lowest energy

(0903 Ry), the SE and SEP2 models are over a factor of five apart. As the

energy rises, the differences between these two cases narrow but still remain

near fifteen percent (15%) at (J.3Ry. The AAFEGE again follows the SE rather

closeiy, the largest difference being about 20%. On the other hand, the S model

is in error by over an order of magnitude at the lowest energy and does not

reach reasonable agreement With the SEP2 until an energy of about 0.3 Ry or

4 eV. In order to further caution against the cavelier use of models below

2 eV, we performed additional calculationsusing the SEPla model. The cut-off

parameter R. was adjusted to reproduce the low-energy s- and p-wave scattering

results of Thompson,3: who employed a full treatment of exchange and a model

polarization potential. We found an R(,of 3.0 a. gave the best agreewnt with

Thompson. For energies above 0.1 Ry (1.5 eV), the two SEP models agree to
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better than 15 %; however, at the lowest energy (0.03 Ry - 0.4 eV), they differ

by almost 40 %. Thus, even two models selected to reproduce the best elastic

scattering data for Ar and to properly sinulate the electronic interaction can

be in substantialdisagreewnt below about one electron volt (1 eV). We observe

similar results for neon (Ne).

In Fig. 3, we display the results for Li and observe even larger

differences among the various models. The parameters employed are as follows:

‘P
= 90, 30/0.0 - 1.0/, 30/1.0 - 3.0/, and 30/3.0 - 10.0/; ne = 5; lm= 4; a =

164 ao3 and R. = 4.1 a. (SEPla); and Zc = 1. As with the previous two systems,
30we have used the bound orbitals of Clementi. The SEP2 model produces much too

strong a polarization potential for e-Li collisions. Instead, we have employed

the SEPla model and adjusted R. to give the best fit to the parameters of the

lowest Sp” resonancedetermined from a two-state close-couplingcalculation. We

again observe differences of almost 50% between the SE and SEPla models at the

lowest energy; above 0.1 Ry, they agree to within 20 %. The AAFEGE case

exhibits much greater departs from the SE resul”cfor Li than for the rare gases.

The results for Na are similar to those for T.iad ‘:e-enforcethe n~ed to employ

highly accurate representationsof the collision mechanism at energies below a

few volts.

IV. CONCLUDING RET%RK3

We have calculated averaged free-free Gaunt factors within the dipole

approximationto t!v radiation field for a variety of models to the interaction

potential experiencedby the continuum electron for photon and electron energies

below one Rydberg (1 Ry). We have investigated several atomic species including

the rare gases (He, Ne, Ar) and the alkalis (Li, Na). We find great sensitivity

of the Gaunt factor LO the model employed for energies below iour electron volts

(4 eV). As the energies rise, the agrcemnt among the various models improves.

We judge that for accurate results below 4 eV, elaborate close-coupling or

optjcal potentials schemes nust be used, We find that for ions, the sensitivity

to the model potent’al is much less thtinfor the neutrals.
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1. Comparison of Absorption Coefficients for H- at the

SE Levela,b
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1.620(-2)

8.799(-3}

4,658(-2)

2.757(-2)

1.792(-2)

7.860(-2)

5.532(-2)

4.065(-2)

K

1.952

2.720

4.179

0.346

0.579

1.064

0.073

0.145

0.302

1.060

2.152

3.997

0.274

0.554

1.062

0.070

0.145

0.302

‘J “BYA

1.04

2.17 2.08

4.11 3,54

0.271

0.567 0.545

1o11 0.977

0.073

0.158

00339

aNmenclature: :lk2 is the photon energy in rydberg.e;O = 5040/T (kelvins); Es

(Et) is the averaged Gaunt factor for singlet (triplet) scattering; ~ = (3Et +

gJ/4; K ie the pressure absorption coefficient; <E is this coefficient

carrected for stimulated emission, <J from Ref. 8 (K”S in units of !0-26

cmi’/dyn~)and KBm from Ref. 26; andZc = 1.

bParameters: Calculation performed in the LA approximationwith np = 90 and a

mesh /0.0 - 1.0/1,0 - 3.0/3,0 - 10.0/with 30 points per region; Im ~ 4; and ne

- 50
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FIGURE CAPTIONS

Figure 1: Comparison of Averaged Gaunt Factor ~(T,u) for various

models for He.

Nomenclature:Line - SEP2, chain line - S, circle - SE, aud cross - AA~GE

Figure 2: Comparisonof 3(T,u) for Various Models for Ar.

Nomenclature:Line - SEP2, chain line - SE, circle - AAFEGE, ad

cross - s.

Figure 3: Same as Fig. 2 except for Li; the line represents SEPlb.
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