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DISCRETE-COIL INVESTIGATIONS OF MODULAR 3TELLARATOR CONFIGURATIONS

by

C. G. Lilliequist

ABSTRACT

The existence of a vacuum magnetic well is generally
accepted as a prerequisite to start-up. The special set of
modular-stellarator configurations selected for the present
computational investigation were derived from coefficients
and equations that produced finite—beta wells in a
contmuous-current-sheet representation. The corresponding
coils did not produce magnetic wells in a vacuum when their
field configuration was investigated with a discrete—coi1
code. Vacuum magnetic wells have been identified through
the use of this discrete—coil code in previous Heliac and
stellarator studies. Therefore, these finite-beta magnetic
wells could be the consequence of the
continuous—current-sheet model: a conjecture that is
supported by the linear scaling of the magnetic hills found
in the present work as a function of the separation between
the coils used. In addition to magnetic field profiles,
comparisons are shown here of ripple, rotational transform,
and flux-surface shapes for the discrete-coil, modular
stellarators under study Initially, each of the
significant parameters affecting the shape of the control
surface upon which the coils lie and the deformation of the
individual coils was varied separately in search of a
vacuum magnetic well in the parameter neighborhood of the
successful finite-beta configuration. The magnetic hills
persisted in a vacuum throughout the parameter search even
with many coils per field period, thereby approaching the
continuous-sheet-current limit. The implication seems to
be either that it is computat1 one 1ly impossible to increase
the number of coils per field period sufficiently to
reproduce the magnetic field of the
cont inuous—sheet-current models, that, good flux surfaces
dont't exist in the diserele-coi1 field configurations, or
that the plasma is somehow responsible for the magnetic

Well .



INTRODUCTION

A study by McNamara et_ al . of magnetic well properties in a

straight-axis helical geometry, utilizing a stream-function formulation of the

magnetic fields, revealed a variety of magnetic wells near the magnetic axis

and the separatrix. Of necessity, this approach could not account for the

effects of toroidicity and discrete coils. Their helical system suggested two

tests for the existence of a well. (1) evaluation of V" at the magnetic axis

(V" refers to the second derivative of plasma volume with respect to magnetic

flux) and (2) the ratio of /dl/B on axis to its value at the separatrix. Both

tests work for simple monotonic magnetic-field profiles but not for more

complex ones. They acknowledged some inadequacies in their ratio test, even

in a simple helical geometry. Wells near the separatrix identified with the

stream-function treatment were narrowly confined to the immediate vicinity of

the separatrix. which would make them extremely difficult to detect with a

more realistic discrete-coi1 code owing to the enhancement of ripple near the

coil and its effect on /dl/b. Their general conclusion for helical systems

without a central conductor was that wells do exist, but that such systems

might require careful surface by surface numerical evaluation to recognize and

confirm their existence. In other words, the well depth may not be a

monotonic function of *he distance from the magnetic axis. And the existence

of wells in the sense of V" depends on the topology of the magnetic surfaces.
o

One of the assertions made by Greene and Johnson"' as a consequence of

their analysis of ideal hydromagnetlc interchange instabilities was that a

plasma could not dig its own well Their magnetic field model had nested

toroidal flux surfaces consistent with that produced by a

contmuous—sheet—cur rent system.

The vacuum field line tracing code, TORSIDO. has been used recently to

test the reactor suitability of numerous toroidal discrete-coi1 systems '*)

TORSIDO, the magnet'c field at a point is computed by application of the

Biot-Savart law to the sum of all the contributions from all parts of each

finite cross-sectional current element Individual magnetic-field lines are

then traced and a puncture plot of the flux surface is produced. These

modular stellarator investigations w;th TORSIDO and a different coil-winding

law than used in the present program discovered a slight magnetic well (less

than C 5% in <B>~. see Appendix A) in a reactor-compatible configuration with



coils of circular bore, nine coils per field period, two poloidal field

periods, lour toroidal field periods in total, and an aspect ratio of six (A =

6). A decrease in the aspect ratio for this modular stellarator configuration

caused the well depth to increase: between A = 6.9 and A = 4.4 the <B> -well

was less than 0.3%, at A = 4.4 it was 1.1% and at A = 2.5 it was 6.6%.

Unfort'inately, the smaller coil aspect ratios have larger increments in

poloidal phase between adjacent coils, accompanied by larger ripple (e s (^max

- B )/(B . + B •_.)). as well as poor volume utilization. The <B> -well in

this configuration also increased in depth with decreasing lateral distortion,

where products of the number of coils and the current and of the number of

coils and the lateral distortion coefficient were kept constant, to avoid the

masking effects of changing coil spacing and magnetic—field strength. A

decrease in the lateral deformation to the limit of planar coils would

completely eliminate the presence of an effective hardcore. The trends in

magnetic-field profiles, ripple, and island formation for the modular

stellarators developed with this coil-winding law were generally confirmed by

the present investigation, if one equates reduction of magnetic hill to

increase of magnetic-well depth.

The TORSIDO vacuum magnetic-field-1me-tracing code was chosen for the

present analysis because of its speed and simplicity, jts ready adaptation to

different coil-winding laws, and its accuracy against benchmarks . u This code

was applied to a family of modular-stellarator configurations closely related

to those showing magnetic wells in a previous finite—beta,

continuous—current-sheet analysis. The primary goal of the ensuing

investigation was the determination of whether or not such wells persist in a

vacuum. This investigation was restricted to magnetic wells on axis. More

complex magnetlc—fleld profiles with wells near the separatrix could exist,

but they would be difficult to recognize in a discrete—coi1 analysis. All

modular stellarators in this study were established with the same coil—winding

law and surface equations. Variations in shape, spacing, and orientation of

the coils were accomplished through suitable choices of coefficients in these

equations The modular, nonplanar coils were treated in the code as finite

cross-section conductors, uniformly separated in toroidal angle.

Information provided by 0. Betancourt, New York University/Courant
Institute, 251 Mercer Street, New York, NY 10012.



The first part of the investigation dealt with variations of the

individual parameters from those that produced nested flux surfaces of

uniformly spaced field lines and magnetic wells in finite beta. Although flux

surfaces of this quality were found, their shapes were not the same and no

magnetic wells were found The second part of the program dealt with

multiple-parameter searches for a family of flux-surface profiles that would

lead to a magnetic well. Such multiple-parameter alterations could lead to

coil configurations considerably different from those of the finite-beta

cm 1 s

in the present vacuum modular stellarator study, the position and shape

of the discrete coils were determined by coil-winding and control surface

equations originally derived by Betancourt for a finite beta, fully toroidal

computation in a continuous-current-sheet approximation of finite coils.+

Specifically, the equation for the control-surface upon which the coils were

wound was taken from the general control—surf ace equation used in those

stellarator and hcliac studies.

r + iz = S A / + rb*(l + A2'cos 27m)e
lC s i n

The coefficients of this equation represent the distance beyond the end of the

major radius to the surface :- (or coil's) center (A, ), the surface's average

radius (or radial width) (r^ ) and height (Ag ), and its concavity (C)

(Fig l). (Starting values suggested by Betancourt from the high-beta

equilibrium were A '= -0.3. rfa = 1.09, A£ = 0.7. and C = 1.2 These values

produced a control-surface with a D-shaped cross section).

The coil-windmg law was derived from the equation for the boundary value

of the scalar potential, <i>, from Betancourt's contmuous-current—sheet model.

(csin 2TTU/( 1 + C 4 C O S 2TTU)

The coefficients of this equation represent toroidal magnetic field (c.),

Information provided by O. Betancourt, New York University/Courant
institute, 251 Mercer Street, New York, NY 10012.



uniform vertical magnetic field (eg), lateral deformation (c^ and c 4 ) , and

coil tilt from vertical (c5). (The high-beta starting values for these

coefficients were Cj = 12.25, c2 = 0.0, cg = 1 2 , c 4 = 0.625 and c 5 = 0.0,

The segment oi the modular coil determined by c, and c, lies along the

toroidal direction, thereby partially replicating the effects of a hardcore.)

VACUUM MAGNETIC-FIELD PROFILES AND OTHER PROPERTIES OF THESE MODULAR

STELLARATORS

The liiai. set of discrete-coil modular stellarators examined with the

aforementioned control surface, coil-winding law and high-beta values for the

shaping parameters had a coil—set ma or radius of eight and an individual coil

radius of about one, as measured in the z-direction by rb sin C (implying a

coil aspect ratio of eight). These stellarators had six field periods, six

coils per field period, moderate lateral deformation, and a D-shaped

control-surface cross section (Figs. 2a through 2e). (See Appendix B for an

alternate approach to evaluating the average radius of this control-surface

and coil and the resultant aspect ratio.) The parameter search in the

immediate neighborhood of the high-beta coefficients began with an

investigation of the effect o* tilting the plane of the coils through

adjustments of c^. Decreasing the tilt from vertical from positive 6 degrees

to zero raised V and lowered <B> (Figs. 3a through 3d). A zero d~<»ree

positive tilt had the least magnetic hill, as evident in plots of V' , and

B r ej Rotational transform and ripple also showed a slight improvement at a

tilt of zero Tilt steps of 2 5 degrees were too small to show much effect,

so the range was extended to 10 degrees in subsequent studies. In the

presence of a small, uniform vertical magnetic field (2% of the toroidal

magnetic field), a 5-degrees positive tilt showed slightly less wi«;netic hill

than positive 10 degrees or zero tilt (Figs. 4a through 4d). A 5-degree

positive tilt in the presence of this uniform vertical magnetic field produced

the best overall results with respect to minimum magnetic hill, least ripple,

and confinement of rotational transform between rational surfaces, which

prevents magnetic islands (best observed and confirmed in puncture pjots such

as Fig. 5). Tilting in the negative direction led to large islands at the

magnetic axis and a rotational-transform profile that intersected the rational

surface of i = 1/2, independent of the presence of the small, uniform vertical



magnetic field. In all the aforementioned cases. most of the

rotational-transform profile had magnitude greater than one-half per field

period and had positive shear. No wells were found.

The effects c' modifying the lateral deformation of a coil were

investigated through adjustments of the shaping parameters, c^ and c., while

the tilt was held constant at 5-degrees positive and the uniform magnetic

field was turned on. As seen in Figs. 6a through 6d, increased lateral

deformation accomplished with a 10% increase of c4, enhanced the magnetic

hill, reduced the magnitude of the rotational—transform profile to a point of

intersecting the rational surface of t = 1/2 (leading to a pair of extremely

large magnetic islands), and increased the ripple. Additional increases of c4

would have lowered the rotational-transform profile below this rational

surface, the magnetic hill would have increased as well as the ripple and

shear. On the other hand, a decrease in the lateral deformation icccmplished

by decreasing c 4 by 10% increased the magnitude of the rot&tional-transform

profile so that it intersected the less important, still significantly

detrimental rational surface of i = 3/5. Similar behavior was observed for c^

but to a lesser extent than for c^ (Figs. 7a through 7d). The best values for

c 3 and c4 in the discrete-coil vacuum case were within plus 5% and minus 10%

of those suggested by Betancourt's high-beta, continuous—current-sheet

models. Altering the lateral deformation did not appear to be a feasible way

to produce a vacuum magnetic well in the 36-coil stellarator configurations.

The next major step in the parameter search was to increase the number of

coils per field period from 6 to 10. This resulted in a proportionate

reduction of the magnetic hill, as illustrated by V ., B ,, and ripple

(Figs. 8a through 8d). The rotational-transform profile for the high-beta

coefficients was flatter and lower for 10 coils per field period than for 6

coils per field period, which led to a peculiar problem for no vertical

magnetic field and zero tilt (not illustrated). The whole profile was so

close to the rational surface of t = 1/2 that large magnetic islands formed

that dominated the plasma. Flux—surf aces could not form near the magnetic

axis, only near the separatrix. If this flat, rotational-transform profile

could be translated, intact, below the rational surface, it might be well

confined between rational surfaces. A positive tilt of 5 degrees restored the

flux surfaces to their normal concentric D-shapes. An additional 5-degrees

positive tilt flattened the rotational transform profile further and pulled it



below the detrimental rational surface of t = 3/5, which the positive

5-degrees tilt profile intersected near the separatrix. Thus, regardless of

the presence of the small, uniform vertical magnetic field, positive tilts of

5 to 10 degrees gave better radial magnetic-field profiles than negative or

nonexistent tilts. The 2% vertical magnetic field increased the ripple,

magnetic hill, and shear.

The effects of aspect ratio, spread of the conductor cross section,

geometry of the control-surface cross section and cycloidal oscillation

amplitude were investigated for the 10—coils—per—f ield-period modular

stellarators in the presence of a small, uniform vertical magnetic field and a

positive 5-degrees tilt (Figs. 9a through 9d). The coil aspect ratio was

incremented in 5% steps in both directions from the high-beta value by

suitable adjustments of rfc . An aspect-ratio increase enhanced the magnetic

hill. A decrease diminished the hill and flattened the rotational—transform

profile - both highly desirable qualities. The spread of the modular-coil

conductor (ratio of toroidal width to radial thickness) was increased from an

intermediate value of 0.4, in regular steps, to 10. In separate tests, the

finite cross-section conductor was replaced by a filament. The overall effect

of these two variations upon the magnetic field profile was less than 1%. The

rotational-transform profile was somewhat more sensitive to increases of

spread, especially near the magnetic axis; still the magnitude of the effect

was less than 2%.

The coefficient C in the control—surf ace equation affects both height and

minor axis of the control-surface cross section (Fig. 1). The specific

direction of the change depends on its starting value relative to n/Z. Near

the recommended high—beta magnetic well value of C of 1.2, an increase

produced a small increase in height and a larger decrease in minor radius,

accompanied by an increase in <r> and a decrease in aspect ratio. Increases

of C greater than 10% iowered the rotational—transform profile to the point of

intersecting the i = 1/2 rational surface, which led to large magnetic

islands. Similar magnitude decreases of C elevated the rotational—transform

profiles above this rational surface. This was accompanied by increased shear

with the consequent intersection of the profile with the i = 3/5 rational

surface near the separatrix. (Increases of C beyond 7T/2 reversed the height

trend while continuing the reduction of the minor axis.) Adjustments of C in



the immediate neighborhood of the high-beta value did not improve the

magnetic-field profile.

The concavity of the coil and of the control—surface cross section was

alterable through A~ (note: such changes will also affect <r> and, therefore,

the aspect ratio). More concavity (reduced Ag ) near the high-beta value of

A ? led to flux—surface problems: even a 2% reduction of Ag forced the

rotational-transform profile into the immediate neighborhood of the rational

surface at t = 1/2, which resulted in large magnetic islands. Less concavity

(increased A2*) was possible, but this aggravated the magnetic hill problem,

raised the rotational transform, and detrimentally affected the shear.

Tha radius of gyration of the helical control-surface (sometimes called

osculation amplitude, helical amplitude, or cycloidal-osci1 let ion amplitude)

was increased by increasing Aj with the consequence of the

rotational-transform profile intersecting the rational surface of t = 1/2 and,

again, creating large magnetic islands. Decreasing the radius of gyration in

small steps was possible, but it was accompanied by undesireable increases in

magnetic hi 11 .

The only improvement of the magnetic-field profile in the 10—coils-

per—field—period study resulted from an increase in coil density, a decrease

of aspect ratio, and a small positive tilt of the coils. Comparisons with the

6—coi1s-per-fleld—period findings indicate that more coils per field period

and a smaller aspect ratio will generally improve the magnetic-field profile.

During the preceding investigations a suspicion arose that increasing the

number of coils per field period from 10 to 11, even to odd, could reduce the

ripple and perhaps improve '.he magnetic-field profile (Figs. 10a through lOd).

This was tested with the discrete—coi1 code and not borne out; the improvement

in magnetic-field profile appeared, on the other hand, to be the result of

more coils. The rotational-transform profile flattened out further, but,

again, this was due to a trend rather than a grouping according to

odd-versus-ever number of coils. The tilt effects were also checked at 11

coils per field period at positive 5, 10 and 15 degrees. A positive 5-degrees

tilt from vertical was best in all respects for the measured characteristics

(Figs, lla through lid).

Next, TORSIDO was applied to the modular-coi] set from the most recently

published continuous—current—sheet stellarator studies. This required a

reduction of the major radius from 8 to 6. The control-surface equation and



coil-winding law were unchanged and the coefficients were set identical to the

high-beta values. (Since the control-surface was not changed, the r^ radius

and average radius of the coil were also not changed. Consequently, the coil

aspect ratio must decrease from 8 to 6 ) These configurations had 6 coils per

field period and 6 field periods. Although this model had a high-beta well in

i.he current-sheet approximation, no well was found in the discrete-coil vacuum

representation. As a possible remedy of this discrepancy, M. Mond suggested

increasing the helical amplitude of the plasma to increase the curvature of

the magnetic axis and reduce the magnetic hill.111 Subsequently, a parameter

search of A, for aspect-ratio-six modular stellarators was undertaken. The

plasma helical amplitude was modified by variations of the cycloidal

oscillation amplitude of the coils (Figs. 12a through 12d). These tests

proved that a nearly optimum helical amplitude (Curve #3) had been recommended

by the previous high—beta investigations from the standpoint of rotational

transform, volume utilization, and minimum hill. No well was found by

increasing the helical amplitude. In fact, the magnetic hill grew steeper as

the helical amplitude increased and the plasma volume decreased. A 25%

decrease of the magnitude of A. from the high-beta value (h.fi.v.) caused a 6%

increase in the radius of gyration and decreased the plasma volume by 15%.

This lowered the rotational transform without reaching the rational surface of

t = 1/2 and may have improved the magnetic—f i eld profile slightly. An

additional 25% decrease in Aj increased the radius of gyration by

approximately 10%, lowered the rotational transform well below i = 1/2, and

drastically increased the shear. Positive shear of this magnitude for a

plasma configuration with rotational transform below, but very near, the t =

1/2 rational surface caused a significant deterioration of the flux surfaces

near the separatrix and a substantial decrease of the effective plasma volume.

To improve upon these configurations, the rotational-transform profiles must

be flattened. The most significant trends resulting from increasing the

he3ical amplitude of the plasma were an enhanced ripple and a suppressed

rotational transform. Unfortunately, the shear was too large, thereby causing

the plasma volume to be severely restricted.

Information provided by M. Mond, Consultant at Los Alamos. Department of
Mechanical Engineering, Ben Gurion University, P.O.Box 653, Beer-Sheva 84105,
ISRAEL.



A further improvement of magnetic-field profiles over published

recommendations was accomplished by increasing the number of coils per field

period from 6 to 12 and then to 24, while keeping othsr parameters unchanged

(Figs. 13a, 13b, and 14a through 14d) . (Increasing the number of coils by an

additional factor of 2 would have exceeded the memory limits of a CRAY 1-S

using the present form of TORS I DO. ) The spacing between coils in the

6-coils-per-field-period case was comparable to the radius of the coil; in the

24—coil case, the spacing was comparable to one—quarter of a coil radius,

thereby approaching the current sheet condition. The magnetic hill diminished

twofold when the number of coils was doubled the first time (to 12 coils per

field period). The shape of the rotational-transform profile changed and its

magnitude dropped. Ripple also halved but kept the same radial profile.

Doubling the number of coils from 12 to 24 did not reduce the hill near the

axis but did reduce it significantly near the separatrix, thereby changing the

shape of the magnetic-field profile. The next doubling of the number of field

coils would probably cause a further departure from a simple parabolic field

profile, possibly evolving into a complicated profile with saddle points

similar to that described by McNamara.1 The rotational-transform profile

continued to evolve toward lower values while it? minimum moved radially

outward. Most of the reduction in ripple occurred near the separatrix.

Clearly, it is highly desirable with respect to all measured characteristics

to have at least 12 coils per field period in the present geometry.

CONCLUSIONS

The present work indicates that the discrete coils ars responsible for

the vacuum magnetic hills in the configurations under investigation.

Therefore, we must tentatively conclude that the proposed modular-stellarator

configuration will not have a magnetic well in a vacuum and thus will be

unacceptable for start-up.

In view of the results of theoretical investigations of the plasma
p

effects on magnetic wells the present computations indicate that the (finite

beta) magnetic wells found for this particular modular stellarator4 hinge on a

contmuous-sheet-current representation of the external coils, rather than on

the effects of plasma; this conjecture is supported by the presently found

linear scaling of the magnetic hill with separation between coils.

10



A recent investigation of Heliacs by Shestakov and Mirin supports the

first part of this conjecture with evidence of the detrimental effect upon

vacuum magnetic walls of replacing a continuous—current sheet with modular

coils.5 They found vacuum magnetic wells for several Heliac configurations,

when their magnetic field was represented by skin currents flowing alou,-;

equipotential contours of a magnetic surface in an asymmetric toroidal domain.

Discretization into coils preserved the favorable low-shear rotational

transform and small variation of ydl/B but not the W<J11. The present

investigation indicates that an increase in the number of coils pe1- field

period diminishes, but does not eliminate, the vacuum magnetic hill. If the

possibility of the existence of a successful start-up configuration for this

particular ^.odular-stel larator can be judged by the diminishment of vacuum

magnetic hills, it will require at least 12 coils per period. Furthermore, it

will probably require a small positive tilt of the coils from vertical, the

presence of a uniform vertical magnetic field, and judicious choices of coil

deformation and helical amplitude such that the rotational transform lie well

confined between the rational values of one—half and one—third.

No improvement in magnetic-field profile was achieved by decreasing the

aspect ratio from 8 to 6, and then to 4 as suggested by Bathke' s

investigations (Figs. 15a through 15e). Even a microscopic investigation of

the immediate neighborhood of the magnetic axis for A = 4 yielded no well,

although the hill was extremely flat. Generally, the magnetic hill, the

magnitude of the rotational transform, and the ripple increased with

decreasing aspect ratio. Thus far, in the present configuration we have no

evidence to recommend one particular aspect ratio as more desirable than any

others tested in this study.

DIRECTIONS FOR ADDITIONAL RESEARCH

An interesting computational question remains unanswered regarding the

persistence of the magnetic wells to the limit of small beta in the

contiuous-current-sheet representations. This can be best answered by

reducing beta in runs of the BETA code4 with the same

control-surface-configuration coefficients that produced the magnetic wells.

Also of interest to the present investigation would be the determination of

11



the effect of ripple (toroidal and poloidal) on the quality of the

flux-surfaces.

A question of technique is whether combinations of parameter changes

could produce a magnetic well in the neighborhood of the high—beta values

where single parameter variations had not. This question was addressed during

the A = 8 runs by incrementing C and A2 in a constant ratio over the range

1.2 to 1.4 and 0.70 to 0.67, respectively. It was hoped that such variations

would reduce the iagnetic hill and prevent magnetic islands by forcing the

rotational-transform profile to be adequately flat and lie between the

one-half and the one-third rational surfaces. Good flux surfaces were found

(Figs. 16a through 16d). The puncture plots representing the nested

magnetic-flux surfaces had more concave contours, just as the control-surface

cross sections were more kidney-bean—shaped than in previous trials. The

initial consequences of adjustments from the recommended finite-beta values

were flat rotational-transform profiles, which were well confined between the

one-.til.' and one-third rational surfaces, and significantly improved ripple

but no well. At the end of these adjustments, the area of the control-surface

cross section changed by only 1%; an increase of height was compensated by a

decrease in width such that the surface and coil aspect ratios computed from

the average-radius method remained unchanged. The ripple continued to

decrease. The shear became more negative. And the plasma volume was

drastically reduced by the new geometry and the plasma aspect ratio was, at

least, doubled. Such investigations showed that though small increases of C

alone led to simple increases .n height, combinations of decreases in Ag and

increases in C beyond 7r/2 produced more concave cross sections. However, more

concavity does not guarantee the production of magnetic wells. Furthermore,

although single parameter searches are probably limited to finding

improvements in magnetic profiles in the immediate vicinity of a particular

set of coil and control surface parameters, other parameter domains with

acceptable flux surfaces could be accessible through combined adjustments of

coil and surface parameters. The goal of additional trials of

multiple—parameter searches would be to force flux-surface cross sections to

take shapes like those that have been associated with magnetic wells.

12
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APPENDIX A: Two Methods of Measuring Magnetic Well Depth

In a recent article well depth was measured in terms of <B> (instead of

V ) . evaluated from /Bdl / jdl/B, i.e., using the magnitude of the magnetic

field on a flux surface integrated along a field-line trajectory. This

measure gives the correct geometric perspective, but approximately doubles

(for small hills and wells) the magnitude and sensitivity of the depth measure
p

compared to <B>. This method of computing magnetic—fleld profiles from <B>

also has the advantage of removing the considerable influence of ripple on dl

in discrete—coi1 modeling by normalizing with respect to dl. The conventional

method of measuring magnetic—field profile with the divergence of plasma

volume with respect to flux, (V = /dl/B), has the opposite radial behavior to

<B> . decreasing as one moves away from the magnetic axis for a well. This

problem of perspective can be corrected b> looking at

V r e l , 1.0-(V/V'o)

instead cf V , where V'Q is V on axis. The adv,,-ae and potentially

domincting effect of ripple on evaluation of V' for discrete coils can be

eliminated by normalizing V with respect to /dl, which has been consistently

applied to all data and graphs displayed in this report. We have also

computed Bre](type 1) and Brej(type 2) for comparison with V
1 ,, i.e.,

Brel(type 1) H ((/dl//dl/B) / (/dl//dl/B)0) -1.0 and

Br—iUype 2) s ( (<B>'i)1/V(<B >*)1/li) - 1.0,

and find them all nearly identical. Here <B0>
2 and (/dl//dl/B) by definition

are evaluated on axis.

15



APPENDIX B: Average Radius of Control Surface and Resultant Coil Aspect Ratio

The average radius of the control-surface upon which the coil is laid

could be estimated from the radius of a circle with area equal to that of an

ellipse with the same major and minor axes as the D-shaped cross section:

<r> = (A2* sin C ) 0 5

Even if the control—surf ace is concave, that is, not flat on the inner side,

the area of the cross section can be represented to a close approximation by

the differences of half ellipses, and the same equation for the average radius

applies. Thus for Betancourt's suggested values for control-surface

parameters, the average coil radius is 0.88 instead of 1.0, and the

corresponding coil aspect ratio 9.1 for a major radius of 8. (The smaller

coil aspect ratio of 8 was based upon the rfe sin C value for the coil

radius.)

The largest plasma volume observed had minor and major radii less than

half the r?dii of the roil. Consequently, for the above example with coil

radius 0.88, the plasma aspect ratio must be at least 18 or more, depending on

the limitations imposed by rational surfaces.
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u-1/4

-a-
MAJOR RADIUS

. A*+rj*cosC

2.

3.

4.

Fig. 1. Control Surface Cross—Section .

Fig. 2a. Line Representation of Single Coil
(major radius included for reference).

Major radius (a): 8 Field periods (Q): 6
Coils per field period : 6 Coil aspect ratio (A) 8

Coil-Winding Law and Control-Surface Equation Coefficients: High-Beta Values
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the area of the cross section can be represented to a close approximation by

the differences of half ellipses, and the same equation for the average radius

applies. Thus for Betancourt's suggested values for control-surface

parameters, the average coil radius is 0.88 instead of 1.0, and the

corresponding coil aspect ratio 9.1 for a major radius of 8. (The smaller

coil aspect ratio of 8 was based upon the r^ sin C value for the coil

radius.)

The largest plasma volume observed had minor and major radii less than

half the radii of the coil. Consequently, for the above example with coil

radius 0.88, the plasma aspect ratio must be at least 18 or more, depending on

the limitations imposed by rational surfaces.
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u-1/4

-a-
MAJOR RADIUS

2. A

3. A* + rb*

4. £i\+r*(A + A*2

Fig. 1. Control Surface Cross—Section

Fig. 2a. Line Representation of Single Coil
(major radius included for reference) .

Major radius (a ) : 8 Field periods (Q): 6
Coils per f ie ld period : 6 Coil aspect r a t io (A) : 8
Coil—Winding Law and Control-Surface Equation Coeff ic ients : High—Beta Values
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Fig. 2b. Polygon Representation of Single Coil (otherwise, same as Fig. 2a)

Fig. 2c. Polygon Representation of 36-Coil Set (otherwise, same as Fig. 2a)
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Fig. 2d. One—fourth of Control Surface and D—Shaped Cross Section
(otherwise, same as Fig. 2a).

Fig. 2e. Entire Control Surface and Modular Coil Set (otherwise, same as Fig. 2a)
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Fig. 2b. Polygon Representation of Single Coil (otherwise, same as Fig. 2a)

Fig. 2c. Polygon Representation of 36-Coil Set (otherwise, same as Fig. 2a)
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Fig. 2d. One—fourth of Control Surface and D-Shaped Cross Section
(otherwise, same as Fig. 2a).

Fig. 2e. Entire Control Surface and Modular Coil Set (otherwise, same as Fig. 2a)
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v rel

0.00 0.15 0.30 0.15 0.60 0.00 0.15 0.30 0.45 0.60
0.9

Fig. 3a. V and V ' r e ) : The Effects of Coil Tilt on The Magnetic Profile,
Rotational Transform and Ripple (no B vertical).

Curve #1 - plus 5 degrees tilt from vertical,
Curve #2 - plus 2.5 degrees tilt, and
Curve #3 - zero degrees tilt.

O.lZr

0.11

0.0%

B rel(type 1)

I

0.00 0.15 0.30 0.45 0.60 0.00 0.15 0.30 0.45 0.60
r minor

Fig. 3b. <B> and Brel(type l) (otherwise, same as Fig. 3a)
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oaa-
sqrt«Bdl//dl/'B> B reKtype 2)

0.0
0.00 O.aS 0.30 0.45

p minor
0.60 0.00 0.15 0.30 0.4S 0.60

p mino"

Fig. 3c. <B> and Brej(type 2) (otherwise, same as Fig. 3a)

0.6'
iota bar/fp

0.7CV-
ripple

0.00 0.15 0.30 0.45 0.60 0.00 0.15 0.30 0.45 0.60
0.5;

Fig. 3d. lota Bar per Field Period and Ripple (otherwise, same as Fig. 3a).
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V pel

Fig. 4a.

0.9
0.00 0.15 0.30 0.4S

p minop
0.60 0.00 0.15 0.30 0.45

p minor
0.60

and V' r e l: The Effects of Coil Tilt on The Magnetic Profile,
Rotational Transform, and Ripple (B v e r t = 2% B*

Curve #1 - plus 10 degrees tilt from vertical,
Curve #2 - plus 5 degrees tilt, and
Curve #3 - zero degrees tilt.

0.12-
Jdl/ldl/B

0.11-

o.ioi-

o.o

I

I I
0.00 0.1S 0.30 0.4S

r minop

-0.8d

B pel(type 1)

0.60 0.00 0.1S 0.30 0.45 0.60
r minop

Fig. 4b. <B> and Brej(type 1) (otherwise, same as Fig. 4a)
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0.13H
sqrKJBdl/ldl/B)

0.0
0.00 0.15 0.30 0.45

r minor
0.60

-0.8

B reKtype Z)
I

0.00 0.15 0.30 0.45
r minor

0.60

Fig. 4c. <B> and Brel(type 2) (otherwise, same as Fig. 4a).

0.64
iota bar/fp ripple

0.00 0.15 0.30 0.45 0.60 0.00 0.15 0.30 0.45 0-60
o.s:

Fig. 4d. Iota Bar per Field Period and Ripple (otherwise, same as Fig. 4a).
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I. t.t i.g ii «.o t.o i.o 7 0

I.I II Ft

•-••II. •

Fig. 5. Puncture Plots and Top-down View of Coils and Flux Surfaces

Major radius (a): 8 Field periods (Q): 6
Coils per field period : 6 Coil aspect ratio (A) : 8
B Vertical: 2% of B toroidal

24



0.00 0.13 0.Z5 0.3S
p minor

o.so 0.00 0.13 O.ZS 0.38 O.SO
r minor

Fig. 6a. V and v ' r e j
: The Effects of c4 Lateral Deformation on Magnetic

Profile, Rotational Transform and Ripple (2% B vertical)
Curve #2. — c^ at nominal value of 0.625,
Curve #1 - 0.9 x nominal, and
Curve #3 - 1.1 x nominal.

0.11

o.os
0.00 0.13 O.ZS 0.38 O.SO

r minor
0.00 0.13 O.ZS 0.38 0.50

r minor

Fig. 6b. <B> and Brel(type 1) (otherwise, same as Fig. 6a).
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0.12-
sqrt<JBdl/ldl/B> -03

0.00 0.13 0.25 0.38 0.50 0.00 0.13 0.25 0.38 0.50
0.1

Fig. 6c. <B> and B ,(type 2) (otherwise, same as Fig. 6a)

0.6S iota bar/fp
0.60r

ripple -01

0.4

0.50 —

a. 0.40 —

0.30-

0.2
0.00 0.13 0.25 0.38 0.50 0.00 0.13 0.Z5 0.38 0.50

r.minor nminor

Fig. 6d. Iota Bar per Field Period and Ripple (otherwise, same as Fig. 6a)
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V rel

0.9
0.00 0.13 0.25 0.38

r minor
0.50 0.00 0.13 0.25 0.38 0.50

r minor

Fig. 7a. V and V' j: The Effects of c3 Lateral Deformation on Magnetic
Profile, Rotational Transform,and Ripple (2% B vertical),

Curve #2 - c3 at nominal value of 1.2
Curve #1 - 0.9 x nominal, and
Curve #3 - 1.1 x nominal.

O.llr
fdi/Jdi/B

0.09
0.00 0.13 0.25 0.38 0.50

r minor

B reKtype 1)

0.00 0.13 0.Z5 0.38 0.50
r minor

Fig. 7b. <B> and B r e l ( type l ) (otherwise, same as Fig. 7a).
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0.11
sqrtUBdl/Jdl/B> B relCtype Z)

0.00 0.13 0.25 0.38 0.50 0.00 0.13 0.25 0.38 0.50
0.0

Fig. 7c. <B> and Brel(type 2) (otherwise, same as Fig. 7a)
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- a 0.3

- 0.27-

o.zd

ripple

0.00 0.13 0.25 0.38 0.50 0.00 0.13 0.25 0.38 0.50
p minor r minor

F i g . 7d . I o t a B a r p e r F i e l d P e r i o d and R i p p l e ( o t h e r w i s e , same a s F i g . 7a)
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0.5i
0.00 0.J5 0.30 0.45

r minor
0.60 0.00 0.15 0.30 0.4S

r minor

Fig. 8a. V and v ' r e i
: Comparison of Effects of Positive Tilts on 6

and 10 Coils per Field Period (B * = 2% B

6. Coi Is per Field Period:
Curve #1 - plus 10 degrees tilt from vertical,
Curve #2 - plus 5 degrees tilt from vertical,

10 CoiIs per Field Period:
Curve #3 - plus 10 degrees tilt from vertical, and
Curve #4 - plus 5 degrees tilt from vertical.

O.zo,
Jdl/Jdl/B B reK «ype 1)

0.08
0.00 0.15 0.30 0.45 0.60

r minor
0.00 0.15 0.30 0.45 0

r minor
60

Fig. 8b. <B> and Brel(type l) (otherwise, same as Fig. 8a).
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• a -

B relCtype Z>

\

1 1

1

V\\

1
Q.OQ 0.15 OTiQ Q.4S 0.60 0.00 0.15 0.30 0.45 0.60

' r minor r minor

Fig. 8c. <B> and Brel(type 2) (otherwise, same as Fig. 8a)

iota bar/fp ripple

0.00 0.15 0.30 0.45 0.60 0.00 0.15 0.30 0.45 0.60

Fig 8d. Iota Bar per Field Period and Ripple (otherwise, same as Fig. 8a)



5.90,
V pel -0!

5.5
0.00 O.1S 0.30 0.45

p minor
0.60 0.00 0.15 0.30 0.4S

r minop
0.60

Fig. 9a. V and V'
r e ]: Effects of Aspect Ratio on Magnetic Profiles, Rotational

Transform, and Ripple (B v e r t = 2% B t o r, +5 degrees tilt
10 coils/field period - otherwise, same as before).

Curve

o.ia—t

o.n
0.00 0.15 0.30 0.4S

p minor
0.00 0.1S 0.30 0.45 0.60

p minop

Fig. 9b. <B> and Brel(type 1) (otherwise, same as Fig. 9a)

31



0.1
B relCtype 2)

0.00 0.15 0.30 0.45 0.60 0.00 0.15 0.30 0.45 0.60
0.1

Fig. 9c. <B> and Brej(type 2) (otherwise, same as Fig. 9a)
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I I
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ripple

I

J I
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Fig- 9d. lota Bar per Field Period and Ripple (otherwise, same as Fig. 9a)

32



7.oa
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6.00-

V1 V rel

5.5C -

5.0'
0.00 0.16 0.32 0.46

r minor
0.64

-0.80L
0.00 0.16 0.32 0.48

r minor

Fig. 10a. V and Effects of 9, 10 and 11 Coils per Field Period on
Magnetic Profiles, Rotational Transform and Ripple
(2% B vertical, +5 degrees tilt - otherwise, same
as before).

Curve 1: 9 Coils/Field Period
Curve 2: 10 Coils/Field Period
Curve 3: 11 Coils/Field Period

0.12
0.00 0.16 0.32 0.48

r minor
0.64 0.00 0.16 0.3Z 0.48 6\64

r minor
Fig. 10b. <B> and Brel(type l) (otherwise, same as Fig. 10a).
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sgrtOBdl/fdl/B) B reKtype 2)

o.i
0.00 0.16 0.32 0.48 0.64

r minor
0.00 0.16 0.32 0.48 0.64

r minor

Fig. 10c. <B> and Brel(type 2) (otherwise, same as Fig. 10a)
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.00 0.16 0.32 0.48 0.640.00 0.16 0.32 0.49 0.64
r minor

Fig. 10d. Iota Bar per Field Period and Ripple (otherwise, same as Fig. 10a)
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p minop
0.60

-O.ZOl
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0.60

Fig. lla. V and V' r e l: Effects of Tilt on Magnetic Profiles, Rotational
Transform, and Ripple (2% B vertical, 11 coils/field
period — otherwise, same as before).

Curve 1: + 5 degrees from vertical
Curve 2: +10 degrees
Curve 3: +15 degrees

O.ZO

o.ia
0.00 O.iS 0.30 0.4S

p minop
0.60 0.0C 0.15 0.30 0.45 0.60

p minor

Fig. lib. <B> and Bre](type 1) (otherwise, same as Fig. lla).
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-0.20

B rel<type 2>

0.00 0.15 0.30 0.4S 0.60
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Fig. lie. <B> and Brel(type 2) (otherwise, same as Fig. Ha)
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0.60 0.00 0.1S 0.30 0.45 0.60
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Fig. lid. Iota Bar per Field Period and Ripple (otherwise, same as Fig. lla)
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7.5C -
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0.C0 0.13 0.25 0.38

r minor
0.50

Fig. 12a. V and V r e l : Effects of Helical Amplitude on Magnetic Profiles,
Rotational Transform, and Ripple (B r t = 2% B.
6 coils/field period, 6 field periods, major radius 6).
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Fig. 12b. <B> and Brel(type 1) (otherwise, same as Fig. 12a).
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sqrtOBdl//dl/B> B reKtype Z)

0.00 0.12 0.25 0.38 0.50 0.00 0.13 0.25 0.33 0.50
0.1

Fig. 12c. <B> and B ,(type 2) (otherwise, same as Fig. 12a).
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Fig. 12d. Iota Bar per Field Period and Ripple (otherwise, same as Fig. 12a)
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Fig. 13a. Puncture Plots and Top-down View of Coils and Flux Surfaces.

Major radius (a): 6 Field periods (Q): 6
Coils per field period : 12 Coil aspect ratio (A) . 6
B Vertical: 2% of B toroidal
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°< 1-0 2.0 3.0 4.0 5.0 6.0 7.ft

Fig. 13b. Puncture Plots and Top-down View of Coils and Flux Surfaces.

Coils per field period : 24 (otherwise, same as Fig. 13a).
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0.60 0.00 0.15 0.30 0.45"

r minor
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Fig. 14a. V and V ,: Effects of Number of Coils per Field Period on Magnetic
Profiles, Rotational Transform, and Ripple (B v e r t = 2% B

+5 degrees tilt).

Curve 1: 6 Coils/Field Period,
Curve 2: 12 Coils/Field Period, and
Curve 3: 24 Coils/Field Period.

O.Ott
q.QQ 0.1S 0.30 0.45

r minor
0.60 O.QO 0.15 0.30 0.45" " 0".60

r minor

Fig. 14b. <B> and B . ( type 1) (otherwise, same as Fig. 14a)
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(1.00 0.15 0.30 0.45 0.60

r minor
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Fig. 14c. <B> and B ,(type 2) (otherwise, same as Fig. 14a)
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Fig. 14d. Iota Bar per Field Period and Ripple, (otherwise, same as Fig. 14a)
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q.00 0.15 0.30
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0.45 0.60 0.00 0.15 0.30
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0.45 0.60

Fig. 15a. V and V -
r e l : Effects of Aspect Ratio at 12 Coils per Field Period

on Magnetic Profiles, Rotational Transform, and Ripple
(B r^ = 2% B.,or, +5 degrees tilt - otherwise, same
as before).

Curve 1: Major Radius (a) = 8, Aspect Ratio (A) s 8,
Curve 2. Major Radius (a) = 6, Aspect Ratio (A) s 6, and
Curve 3. Major Radius (a) = 4, Aspect Ratio (A) = 4.
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Fig. 15b. <B> and Brel(type 1) (otherwise, same as Fig. 15a)
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Fig. 15c. <B> and Brel(type 2) (otherwise, same as Fig. 15a)
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F i g . 1 5 d . I o t a B a r p e r F i e l d P e r i o d a n d R i p p l e ( o t h e r w i s e , s a m e a s F i g . 1 5 a )
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Fig. 16a. V1 and V ,: Effects of Simultaneous Changes of C and Ag'at
11 Coils/Field Period on Magnetic Profiles, Rotational
Transform and Ripple (B

vert=2% B t o r , +5 degrees tilt).
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Fig. 16b. <B> and Brel(type 1) (otherwise, same as Fig. 16a)
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Fig. 16c. <B> and Brel(type 2) (otherwise, same as Fig. 16a)
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Fig. 16d. Iota Bar per Field Period and Ripp)e (otherwise, same as Fig. 16a)
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