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COMPUTER SIMULATION OF THE DIFFUSION .BEHAVIOR 
OF AN ORDERED ADSORBATE 

G. E. MURCH 

Chemistry Division, Argonne National Laboratory, Argonne, Illinois 60439 

ABSTRACT 

This paper reports on new Monte Carlo results for the "chemical" diffusivity of an 
ordered adsorbate. The model used is the s.quare planar lattice gas with repulsive 
nearest neighbor interactions and attractive next nearest neighb0r interactions. 
The simulation is based on the recently formulated rigorous Darken equation. 
Within the ordered c (2 x 2) region a strong maximum in the diffusivity as a 
function of coverage is obser,ved. It is demonstrated that this maximum is a direct 
consequence of the large gradient in the adsorption isotherm within the ordered 
region. 



INTRODUCTION 

It 6as been usual for many properties of 
themisorbed species on metal surfaces to be 
discussed in the light of the lattice gas model. 
This model is valid to the extent that 
adsorption occurs at particular. localized sites 
relative to the substrate atoms and that 
magnetic and dipole-dipole, etc., interactions 
are negligible. Recentl~, the diffusivity of an 
adsorbed species (0 on W {110}) has been studied 
as a function of coverage at temperatures l~ss 
than desorption temperatures [1,2]. This work 
inspired Bowker and King [ 3] to make a l-Ion te 
Carlo study of a lattice gas in order to 
investigate specifically the effect of lateral 
interactions on the diffusion behavior.· Using 
experimentally derived nearest and n~xt nearest 
neighbor interaction ener.gies (11], Bmvker a11d 
King were able to demonstrate semiquantitati~ely 
the experimentally observed strong maximum in 
the diffusivity as a function of coverage [1,2]. 
1·ie should note, hmvever,. that good agreement 
should not necessarily be expected since the 
simulation study ~vas in a square planar lat~ice 
while the lattice gas appropriate to 0 on W 
{110} should be triangular with anisotropic 
interactions. More importantly, hmvever, the 
simulation was not sufficiently transparent for 
any insight to be mad~ into the atomistic 
reasons for the maximum except that it Has 
reported to be associated with ordering. 

In vie\V of th~ importance of the·result for 
·other adsorption systems and the development 
of a theory of diffusion in ordered structures, 
two dimensional or otherwise, we have 
undertaken a neH Honte Carlo study on the same 
model that Bowker and King have employed. The 
nature of our method, in which the diffusivity 
is built up from its component parts, permits 
valuable insight to be made into the reason for 
the maximum in the diffusivity. 

THEORY 

'7h.e Lattice Gas 

We consider a lattice gas of N adsorbed species 
on B lattice sites where the coverage, 8, is 
defined by N/B. Introducing the index i for 
the labeling of lattice sites and a local 
occupation number c. Such that c = l if ~he 

l i 
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site is occupied and c. = 0 if vocant, we may 
~-

also designate the coverage by 9 =<c.>. We 
l 

may ~.Jrite dmm the Hamil tcnian of the lattice 
gas in the following general way [5): 

c.c.¢(r.-r.) + L: E:.c. +.X 
l J l J i l l 0 

(1) 

where ¢ denotes lateral interactions between 
adatoms; E:. represents the binding force between 

~ the adatom and the substrate, and~ represents . 0 
separable contributions from lattice vibrations 
of the adsorbed layer, etc. For the case of the 
square planar lattice gas with nearest neighbor 
(nn) repulsive interactions and next nearest 
neighbor (nnn) attractive interactions, one 
generates a phase diagram with an ordered 
Structure C (2 X 2) centered around 8 = 0.5 
and L\,'0 two-phase regions at lmver temperatures, 
see [5]. 

1-li th these interaction conditions and ~,,riting, 

c. = (1 + s.)/2; \vhere s. denotes a spin, \ve 
l l l 

may transform to an Ising model [ 5] : 

.Yf= - L: J s.s. - L: J s. s. - HL:s. +.Yt' 
·.J.. nn l J i/j 

nnn l J i 
~ 0 

lrJ (2) 

\vhere J (r. - r.) 
1 

</> (r. - r.) -
~ J 4 l J 

and H (r.) 
1 L: + L: </> (r. r .) 
2 

E:. 
~ ~ 

j/i 
~ J 

Hhere H is the imposed magnetic field and J is 
the exchange coupling bet\veen spins. The zero 
field critical temperature, i.e. at e = 0.5, 
for this Ising model has ~een obtained in an 
accurate [6] approximate solution by Fan and Wu 
[7]. They write for the critical condition in 
the square planar lattice: 

expCIJ l/kT) = /2exp(-2J /kT) nn c nnn c 

~ exp(-4J /kT ) 
nnn c 

(3) 

where Tc is the critical temperatur~ (at 8 
0.5). Nm.J, in their simulation Bmvker and King 
used values of 14.4 kJ mol- 1 for the nn 
repulsion interaction and 6.7 kJ mol- 1 for the 
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nnn attraction interaction with a temperature of 
1153 K. Thes~ parameters lead to T = 1615 K. 

. . c 
Thus, the ordered region is indeed entered 
during the simulation. 

Diffusion 

l·le are interested in the calculation of the 
intrinsic diffusivity, ni, 'vhich is synonymous 
with the chemical diffusivity, TI, for the one 
component lattice gas. 

i - d8- 1 

D = D = - J(d), , 

'"here J is the diffusive flux and x is the 
distance. There are three simulation methods 
available to calculate TI. The first, an 
non-steady state method [8], provides a direct 
.means for calculating D from concentration 
profiles. But this method is prone to 
statistical uncer~ainty. The second method 
makes use of a steady-state technique [9] and 
is considerably more precise. But both these 
methods give no real insight into the det;=tiled 
makeup of D. In the third method,· hmvever, one 
can make use of the recently formulated rigorous 
'Darken' equation for the one component lattice 
gas [10]. 

TI = D (dlna) 
dln6 

,.Jhere D is the self diffusivity of unmarked 
atoms and a is the thermodynamic activity 
defined by 

l-1 = kTlna + l-!
0 

and the chemical potential, l-1 by 

· 3A 
l-1 = (-;;-----) 

oNB T 
' 

'"here A is the. configurational free energy. 

(5) 

(6) 

(7) 

D is not measurable experimentally itself, b~t 
is related to the familiar tracer diffusivity 
by 

D = D>~ f /f 
I 

(8) 
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where fr is the physical correl~tion fact6r 
[10-ll] and f is the tracer correlation factor. 
D may be expanded as [12]. 

D 
l 2 . 
2 A f 1 [vzVW exp(-E 0 /kT)] (9) 

where the adatom jump frequency, ] in eqn 9 
depends on the surroundings before. the jump. · V 
is the availability of vacant nn sites to a 
diffusing atom, E0 m is the diffusion activa~ion 
energy of an isolated atom, A, V,. and z are the 
jump distance and vibrational frequency and co­
ordination, respectively, and H, the effective 
frequency factor is of the form 

H. = exp[(4Zi J + 4Zi J )/kT)) V./0 (10) 
1 nn nn nnn nnn 1 · 

and Zi is· the number of O<'.cupied ·neighboring 
siles around ari atom i which is in a position 
to jump. 

In a lattice gas treatment where hopping-like 
motion is assumed, it is sufficient to calculate 
V, W, f

1 
and ~lna/dln8 in order to access B 

(8,T), We used an array of 10~ sites and 
divided the calculation into two parts. 
Specifying J ; J , and T, we attained nn nnn 
equilibrium with the grand canonical ensemble 
and calculated V(8,T), W(0,T), and ~(8,T) (the 
latter is trivially kno~vn in this ensemble) by 
averaging over 105 configurations. Then we 
switched to the petit canonical ensemble in 
order to calculate f

1 
for 100 steps per atom 

[13]. Further details are dRscribcd 
elsewhere [14] . 

RESULTS 

In Fig. 1 ~ve display the ~/8 isothenn at 1153 K. 
We have denoted the entry ~nd exit (second order 
transitions [14]) to the ordered, c (2 x 2) 
phase by arrows. We note in particular the very 
steep rise of the isotherm within the ordered 
region. He will return to this observation 
belmv. 

For reasons of space, we do not present detailed 
results for V, H, and f 1 . They Hill be _ 
discussed elsewhere [14]. Our results forD 
(normalized to unity) after numerical 
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differentiation of the ~/8 isotherm a~e shown in 
Fig. 2. There is only a rather superficial 
resemblanc.e Hi th the results of Bo\vker and King 
[3]. But the rather large statistical 
uncertainty in their work, coupled Hith the 
unlikelihood of generating well-behav~d 
concentration profiles within the ordered 
region, probably accounts for any discrepancy. 
1\le no"te in particular that \vhen 8 -+ l' then 
fi-+ l, V-+ (1-8), dlna/dlne-+ (l-8)- 1 and 

D-+ H (8=1). This is verified in our \vork, but 
while Bmvker and King do not examine coverages 
> 0.9, the terminal point just mentioned seems 
unlikely to be obtained on the basis of any 
reasonable extrapolation. 

It is clear that the maximum in D is associated 
·with the ordered region. The dotted line in 
Fig. 2 was obtained by substituting (l-8)- 1

, 

i.e. the ideal. mixing case instead of the · 
derivative of Fig. 1. He see nmv that the 
maximum completely disappears. This implies 
that the maximum is dictated only by the very 
sharp rise in the ~/8 isotherm within the 
ordered region. That is to say, the ordered 
region provides a very large thermodynamic 
driving force over and above that for random 
mixing alone. 

For reference purposes, D, for the assumption of 
ideal mixing, is given by the dashed line in 
Fig. 2 .. In this case! V = 1:8, H = 1, fi = 1, 
and dlna/dln8 = (1-8) 1 and D is accordingly 
independent of coverage. 

As we pointed out above, · the present study was 
intended as an examination of a model system 
which permitted direct comparison with another 
simulation. Both arrays were square planar, 
and, despite the comments of Bowker and King 
[3], diffusion in this array is unlikely to 
bear more than a passing resemblance tci the 
undoubtedly anisotropic diffusion behavior for 
0 on H [110]. This should be 'modeled' as a 
triangular lattice gas with anisotropic 
interactions [4]. · Results using our procedure 
for that lattice gas ,.Jill be reported else\vhere · 
[14]. . 
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FIGURE CAPTIONS 

Fig. 1. the adsorption 
planar lattice g~s with 
J > 0. 

nn 

isotherm foi the square 
J /J = 0.465 and 

nnn nn 

Fig. 2. The chemical diffusivity, ~. as a 
function of coverage, 8, for the square planar 
lattice gas with J /J = 0.465, J > 0, and 

nnn nn nn 
T/T = 0. 7136. Honte Carlo results: ---­

c 
Honte Carlo results \vith dlna/dln8 replaced. by 
(1-8)- 1 : ••••••••• 

Ideal mixing case: 

. 7 



f
'
 .. 

0 
o
~
-
-
-
-
~
-
-
-
-
L
-
-
-
~
~
-
-
~
-
-
-
-
~
-
-
-
-
-
0
~
-
-
-
-
~
~
-
-
~
-
-
-
-
~
-
-
~
o
c
)
 

~
 

~
 

~
·
 

-
~
 

l~Jn 
I 

I 



c 
-
~
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
~
-
-

I I I I I I I I I I 
··. 

I 
··. ... 

I . 
·····... 

~ 
.. .. ~·· .... 

---___;_;_----....:___~1 ~············ ... 
I I I I I I I I I I I I 

... 

.. 
. 

co 
0 W

· 
c) C

D
 -w <...? 

<
(
 

n::: 
w

 
>

 
0 

~
u
 

0 N
 

0 

I I 
0 

o
~
-
-
-
-
-
-
~
o
-
-
-
-
-
-
-
-
~
0
-
-
-
-
-
-
-
-
~
o
-
-
-
-
-
-
-
-
o
~
-
-
-
-
-
-
-
o
L
-
-
-
-
-
-
-
~
o
o
 

W
 

-
~
 

~
 

~
 

N
 

0 

0 '1N31JI.::l.::l30J 
NOISn.::l.::!IO 

l\1JilN
3H

J 
rv

 

~
 

·~ 
L

L
 




