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ABSTRACT

A critical evaluation is made of the dynamic pressures and the associated forces induced
by ground shaking on a rigid, straight, vertical wall retaining a semi-infinite, uniform vis-
coelastic layer of constant thickness. The effects of both harmonic and earthquake-
induced excitations arc examined. Simple approximate expressions for the responses of
the system are developed, and comprehensive numerical data are presented which eluci-
date the effects and relative importance of the various parameters involved. These solu-
tions are then compared with those obtained by use of a simple model proposed previously
by Scott, and the accuracy of this model is assessed. Finally, two versions of an alternative
model are proposed which better approximate the action of the system. In the first, the
properties of the model are defined by frequency-dependent parameters, whereas in the
second, which is particularly helpful in analyses of transient response, they are repre-
sented by frequency-independent, constant parameters.
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EXECUTIVE SUMMARY

The study reported herein represents the first step in a broader investigation into the response to
ground shaking of embedded and underground structures. It presents a comprehensive evaluation of
the dynamic pressures and the associated forces induced by ground shaking on a rigid, straight, verti-
cal wall retaining a semi-infinite, uniform viscoelastic layer of constant thickness. The effects of both
harmonic and earthquake-induced excitations are examined. Simple approximate expressions for the
responses of the system are developed, and comprehensive numerical data are presented which eluci-
date the effects and relative importance of the various parameters involved. These solutions are then
compared with those obtained by use of a simple model proposed previously by Scott, and the accu-
racy of this model is assessed. Finally, two versions of an alternative model are proposed which better
approximate the action of the system. In the first, the properties of the model are defined by fre-
quency-dependent parameters, whereas in the second, which is particularly helpful in analyses of
transient response, they are represented by frequency-independent, constant parameters.

With the analytical expressions presented, the dynamic pressures and the associated forces exerted on
the wall may be evaluated readily and reliably. Additionally, the numerical data presented and the
analysis of these data provide valuable conceptual frameworks for the interpretation of solutions for
more involved systems as well.

Scott’s model, which ignores the radiational damping capacity of the medium and considers the wall
pressures to be proportional to the relative motions of the wall and the soil at the far field, does not
adequately describe the action of the system and may lead to large errors. The proposed alternative
models, which effectively consider the wall pressures to be governed by the action of the soil in the
immediate vicinity of the wall, better characterize the response of the system, and lead to results of
reasonable accuracy. In particular, the model with frequency-independent parametcrs may be used to
evaluate readily and reliably the effects of earthquake ground motions of broad-banded spectral char-
acteristics.
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SECTION 1
INTRODUCTION

The evaluation of the dynamic soil pressures induced by ground shaking on vertical walls is funda-
mental to the seismic analysis and design of earth retaining structures and of embedded and under-
ground systems. Although these systems have been the subject of numerous studies over the years,
their dynamic response is still not well understood. There is, in particular, lack of adequate response
data and of rational but simple methods of analysis which may be used reliably and cost-effectively in
design. Valuable accounts of previous contributions on the subject have been provided in state-of-the-
art reports by Nazarian and Hadjian [1], Prakash [2] and Whitman [3], and they will not be high-
lighted here.

The methods that have been used for the analysis of the problem can conveniently be classified into
three categories: (1) those in which the relative motions of the wall and backfill material are suffi-
ciently large to induce a limit or failure-state in the soil; (2) those in which the wall is essentially
unyielding and the ground motion is of sufficiently low intensity so that the backfill material may be
considered to respond witliin the linearly elastic range of deformations: and (3) the intermediate case
in which the true nonlinear, hysteretic properties of the soil are accounted for explicitly.

Representative of the first approach is the well known Mononobe-Okabe method [4, 5] and its various
variants [6, 7, 8], in which a wedge of soil bounded by the wall and an assumed failure plane is con-
sidered to move as a rigid body. experiencing the same acceleration as the ground. Representative of

the third approach is a recent contribution by Siller et al [9] dealing with the responses of gravity and
anchored walls.

The present study is in the vein of the second approach; it examines the wall pressures and associated
forces induced by ground shaking under elastic conditions of response. The system investigated is a
semi-infinite, uniform, viscoelastic stratum of constant thickness which is excited by a space-invariant
motion along its base and its vertical boundary. Boih harmonic and transient excitations are used. Rel-
atively simple, approximate solutions and comprehensive numerical data are presented which eluci-
date the effects and relative importance of the numerous parameters involved. In addition to valuable
insights into the response of the particular system considered, the numerical solutions presented pro-
vide a convenient frame of reference for the analysis and interpretation of the responses of more com-
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plex systems as well.

The elastic response of this system has been examined previously by Matuo and Ohara [10], who
employed a method of analysis similar to the one used here. However, the accuracy of their solution
cannot be confirmed, and they have presented no numerical solutions. In a series of valuable studies
[11. 12], Wcod has provided analytical solutions and comprehensive numerical data for the response
of a stratum of finite length excited uniformly along its base and its two vertical boundaries. Wood's
analysis was implemented by modal superposition and led to expressions involving double series.
While these expressions can also be used to approximate the response of the semi-infinite stratum
considered herein, they require the consideration of a prohibitively large number of terms.

Scott [13] has proposed a simple model for approximating the responses both of the semi-infinite stra-
tum examined here and of the bounded system investigated by Wood [11, 12]. In this model, the far
field response of the stratum is evaluated from an analysis of a similarly excited, uniform shear-beam.
The dynamic wall pressure at an arbitrary height is then computed on the assumption that it is propor-
tional to the relative motions of the wall and the shear-beam at that height. Scott’s model has been
used widely [14 through 18] and variations of it have also been employed in analyses of piles [19] and
of underground cylindrical structures [20].

One of the objectives of the present study is to assess the reliability of Scott’s model for the problem
under consideration by comparing its predictions with those of the more nearly exact analysis pre-
sented herein. A final objective is to present an alternative model which better approximates the action
of the system.,
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SECTION 2
SYSTEM AND METHOD OF ANALYSIS

The system investigated is shown in part (a) of Fig. 2.1. It is a semi-infinite, uniform layer of vis-
coelastic material that is free at the upper surface, is bonded to arigid base, and is retained along one
of its vertical boundaries by a rnigid wall. Both the wall and the base of the layer are presumed to be
excited by a space-invariant motion, the acceleration of which at any time t is X, (t) . Material damp-
ing for the medium is considered to be of the constant hysteretic type [21].

The properties of the layer are defined by its mass density, p, shear modulus of elasticity, G, Pois-
son’s ratio, v, and the material damping factor, d, which is considered to be frequency-independent
and the same for both shearing and axial deform' i;on=. The latter factor is the same as the tand factor
used by Veletsos et al in several previous studi. .. :¢ ™undation dynamics (e.g., Refs. 21 and 22) and
twice as large as the percentage of critical damping, {5, used by other authors in related studies (e.g.,
Refs, 11, 12, 13 and 23).

The displacements relative to the moving boundary and the resulting wall pressures and forces for the
base-excited system can be shown to be identical to those of the force-excited system indicated in part
(b) of Fig. 2.1. Both the wall and base of the latter system are stationary, and the layer is excited by
uniform lateral body forces of intensity —p X, (1) . For exciting frequencies that are very low in com-
parison to the fundamental natural frequency of the stratum, the action of the force-excited system
may be easier to visualize than that of the base-excited system.

2.1 Governing Equations and Assumptions

When referred to the rectangular system of coordinates x, y shown in Fig. 2.1, the equations of motion
for the medium may be written as

do, 8txy

v o
% Tam T PG TP v
do, 0t %
y Xy
on ‘ag T PGa .

in which o, and o, are the normal stresses at an arbitrary point and time along the x- and y-coordi-
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B kR

nates, respectively; u and v are the corresponding 'isplacements relative to the moving boundary: Tey
is the shearing stress in the x-y plane: a dot superscript denotes a differentiation with respect to time:
and £ and 1 are dimensionless position coordinates defined by £ = x/H and 1 = y/H. The sign
convention for stresses and displacements is that used in theory of elasticity. Specifically, displace-
ments are positive when directed along the positive direction of the corresponding coordinate axes,
normal stresses are positive when they induce tension, and the positive directions of the shearing

stresses are as indicated by the inset diagram in Fig. 2.1(a).

For the two-dimensional, plane strain condition examined herein, the stress components are related to
the displacement components by

* * laV
= (A +2G" )Hafg-”" Hom 3)
- * 1 aU aV
Tey = (311 E)&) 4)
_ * ® 10v * 10u

in which G* and A* are the complex-valued Lame constants

G* = G(1+1d) ©
2v
o= 50 @
and i = J-1.

Fundamental to the analysis presented is the assumption that no vertical normal stresses develop any-
where in the medium. As a consequence, the following expression is obtained from Eq. 5

v _ A du_ _ v du g
Fn " TR r2GTOE T TVt ®

which when substituted into Eq. 3 leads to

_ % 10u
O'x = G —ﬁx %)
where
2
Yo = 1oy (10)

Next, on substituting Eq. 3 along with Eq. 4 into Eq. 1, and making use of Egs. 7 and 8, the equation
expressing the equilibrium of forces in the x-direction can be written as
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2 *azu *azu 2..
YG —+G — ~o"— = pHX_ (1) (1D
e aEZ anz atZ g

in which

2-v

A (12)

Eq. 11 is solved subject to the boundary conditions

ul

n=0 =0 (14)

With u determined, the normal stresses are computed from Eq. 9; the vertical displacements, v, are
determined by integration of Eq. 8 subject to the boundary condition

Vig—o =0 (15)

and the shearing stresses, Tyys 2T€ determined from Eq. 4.

It should be noted that Eq. 2, which expresses the equilibrium of the vertical forces, is not satisfied in
this approach, neither is the condition of vanishing shears at the free surface. For the horizontal
ground motion being examined, the primary motions in the medium are shearing an4 longitudinal.
The vertical motions and stresses are Poisson’s ratio induced, and would not be expected to affect
importantly the resulting wall pressures and forces which are the quantities of primary interest in this
study. This expectation as well as the unimportance of violating the condition of zero shearing stresses
at the surface are confirmed in a later section through studies of the static response of the system.

Note should also be taken of the fact that no mention has so far been made of the in-plane condition at
the wall-soil interface. For the analysis presented. both the shearing stresses and the vertical displace-
ments along the interface are generally finite. Accordingly, the presumed interface condition is neither
smooth nor rough but intermdizte in nature. This approximation is also examined further later.

If instead of the vertical normal stresses, o the vertical displacements, v, had been assumed to be

zero, it can be shown that both the factor y_ in Eq. 9 and the factor y, in Eq. 11 would have had to be
replaced by

/2(1—v)

Y152y 2

v

Xo =

The assumption of vanishing vertical displacements underlies both the analysis presented by Matuo
and Ohara [10] and the study of several related three-dimensional problems reported by Tajimi [23].
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The interrelationship of the solutions based on the o, = 0 and v = 0 approximations is examined in
a later section. In the interim, it is worth noting from Eqs. 16 and 9 that, as v — 0.5, the longitudinal
normal stresses in the solution for the v = O approximation tend to infinity, a result which is clearly
unacceptable. Except where specifically otherwise indicated, the solutions presented herein are for the
assumption of vanishing vertical normal stresses.

2.2 Harmonic Response
For a harmonic input motion of acceleration

%, (1) = X,e'" (17)
the relative displacements u (&, 1, t) may be expressed in the form

w(E 1) = U(E e (18)

in which Xg = the acceleration amplitude of the input motion; = the circular frequency of the
excitation and resulting response: and U (&, n) = a complex-valued function of € and n represent-
ing the relative displacement amplitudes.

The function U (€, 1) may be expressed as a linear combination of the natural modes of vibration of
the medium computed on the assumption that it acts as a series of vertical cantilever shear-beams, i.e.,
as

UEn) = Zl

U, (8) sinm (19)
,3

in which n =an odd integer. Note that in addition to satisfying the boundary condition defined by Eq.
14, this expansion defines exactly the far field effects.

On substituting Eqs. 17 and 18 into Eq. 11, making use of Eq. 19, and expanding Xg in the form
. 4. & 1 nm
Xy = ~X, Y —sin—-1 (20)

it is found that U must satisfy the ordinary differential equation

d’U nm 2 4pX H?
e [Q__, AU, = —E @1
dE Y nny;G
in which
o
A =1~ 22
n 1+1d (22)



I

ad (23)
o,

S

¢, =

o, = the fundamental circular natural frequency of the cantilever shear-beam, given by

v
o, = 54 (24)
and v, = ./G/p = the shear wave velocity for the medium.
The homogeneous solution of Eq. 21, U:. is given by
Uh(E) = Ae 4B e 25)

inwhich A and B are integration constants, and o is the square root of the coefficient of U in Eq.
21. The latter quantity may be expressed as
n

nw . )
o = 2—’“;" (an + lbn) = C, + ‘dn (26)
(-]

where a_ and b are real-valued positive dimensionless factors defined by

a = A/Mcosen (27a)
b, = J[A,[sin6, (27b)

and B, = aphase angle in the range between O and 1t/2 given by

56>
0 = lArg/\ = 1arctan—i'l__5
1-¢, +d

" =3 (28)
The vertical bars in the expressions for a, and b, represent the modulus of the enclosed quantity. For
a non-dissipative, undamped medium, 8  equals zero for ¢ < 1 and 7t/2 for ¢_> 1: accordingly, for

both cases, a, +1ib, = ,/1-¢2.

Considering that the term at the extreme right of Eq. 25 increases without bound with increasing &
while the response is finite, the integration constant B, must vanish. This reasoning is strictly valid
only for a dissipative medium with a finite value of d. For a purely elastic medium and values of

¢, > 1. o is purely imaginary, and the term involving the factor B, does not increase unboundedly.
Rather, its product with the time function e represents a harmonic wave propagating from the far
field towards the wall. However, since no waves originate or are reflected from the far field, B, must
again vanish.

The particular solution of Eq. 21, UP. is a constant given by



16pXH? 1 1
UR(®) = - ~. 29
® G nPl-¢2+id &)

and the complete solution for U _ (&) is given by

(e, +idgs _ 16pXH 1 1

Un(®) = Ane G n’l-¢2+1d

(30)

in which the integration constant A may now be determined from the boundary condition defined by
Eq. 13.

On so determining A, and substituting the resulting expression for U, into Eq. 19, the following
exnpression is obtained for the relative displacement amplitude

X B = L R L S—
U ) = "1_6p 23 :3'1 ¢2+L8 m‘——n €2))
The real part of this equation represents a response component that is in phase with the exciting
motion, whereas the imaginary part represents a component that is 90° out of phase. Two factors con-
tribute to the imaginary part: (1) the soil material damping; and (2) the radiational damping, which is
associated with the capacity of the medium to dissipate energy by radiation of waves into the far field.
The relative importance of these two sources of energy dissipation depends on the frequency of the
excitation, and this dependen. . ‘- >xamined further in a later section.

Provided soil material damping is finite, as £ — o the exponential term in Eq. 31 vanishes, and the
equation reduces to

16DX H?
TC

Um) =

- 1 1 . nm
= g sin (32)
Z; 3 0’ 1-92+id 2

This expression is, of course, the same as that governing the motion of a base-excited, vertical shear-
beam of the same height and material properties as the stratum; see Appendix.

For a purely elastic medium with no material damping, Eq. 31 reduces to

nn‘. I"—‘—

/ -9 &
16pX H & 11-e’
Z Sl A sm“r\ (33)
T3 n° 1"¢§

U(E,n =

3,

The following trends are worth noting in this expression:

1. For exciting frequencies lower than the fundamental natural frequency of the layer (values of
¢, < 1), the exponential functions for all terms in the series are real-valued, and the displacement
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amplitudes increase monotonically from zero at £ = O to their maximum values at the far field:
the latter values are the same as those given by the undamped version of Eq. 32. The lack of any
imaginary terms in the soiution confirms the well known fact that no energy gets dissipated by
radiation of waves in this case.

2. For exciting frequencies higher than the fundamental natural frequency of the layer, the power of
the exponential functions is purely imaginary for the first term of the series, and either real and
negative or purely imaginary for the higher order terms. Accordingly, superimposed on the mono-
tonically varying function of £ in this case, there are harmonic functions of non-decaying constant
amplitudes that persist even as € — oo, in particular, the far-field motion consists of the superposi-
tion of the shear-beam motion and the motion due to waves radiated from the wall.

3. For exciting frequencies equal to any of the natural frequencies of the layer (i.e., ¢ = 1 or
¢, = 1,3,5,...), the response of the system becomes infinite. Soil material damping naturally
limits these responses to finite values. ..

2.2.1 Vertical Displacements. On substituting Eq. 31 into Eq. 8, integrating with respect to 1 and
satisfying Eq. 15, the vertical displacement v is found to be given by

vEMY = V(Eme (34)
in which

VED _1*6“\41‘i ;_)l)“(gH? i 1 (2, +1b,) gt (1 —cosl—]fn) (35)

' - P R Y ST 2
and
v

W TGS ey o0
2.2.2 Normal and Shearing Stresses. These quantities may similarly be expressed as

o, (&1 = o(Eme™ (37
and

T, (BN = t(Eme (38)

and on substituting Eq. 31 into Eq. 9, and Eqgs. 31 and 35 into Eq. 4, the tollowing expres-

sions are obtained for the complex-valued stress amplitudes o (£,m) and 1(&, n):
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o . —(c,+1d ) E

o(En) = —gnzongH(l+i5)n=Zl,’3 nlz(a"+1ll_)_"l§+l~5 siny 1 39
in which

v, = Yo N (40)

V. J(1-v)(2-v)
and
e 1{(1+1‘5)(1-e"“"“'“""5) T
TEW =-eXH Y [—42+15 2" an
—E;T/e—(c“ﬂd“)&(l—cos%—tnﬂ

For & = 0, i.e., for points on the wall-medium interface, the first group of terms within the summa-
tion of Eq. 41 vanish, the exponential terms in the second group of terms become unity, and the shear-
ing stresses T, like the corresponding displacements defined by Eq. 35, turn out to be generally non-
zero and proportional to Poisson’s ratio, v. It follows that the presumed in-plane interface condition
is, as already noted, neither smooth nor fully bonded but intermediate in nature.

2.2.3 Wall Pressures and Forces. The amplitudes of the dynamic wall pressures, ¢, (1) , are
obtained from Eq. 39 simply by deleting the exponential term. With the pressure amplitudes estab-
lished, the amplitudes of the total wall force or base shear per unit of length of the wall, Q,, and of the
corresponding bending moment, M, , are determined by integration to be

1
Qs =jow(n)Hdn
0

16 b 42)
Yy .. . . - 1 a,+lib,
=- KH(1+18) L ——m
TC3 P g ( )n=lv3 n31_¢§+l'6
and
i
M, = [o, (1) H’ndn
0
43)

32y
o

n-1
(-1) 2 a +ib,
n

OOX H3(14i8) L
P . ORI,

13
in which the negative signs indicate that these forces are induced by compressive wall pressures.
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For an undamped medium with & = O for which a_ +1b, = . /1 - ¢2 | the wall pressure amplitudes,
o, (). and Egs. 42 and 43 reduce to

8‘1’ . = 1 1 nr
o, (n) = —— pX,H Z =5 = Sin T (44)
T n=1,3 q V' _¢3
16y, | o 1 1
= - X H? e 45
Qy 7 PAg n=21|3 7 r—l—d)z (45)
‘ n
and
n-1
Ry, & -1 2 1
M, = - toxg® 3 ED D1 (46)
A n=123 n ’V’l__¢n

Note that for ¢_> 1 (values of w > n¢ ), the terms involving the square-root sign in these equations
become imaginary. Note further that the terms within the summation signs in Egs. 42 through 46 are
independent of Poisson’s ratio. Accordingly, the dependence of the wall pressures and associated
forces on v is reflected fully in the factor y_ defined by Eq. 40. Incidentally, for the solution based on
the assumption of vanishing vertical displacements, this factor must be replaced by the factor x|
defined by Eq. 16.

2.3 Transient Response

With the harmonic response of the system established, the response to an arbitrary transient excitation
is evaluated by the Discrete Fourier Transform (DFT) method in combination with the Fast Fourier
Transform (FFT) algorithm [24]. In the application of this procedure, the duration of the forcing func-
tion should be increased by the addition of a sufficiently long band of zeros [25] to eliminate the alias-
ing errors that may be introduced. For the solutions presented herein, the duration of this band was
taken equal to either the duration of the forcing function or 10 times the fundamental natural period of
the layer idealized as a cantilever shear-beam,



“po1apisu0od wasAS 1T am3g

Pa1oxg-92104 (9) paloxXF-punoln (e)

aseq pax1] )%
-
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SECTION 3
PRESENTATION AND ANALYSIS OF RESULTS

3.1 Static Effects

It is desirable to begin by examining the responses obtained for harmonic excitations the frequencies
of which are small compared to the fundamental natural frequency of the layer (i.e., for values of

¢, — 0). Such excitations and the resulting effects will be referred to as static, a term which should
not be confused with that normally used to represent the effects of gravity forces. In the equivalent,
force-excited version of the problem shown in Fig. 2.1(b), the static excitation is represented by a set
of horizontal body forces of constant intensity —p X,.

The maximum static wall pressure, (%) pax . is attained at the top of the wall, and it is determined
from Eq. 44 to be

(6%) max = —0.742y _pX,H (47)

The maximum shear and bending moment in the wall occur at the base, and their values per unit of
length, Q¢' and M}', are determined from Egs. 45 and 46 to be

QY = -0.543y _pX, H’ (48)
and

M = -0.325y _p X H’ (49)

For Poisson’s ratio v = 0.3, (G} nax = —1,361ngH . which equals the value of the total body
force exerted over a soil strip of unit thickness and length 1.361H. Similarly, the corresponding base
shear of 0.995p Xgﬂz is approximately equal to the body force exerted over a square of side length
equal to the wall height. These results suggest that the wall pressures and forces in this case are con-
trolled by the action of the medium in the immediate vicinity of the wall rather than by its far-field
action.

As a measure of the accuracy of the solutions that have been presented, the base shears for the wall
computed from Eq. 48 for different values of Poisson’s ratio for the medium are compared in Fig. 3.1
with those obtained from Wood's more rigorous solution [11]. The latter solution is strictly valid for a



layer of finite length. L. retained by a wall with a smooth interface at each end. For the numerical data
reported here, L was taken as 10H, a value which is believed to adequately approximate the behavior
of the semi-infinite layer, and approximately 70 terms were used in the series expressing the variation
of effects in the long direction. Also included in Fig. 3.1 are the base shears computed on the assump-
tion of no vertical displacements for the layer. The latter values are obtained from Eq. 48 merely by
replacing y_ by x_. The following interrelationships are observed:

1. Over the full range of v values. the results based on the o, = 0 assumption are in very good
agreement with the exact results.

2. For values of v £ 1/3, the same also is true of the results based on the v = 0 assumption. How-
ever, as v — (.5, the accuracy of the latter solution deteriorates rapidly and ceases to be accept-
able,

Mention has already been made of the fact that the solution presented herein does not satisfy the con-
dition of zero shearing stress at the free boundary. Study of Eq. 41 reveals that the unsatisfied shearing
stress attains its maximum value at the junction of the surface and the wall, and that it decays rapidly
with increasing distance from the wall. Furthermore, its maximum value turns out to be independent
of the exciting frequency and generally small compared to the normal pressure exerted on the wall.
For the statically excited system, the ratio of the amplitudes of the two stresses, determined approxi-
mately from Eqgs. 39 and 41 by considering only the first terms of the series, is

1(0,1) v (l-v
(0D = 2427w o

The maximum value of this ratio occurs for v = 0.5 and equals 0.144; the value for v = 0.3 is only
0.096. It is concluded that the violation of this boundary condition has only a minor influence on the
magnitudes of the wall pressures and associated forces, the quantities of primary concern in this study.

Using the finite elements method of analysis, Wood has also evaluated the static wall pressures con-
sidering complete bonding between the wall and the soil. [p. 60 of Ref. 11]. The results were found to
be in good agreement with those obtained for the smooth interface condition, except for over a very
narrow region near the surface, for which the solution for the rough interface exhibits a singularity
which cannot, of course, develop in a real soil. This finding provides further support for the reliability
of the solutions presented herein for which the in-plane condition at the wall-medium interface is nei-
ther smooth nor fully bonded.

3.2 Results For Harmonic Response

3.2.1 Magnitude and Distribution of Wall Pressures. The complex-valued amplitude of the
dynamic wall pressure, o, (1) , may conveniently be expressed in the form



o, (M) = -(g, +ig) w pX,H &)

in which g, and g, are dimensionless factors that depend onthe position coordinate 1, the frequency
ratio ¢, = w/w,.and the associated damping factor, d. The effect of Poisson’s ratio is reflected fully
in the factor . The real part of this equation represents the restraining effect of the elastic, spring-

like action of the medium, whereas the imaginary part represents the effect of a damping mechanism
analogous to that of a viscous damper. The real-valued amplitude of the pressure is, of course, given

by the square root of the sum of squares of the component parts.

The values of g, and g, for the top of the wall are plotted in part (a) of Fig. 3.2 as a function of the
frequency ratio, /o, and the corresponding values of /g2 + g3 are plotted in part (b) of the figure.
The material damping factor in these solutions is taken as & = 0.1. The following trends are worth
noting in these plots:

1. For o = 0, the factor g, = 0 and the wall pressure reduces, as it should, to the value defined by
Eq. 47.

2. For values of w < w, . the pressure is dominated by the real part of Eq. 51, whereas for o > ®,. it
is dominated by the imaginary part. Note in particular, the very rapid and large increase in g, at
values of  close to w,. The relative unimportance of the imaginary part of Eq. 51 for » < o, is
consistent with the earlier statement to the effect that, within this range of frequencies, there is no
energy dissipation by radiation of waves.

3. The absolute maximum pressure amplitude is attained at ® = o, and it is associated with an
amplification factor of 3.39. This is a relatively low value, indicating large overall damping for the
system.

The heightwise variation of the factor / g:{‘ + g% in the expression for the amplitude of the wall pres-
sure is shown in Fig. 3.3(a) for selected values of the frequency ratio, o/ o, . Itis observed that, for
values of w/w, of the order of 2 or less, the stress amplitudes increase monotonically from zero at
the base to a maximum at the top. and that they are dominated by the fundamental mode of vibration
of the layer. By contrast, the wavy variations for the larger values of w/w, reflect the increased con-
tributions of the higher modes of vibration.

The pressure distribution for w=3, (i.e., at the second natural frequency of the layer), may better be
appreciated from the plots in Fig. 3.3(b), which identify the real and imaginary parts of the pressure
amplitude in addition to the real-valued amplitude. Note that the horizontal scale in this figure is twice
as large as that employed in Fig. 3.3(2).

3.2.2 Horizontal Variation of Effects. For the frequency ratios considered previously in Fig. 3.3(a).
Fig. 3.4 shows the horizontal variation of the real-valued amplitudes of the horizontal normal stress at
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the top of the layer,

o, (& 1)|. Similarly, Fig. 3.5 shows the corresponding variations of the real-val-
ued amplitudes of the top displacement relative to the moving base, U (&, 1), and of the shear at the
soil-rock interface. |t (&, 0)|. Stresses in these plots are normalized with respect to ngH, and dis-
placements are normalized with respect to p XEHZ/ G. These data are for a medium with v = 0.3 and
d = 0.1. Unless otherwise indicated. the same medium properties will be considered for all other
solutions that follow.

As would be expected, the amplitudes of the normal stress decrease from their maximum or near max-
imum values at the wall to zero at the far field, whereas those of the shearing stress and displacement
increase from zero at the wall to the values associated with the shear-beam action of the layer at the
far field. The variations are monotonic for @/, < 1, confirming the absence of radiational effects,
and oscillatory for the higher values of w/w, for which the radiational effects are important. The rate
of decay of the normal stress with increasing distance from the wall is quite rapid for the small values
of @/, and only moderate for the higher values. This suggests that whereas the wall pressures at
low frequencies are, as already indicated, controlled by the action of the medium in the immediate
vicinity of the wall, those at high frequencies are also influenced by the far-field action of the medium.

3.2.3 Base Shear and Moment. The real-valued amplitude of the base shear per unit length of the
wall, |Q,| . is plotted in Fig. 3.6 as a function of the frequency ratio w/ ¢, for three different values of
the material damping factor for the medium, d. Poisson'’s ratio for the medium in these solutions is
again taken as v = 0.3. The results are normalized with respect to ngHz.

As would be expected, all curves start at the left from the static value of 0.995ngH2 identified pre-
viously, and the curve for the undamped system becomes infinite at exciting frequencies equal to the
natural frequencies of the layer. Soil material damping reduces significantly the resonant peaks, par-
ticularly those corresponding to the higher modes of vibration. For 8 = 0.1, the amplificaticn factor
for the first resonant peak is only 3.03, whereas the second resonant peak is hardly noticeable.

The very significant effect of damping on the higher resonant peaks is associated with the fact that,
except for the totally undamped system, the fundamental mode of vibration is the dominant contribu-
tor to the response even for high-frequency excitations. This is demonstrated in Fig. 3.7, in which the
exact amplitudes of the base shear for a wall retaining a medium with & = 0.1 are compared with
those obtained considering the contribution of the fundamental mode of vibration only. The excellent
agreement between the two sets of results indicates that the one-mode approximation should be satis-
factory for transient excitations as well.

The amplitude of the base moment per unit length of the wall may conveniently be expressed as the
product of the base-shear amplitude and an appropriate height, h. If the response were contributed
solely by the fundamental mode of vibration, considering that this mode varies as a half-sine from



zero at the base to a maximum value at the free surface, the height h would have been
(2/n) H = 0.637H. The exact values, identified in Fig. 3.8, are not materially different, except for a
totally undamped system at exciting frequencies close to the second natural frequency of the layer.

3.3 Solutions for Transient Response

The response of the medium was also evaluated for the first 6.3 sec of the N-S component of the
ground motion recorded during the 194G El Centro, California earthquake. The acceleration, velocity
and displacement traces of this record have been presented before in [26]. The peak value of the
ground acceleration is X, = 0.312 g, and the corresponding values of the velocity and displacement
are X, = 14.02 in/sec and x, = 8.29 in.

The upper solid line in Fig. 3.9 defines the absolute maximum value of the base shear per unit length
of the wall induced by the El Centro ground motion for a medium characterized by v = 0.3 and

d = 0.10. The results are plotted as a function of the fundamental cyclic natural frequency of the
medium, defined by

v

f, = Z}% (52)

and they are normalized with respect to pX gHz. It should be noted that the right part of this figure,
which defines high-frequency, stiff systems, corresponds to the left parts of Figs. 3.2, 3.6 and 3.7, and
that the left part of Fig. 3.9 corresponds to the right parts of the previous figures.

As a measure of the values of f, that may be encountered in practice, it is noted that for values of v,
in the range between 400 and 1600 ft/sec and values of H in the range between 10 and 50 ft, the value
of f, falls in the range of 2 cps to 40 cps.

The responses of high-frequency systems, with values of f, of the order of 30 cps or more, is effec-
tively static, and the maximum base shear per unit of length of the wall in this case is approximately
pitgHz. With decreasing system frequency, the peak response increases but, as would be expected of a
highly damped system, the increase is limited to a factor of less than 1.5. For highly flexible, very
low-frequency systems, the maximum effects are naturally less than those obtained under static condi-
tions of excitation.

The upper dashed line in Fig. 3.9 defines the values of the maximum base shear computed considering
the contribution of only the fundamental mode of vibration of the medium. As anticipated from the
responses of the harmonically excited systems examined earlier, the agreement with the more nearly
exact solution is indeed excellent. If follows that the maximum values of the wall pressures may, for
all practical purposes, be considered to increase as half-sine waves from zero at the base to a maxi-
mum value at the top, and the maximum base moment may be computed as the product of the base
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shear and the height h = 0.637H. The significance of the lower two curves in Fig. 3.9 is identified in
the following section.

Before proceeding to the next section, it is desirable to reiterate that, when appropriately adjusted, the
data for the wall pressures and associated forces presented in Figs. 3.2, 3.3 and 3.6 through 3.9 are
also valid for the solution based on the assumption of vanishing vertical displacements. It is only nec-
essary to replace the factor y_ in Egs. 42 through 49 and Eq. 51 by the factor y  defined by Eq. 16.
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Figure 3.1 Comparison of static values of base shear in wall computed by
different procedures.
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Figure 3.3 Heightwise variations of coefficients in expression for wall
pressure induced by harmonic input motion; 5 = 0.1.
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Figure 3.4 Horizontal variations of horizontal normal stresses induced
at top of layer by harmonic base motion: v = 0.3, 8 = (.1.

3-10



Figure 3.5 Horizontal variations of top displacements and base shearing
stresses induced by harmonic base motions; v = 0.3,d = 0.1.
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Figure 3.6 Effect of soil material damping on amplitudes of base shear
induced in wall of harmonically excited systems; v = 0.3.
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----- First mode only
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Figure 3.7 Comparison of frequency response curves for base shear in
wall computed by considering one and all modes of vibration;
v=2030=0.1.
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Figure 3.8 Height of resultant of total wall force induced by harmonic
base excitation; v = 0.3.
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SECTION 4
MODELING OF SYSTEM

4.1 Scott’s Model

The accuracy of Scott’s model is assessed in this section for the special case of the semi-infinite stra-
tum. The model is shown in Fig. 4.1; it consists of a uniform cantilever shear-beam that represents the
far-field action of the layer and a set of distributed linear horizontal springs connecting the shear-beam
to the wall. The material properties and height of the beam are taken equal to those of the stratum, and
the stiffness of the springs per unit of length and height of the wall, k_, is taken as

8(1-v) G .G
s = ooy H - ey (53)

Both the wall and shear-beam are presumed to be excited by the same ground motion. Note that the
only damping for the model is that involved in the shear-beam itself,

Considering that the relative dicplacement amplitudes for a harmonically excited shear-beam are
defined by Eq. 32, the amplitudes of the wall pressures for the model are given by the product of this
equation and k_ as

sin 51 (54)

Q= ——pXHE } (55)
> B ,1_):;3 n* 1 - ¢2+1d

and

n-—l
(=1 R -
5 00 1-¢l+id

25 6x . o
M, = —pXH®
b -3 Zl;

(56)

There are several shortcomings to this model:



1. The rationale and accuracy of Eq. 53 are uncertain, Considering that the wall pressures and forces
are proportional to k, any errors involved in the specification of this stiffness affect directly the
resulting responses. It should also be noteu that as v tends to 0.5, k, and hence the wall pressures
and the associated forces become infinite.

2. The ground motion in the model is effectively presumed to be resisted by shearing action of the
medium in the far field, and by extensional, column-like action between the far field and the wall.
No provision is made for the shearing resistance of the portion of the medium in the immediate
vicinity of the wall, which, based on the information presented in previous sections, may affect
importantly the resulting wall pressures.

3. The model does not provide for the radiational damping capacity of the medium; as a result, it may
significantly overestimate the responses of the system at exciting frequencies close to the natural
frequencies of the stratum.

In Fig. 4.2, the real and imaginary parts of the frequency response curves for the amplitude of the
pressure at the top of the wall computed from Eq. 47 are presented along with the corresponding plots
obtained by use of the Scott model. As before, Poisson’s ratio and the material damping factor in these
solutions are taken as v = 0.3 and 8 = 0.1. Comparison of the two sets of results reveals the follow-
ing:

1. The static value of the pressure amplitude for the model is significantly lower than that obtained by

the more rigorous approach, a result indicating that the spring stiffness defined by Eq. 53 is too
low:

2. As anticipated, the fundamental resonant peak of the pressure computed by the model is indeed
significantly higher than the exact value.

3. The relative magnitudes of the real and imaginary parts in the two solutions are different over the
entire range of the frequency parameter. Note, in particular, that whereas the responses of high-fre-
quency systems in the more rigorous solution are dominated by the imaginary part, in Scott’s
model, they are dominated by the real part.

The differences between the two solutions may better bz appreciated from Fig. 4.3 which compares
the real-valued amplitudes of the base shear computed by the two approaches. The agreement is
clearly less than satisfactory. It is noteworthy, however, that whereas Scott’s model overestimates the
response at exciting frequencies close to the fundamental natural frequency of the stratum, it underes-
timates the response at the remaining frequencies. It is conceivable, therefore, that for earthquake
ground motions for which the dominant frequencies of its harmonics fall within a band extending to
both sides of the fundamental natural period of the stratum, the differences in the responses computed
by the two approaches may not be as large as might be inferied from the differences in the ordinates of
the plots in Fig. 4.3.



That this indeed the case is demonstrated in Fig. 3.9, in which the exact maximum values of the base
wall-shear induced by the El Centro record are compared with those computed from Scott’s model.

Within the middle range of the frequencies considered, the agreement between the two sets of results
may not be deemed to be unreasonable. However, this agreement is fortuitous: it stems from compen-

sating errors associated with the underestimation of both the stiffness and damping capacity of the
system.

If the stiffness of the springs in Scott’s model were increased so as to yield the correct, effectively
static response at high natural frequencies, it is clear from Fig. 3.9, that the comparison at the other
frequencies would deteriorate dramatically. Obviously, this is not a desirable modification of Scott’s
model.

As would be expected from information already presented, the fundamental mode approximation of
the solution based on Scott’s model (represented by the lower dashed line in Fig. 3.9) is in excellent
agreement with the corresponding exact solution.

4.2 Proposed Models

For the purpose of estimating the dynamic wall pressures and the associated base shear and base
moment, the action of the soil stratum may more reliably be modeled by that of the simple oscillator
shown in Fig. 4.4, The mass of this model, m" , is determined so that the total wall force or base shear
for static conditions of 1esponse equals the exact value defined by Eq. 48. This requires that

m* = 0.543y_pH? (57)

4.2.1 Model with Constant Parameters. The spring stiffness, k™ , in this case is determined so that
the undamped natural frequency of the model equals the fundamental natural frequency of the
medium idealized as a series of vertical shear-beams. The result is

G
K =m"— = = 1339y G 58
AIEP Y, (58)
Finally, the damping coefficient, ¢* , is determined so that. for a harmonic excitation of a frequency
equal to the natural frequency of the model, the total wall force for the model and the actual system
are equal. This requires that the damping of the system, in percent of critical damping ™ , be defined
by

. |
= e (59)
2. TR * -1

in which the transmissibility factor, | TR |, represents the ratio of the exact real-valued amplitude of
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the total wall force at @ = , to the corresponding force induced under static conditions of response.

Implicit in the development of Eq. 59 is the assumption that the coefficient of viscous damping, ctLis
constant, If, in the spirit of the constant hysteretic form of damping used in the characterization of the
hysteretic properties of the medium, the product oc” rather than ¢ is considered to be constant, then
the damping factor will be inversely proportional to ®. On denoting the latter factor by C*(u)), one
obtains

o) = = (60)

(1)/(1)l

With the total well force established, the wall pressures are determined considering their magnitudes
to increase as a half-sine from the base to the top, and the base moment is determined assuming the
force resultant to act at the centroid of the pressures, i.e., at a distance h = (2/n) H from the base.

The exact response spectrum for the base shear of harmonically excited systems is compared in Fig.
4.5 with the corresponding spectra obtained by the proposed model for each of the two forms of
damping referred to above. It is observed that:

1. The agreement between the two sets of results is not particularly good for exciting frequencies
other than zero and the fundamental natural frequency of the stratum.

2. The results are insensitive to the forms of damping considered, even as @/ w, tends to zero and the
value of {*(w) for the constant hysteretic form of damping tends to infinity.

3. The differences between the rigorous and approximate solutions suggest that the stiffness of the
spring in the proposed model is not constant as presumed, and that the frequency-dependence of
the damping coefficient corresponds to neither of the two forms of damping considered.

4.2.2 Model with Frequency-Dependent Parame.crs. The mass of the model, m , in this case is
defined. as before, by Eq. 57, but the spring stiffness, k (w) , and the damping coefficient, ¢ (o) , are

determined so that the harmonic responses of the actual and replacement systems are identical at all
frequencies.

Let TR be the complex-valued transmissibility of the actual system at an arbitrary frequency, and
(TR) , be the corresponding quantity for the model. The exact transmissibility is determined from
Eqg. 42 by normalizing the result by the corresponding static value.

With the mass of the model defined by Eq. 57, the static effects for the two systems are identical, and

the equality of the dynamic effects may be satisfied by equating the two it ansmnissibilities, Recalling
that
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K (o)
(TR),, = = (61)
K{o) -
where f((w) = the complex-valued impedance of the model defined by
K(0) = k(o) +io (0) (62)

replacing (TR) by TR, and solving for K (w) , one obtains

yd _ TR ~ 2

K (w) TR= 1mcx) (63)
This quantity may conveniently be expressed either as

~ ~ - A )]

K(o) = kst(a+12czo—) (64a)

1

or in the form

K(0) =k (a+1B) (64b)

in which 1~cst = the static value of K (03) corresponding to w/ o, = 0; o =adimensionless stiffness
coefﬁcient which is unity at ® = 0: { = the damping of the mod. . in percent of critical damping;
and B is an alternative damping factor, analogous to :ie factor 6 used to characterize the soil material
damping of the medium in the original system. The factors a, C and [3 are functions of the tfrequency
ratio @/, and of the soil material damping factor d.

In the following, the parameters of the model are determined approximately using for TR the values
obtained considering the contribution of only the fundamental mode of vibration of the layer, For this
approximation, the mass of the model is given by

oy,

= — pH (65)
n

the static spring stiffness is given by

By,

Ko = (66)
and the values of a., E and [~3 are as shown in Fig. 4.6. Note that for a non-dissipative medium with

d = 0, the stiffness coefﬁci_ent degreases from unity at ® = O toabout 0.5 at ® = ,, then remains
constant. In this case, both C and f are zero for © < ®,, and at the high frequencies, they approach
asymptotically the values of E = 0.25 and [3 = 0.50/w,. For a medium with non-zero values of 8,
as /o, -0 {3 tends to d and % tends to infinity.

It has been observed [27] that the variations with frequency of the dimensionless impedance factors
for the model are similar to those reported by Wolf [28] for a semi-infinite rod with exponentially



increasing cross sectional area. However, the interrelationship of the two problems is not clear at this
time.

Had the values of . Z:’ and B been determined from the complete solution, rather than its first mode
approximation, they would have been found to be more sensitive to variations in the exciting fre-
quency, particularly at frequencies close to the second natural frequency of the layer. It must be
emphasized, however, that this model with frequency-dependent characteristics is not proposed as a
practical means of analyzing the actual system, but rather as a means of visualizing and explaining its
response. After all, the response of the actual system may be evaluated as readily as that of the model.

4.2.3 Model with Modified Frequency-Independent Parameters. Both for the actual system and
the simple replacement oscillator with frequency-dependent properties referred to in the preceding
section, the evaluation of the response to transient excitations requires the use of Fourier transform or
Laplace transform techniques. By contrast. the analysis of the constant-parameter model described
earlier may be implemented much more readily by direct integration procedures. It is desirable, there-
fore, to explore the possibility of adjusting the constant-parameter model so that it better approxi-
mates the response of the actual system.

Instead of determining the damping of the model so that its response at resonance matches the exact
response, for broad-banded earthquake ground motions, it would be preferable to evaluate it so that
the areas under the frequency response curves of the two systems are approximately the same over a
fairly wide range of frequencies extending to both sides of the resonant peak. This requires that the
damping factor for the model be greater than the value defined by Eq. 59.

For ground motions of the type recorded in the 1940 El Centro earthquake, it is recommended that the
damping factor for the constant-parameter model be determined from

d
T = 0275+ (67)

and that its mass and stiffness be determined, as before, from Eqs. 57 and 58, respectively. For the rec-
ommended damping, the peak transmissibility for a system with & = 0.1 turns out to be 1.9, a value
substantially lower than the exact value of 3.1 (see Fig. 4.3).

In Fig. 4.7, the exact response spectra for the maximum base shear in the wall of systems subjected to
the El Centro earthquake record are compared with the corresponding spectra computed by the modi-
fied constant-parameter model. Two different values of the soil material damping factor. d . are con-
sidered. It is observed that, in both cases, the agreement between the two sets of results is indeed quite
reasonable over the full range of natural frequencies examined.
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Figure 4.2 Comparison of frequency response curves for base wall-shears
computed by analytical solution and Scott’s model:
= 03,8 = 0.1.



Rigid
Wall k

o]

0.637H

7
-

%, (1)

Figure 4.4 Proposed model.
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SECTION §
CONCLUSIONS

The principal conclusions of this study may be summarized as follows:

1.

With the analytical expressions developed herein, the dynamic pressures and associated forces
induced by ground shaking on a vertical, rigid wall retaining a semi-infinite, uniform viscoelastic
soil layer may be evaluated readily.

. The comprehensive numerical data that have been presented and the analysis of these data provide

valuable insights into the effects and relative importance of the numerous parameters involved,
and a conceptual framework for the analysis and interpretation of the solutions for more invoived
systems as well.

Scott’s model, which ignores the radiational damping capacity of the medium and considers the
wall pressures to be proportional to the relative motions of the wall and the soil at the far field,
does not adequately describe the action of the system and may lead to large errors.

The proposed alternative models, which effectively consider the wall pressures to be governed by
the action of the soil in the immediate vicinity of the wall, better characterize the response of the
system, and lead fo results of reasonable accuracy. In particular, the model with frequency-inde-
pendent parameters may be used to evaluate readily and reliably the effects of earthquake ground
motions of broad-banded spectral characteristics
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SECTION 7
NOTATION

The following symbols are used in this report:

A, B, constants of integration
a.b,.c, real-valued dimensionless factors

Gt

coefficient of viscous damping for model with frequency-dependent parameters

d, real-valued dimensionless factor
f, fundamental cyclic natural frequency of soil layer
G shear modulus of elasticity of soil material
G* complex-valued shear modulus for soil material, defined by Eq. 6
£, 8, dimensionsless factors in expression for dynamic wall pressure
H height of wall and soil layer
i J-1
K () complex-valued stiffness or impedance of model with frequency-dependent
characteristic
k () stiffness of spring for model with frequency-dependent parameters
K* stiffness of spring for model with frequency-independent., constant properties
k, stiffness of distributed springs in Scott’s model
E“ static values of K (®w) and lz((n)
M, bending moment at wall base
My static value of M,
m" mass of model with frequency-independent, constant properties
m mass of model with frequency-dependent parameters: it is taken equal to m*
n odd integer
Qp base shear in wall
b static value of Q,
TR complex-valued transmissibility of system, representing ratio of actual base
shear induced in the wall to corresponding static value
TR, value of TR at ® = w,
(TR) , complex-valued ransmissibility of model, representing ratio of total force

transmitted to base of the model to the corresponding force transmitted under
static conditions of loading
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time

complex-valued amplitude of horizontal displacement relative to moving
boundary for an arbitrary point of the medium

nth term in an expansion of U

homogeneous and particular solutions of differential equation governing U |
horizontal displacement relative to the moving boundary of an arbitrary point of
the medium

complex-valued amplitude of vertical displacement of a point of the medium
vertical displacement of an arbitrary point of the medium

velocity of shear-wave propagation of medium

amplitudes of harmonic ground displacement, velocity and acceleration,
respectively

horizontal position coordinate

maximum values of displacement, velocity and acceleration of ground for a
transient ground shaking

instantaneous value of ground acceleration

vertical position coordinate

complex-valued dimensionless factor

dynamic stiffness coefficient for model with frequency-dependent parameters
dimensionsless damping coefficient for model with frequency-dependent
parameters

material damping factor for constant hysteretic characterization of soil damping
damping factors, in percent of critical damping. for models with frequency
independent and frequency-dependent parameters. respectively

y/H = dimensionless vertical position coordinate

phase angle defined by Eq. 28

dimensionless factor defined by Eq. 22

complex-valued Lame constant defined by Eq. 7

Poisson's ratio for soil

x/H = dimensioniess horizontal position coordinate

mass density for medium

complex-valued amplitude of horizontal normal stress at an arbitrary point
normal wall pressure

static value of o,

horizontal normal stress at an arbitrary point and time

complex-valued amplitude of shearing stress at an arbitrary point

shearing stress at an arbitrary point and time

frequency ratio defined by Eq. 23

function of v defined by Eq. 16
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V.. ¥, functions of v defined by Egs. 12 and 10, respectively
Y, W, functions of v defined by Eqgs. 36 and 40, respectively
o] circular frequency of excitation and resulting steady-state motion

©, fundamental circular natural frequency of stratum cosidered to act as a series of
vertical cantilever shear-beams
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SECTION 8
APPENDIX

8.1 Harmonic Response of Uniform Shear-Beam

The response of a base-excited, uniform shear-beam with constant hysteretic damping is governed by
the differential equation

G*oh _ dk

ignE = P53 *P%(® (A1)

in which X, (t)= the base acceleration at any time t; u = the displacement of the beam relative to
the moving base: H = the height of the beam; 1 = y/H = the dimensionless position coordinate
for a point of the beam at a distance y from the base; p = the mass density of the beam; G* = its
complex-valued shear modulus defined by

G* =G(1+1d) (A.2)

G = the real-valued modulus; and & = the constant hysteretic material damping factor, frequently
denoted as 2P or 2& by others.

For a harmonic base acceleration,
Kg (1) = Xge' (A3)

in which Xg = the amplitude of the acceleration; ® = its circular frequency, and 1 = J-1. The
beam displacement may be expressed as

u(n.t) = U(n)e™ (A4)

in which U (1) is a function of 1 only.

On substituting Eq. A.4 into Eq. A.1 and cancelling the common exponential function, one obtains the
ordinary differental equation

;)?—d_n—z +o-U = Xg (A'S)

The solution of Eq. A.5 may be taken in the form



E_ T

U(m) = Z C, sm—— (A.6)
1,3
in which C_ are constants to be determined, and each term of the series satisfies the condition of
U=0atn =0and U = 0atn = 1:aprime superscript denotes differentiation with respect to
M. Next, the constant X, is expressed in the form
nn

I
s-ﬁsm?n (A7)

b
[+ -]
s

—_—

n=
and Eqs. A.6 and A.7 are substituted into Eq. A.5 to-obtain

X H?
Cp=—offet 1 1 (A8)
G P l-¢2+id

in which
=10 A9)
¢n - —(;1 (A.
Vv
0, =3 ﬁs (A.10)
and v, = the shear wave velocity for the material of the beam, defined by
'G
v, = A"I > (A 11)
The resulting expression for the instantaneous value of the relative displacement, u (1, t) , is
16pX Hz[ = 11 onm ]
u(n,t ———sin—nie . (A.12)
Y = Z3 n®1-¢2+1d 2"
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