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I .Abstract

i The electrostatic potential is ¢[et,erm.ined for a. test electron with vii >> Vre in a
. uniform magnetized plaslna (w,_,:>> _.,_,,:_).In the frame of the test electron, part of the

spatially oscilla.tory potential ha.s sl}herical symmetry over the hemisphere to the rear

of the electr{}n an{I is zero ahead of the electron. A second part of different character,

which ma.kes the potenti;fl continuous a.t the plane containing the electron, is oscillatory

in the radial direct, ion but decreases -,almost tnonotonically in the axia}, direction.
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I. Introduction

There is evidence that electrons with vii .>-..VTz. in a magnetized pla,sma interact strongly

with each other, Thtts the energetic electron tail observed flowing parallel to the electron

current at. the edge of reversed riehl l)inches t presents evidence not only of strong transport of

parallel rnoment, un_ and energy frorn more central parts of the pla.sma but, of strong mutual

interact, ion. The evidence for st.roilg interaction is that these electrons have a distribution in

t,tl which is a half-Maxwellian, the effective 71t being more than a.n order of magnitude larger

than the 7',:.for the. bulk electrons. In completely unrelated numerical particle simula.tions _'

there is similar evidence. 'Ik_ a magnetize(t pl_sma of Maxwellian electrons and ions a current

of test, elect.rons was added with cotlst.a.nt, distribution from t.,r_ to 6VT,., In a time for the

electron-ion collisions to reduce the current by 16%, there being no applied electric field,

the background elect.rons flowing parallel to t,he electron current and the test electrons had

rela,xed to a half-Maxwellian, the effective temperature being substantially higher than the

unchanged tempera, ture of the background electrons flowing in the reverse direction. Strong

transport of para.llel n_olnent, um and energy was observed but negligible particle transport.

There wa.s no nmgnet.ic turbulence and because of the two-dimensiona, l character of the

simulat, ion no electrostatic particle t.ra,nsport. An enhanced level of electron plasma waves

wa,s observed and Decyk e:t al. identified these waves a.s the cause of the observed transport

and the st,fong int.eractic_ns. As a. first step in understa, nding the interactAon of such electrons

and their wave emission this paper is concerned with determining the electrostatic wake field

of such electrons.

The reaction of a uniform t:,las)_la to t l_e elect, robt, atic field of a moving test elecLron, was

,, studied by Rostoker and R osenbltlth :_ for the two ca.,_es with and without a uniform magnetic

field. (This work is described iu greater detail an(i clarity in a General Atomic Report.")m
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For e, test. elect, ron having tile, velocity t,0 ..'}.>t,-/-._,in the positive z-direction, tile dielectric

function for Ilo magnetic field gives a. resona.nce /_'. = -'pe/rO. :kS ,"t result the emission of

electron pla:._ma, waves bv the test electron with given k is concentrated oil the cone forming

an angle 0 with respect, l.o v0, where cos0 = /%/,('...ks shown 123, Rostoker and Rosenbluth:

this leads to a Cerellkov-type shock front making t.he acute angle ,n'/2 - 0 with the negative

1z-axis, r,_eir treatment, of the case with a Inagnetic field wa.s very general and involved no

assumption concerning the relative magnitudes of _.'p_ and _,_.¢, the electron's plasma and

cyclotron frequencies. The wake field was nOt, determined for any specific case. They were

a,ware that for t.he case ,.,-'c_.>> %,,:, where t.he field electrons in lowest order can respond

to the waves only i._l t,he direct.ion of B, t,he resonance caused by the dielectric function

has the different form /c = w_,_./_'o, bei|lg in,:let)e|).dent of the direction of k. The electron

' plasma waves involved in *.his ca.se are the oblique, plasma waves having the approximate

disf)ersion relation ,,.,_,=/cii ,,,,_,_//c. '["he different, wake field that would result in this case was

not studied.

Here, t,he electrosta.l, ic poteilt, ial field is determined for such a magnetized plasma in the

h'ame of reference mo\'iIlg with the test electron and it is the steady-state field (t ---+ co)

which is of interest,. It inust be noted tha.t O'Neil s showed that the linear Landau damping,

wli,cb, is an importallt l)art, of tt_e dielect.ric function, is not correct for long times. [;'or the

case oi'a. wave packe(,, which is the case for a test electron, Landau damping can still be

valid if the group velocity of t,he wave packet, is different from the velocity of the resonant

electrons. 6 But. for a uniform magnetic field the group velocity of the tesi, electron's wave

packet in the direction of B is the same a.s the velocity of the test electron and the resonant

electrons. However, it will be shown in a.n a,ccompanying pat)er r tha, t if a small amount of

magnetic shear is preselll alld ]_e(.'a.tlse, 0[7the symmetry of tile wake field the normal Landau

dampi||g is; l(""("'_a.l)t,tlr(_d.
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II. The Response of tile Plasma to the Test Electron

A uniform plasma is considered in the presence ofa urlit'orm magnetic tield (B) which is

assurned sufficiently large so thai _,',.,. _, _'_)_aild p,, ,:g. ,\D, where p., is the electron Larmor

radius arm Az.)is tilt, el(,ct, ron l)el,3'e .lel,gtll _."r_/v_'p,, with t,;_ -'2T_/m._. Because of this

assumpl.ion the perpendicular cvclot, ron motion of t,he test and field electrons is neglected.

The test, electron's velocit,y parallel to B is t.akelt as ro wit,h vo > t,r_.. Also, due to the high

frequencies involved, l;he very weak resl)ollse of the ions is neglected _md the equations to

be solved for the pertllrba.tion t.o lhe elecl.ron distribution function, Of, and the potential _,

are

0 " T q} i),/'{j
b7((_j)+ ,,,,iL_.v(_1 = --' i_.,,, _:)('ll (1)

- Veq, = .lr,'q/_(r- ru- vul) + 47rq / 5fdat, , (2)

where iii is the unit. veer,or l.)al'a.ll(,11.o B, fo is tile u11pert_lrbed electron distribution function

which is takell to I)_..tli_iform and Nlaxwellian ancl q is used to denote the electror).'s charge to

avoid unnecessary coIlfusioll wil li lhc IIii_lus sign (q = .-(!:). T.he procedure for solving Eqs. ( l )

and (2) using l:o_lrier and Laplac(-' t,rlt,lisforllls (.'ali be found in Ref. 2 or in the textbook by

Krall and Trivelpiece. s Clloosillg a reference t'ral_(, nloving with the test electron with the

test electron at the origin a,_(l l.l_e "-axis parallel t.o B, the potential for/, -_ oc is given by

,_=q/ [ ,\,9 ( .k.r*(r) = ('2"r):_, d:3/" /"_'"\"D- II),, + i I4"_(],'ll/ll,,llI) ' (3)

w here

-I,_,.,,-+-,tI', IV) = z(:) + t (4)

__ /"11 _'_, (5)_ .... .
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a.nd Z is the l_lasma dispersion funct, ion. For ',.'o_ t'T_,

, 1) _

III. The Fourier Inversion Integrals

Irl order to put Eq. (3) in dinlensionless form, the subst, itutions +_= lc,\D, _ = r/AD are made.

Then with cylindrica.l coordina.tes iii ],'-space, namely ki, ¢, k, and cylindrical coordinates in

real space, r, 0, z t.he pot.ential is given by

_' =2 -- +<.,dt<l do e ''`_''.`''q' di,:. e ''_"

q '2,.r_. " , ,_ " (,_ -- I.VR+ ,_ + iWt) _.>0

+ (,<_'- I,V,,¢.+ t,'_. - iI4"i) ,_,<o '

Making the substit_ttions

a+ = a,+ i.;_, :__ = ,_- i/_, with (_ + i/3)2 = W_ - ,_].+ i W_, (8)

where o alld 3 are real and positive, the ,c:-int, egretl in Eq. (7) can be written in the form

j:.{ 1:= ,:,,..<os(_-._I)_.___,,_+ .

+ isin(_:. :21) c__.(,,.._ o'2_.)--o.+(_ - a_.) a_(_:. +.ct_) + a.+(_:, + c_+) . (9)

The positive sigil preceding t.l_e sill(' l.erm a,pplies for z > 0, the negative sign for z < 0. The

cosine part and the first, t,wo tel'__s in t,l_e sine part can be converted t,o standard contour



integrals and the remaining two siile tct'ms are irl a standard f'orm. The result is

i[f(_+ ..: ) .f(a,_]:2 )I:>(.) [ (:1'+ (/_

eic,+I_ e- ia_i::'l]

l.->o = itr J - 1.->0 (i0)_+ Ct _

where f is the auxiliary sine integral defined by

.f(')=('i(z)si,,::+ [:2-Si(:.)] cos z.

Subst.ituting from Eq. (10) i)ito Eq. (7), noting that the o-integral gives 27rd0(_±F) the

potential fore ancl aft ,)f t,he test electron is given by

]_..>o = _ _ = - ,<l ,l ,,:l .]o(+<_ _:) .f (o,+IS ) .f (_ -15 ) ( l 1)
7r Pl"+ (?_'_

.>:, c- (,_.+_. )_/_I;I e- (,_.+_ )_lat:_"1

_:<° = -_' + ,u[ __ '/'':_ ']"(_:) (_t + [_) '/_ + (_:t + &_.)'/2 (12)

where 3+ = b+ ia,3_ = b- ia a.nd (a + ib)2 = WR+ iW1 . (13)

Making the substitution in both l)arts of the integral in Eq. (12)

+
9= /_

each part reduces (.o the known i1_t.egralu

[ '--<_ [ ] /_" e - (_'_ i"+''_ 7'>

so that

'2 _b/_cos( /)) ,_ (14)_:<:O =:'" -_-_2 (l --"
R

where [? is the distance from the test. electron in units of AD([i__ = ?a + 52).
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IV. The Evaluation of (I_1

A. Limiting Cases

An analytic solution to the integrM for (1)l ii1 Et I. (11) has not been found, lt has been

necessary to resort, t,o a comptltat.iolla.l nlet, hod as described below. However, two limiting

causes, namely " = 0 and a'+ ^1 large, ha,re been solved and these help to illunfinate the

nature of this part of the pot, elltial.

Since f(z) for z = 0 is ,v/'2

: _I_(== 0)= _ __d_,'_t_,/0(h'±i=)
,,,.. _+ (l'_

= - ",'.L&l ,1o(_,:1;") + )1/_

using Eqs. (8) and(13). This is aga, it_a, stallda, rd iiltegral (see Ref. 7, p. 682, number 6.554-1)

giving

1 _. -,3- 7:" ¢. +, - b7

,-_,(: 0) 7_, ,. _ cosa_. (is)

This result agrees with t,l.a,t wlticll Call t._W l_e obt, a i_led from Eq. (14) with Z_ = 0, so that

the sum of two pa,rt,s oi' t,he pot,elll, ial is uollt, imlous across the plane z = 0.

The a,symptotic form of ,/'(') for large - is _-1 at td hence this potential for large _"is

,.

=

-i / '_' 1 1

= ...._t._J,, _l'/_:_J°(__'_)_ + 3__ ,_. + _
__/

_ _ _ {/,,,[(_,-i,,.);:]-./,,,[(t,+ ia)_:]}
2

(Ref. 7, p. 678 number 6,,532-,t)
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= l__J_{H_l)[(a + ib),.l _. Ho(2)[(a_ ib)F]} . (16)

Here K0 is the Bessel function of imaginary argument, H_1),H(o2) are the Hankel functions

of the first and second kind ,_nd the relationships Ko(z)- (Tri/2)tt(o')(iz), and H(o')(e"z)-

. (2)
--H 0 (Z)[lave been used.

B. Numerical Solution

_1 can be written in terms of g(z) where

_t(z)= ii f(_)
f(..*)

-" z* (17)

9(z) is a real function a,s can be ,,seenby explicitly expressing g(z) in terms of real functions.

Let, z = x-!- iy, then

71"

g(z)= x2+y2[ycosxcoshy+x sinxsinhy]

,2[-t x2 + !/2 (yC:'(z)- zC_(z))sinxc°shy

- (:rCi"(z)+ y ('ii(z))coax sinh y

(x ,b'i_(z) + y ,..q'ii(z))sin x sinh y]

where Ci_(z) --- Re Ci(z), Cii(z) =Im Ci(z) etc. For large z, g is given by

x . y (2xay - 2,rya)
g(x + iy) _ 4 (x_ + !/2)._- 2!• , (z2+ _12)4

+4 v(3:c'5Y- 10x3y3 + 3xyS) .-8! (4xTg - 28xSya + 28x3yS -4xyr) ]



_1 can then be expressed in terms of 9 as

/o ( )7F

For large values of _± the argument of 9 becomes al)proximately i[_ _±. In this case g call

be simplified by noting that,

O(iz) = _ m .
x

SlI1C ..

,Jo((tx)e -bx :cd:t: = (a 2 -_-b2)1/2 ,

(_l can be rewritten as

!

'/0 {- ,_(z_.,Jo(_._) :_ I: -_-,_+ii, vr) .... e . (20)
7I" h;L

The factor in braces goes to zero ra.pidly for /_'_L>> I,I,%allowing the numerical integration

to be carried out over a modest, ra,nge of tc±.

The numerical quadrature wasdone using Mathema.tica. 1°Figure 1 shows _1 asa function

of Y for P,o/Vre -- 2,,5 (see Eq. (6)) and values of Y,{0.1,1,10,100}. Note the scale change

with increasing :

V. Summary and Discussion

Changing back from dimensionless units, the result obtained for the wake field of a superther-

real test electron in the frame of reference moving with the test electron is

!
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forz>0,

_"_,, (21)
4_(r,z) = 41 = - _-7

forz<0,

2c ( f7. '__(,.,z) _ R exp -_) cos k.R-,I,1 (22)

where

i7 = (r2 + z2)I/'2 ,

A,,H= ttD/ t, :: '2A_ k / Ws ,

x:: <,l,X,_: ii,v,,+(wJ+i,vl)'/_]'/_i'_ ;_ ,

where for a Maxwelliiin ,/_0 the values of l,Vr_,l'Vs _l'e given in terms of the pliisma dispersion

function by EelS. (4) and (5). Equiitions (21) and ('22) will still apply for non-Maxwelliiin f,0

when the appropriate values of I4/s:¢_uld Ws a.re used.

Examples of _'l are shown iii Fig. 1 a.lid au example of the totiil _' for ii given r is shown

in Fig. 2. The limiting value of _1 for -. -.+ 0 gives

(b(,', 0) C exp( 'X-_fr)
= .... cos/i:)- (23)

r'

and from _ .,,, _" •Eqs. (21) ,_rld (99) _ is seen to be coilt_imlous across tile plane, = 0 As z increases

from zero the zeros and int,erlaced lnaxiina. _uid miiliin_ in _l(Y)move to somewhat larger

values of ? and iire seen to take til) t.he places for a d_mlped J0 Bessel function (see compar-

ison in Fig. 3). Apart, from this lllo(:lel'at.e ilioveiilent, of i_he oscillations in F, _ll is oscillatory

only in the r-direction lind decl'eases lllonotollically iii z.

Using the iisymptotic approxiin,_tioil tbr the auxiliary sine integral for large iirgument,

: the approximate iinalytic solution tbr _l iii Eq. (16) gives

.,(:--+ : +,.,:,;),.]+ [(k--

|
li



where the H-symbols are the Hankel function. From the value of these functions at r = 0,

_,(0,_,--,oo)=-- i " t_n-' (25)
,., 71"

This is in good agreement with the numerical values for _, (0, z) and illustrates the monotonic

decrease of _I_1without either oscillation irl = oi" an exponential decay. Using the large

argument approximations for the Hankel functions one can show

_l(r ---+oo, z ---, ct.)= --exp_ - . Jo(kr) + _ No(kt (26)

where N0 is the Bessel functio,1 of the second kind. This helps to explain the good fit of ¢1

with the product of .Iu wit li the exponential decay for large =, since (k,koff)-' is small.

As pointed out in the Introduclion, a. small amount of magnetic shear has been assumed

to justify the Landau daml)ing leading to Wt.

A ck now Ied g me nts

This work was supported by the U.S. Department of Energy contract #DE-FG05-80ET-
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Figure Captions

i. The numerical solution for ¢1 when Vo/VT_ = 2.5 is shown as a function of _"for four

values of _', (._ = 0.1, solid line; _ = 1.0, dot-dashed; Z = 10, dashed and _ = 100

dotted). The values for _ = 10 and 100 have been rnultiplied by 3 and 30 respectively.

2. The complete normalized potential ¢ for the case Vo/Wr_= 2.5 is shown as a function

of _ f,or _ = 1.0.

3. Compa.rison of the numerical solution ¢1(F,_." = 10) (solid line) and the approximate

expression exp(bF)Jo(aF)/_ (dotted line) for t,o/vT_ = 2.5.
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