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ABSTRACT

! An analytical/numericalmodel is described for the evaporationand burningof a spherical fuel dto-

I - plet in a subsonic crossflow. The external gaseous flowfield is representedu._g an approximatecompres-
sible potential solution, while the internal flowfleld of the droplet is represented by the classical Hill's

i spherical vortex. This allows numerical soludon for the external boundary layer and diffusion flame

characteristics to be made, from which the droplet's effective dragcoeflicent,rateof mass loss, size, and

l flame shape are determined. Comparison with experimentaldata indicate good agreement, and thus the

i potential for such simplifiedmodels in performingparametricstudies.

INTRODUCTION

Over the past few decades, the widespread use of liquid sprays in combustion systems has led to

I increased research interest in the study of dropletevaporationand combustion in a convective environment.

as pointed out in a number of comprehensive review articles [1-3]. Especially in the 1980's, extensive

i effort has been directed toward the analytical and computational modeling of this problem, which is com-

I plicated by the transient,multi-phase,multi-dimensionalnatureof the transferprocesses involved.
Although for most of the dropletlifetime the Reynolds numbersin both gas and liquidphases arenot

I larger than O(100-1000) in many practical combustor situations, Prakash and Sirignano [4] an: able to

obtain reasonable results with high-Re asymptotics for an evaporating droplet. They _/olvethe gaseous

I boundanylayer with an integralequation approach and couple it to the re,circulating liquid flow, pla_ng

I emphasis on the unsteadyliquid-phase heal transfer. Renksizbulu!and Yuen [5] and Dwyer and Sanders

!
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[6], on the other hand, treat the same problem by solving the full Navier-Stokes equations numerically.

• !The formerauthorsalso report experimentalresults fm"freely suspendedevaporatingdrops in hot sueams

[7]. More recently, Dwyer and Sanders[8] have included chemicalreaction in their computations,which I
II

provides valuable informationon lhc evaporationand burningprocessesof dropletsat low and intermediate

Reynolds numbers, i.e., Re _;O(I00). However, apparently due to the immense computational effort I

required,these fuUy-numexicalmodels frequentlyinvolve various simplifications in each calculation, such
Is

as assuming constantgas properties,neglecting liquid-phasemotionand heatIransfer,and/or restrictingthe I

range of Reynolds and liquid Peelernumbers. /
I[

The present study aims at developing an analytical/numericalmodel forsingle dropletcombustion in

a uniform convective flowfield which includes the significant features of the problem without requiring I

large computationaltimes. Encouragedby the analytical work of Prakashand Sirignano [4], a moderate-
il

to-high Reynolds number model assuming "thin"viscous boundarylayers adjacentto the gas-liquid inter. J

face is employed here, in which species diffusion and the presence of a diffusion flame are represented. 1
ml

The external, gaseous flowfield about the dropletis solved by an approximateanalytical method, and this

to (hive the externalboundarylayer and internalflow of the droplet. A schematic descrip '1
solution is used

don of the featuresof the present model is shown in Fig. 1. Another novel featureof the presentformula° ti
lion is that it accounts for the effects of compressibility in the flow approachingthe droplet, so that it I

enablesa Mach numbex-dependentanalysisfor the gaseousboundarylayerwhichis suffciendyaccurate I
lm

for freestreamMachnumbersM. < 0.3.
lm

INVISCID FLOW SOLUTIONS I

External gaseous flowfield I

The external inviscid gas flow about the sphericaldropletis represented by a compressible potential I

flow solution. Defining the velocity potential _ (r,0) for axisymmetric fluid motion, the potential equadon

for steady, irrotational,isentropicflow of a perfectgas reduces to [9]: I

M2" V20 = + .'u. (l)-'T "- -3-

!
I
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We note that the isentropic flow assumptionrequiresany chemical reactionto takeplace withinthe viscous

I boundarylayer adjacentto the sphericaldroplet.

The boundaryconditions for equation(1) are given by the requirementsthat the flow is uniformfar

i from the sphere and that the normal velocity at the sphere's surface is zero. For "slightly compressible"

flow, i.e. small free-streamMach number(NI2, _ I), the solution of equation (I) can be expanded into the

I form [91:

I O(r,O;M_)= Oo(r,O)+ M_@l(r,O)+ O(M_). (2)

Since it readily follows f_m equation(I) thatall the effects of compress_ility areO(M_), the zeroth

I ordertern:,_(r,0) in equation (2) is given by the solution of the homogeneousLaplaceequation V20offi0,

I with the boundaryconditio_

0o -* -u.r cos O as r -_ -, (3a)

I _-_=0 at r=R (3b)
ar

This, of course, recovers the well-known solution for incompressiblepotential flow over a sphere [101:

I where a dimensionless radial coordinateis introducedas _= r/R.

I For the first-orderterm _s (_,0), one has from equations (1) and(2)

The boundaryconditions for the velocity potential0(/,O)havealreadybeen satisfied by the zeroth order

i solution @o('/,0),so that _l _ 0 as _ --, - and = 0 at _= 1. Substituting¢o('/,0) from (4) into (5), one
a_2L

I obtains the explicit governingequation forOt:

I V2,,---'_- "4-_'r +_-r lOOSe+ l-_-r-_'r +_.r jcos3

whichcanbesolvedbyseparationofvariables,yieldingtheexpression

i 81 ..4 5 A-s

01(_,0)=-u..R [53 _-2 203 rl 0][,240 +_--_r --_-r + 4224 jc°s

!
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The potential-flow solution for the externalgas flow is thus ob_ned to orderM_.,which can be regarded

I
as sufficientlyaccuratefor the low subsonic flow regime.

layer to be "thin', i.e. the boundary-layer approximationto be valid, the velo- i
Assuming the viscous

city at the edge of the viscous layer, u_(e), is obtained from difl'erendationof the velocity potential _,

which gives I

=-_-sme- M2.sme - r__ +O(M_). (S)u,,,

For isentropic inviscid flow, the temperalare,pressure,andMachnumberat the boundarylayer edge can be 1
M

computed fromfreestreamvalues in a straightforwardmanner.

Internal liquid flow I

The gas flow over a liquiddrop induces a liquid-phase motion within the drop through momentum I

transferat the gas-liquid interface. Harperand Moore [11] show that the internal recirculatingflow of a
li

droplet in a convective environmentcan be representedby the well-known Hill's spherical vortex solution I

if one neglects the existence of small counterflowvortices near the downstreamstagnationpoint drivenby U
Ithe vortical flowfield beyond the separationpoinL In the high Reynolds number limit, the streamsurfaces

for this typeof flow aredescribed by the stream function I
lq

1 4,,2 ,,2

qt= _0- -_AR r (l-r) sin20, (9) i
mm

and the surfacesof constantvorticityby

¢0= 5AR_sinO. (I0) i
In the above equations, A denotes the vortex strength, which is a constant throughoutthe inviscid liquid-

flow region. I

The velocity components of the liquidflow are then l
I

] _ =_2(]-r_)coso
u_= r2sinO a0

mand

i
d
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I _. __Z(l__)m o

uo= r_8 & =

i As a firstapproximation,then, _ velocity at the edge of an internalviscous layer, u_(O),is representedby

magnitudeof the Hill's vortex velocity vector m r = R:

i _(0)= AR2 _ e, (ll)

I indicating that the presenceof the internalviscous layer is actuallyneglected here. This assumptionwill be
discusse_ in detail in the Results section. The unknownvortex sUength A is to be determinedthroughthe

i coupling of the gaseous andliquid-phasesolutions.

I GASEOUS BOUNDARY LAYER ANALYSIS
For the viscous gas flow adjacent to the dropletsurface, the governing equations and boundarycon-

i ditions account for the effects of chemical reaction, tangential surface motion, and mass blowing due to

evaporation (and combustion)at the gas-liquid interface within the frameworkof a laminaraxisymmeu_

I boundary layer. The burning process is represented at present by infinitely fast reactionkinetics, which

i shrinksthe reaction zone effectively into a "flamesheet" of zero thickness within the boundarylayer,divid-
ing it into two regions (see Fig. 2). The goveming equations, writtenin surface coordinates (x,y), are then

I _x (r.pu) + -_y-y(r.pv) =O, (12)

I

p _ + = + (Pr-l) - qmt. (14)

I wherer.(x) is the radiusof the cross-section of the sphereat x.

i The equations forconservationof species take the form

[oa, l
i Regionl. y<y,: p .-_-.-x+-_.-yj _ +mt.

: <,Sa>

i _ =I-x_. (_Sb)

I
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RegionII, y > m: P Tx + -_'-yJ D + "_'mt, (16a) .

I_=l-_. (16b) I

Here f* b the stoichiomelric fuel-oxidizermass-consumptionratio,given by /
I i

- (a_/_y),,
f*=

(a_lay)_, I

Ali inertgases areassumed to have the same propertiesas the productsof reaction andare treatedtogether .,
I

with the latterm'_one species. Furthermore,in the above equations, the simplifying assumption has been I

made thatali the species involved in the problemhave the same diffusioncoefficient D. _I
w

.. The presence of a flame she_ in the boundarylayer inlroduces discontinuities in the enthalpy and

concentrationgradientsat this location. Defining new compositevariablesforenthalpy and mass fraction, I

H + f*qKe ==

(3= II, +PqK_
(17a) |

and

, |.
K = Ke - _"Kf, (17b)

!these discontinuities as well as the source terms in equations (14), (15a) and (16a) are eliminated [12,131.

For laminar,axisymmearicboundarylayer flows with variablegas properties,Lees (1956) suggests the fol- I

lowing coordinate wansformationthat incorporateselements of the Mangler, Howanh-Dorednitsyn and

Levy uansformafions [14]: I
lt

_(x)=Jp,_,u,_d_ (IS) Io

lr

I NY (19)
'q(x,y)- (2D_ o I

WThendefininga non-dimensionalcompressiblestreamfunction

f ==W(x,y) I(2D,,_ (20)

where i "

!
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I the original governingequations can be transformedinto a set of ordinarydifferentialequations, provided

i thatthereexist locally self-similar solutions, i.e. ff f, G and K are functions of q only. Thus finally intro-
ducing thenon-dimensionalvelocity

F(n),,_ =--, (21)

i one then obtainsthe governingequations forPI_= const, and unityLewis number,

i K"(q)+ Scf(q)K'(q)=O. (22c)

i where primes denote differentiation with respect to the similarity parameterq. The problem is thus
transformed effectively into the well-known wedge-boundary-layerproblem, with varying pressure gra-

I dients forvaryingangularpositions. The "pressuregradientparameter"[3(_) in equation (22a) is defined as

I [}(_)= _2_ d..._ (23)

i Since, at location the is constant across the,boundarylayer, the density ratio that
any xi pressure

appearsin equation (22a), pJp, is equal toTfr,, andcanbe writtenas

I
for q<qf, and

i p._._..= C__P C,p [1 + "2_21M*2+ Q*Ke'*]G(q)- "2_2! Mg2F2(q)- Q*K(q)] (24b)

I
for q_qf, where Q, E f*q/(cp_T,).

i The solution of the set of ordinary differential equations (22) is complicated by the fact that the
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sangentialand normal (blowing) velocities, temperatureand species mass fractionsm the surfaceare ali M
unknown as yet. The tangentialvelocity at the surface, u,(x), as well as lhc surface temperatureT,(x) are

obtained by coupling the gas-phase flow m the liquid-phasemodon throughshear-stresscontinuity andheat I
sm

transfer relations across lhc inwrface, respectively. Two addRionalrelations are requiredto determinethe

fuel mass fraction and the mass blowing rate at the surface, and these are provided by the Clausius- I

Clapeyronequation forequilibriumevaporationand by the condition thatthe net flux of productsthrough
m

interface mustbe zero.The latterimplies that I

|

which, recallinglhe definitionsof K(TI)and f(rl), reducesm I
i

K(0)=-!- ]-LK'(°) (25)
f* Pr f(0) • i

[]The Clausius-Clapeyron equation provides an equation for the fuel partialpressure at the surface,Pf.*, in

relation m the surface temperatureT,, andsome referenceslate, indicatedby the subscriptref: 1

Lp,_ j = _" T_ 1", (26)

The fuel mass fractionat the surface, 1_._, is then relatedto Pf., throughthe molecular weights of the fuel

and the reaction products. 1

Both pressureandshear stressat the surfacecontributeto the drag force D exerted on the dropletby
II

the convective stream. The drag coefficient CDi 2D/(nR2p.u_) is thus computed from the pressuredis-

lributi_.adetermined fromthe external flow solution andfrom the shearstressdistributiondetermined from 1

lhe boundarylayer solution. Since the boundarylayer model described in this section does not allow for
i

calculations beyond the separationpoint 0,, average quantifies are employed to account for the pressure I

conm'butionsin the region e, < e < _. Both measmementsand numericalcalculationsof the pressure dis- i
g

Ifibution on the surface of a sphere in the Reynolds numberrange of interest, as outlinedby Clift, et al.

[15]. indicate lhat a constant pressureat half that of the separationpoint value is a reasonableapproxirna. I
wl¢

tion for the pressure distribution in the region between the separationpoint and the rearwardstagnation

point. The surface shear stress in this region is neglectedwith respectto its contribution to the total drag. I

I
I
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I Finally, the total mass transfer,i.e., the rateof evaporationfrom thedroplet. _h,is given by

4

zh= ,v,)(2nR2sin e dO). (27)

i For the present set of calculations,the contributionof the regionbeyond the separationpoint to the overall

evaporationrateis neglected. As notedby PrakashandSirignano[4], and as will be shown below, therate

I of mass transfer in the region of the flow beyond the separationpoint is relatively small. The results

i presentedhere can thus be regardedas a lower estimate in termsof convective dropletevaporation.

RESULTS

I
The set of coupled ordinarydifferentialequations (22) is solved numericallyby centraldifferencing

I at discreteangularpositions along thedroplet surfaceuntilseparationis reached. Time-dependentcalcula-

tions areperformedby updatingthe Reynolds numberthroughthe calculatedvalues of evaporation rateand

I dragat each timestep. The dimensionless time scale _ used in these calculations is based on the free stream

i gas propertiesand the initial dropletradius, i.e., _ = _ /Ro2. Here ct, denotes the thermaldiffusivity ofd_ f_t_n gas.

i In the calculations, a uniform is assumed. Since earlierwork such
present liquid-phasetemperature

as that of Prakashand Sirignano [4] has shown thatthe liquid.phaseheating is essentially unsteady in the
m

i very early periods of dropletlifetime, calculationspres_ted in this paper would apply to largerdroplets in

i the later stages of evaporationand burning,when a uniformliquid temperature is reached. In the analysis
of Harperand Moore [11], the velocity at the surface is takento be only a small perturbationof its value at

I the edge of the viscous liquid layer. Prakashand Sirignano [16] show thatthis is a valid assumption while

the same may notbe true for vorticity, since the difference in vorticitybetween the su'face andthe edge of

I the viscous layer may not be negligible. However, as seen in Figs. 3 and 4, the overall effect of liquid

i motion on the transfer prtr.esses in the gaseous boundary layer b relatively insignificant. Thus. the
emphasis being placed on overall evaporation and drag calculations w!0hintl_escope of the p_t study,

i the surfacemotion is approximated by the inviscidinner flow solutionat the limit r = R. This reduces the

requiredcomputational time for the solution of the coupled gas-liquid boundarylayers considerably, since

I the (presently neglected) liquid boundary layer solution is effectively obtained frc,m calculation of one

i
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unknown paramet_, namely the vortex strengthA thatappearsin the boundaryconditionsfor the gas flow. I
g

For the case of the burningdroplet,where the existence of an envelope flame is assumed a priori, the posi-

tion of the flame before separationcan be calculated.The experimental results of Gollahalli and Brzus- I

towski [17] indicatethatthe assumptionof an envelope flame is realisticfor Re. < 200.
iii

The present model has been utilized to obtain results for both low and high pressure environments. I

Calculated temperature,velocity, and species concentration profiles in the boundary layer for specific I

free_ conditions are shown in Fig. 3. The profiles in this figure indicate that the influence of the

internalflowfield of the droplet, which is of the orderof 5% of the flow magnitudeat the boundarylayer I

edge, is small. While _e profilesshown in Fig. 3 correspondto a point 60° from the stagnationpoint of the
li

droplet, similarbehavior is noted at other locations along the droplet surface. This observation is in fact

c.¢m_borate.,din Fig. 4, in which the local dimensionless "blowing" velocity component and friction I
I!

coefficient are plottedas a function of angular distance along the dropletsurface. Again, the influence of

the internalvortical flowfield is relatively small, although the increase in mass blowing and decrease in I
MM

shear stresswith surface flow is appropriate. This figurealso indicates, as notedabove, thatas the point of
/

separation is approached, the local mass transfer rate becomes very small. Hence neglect of the mass I

transferbeyond the separationpoint appearsto be reasonable. II
M

lt is also noted that the effect of Mach numberon droplet evaporativeand burning processes is not

strong;this is indicated in Fig. 5. As is physically reasonable,lhc local shearstress near the topof the dto- I

272a_.

plet surface is slightly increased with higherfreestreamMach number,but this effect is negligible closer m
m

the stagnationpoinL The effect of Mach nun,ber on mass loss appearsto be negligible at ali locations

along the droplet, although in the absence of the flame (evaporationonly), the increased temperatureand I
ql

pressureat the stagnationpoint with higherM. does slightly increase the mass transfer in thatregion, lt is

likely, however, that fcc higher subsoniccrossflows, compressibilityeffects will be more significanL I

The computed variation in drag c_tticient for evaporating and burning droplets is shown in Fig. 6, mi

II
which also provides comparison with the e_rimental results of Yuen and Chen [181 for an evaporating

droplet,and with the %tandardcurve" for the dragcoefficientof a solid sphere. Ourcalculations appearto I

correspondwell to experimentalobservations,and indicatethe significantinfluence of mass blowing on the

I
I
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I
behavior of the drag coeff cienL The calculated rate of mass loss as a function of Reynolds number is

I shown in Figs. 7ab, for both and at different freestream conditions. The
evaporating burning droplets

choice of fuel, free-sUe.am,and initialconditionsfor the case in 7a allows for a direct comparisonwith the

I experimentaldataof Renksizbulutand Yuen [7] for the evaporationrate froma suspendeddropletin a hot

i stream. At a much higher free.streampressure (Fig. To), the rate of mass loss for both evaporating and
burningdroplets is significantlyincreased. We note herethatmost otherexperimentalobservationson eva-

I porating and burning droplets in a convective environmentalways involve highly scattered data. In this

context, the measurements of Eisenklam, et al. [19] andNatarajanand Brzu._wski [20] can also be refer-

I enced, although these are at higher pressures. The empirical correlations given in both of the_ papers

result in evaporation rates thatare somewhat higher that those reportedin [7] as well as those calculated! -
presently. As noted by Dwyer and Sanders [61, this discrepancy could be due to differences in specific

I mechanismspresent (perhapsinitial transientdroplet heating)which affect the mass transfer.

Figure8 displays results for the variationin droplet radiusand Reynolds numberwith dimensionless

I time, %,with comparison to the experimentalobservations of Renksizbulutand Yuen [7]. The initial Rey-

i nolds numberis chosen to be 200, and the initialdropletradius I mm. The drag coefficient used to extra-
polate the experimental values is taken from the data of Yuen and Chen [18]. Finally, predicted flame

i shapes, based on local maxima in boundaryl_tyertemperature(and the local vanishing in the
reactantmass

fractions) are shown in Fig. 9 for two differentReynolds numbers, lt should be noted thatthe flameshapes

I shown are each relative to the instantaneousdroplet radius R(_). Separationof the flame from the region

i near the dropletsurfaceappearsto coincide withseparationof the external boundarylayer.

I CONCLUSIONS
The present modeling effort demonstratesthat, by including only the crucial physical phenomena

I. associated with fuel droplet vaporization and burning in a convective environment, a reasonable
very

representationfordroplet behavior can be obtained. By using analytical representationsof the inviscid gas

I and liquid internal flowfieids, and by employing the boundary layer type of assumptions first used by

i Prakashand Sirignano [41, it is possible to solve for the characteristicsof the reacting flow adjacentto the
droplet surface. These characteristics allow calculation of parameterswhich describe dropletevaporatiov,

|
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and burning(dragcoefficient, mass trensferrates, size histories)thatcomparevery well with experimental ][
m

data [7,18]. As noted above, the relatively large amountof scatterpresent in the experimentaldataavail-

able for burning droplets [19,20] renderscomparison with the present model less precise, lt should be I

noted, however, thatourpredictionslie well within the errorbarsof the experimentaldata,but ourcalcula-
i

tions lend to slightly underpre_,ct (comparedwith the average of lhc data) the degree of mass loss by the I

droplet. Our predictionsfor masslossarcalsosomewhatlowerthanthe full- scalenumericalpredictions
II

madeby Dwyer and Sanders[8]. butthismaybedueto thefact thatthesere.,_ers chooseto l/nearize

the exponential tcan in the Clausius-Clapcyron relation. Despite these minor discrepancies, our model I

appca_ to be relatively robustand accurate,with a minimum in requiredcomputational times, and thus
i

allows detailed parametri_studies to be performedwith ease. g

NOMENCLATURE m

A Hill'svortex strength
l

ct, Specific heat atconstant pressureforgas

D Ma_ dilfi_vity I

f" Sloichiomeuic fuel-oxidizerratio /
mi

H Totalenthalpy

II, Latent heatof vaporization I

M Machnumber I
g

sh Rate of evaporationof droplet
i

tnt Mass rateof fuel consumptionat the flame I

Pr Pranddnumber(., pl(pa)) Im
q Heat release per unit mass of fuel

i

• Radial coordinate 'I

R Droplet radius I

!
!
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I
Rr Gas constant for fuel vapor

P.,. Initialdropletradius

i r. Local gad/usof dropletcross-sect/cn
Sc Schmidt number( • p/(pD))

T Tcmperaturc

i (ur, ue) r- andO-componentsof velocity vector u
(u, v) Velocity componentstangentialandnormalto dropletsur/ace

I (x, y) Coordinatestangentialandnormalto droplet sur/ace

t - Yt Loc_ flamepositionrelative to dropletsurface

I a. Thermaldiffusivityof frcestreamgas
p Pressuregradientparameter

t T Ratio of specific heats

i (vi, _.) Similarityvariables
O Coordinateindicatingangulardistancealong droplet

I 9. Separationpoint

I p Dynamic viscosity
p Density

I _ Dimensionless diffusiontime scale

i 0 Velocity _tial

V Slxemnfunction

!
Subscripts

I • Conditions at edge of external boundarylayer

I f Fuel

!
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i Conditionsassocialed withinternalliquidflowfield
II

o Oxidizer

p Products 1

M. Reference state
I

s Liquid surface

,,, Free_ gasconditions I
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