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Numerical Results for the Solution Of the 
Graetz Problem for a Bingham Plastic in 

Laminar Tube F l o w  with Constant Wall Temperature 

B. F. Blackwell 
Sandia National Laboratories* 

Centrifuge, Climatic and Radiant Heat 
Division 7 5 3 1  

ABSTRACT 

The Graetz problem of developing temperature profile in 
a tube for a fully developed laminar velocity profile has been 
numerically solved for a Bingham plastic. Constant properties 
were assumed and viscous dissipation was ignored. Results are 
presented for local Nusselt number, average Nusselt number, and 
bulk fluid temperature each as a function of axial distance 
from the tube inlet. The laminar Newtonian fluid is a special 
case of the Bingham plastic; the results presented in this 
a r t i c l e  for t h i s  case appear t o  be more accurate than those 

available in the literature. 

*Sandia National Laboratories is a U . S .  Department of Energy 
facility. This work was supported by the Department of Energy 
under contract DE-AC0476DP00789. 
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NOMENCLATURE 

C 

cP 

Cn 

D 

Gn 

hX 

Pe 

r 

r0 

r+ 

Umax 
- 
U 

U+ 

X 

X+ 

T ~ / T ~ ,  r a t i o  of y i e l d  s t ress  t o  w a l l  s h e a r  s t ress  

specific heat at constant pressure 

constant in series solution 

pipe diameter 

constant, see Eq. ( 1 2 )  

Jocal convective heat transfer coefficient, h, = 
c l " /  ( tb-to) 

thermal conductivity 

= hxD/k, local Nusselt number 

average of Nu, between entrance and axial 
location x 

wall heat flux 

- 
= uD/a, Peclet number 

rad ial coord ina te 

pipe radius 

=r/ro, dimensionless radius 

eigenfunction 

temperature 

bulk or mixing cup temperature 

uniform entrance temperature 

uniform wall temperature 

axial velocity 

maximum axial velocity 

average axial velocity 

= u/u 

axial coordinate 

- 0 
x/r 
Pe , dimensionless axial coordinate -_I 

iii 



GREEK 

a 

rl 

8 

‘b 

x 

P 

T 

‘IW 

‘Y 

= k / p C p ,  thermal diffusivity 

Bingham viscosity 
t--t (x , r 1 

- - U , dimensionless temperature 
t0-% 

, dimensionless bulk fluid temperature, - - -  to- tb 
see Eq. (13) 

eigenvalue 

density 

local shear stress 

wall shear stress 

yield shear stress 
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N u m e r i c a l  R e s u l t s  f o r  t h e  S o l u t i o n  o f  t h e  
G r a e t z  P r o b l e m  f o r  a Bingham P l a s t i c  i n  

L a m i n a r  Tube  F l o w  w i t h  C o n s t a n t  Wall T e m p e r a t u r e  

INTRODUCTION 

Many f l u i d s  e x h i b i t  a y i e l d  s tress,  a stress w h i c h  m u s t  be 

e x c e e d e d  before t h e  f l u i d  w i l l  f low.  B i r d ,  e t .  a l .  El] pre- 

s e n t e d  a n  e x t e n s i v e  t a b u l a t i o n  o f  ma te r i a l s  w i t h  y i e l d  

stresses; some common e x a m p l e s  a r e  d r i l l i n g  mud, sewage s l u d g e ,  

g r e a s e ,  p a i n t ,  a n d  t h o r i u m  d i o x i d e / m e t h a n o l .  I f  t h e  l o c a l  

s h e a r  stress does n o t  exceed t h e  y i e l d  stress, t h e s e  f l u i d s  

w i l l  n o t  s u p p o r t  a v e l o c i t y  g r a d i e n t .  I n  p i p e  f l o w  g e o m e t r i e s ,  

i t  is p o s s i b l e  t h a t  t h e  f l u i d  r e g i o n  n e a r  t h e  c e n t e r l i n e  ( l o w  

s h e a r  stress, r < T Y )  may move a s  a s o l i d  ( p l u g  f l o w )  w h i l e  t h e  

f l u i d  n e a r  t h e  w a l l  ( h i g h  s h e a r  s tress,  r > r y )  s u p p o r t s  a 
v e l o c i t y  g r a d i e n t .  F i g u r e  1 p r e s e n t s  r e p r e s e n t a t i v e  l a m i n a r  

v e l o c i t y  p r o f i l e s  f o r  Ringham p l a s t i c s  t h a t  e x h i b i t  a p l u g  f l o w  

r e g i o n .  

T h i s  a r t i c l e  was m o t i v a t e d  by  t h e  d e s i r e  t o  u n d e r s t a n d  t h e  

h e a t  t r a n s f e r  b e h a v i o r  o f  a q u e o u s  foams b e i n g  u s e d  a s  a d r i l l -  

i n g  f l u i d  i n  h i g h  t e m p e r a t u r e  p e t r o l e u m  a n d  g e o t h e r m a l  f o r m a -  

t i o n s .  I n  some a p p l i c a t i o n s ,  a q u e o u s  f o a m s  o f f e r  s e v e r a l  

a d v a n t a g e s  ove r  c o n v e n t i o n a l  d r i l l i n g  f l u i d s :  1) bottom h o l e  

p r e s s u r e  is r e d u c e d  b e c a u s e  a q u e o u s  foams h a v e  a much lower 
d e n s i t y  t h a n  c o n v e n t i o n a l  d r i l l i n g  muds l  2 )  r e l a t i v e l y  l i t t l e  

f a l l  back of c u t t i n g s  when c i r c u l a t i o n  stopsf a n d  3 )  l o w  l o s s  

of c i r c u l a t i o n  i n  porous f o r m a t i o n s .  A d d i t i o n a l  d e t a i l s  on t h e  

t h e r m a l  b e h a v i o r  of a q u e o u s  foams c i r c u l a t i n g  i n  g e o t h e r m a l  
we l lbo res  a re  p r e s e n t e d  i n  B l a c k w e l l  a n d  Or tega  [2]. T h i s  

r epor t  is a n  e x t e n s i o n  of t h e  w o r k  of Wissler a n d  S c h e c h t e r  [31 
c o n c e r n i n g  t h e  h e a t  t r a n s f e r  b e h a v i o r  of Bingham p l a s t i c s  i n  

d e v e l o p i n g  t u b e  f l o w .  S l i p  a t  t h e  w a l l  h a s  b e e n  i g n o r e d  i n  

t h i s  a n a l y s i s .  
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ANALYSIS 
The c o n s t i t u t i v e  e q u a t i o n  f o r  a Binqham p l a s t i c  i n  p ipe  

f l o w  is o f  t h e  form [ 1 , 3 , 4 1  

- d u  = o f o r '  T < T ~  

d r  - 

w h e r e u i s  t h e  a x i a l  v e l o c i t y  c o m p o n e n t ,  r is  t h e  r a d i a l  coor- 
d i n a t e ,  T is  t h e  l oca l  s h e a r  s tress,  -rY i s  t h e  y i e l d  stress, 
and  rl i s  t h e  Ringham v i s c o s i t y .  F o r  c o n s t a n t  p rope r t i e s ,  t h e  

f u l l y  d e v e l o p e d  v e l o c i t y  p r o f i l e  h a s  b e e n  shown to  be [ l  , 3 , 4 ]  

r o < - < c  

w h e r e  T~ is  t h e  w a l l  s h e a r  s tress,  ro is  t h e  pipe r a d i u s ,  

a n d  C = T ~ / T ~ .  

v e l o c i t y  c a n  be e x p r e s s e d  a s  

The maximum v e l o c i t y  Umax and  t h e  a v e r a g e  

4 
T w r o  4 C u =  ( l - - c + - )  

4rl 3 3 

- 
( 4 )  

The d i m e n s i o n l e s s  f o r m  o f  E q . ( 4 )  is  p r e s e n t e d  i n  F i g .  1 .  N o t e  

t h a t  c = l  c o r r e s p o n d s  t o  p l u q  f l o w  ( U = U m a x )  w h i l e  c=O corre- 
s p o n d s  to  l a m i n a r  N e w t o n i a n  f l o w .  

I f  a x i a l  c o n d u c t i o n  is n e g l e c t e d  ( P e > 1 0 0 )  and  v i s c o u s  d i s -  

s i p a t i o n  i g n o r e d ,  t h e  s t e a d y  f l o w  c o n s t a n t  p r o p e r t y  f o r m  o f  t h e  

e n e r g y  e q u a t i o n  and  i t s  b o u n d a r y  c o n d i t i o n s  c a n  be w r i t t e n  as 

1 a a t  a t  - p c P u ( r )  - - k - -(r-) , t ( o , r ) = t , ,  t ( x , r o ) = t o ,  
ax r ar ar ( 5 )  

2 



This analysis is restricted to Prandtl number>l but still 
sufficiently small that viscous dissipation is not important. 
The followinq dimensionless variables will be useful: 

where to is the wall temperature, te, is the uniform inlet 
fluid temperature, a is the thermal diffusivity, and Pe is the 
dimensionless Peclet number. For uniform wall temperature to 
and inlet temperature t,, the dimensionless energy equation is 

with the dimensionless velocity profile beinq qiven by 

- 2 (l-c) 2 
4 - 

4 c  1- -c+ - 
3 3  

The classical separation of variables solution to Eq. (7) leads 
to 

where Cn is a constant to be determined from the boundary 
conditions and Rn(r+) and An are eigenfunctions and 
eigenvalues respectively that are determined from the solution 
of 

From the orthogonality condition, 

3 



A more convenient constant Gn will be defined as 

From Eq. ( 9 ) ,  several useful heat transfer parameters can be 
developed. The dimensionless bulk fluid temperature is 

where tb is the bulk fluid or mixing cup temperature. Defin- 
ing the local heat transfer coefficient in terms of the local 
temperature difference (tb-to), the local Nusselt number 
becomes 

The average Nu between the entrance and any arbitrary x+ is 
given quite simply by 

Eq.(lO) is the classical Sturm-Liouville problem. A 

closed form analytical solution exists for plug flow (c=1, see 
Burmeister [5] for a discussion), Sellars, Tribus, and Klein 
[6] developed an approximate solution for laminar Newtonian 

4 



flow (c=O), and Wissler and Schechter [3] numerically 
determined the first seven eigenvalues and eigenfunctions for 
c=O.O, 0.25, 0.5, 0.75, and 1 . 0 .  Additional works are 
referenced in [ l ] .  The number of eigenvalues and 
eigenfunctions reported by Wissler and Schechter [ 3 ]  were found 
to be inadequate for small values of x+ and the calculations 
were extended to include the first 60 eigenvalues for c=O.O, 
0.2, 0.4, 0 . 6 ,  0.8, 1 . 0 .  

The general Sturm-Liouville problem can be written as 

with boundary conditions of the form 

where p(x), q(x), and r(x) are arbitrary functions and $(x) is 
the eigenfunction. The numerical results presented in this 
article were produced by the SLEIGN code, described by Bailey 
[7]. This code internally transforms the independent variable 
x onto the interval ( - 1  , l ) .  Next, the second order 
differential equation given by Eq. ( 1 6 )  is replaced (within the 
code) by an equivalent system of two first order equations for 
the new dependent variables p(x) and Q(x) defined by 

where z is a scaling factor determined by the code. If z=1 ,  

this is known as the Prufer transformation [7]. The eigenvalue 
X is then determined by numerically integrating the transformed 
version of Eq. ( 1 6 )  from both boundaries toward the interior of 
the internal (a,b) with an assumed A. The inteqration is ter- 
minated at an interior point x=M and the solution from the left 

D " 
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q L ( ~ ; A )  is compared w i t h  t h e  s o l u t i o n  from t h e  r i g h t  $ R ( M ;  

A ) .  D u r i n g  b o t h  t h e  " l e f t "  a n d  " r i g h t "  i n t e g r a t i o n  process,  

t h e  co r rec t  b o u n d a r y  c o n d i t i o n s  a r e  always u s e d .  T h e  code 

a u t o m a t i c a l l y  c h o o s e s  t h e  m a t c h  p o i n t  x = M ,  p i c k s  a n  i n i t i a l  

g u e s s  f o r  A a n d  a d j u s t s  A u n t i l  $JL=$R w i t h i n  a u s e r  speci-  

f i e d  t o l e r a n c e .  The  code h a s  b e e n  e x t e n s i v e l y  tes ted a n d  a d d i -  

t i o n a l  d e t a i l s  can be f o u n d  i n  B a i l e y  [ 7 ] .  

RESULTS 

T a b l e  1 p r e s e n t s  n u m e r i c a l  r e s u l t s  f o r  t h e  loca l  N u s s e l t  

n u m b e r  (Nu,) ,  a v e r a g e  N u s s e l t  number  N U m I  a n d  b u l k  f l u i d  

t e m p e r a t u r e  a s  a f u n c t i o n  of t h e  d i m e n s i o n l e s s  e n t r y  l e n g t h  

x+. A l l  c a l c u l a t i o n s  were performed on a CDC Cyber 170 /Mode l  

855 c o m p u t e r  u s i n g  s i n g l e  p r e c i s i o n  a r i t h m e t i c  ( n o m i n a l l y  14 
1 / 2  d i g i t s ) .  T h e  s e r i e s  f o r  Nu, c o n v e r g e s  more s l o w l y  t h a n  

t h a t  f o r  ob. A r e l a t i v e  c o n v e r g e n c e  c r i t e r i a  of o n  t h e  
l a s t  t e r m  ( n o r m a l i z e d  by t h e  p a r t i a l  sum) w a s  u s e d .  S i x t y  

e i g e n v a l u e s  were a d e q u a t e  f o r  c o n v e r g e n c e  f o r  a l l  v a l u e s  o f  

x+ e x c e p t  0.0001; f o r  t h i s  x + ,  t h e  r e l a t i v e  e r ror  was 
t y p i c a l l y  less  t h a n  7x10-' f o r  a l l  v a l u e s  of c. 
r e s u l t s  f o r  c = l . O  were c o m p a r e d  w i t h  t h e  a n a l y t i c a l  s o l u t i o n ;  

f o r  t h i s  case,  t h e  e i g e n v a l u e s  are t h e  r o o t s  of J o ( A n / f i )  = 

0 a n d  t h e  e i g e n f u n c t i o n s  a r e  R n ( r + )  =. J o ( A n / J T  r+) .  
T h e  r e s u l t s  from S L E I G N  were i d e n t i c a l  t o  t h e  a n a l y t i c a l  s o l u -  

t i o n  f o r  t h e  number  of s i g n i f i c a n t  d i g i t s  p r i n t e d ,  e x c e p t  f o r  

x+ = 0.0001. F o r  e x a m p l e ,  t h e  a n a l y t i c a l  r e s u l t  w a s  Nu, = 

81 .352  w h i l e  t h e  n u m e r i c a l  r e s u l t  was 81.365. T h e  c = l  ( p l u g  

f low)  resu l t s  were a l s o  c o m p a r e d  w i t h  t h o s e  p r e s e n t e d  i n  B u r -  

meister [ S I ;  e x a c t  a g r e e m e n t  w a s  o b t a i n e d  f o r  large x+ b u t  i t  
appears  t h a t  t h e  r e s u l t s  of [ 4 ]  a r e  n o t  a c c u r a t e  a t  small x+. 

The  n u m e r i c a l  

Se l l a r s ,  T r i b u s ,  a n d  K l e i n  [6]  d e v e l o p e d  a n  a p p r o x i m a t e  

s o l u t i o n  f o r  c = O  ( l a m i n a r  N e w t o n i a n  f l o w )  a n d  t h e i r  r e s u l t s  f o r  
Nuxr  Numr  a n d  ob a r e  t a b u l a t e d  i n  Kays a n d  Crawford [8] 

a n d  B u r m e i s t e r  [9]. A g a i n ,  t h e s e  r e s u l t s  do n o t  appear t o  be 

a c c u r a t e  a t  small x+. 
ST 

T h e  r e s u l t s  of T a b l e  1 a re  a l s o  p r e s e n t e d  g r a p h i c a l l y  i n  

F i g u r e s  2-4. For  c n e a r  z e r o ,  Nu a n d  t h e  b u l k  f l u i d  

6 



t e m p e r a t u r e  a r e  n o t  v e r y  s e n s i t i v e  t o  c ;  f o r  c n e a r  u n i t y ,  t h e  

c o m p u t e d  r e s u l t s  a r e  much more s e n s i t i v e  t o  c. T h e s e  r e s u l t s  

stem f r o m  t h e  d e p e n d e n c e  of  t h e  v e l o c i t y  p r o f i l e  on  c (see 
F i g .  1 ) .  

C O N C L U S I O N S  

T h e  n u m e r i c a l  s o l u t i o n  o f  t h e  G r a e t z  problem of t h e  

d e v e l o p m e n t  of t h e  t h e r m a l  b o u n d a r y  l a y e r  w i t h i n  a t u b e  f o r  

l a m i n a r  f u l l y  d e v e l o p e d  v e l o c i t y  p r o f i l e  u n d e r  a c o n s t a n t  w a l l  

t e m p e r a t u r e  b o u n d a r y  c o n d i t i o n  was p r e s e n t e d  f o r  a Bingham 

p l a s t i c .  Local  N u s s e l t  n u m b e r ,  a v e r a g e  N u s s e l t  n u m b e r  a n d  b u l k  

f l u i d  t e m p e r a t u r e  were p r e s e n t e d  a s  a f u n c t i o n  of d i m e n s i o n l e s s  

d i s t a n c e  from t h e  i n l e t .  T h e  r e s u l t s  f o r  p l u g  f l o w  agree w i t h  

t h e  a n a l y t i c a l  s o l u t i o n ,  a n d  t h e  l a m i n a r  N e w t o n i a n  f l o w  ( c = O )  

r e s u l t s  of t h i s  w o r k  appear  t o  be more a c c u r a t e  t h a n  t h o s e  

a v a i l a b l e  i n  t h e  l i t e r a t u r e .  

7 



Table 1 Heat Transfer Results for Developinq Flow of Bingham 
Plastic in a Tube with Constant Wall Temperature 

c=1.0 (plug flow) 
+ 

X 

. o o o  1 

. 0 0 0 2  

. 0 0 0 4  

.0010  

.0020  

.0040  

.OlOO 

.0200  

.0400  

. l o o 0  

. 2 0 0 0  

. 4 0 0 0  
1 .oooo 
2.. 0000  
4 . 0 0 0 0  

1 0 . 0 0 0 0  

.0001  

. 0 0 0 2  

.0004  

.0010  

.0020  

.0040  

. 0 1 0 0  

. 0 2 0 0  

. 0 4 0 0  

. l o o 0  

. 2 0 0 0  

.4000  
1 . 0 0 0 0  
2 .0000  
4 .0000  

10 .0000  

.0001  

. 0 0 0 2  

.0004  

.0010  

.0020 

. 0 0 4 0  

.0100  

.0200 

NUx 
-- 
8 1 . 3 5 2  
58 .008  
41 .502  
26 .876  
19 .531  
14 .372  

9 .844  
7 .744  
6 .437  
5 .817  
5 . 7 8 3  
5 . 7 8 3  
5 . 7 8 3  
5 . 7 8 3  
5 , 7 8 3  
5 . 7 8 3  

3 9 . 9 1 3  
3 1 . 4 5 3  
24 .774  
18 .079  
14 .271  
11 .299  
8 . 3 6 6  
6 . 7 7 7  
5 . 7 0 3  
5 .111  
5 .066  
5 .066  
5 .066  
5 .066  
5 . 0 6 6  
5 . 0 6 6  

33 .304  
26 .265  
20 .706  
1 5 . 1 3 5  
1 1 . 9 7 2  

9 .520  
7 .149  
5 .892  

c=o. 8 

c=O. 6 

'b 

161 .146  
1 1 4 . 4 1 3  

8 1 . 3 7 5  
52 .074  
37 .322  
26 .914  
17 .731  
13 .174  
1 0 . 0 6 3  

7.621) 
6 . 7 0 5  
6 .244  
5 .968  
5 . 8 7 5  
5 .829  
5 .802  

6 0 . 5 6 9  
47 .802  
37 .701  
27 .529  
21 .704  
1 7 . 1 2 9  
1 2 . 5 6 9  
1 0 . 0 0 3  

8 . 0 6 9  
6 .401  
5 . 7 3 8  
5 . 4 0 2  
5 .200  
5 . 1 3 3  
5 .099  
5 .079  

5 0 . 4 8 6  
39 .866  
31 .462  
22 .995  
1 8 . 1 5 3  
1 4 . 3 5 3  
10 .591  

8 . 5 0 3  

. 9 6 8 2 8 4 7  

. 9 5 5 2 6 6 2  

. 9 3 6 9 7 3 4  

. 9 0  10919  

.8613197  
. 8 0 6 2 9 2 6  
. 7 0 1 4 3 6 0  
. 5 9 0 4 0 2 4  
.4470782  
. 2 1 7 8 5 2 4  
. 0 6 8 4 3 1 3  
. 0 0 6 7 7 0 3  
.0000066 
. o o o o o o o  
. o o o o o o o  
. o o o o o o o  

. 9 8 7 9 5 9 4  

. 9 8 1 0 6 1 0  

. 9 7 0 2 8 9 8  

. 9 4 6 4 3 0 7  

.9168451  

. 8 7 1 9 4 3 3  

. 7 7 7 7 2 9 5  

. 6 7 0 2 2 6 3  

. 5 2 4 3 7 5 0  

.2779934  

. l o 0 7 2 5 4  

. 0 1 3 2 7 7 5  

. 0 0 0 0 3 0 4  

. 0000000  

. o o o o o o o  

. o o o o o o o  

. 9 8 9 9 5 3 6  
, 9 8 4  1801 
. 9 7 5 1 4 4 3  
. 9 5 5 0 4 5 3  
.929962  1 
. 8 9  15229  
.8091051  
. 7 1 1 6 9 6 3  
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Table 1 Heat Transfer Results for Developing Flow of Binqham 
Plastic in a Tube with Constant Wall Temperature (Cont) 

+ 
X Nux 

c=O. 6 

Num 

. 0 4 0 0  

. l o o 0  

.2000  

. 4 0 0 0  
1 . 0 0 0 0  
2 .0000  
4 .0000  

1 0 . 0 0 0 0  

.0001  

. 0 0 0 2  

. 0 0 0 4  

. 0 0 1 0  

. 0 0 2 0  

. 0 0 4 0  

. 0 1 0 0  

. 0 2 0 0  

. 0 4 0 0  

. l o o 0  

. 2 0 0 0  

. 4 0 0 @  
1 . o o o o  
2 . 0 0 0 0  
4 . 0 0 0 0  

1 0 . 0 0 0 0  

. 0 0 0 1  

. 0 0 0 2  

. 0 0 0 4  
, 0 0 1 0  
. 0 0 2 0  
. 0 0 4 0  
. 0 1 0 0  
. 0 2 0 0  
. 0 4 0 0  
. l o o 0  
.2000 
. 4 0 0 0  

1 . 0 0 0 0  
2 . 0 0 0 0  
4 . 0 0 0 0  

1 0 . 0 0 0 0  

5 . 0 3 8  
4 .539  
4.494 
4 . 4 9 3  
4 . 4 9 3  
4 . 4 9 3  
4 . 4 9 3  
4 . 4 9 3  

3 0 . 5 1 3  
2 4 . 0 6 5  
18 .970  
13 .860  
1 0 . 9 5 6  

8 . 7 0 3  
6 . 5 2 0  
5 . 3 6 4  
4 . 5 8 5  
4 .126  
4 . 0 8 2  
4 .081  
4.081 
4 .081  
4.081 
4.081 

2 9 . 0 6 1  
22.921 
1 8 . 0 6 6  
1 3 . 1 9 6  
10 .426  
8 . 2 7 4  
6 . 1 8 6  
5 . 0 7 5  
4 . 3 1 9  
3 .861  
3.814 
3 . 8 1 3  
3 . 8 1 3  
3 . 8 1 3  
3 . 5 1 3  
3 . 8 1 3  

c=O. 4 

c = o .  2 

6 . 9 4 3  
5 . 5 9 3  
5 . 0 4 8  
4 .771  
4 .604  
4 . 5 4 9  
4.521 
4 . 5 0 4  

46 .252  
36 .524  
2 8 . 8 2 5  
2 1 . 0 6 8  
1 6 . 6 2 5  
1 3 . 1 3 9  
9 . 6 8 4  
7 . 7 6 4  
5 . 3 3 2  
5.094 
4 . 5 9 3  
4 . 3 3 7  
4 . 1 8 3  
4 .132  
4 . 1 0 5  
4 .091  

4 4 . 0 5 3  
3 4 . 7 8 8  
2 7 . 4 5 4  
2 0 . 0 6 4  
1 5 . 8 3 0  
1 2 . 5 0 5  

9 . 2 0 8  
7 . 3 7 2  
5 . 9 9 9  
4 . 8 0 3  
4 .314  
4 . 0 6 3  
3 . 9 1 3  
3 . 8 6 3  
3 .838  
3 . 8 2 3  

. 5 7 3 8 2 5 4  

. 3 2 6 7 6  1 2  

. 1 3 2 7 4 3 6  

. 0 2 2 0 0  1 3  

. 0 0 0 1 0 0 2  

. o o o o o o o  

. o o o o o o o  

. o o o o o o o  

. 9 9 0 7 9 2 3  

. 9 8 5 4 9 6 6  

. 9 7 7 2 0 3 9  

. 9 5 8 7 3 9 4  

. 9 3 5 6 6 2 7  

. g o 0 2 2 6 9  

. 8 2 3 9 2 8 5  
.7330460  
. 6 0 2 5 8 5 2  
. 3 6 1 0 4 7 9  
. 1 5 9 2 7 8 8  
. 0 3  1 1  343 
. 0 0 0 2 3 2 6  
.0000001  
. o o o o o o o  
. o o o o o o o  

. 9912251  

. 9 8 6 1 8 1 2  

. 9 7 8 2 7 6 0  

. 9 6 0 6 6 6 2  

.9386436  

. g o 4 7 9 8 1  

. 8 3 1 8 0 3 4  

. 7 4 4 6 1 4 2  

. 6 1 8 8 4 8 2  

. 3 8 2 6 7 1 2  

. 1 7 8 0 7 5 2  

. 0 3 8 7 5 0 8  

. @ 0 0 3 9 9 4  

. 0 0 0 0 0 0 2  

. ooooooo  

. o o o o o o o  
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Table 1 Heat Transfer Results for Developins Flow of Bingham 
Plastic in a Tube with Constant Wall Temperature (Cont) 

c=O.O (Laminar Newtonian) 

+ X 

. 0001  

.0002 

. 0004  

.0010  

.0020  

. 0 0 4 0  

.0100 

. 0200  

. 0 4 0 0  

. l o o 0  

.2000  

.4000  
1 . o o o o  
2 .0000  
4 .0000  

IO. 0000  

Nu 
X 

N U  m 'b 

28 .244  
22 .278  
17 .559  
12 .824  
10 .130  

5 .036  
6 . 0 0 2  
4 .916  
4 . 1 7 2  
3 .710  
3 .658  
3 .657  
3 .657  
3 . 6 5 7  
3 .657  
3 . 6 5 7  

I O  

4 2 . 8 1 4  
33 .810  
2 6 . 6 8 3  
19 .501  
15 .384  
12 .152  

8 . 9 4 3  
7 . 1 5 5  
5 . 8 1 5  
4 .541  
4 .156  
3 . 9 0 6  
3 .757  
3 .707  
3 .682  
3 .667  

.9914737  

. 9 8 6 5 6 6 8  

. 9 7 8 8 7 9 5  

.9617496  

. 9 4 0 3 1 8 3  

. g o 7 3 6 3 5  

.8362189  

. 7 5 1 1 0 5 6  

.E1280276 

. 3 9 5 2 9 8 8  

.1897101  

. 0 4 3 9 3 5 0  

. 0 0 0 5 4 5 8  

. 0000004  

.0000000 

.0000000  



REFERENCES 

1. R.B. Bird, G.C. Dai, and B.J. Yarusso, The Rheoloqy and 
Flow of Viscoplastic Materials, Reviews in Chemical 
Engineering, Vol. 1, No. 1, 1 9 8 2 ,  pp 1-70.  

2. B.F. Blackwell and A. Ortega, A Quasi-Steady Model for 
Predictinq Temperature of Aqueous Foams Circulatinq in 
Geothermal Wellbores, Proceedings ASME/JSME Thermal 
Engineering Joint Conference, Vol 11, pp 1 0 1 - 1 1 1 ,  1 9 8 3 .  

3. E.H. Wissler and R . S .  Schechter, The Graetz-Nusselt 
Problem (with Extension) for a Bingham Plastic, Chemical 
Engineering Proqress Symposium Series No. 29 ,  Vol 55,  pp 
2 0 3 - 2 0 8  ( 1 9 5 9 ) .  

4. R.B. Bird, W.E. Stewart, and E.N. Lightfoot, Transport 
Phenomena, Wiley, New York, 1 9 6 0 .  

5. L.C. Burmeister, Convective Heat Transfer, John Wiley, New 
York, 1 9 8 3 .  

6 .  J.R. Sellars, M. Tribus, and J.S. Klein, Heat Transfer to 
Laminar Flow in a Round Tube or Flat Conduit-The Graetz 
Problem Extended, Transactions ASME, Vol 7 8 ,  pp 4 4 1 - 4 4 8 ,  
Feb. 1 9 5 6 .  

7 .  P.B. Bailey, SLEIGN A n  Eigenvalue-Eigenfunction Code for 
Sturm-Liouville Problems, Sandia National Laboratories, 
SAND77-2044,  March 1 9 7 5 .  

8 .  W.M. Kays and M.E. Crawford, Convective Heat and Mass 
Transfer, 2nd E d . ,  McGraw-Hill, New York, 1 9 8 0 .  



1.0 

r 

c=l  

4 \ 

B 
6 

I 

! 
3 R 

a 

0.0 0.5 1.0 
u+ 

1.5 2.0 

Figure 1 Dimensionless Velocity Profile for Fully Developed 
Flow of a Bingham Plastic in Circular Tube 
(c=.ry/.rw) 

12 



I 

0
 0
 

r
 

F
 

I r
 

0
 

(Y
 

9 q
g

 
It X

 
+ 

€
9
 

I F
 

0
 

? 0
 

O
r

 
0
 

F
 

4
 

m 
-4

 
X

 
4
 
1
1
1
0
 

1
1

1
.

 
a

d
 

4
 

c
a

 
o

c
 

*rl 
m 

m 

13 





d
.
 

0
 

IS
 



D is  t r i  b u  t i on  : 

TID-4500-R-66-UC-66~ ( 5 0 7 )  

A d v a n c e d  D r i l l i n g  Corp. 
2060  P l y m o u t h  S t .  
M o u n t a i n  V i e w ,  CA 94043 
A t t n :  W. L i t t m a n n  

Tom A n d e r s o n  
1 7 7 2 6  S . W .  
O v e r l o o k  I n n ,  
L a k e  Oswego, OR 9 7 0 3 4  

E d  Bingman 
S h e l l  O i l  Company 
Two S h e l l  P l a z a  
P.O. Box 2 0 9 9  
H o u s t o n ,  TX 7 7 0 0 1  

C h r i s t e n s e n ,  I n c .  
Diamond T e c h n o l o g y  C e n t e r  
2 5 3 2  S o u t h  3 2 7 0  West 
S a l t  Lake C i t y ,  U T  84119 
A t t n :  J i m  C a r r o l l  

L a r r y  Diamond 
Dyna-D r i  11 

I r v i n e ,  CA 9 2 7 1 3  
P.O. BOX C-19576 

J o h n  E.  F o n t e n o t  
NL P e t r o l e u m  S e r v i c e s  
P.O. Box 6 0 0 8 7  
H o u s t o n ,  TX 7 7 2 0 5  

D r .  M e l v i n  F r i e d m a n  
P r o f e s s o r  of G e o l o g y  
C e n t e r  f o r  T e c t o n o p h y s i c s  

a n d  Dept .  of G e o l o g y  
T e x a s  A & M  U n i v e r s i t y  
Co l l ege  S t a t i o n ,  TX 7 7 8 4 3  

G a  1 v e s  ton-H o u s  t o n  Company 
5 2 2 9  Winf i e l d  
P.O. Box 2 2 0 7  
H o u s t o n ,  TX 7 7 0 0 1  
A t t n :  J.  K .  H e i l h e c k e r  

James W. L a n f o r d  
S e c u r i t y  D i v i s i o n  
Dresser I n d u s t r i e s ,  I n c .  
P.O. Box 24647  
D a l l a s ,  TX 7 5 2 2 4  

€3. J .  L i v e s a y  
2616 A n g e l 1  Ave. 
S a n  D i e g o ,  C A  9 2 1 2 2  

H a r v e y  E.  M a l l o r y  
P.O. Box  5 4 6 9 6  
T u l s a r  OK 7 4 1 5 5  

E d  M a r t i n  
S u p e r i o r  O i l  
E a s t e r n  D i v i s i o n  
P.O. Box 51108 O C S  
L a f a y e t t e ,  L A  7 0 5 0 5  

M e r i d i a n  Corpora t i o n  
5113 L e e s b u r g  P i k e  
S u i t e  700 
F a l l s  C h u r c h ,  V A  2 2 0 4 1  
A t t n :  D e e p a k  K e n k e r e m a t h  

M a u r e r  E n g i n e e r i n g  I n c .  
2916  West T.C. J e s t e r  
H o u s t o n ,  TX 7 7 0 1 8  
A t t n :  W. C. M a u r e r  

Gene  P o l k  
N L  Baro id  
6400 Uptown Blvd .  N.E. 365W 
A l b u q u e r q u e  , NM 8 7 1 1 0  

D e l  E .  P y l e  
U n i o n  G e o t h e r m a l  D i v i s i o n  
U n i o n  o i l  C o .  of C a l i f o r n i a  
U n i o n  O i l  C e n t e r  
Los A n g e l e s ,  CA 9 0 0 1 7  

J o h n  C. Rowley 
L o s  Alamos N a t i o n a l  Labs. 
Mail S t o p  5 7 0  
Los Alamos, NM 8 7 5 4 5  

P r o f .  Bar ry  R a l e i g h  
Lamont  D o h e r t y  Geological  
O b s e r v a t o r y  of C o l u m b i a  

P a l i s a d e s ,  NY 10964 
U n i v e r s i t y  

16 



W i l l i a m  D .  Rumbaugh 
R e s e a r c h  a n d  D e v e l o p m e n t  
O t i s  
P.O. Box 34380 
D a l l a s ,  TX 7 5 2 3 4  

E d  S c h m i d t  
400 E a s t  5 7 t h  S t .  
N e w  Y o r k ,  N Y  1 0 0 2 2  

D w i g h t  S m i t h  
H a  11 i b u r  t o n  
D r a w e r  1431  
D u n c a n r  OK 7 3 5 3 3  

N . L .  S p e r r y  S u n  
P.O. B o x  69 
S u g a r  L a n d ,  TX 7 7 4 7 9  
A t t n :  D r .  S. G.  V a r n a d o  

Tom W a r r e n  
P h i l l i p s  P e t r o l e u m  Company 
G e o t h e r m a l  O p e r a t i o n s  
655 E a s t  4500 S o u t h  
S a l t  L a k e  C i t y ,  UT 8 4 1 0 7  

U.S. D e p a r t m e n t  of E n e r g y  ( 8 )  
O f f i c e  of E n e r g y  R e s e a r c h  
W a s h i n g  t o n  , DC 2 0 5 4 5  
A t t n :  George Y .  J o r d y  E R  31 ( 7 )  

Rober t  E .  Rade r  E R  3 2  

U . S .  D e p a r t m e n t  of E n e r g y  ( 3 )  
G e  o t h e  rma 1 Hydropower 

T e c h n o l o g i e s  D i v i s i o n  
F o r r e s t a l  B l d g . ,  C . E .  3 2 4  
1000 I n d e p e n d e n c e  Ave .  S.W. 
W a s h i n g t o n ,  DC 2 0 5 8 5  
A t t n :  J .  Bresee 

R .  Toms 
D .  A l l e n  

U . S .  D e p a r t m e n t  of E n e r g y  
O f f i c e  of Basic  E n e r g y  Sc iences  
Mail S t o p  5309 
W a s h i n g t o n ,  DC 2 0 5 8 5  
A t t n :  George K o l s t a d  

W. K .  T e c h n o l o g y  
9777 H a r w i n  D r .  
S u i t e  408 
H o u s t o n ,  TX 7 7 0 3 6  
A t t n :  F r a n k  O ' B r i e n  

W. P .  Grace,  D O E / A L O  
N u c l e a r  & G e o s c i e n c e s  
D i v i s i o n  

1 5  1 2  

1 5  13 

18 13 
1813 
18 24 
3141 
3151 
6000 
6 2 0 0  
6 2 4 0  
6 2 4 1  
6 2 4 1  
6 2 4 6  
6 2 4 7  
6 2 5 0  
6 2 5 2  
6 2 5 6  
7530 
7 5 3 1  
7 5 3 7  
8 2  14 

J .  C .  Cummings  
a t t n :  L .  A .  Mondy 
D .  W.  L a r s o n  
a t t n :  S. K .  G r i f f i t h s  
A.  M .  K r a y n i k  
P .  B. R a n d  
W .  D.  D r o t n i n g  
L .  J .  E r i c k s o n  ( 5 )  
W. L .  G a r n e r  ( 3 )  
E .  H .  B e c k n e r  
V .  L .  Dugan 
R .  K .  T r a e g e r  
J .  R .  Ke l sey  
L .  E .  Duda ( 2 0 )  
B.  G r a n o f f  
P .  J .  H o m m e r t  
B .  W .  M a r s h a l l  
H .  M. Dodd 
D. E n g i  
T. B. L a n e  
B. F. B l a c k w e l l  ( 1 0 )  
N .  R.  K e l t n e r  
M. A .  P o u n d  

17 


	DISCLAIMERS.pdf
	SUMMARY
	LISTOFTABLES
	LISTOFFIGURES
	GLOSSARY
	FACILITY DESCRIPTION
	VITRIFICATION CELL
	EQUIPMENT
	UTILITIES MATERIALS AND WASTES

	SITING
	OP ERAT IONS
	MA I N TEN AN C E
	REFERENCES
	High-Level Liquid Waste Vitrification Flowsheet
	Canister Operating Time Cycle

	Zone Classifications
	Liquid Waste
	Personnel Exposure Categories
	NWVF Areas and Associated Functions
	Process Equipment
	Legend for Figures 5 Through
	Essential Material Requirements
	Nuclear Waste Vitrification Faciltiy Waste Generation
	Allocated Facility Staffing Requirements
	Source of High-Level Waste in the Fuel Cycle
	High-Level Liquid Waste Vitrification Flow Diagram
	High-Level ‚daste Vitrification Cell Plan View
	High-Level Waste Vitrification Cell Elevation View
	Calciner Feed Tank
	Calciner
	Melter
	Frit Feeder
	Calciner Condensate Tank
	Decontamination Solution Tank
	Canister Storage Rack
	Cell AirFilters

	Welding and Inspection Stations
	Calciner Condenser


	Calciner Scrubber-Separator
	Off-Gas Demister
	I and Ru Sorber Feed Heaters
	Calciner Feed Tank
	Cal ci ner
	Me1 ter
	Frit Feeder
	Calciner Condensate Tank
	Decontamination Solution Tank
	Canister Storage Rack
	Cell Air Filters
	lrlelding and Inspection Stations
	Calciner Condenser
	Cal ciner Scrubber-Separator
	Off-Gas Demister
	I and Ru Sorber Feed Heaters
	Ruthenium Sorber
	Pre- and HEPA Off-Gas Filters
	Iodine Sorber
	NOx Destructor
	Off -Gas Cool er
	Process Operators
	Radiation Monitors
	Supervisors
	Others
	(P1 ant Forces
	Craft Workers
	P1 anners and Supervisors
	Others
	Process Engineers
	Faci 1 i ty Engineers
	Safety
	Technicians
	Others (Including Analytical )
	Others
	Totals: Nonexempt
	Exempt
	Supervisors









