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MODELING OF STEADY PLANE THERMAL DETONATIONS*

S. G. Bankoff and A. Sharon

Chemical Engineering Dept.
Northwestern Univ.
Evanston, Ill. $0201

1. TINTRODUCTION

Steady plane thermal detonations proceeding through coarse fuel=-
coolant mixtures have been predicted to exhibit pressures of ~ 10% bar
for UO /Na and * 103 bar for sn/H_0L. Although detailed experimental
informitlon for the crucial fragmeﬁtatlon step is still largely lackiang,
gome important preliminary conclusions can nevertheless be drawn from a
detailed examination of the jump balances and solution of the steady,
separated-~flow conservation equations in the fragmentation zone behind
the shock. In this paper we present a few key results of some parametric
calculations of steady plane thermal detonations, and in addition offer
some broader comments.

2. CHAPMAN-JOUGUET CONDITIONS

It is instructive, first of all, to examine the Jump mass momentum,
and energy balances across the shock front: L

Ef aiﬂiui] =0 (1)
2

Ef @ (B + oy Y1=0 (2

[zapu (ry +%u)]'0 (3)

where the subscript i takes on the values cv, cl, and £, referring to coolant
vapor, coolant liquid and fuel, respectively, and the square jump brackets
refer to values of a point 1 before and a point 2 behind the shock. If
velocity and pressure equality exists between the phases (homogeneous flow)
at both points 1 and 2, Eqs. (1) and (2) reduce to those for classical single
phase detomation theoryl>2:3, Providing the mixture at point 2 has a well-
defined and unique specific volume, temperature equilibrium is not necessary.
In particular, a plane (called the Chapman-Jouguet or C-J plane) of local
gonic velocity relative to the shock front must exist at the end of the

. fragmentation and velocity-equilibrium zone in order to prevent weakening

of the shock by rarefaction waves from the far field. If the fragmentation
process takes place by removing small debris particles, either by boundary
layer stripping or by surface boiling mechanisms, the degree of fragmentation,
E, at the C-J plane can be treated as a paremeter. If now it 1s assumed that

*This work was supported by the U.S. Department of Energy.



heat transfer from the unfragmented portions of the fuel drops can be
reglected, and that the debris particles equilibrate in temperature
and velocity instantaneously with the surrounding coolant, families 2%
partial-fragmentation Hugoniot curvas can be constructed, as in Fig. 1.
The pronounced knee ou the curves for E < 1 marks the point at which
vapor disappears as the pressure increases. From this simple model
one sees immediately that the tangent from this particular initial point
ro the reaction adiabat for E < 1 will always intersect it close to the
-ee, aud 1ence at subcritical pressures. Indeed, 3 number of experlmental
studies of tin-water propagating interactions#~8 have failed to yield
supercritical pressures behind the shock fronmt. -

For UO,/Na the same effect exists, although less promounced. For
initiall; edual volumes of molten UQ,, liquid sodium and sodium vapor,
Fig. 2 shows that only subecritical p;essures can be achieved if E = 0.5
at the sonic velocity plame, but supercritical pressures are possible
if E = 0.7. The points on the partial-fragmentation Hugoniots where the

Mach number M. = 1, determined from the separated-flow multiphase sonic
veloeity cnter:.on11 12’13, differ somewhat from the tangency condition
points (homogeneous flow assumption), as might be expected.

The requirements for a stable C-J planell-ls have been analyzed. They
demand that the expression for the pressure gradient, deduced from the
separated-flow differential equations of the fragmentarion zone, be indeterminate,
corresponding to the simultaneous vanishing of the numerator and denominator.
Physically this is necessary in order to match the time-independent frag-
mentation region to-the time-dependent supersonic expansion zone. With the
assumption that the fuel debris particles form a homogeneous fluid mixture
with the coolant, the pressure gradient is given by

écpadjz(l 1'>..‘/2 % .1
— ———— o —— - -:_Z.
gp _ 8 DEry wArUy Ay Eipgly 2.0 p:ld),)
iz 2 2 v
%t Uz % %
-——2(1--’:7)?'—'5—5(1--—:7)
P0¢ Cs Pa¥q C4
where the mass source function, Ff, is given by‘
I = SQEQEQ dE (5)
f 1-E z

At supercritical pressures, boiling mechanisms for fragmentation cannot be
sperative, and velocity egquilibrium (U = 0) implies that T'_is also zero.
The vanishing of the denominator of Eq. (4) is the well-known reguirement

for the attainment of choked flow in a separated-flow system*=2+<, Tais

may be termed a normal, or equilibrium, C-J plane, corresponding to zero
entropy production. Small disturbances would be expected to damp out, due

to irreversibilities, resulting in a stable condition. Strictly speaking,
eatropy production due to heat transfer does not cease until temperature
equilibrium is achieved. Since there is a finite relative velocity cutoiff
for fragmentation at supercritical pressures, the requirement of zero

entropy production implies that the C-J plane is located at a great distance
behind the shock front. In practice, however, the fragmentation is essentially
cut off in a relatively short effective zone 1ength13, as shown in Fig. 3.



The conclusion that one can draw is that steady supercritical thermal detona-
tions cannot exist, although in practice sliowly-varying detonations are not
ruled out. It is also possible that the numerator of Eq. (4) can be made
to vanish at an isolated point, or points, with slip at supercritical
pressures. However, in the absence of vapor there seems to be no obvious
restoring force driving the perturbed system back to the singular C-J plane.
{ On the other hand, at subcritical pressures a small increase in pressure
‘ tends to collapse the vapor layers, resulting in increased heat transfer
=Y and hence more vapor production. A stable C~J plane with Ef * 0 is then

&% possible.J o
CE"} g Further progress requires that an estimate be made of the reaction’
“ - - zone length for assumed initial conditions and drag coefficient as a function
of dimensionless break-up time, T.. The curves shown in Fig. 4 were obtained13

by assuming the pressure and the degree of fragmentation at the C~J plane,
calculating the C-J plane conditions from the component jump mass balances
and the total momentum jump balance, and integrating the four mass and

k) S0 momentum differential equations backwards from a point where U'r/Ul = 0,005
to the shock front, taken to be given by E = O. The Reinecke-Waldman o ),
expression for the rate of fragmentation was used. This expression was
chtained empirically from air-water data in the boundary-layer stripping
range, but a slope function appropriate to Taylor instability does not
change the results materizlly, providing the same time scale, T, , for
fragmentation is used. It 1s seen that the zore length is unreialistically
long for these examples if T, > L.5, which is indicated by gas-liquid
experiment516717; as well as some mercury-water experimentsl8+%%; However,
othe r liquid-~liquid experiments over a wide range of Bond numbers?
give T, ~ 0.4, which implies reaction zone lengths of 5-10 cm., which
seems physically acceptable. This discrepancy cannot at prasent be
considered to be fully resolved.j

3. EFFECTS OF SOLIDIFICATION ON FUEL/COOLANT TAYLOR INSTABILIT?

Cooper and Dienes22 have given a model for fragmentation due to
Taylor instability, based upon a method of generalized coordinates due
to Diene523, which in turn stems from earlier work by Fermi2% and Miles
and Dienes23, The genmeral theory makes no assumptions concerning the
existence of a potential, and hence is applicable to dissipative media.
When applied to plane periodic inviscid flow of an incompressible fluid
(the inertia of the lighter fluid is ignmored, to this approximation)
potential flow can be assumed in a coordinate system in which acceleration
is replaced by an effective gravity g(t). Because of the exponeptial
growth, exp(n( k)t), of the Fourier component of the potential, 3 k,t)
during the early phase of ingtability growth, the Fourier integra£ T
for the potential is rapidly dominated by the fastest-growing wavelength,
determined by dn(k)’dk = 0 at k = ko' The potential is thus approximated

by

(x,y,t) = géEl cos (k x) e ' (5)
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where it is understood hereafter that k is evaluated at k_. Here g(t) may
be looked upon as a generallzed coordinate, and the overé%t signifies a
time derivative. From this the explicit kinematic relatiom for the surface

perturbation is obtained:

y(x,t) = K10 (1 + q(t) cos kx); 0 S q =1 (7

which has the characteristic spike-and-bubble configuration of late-

time Taylor instability as q(t) * 1. The differential equation for q(t)
is obtained from an energy balance over one wavelength, equating the rate
of energy dissipation to the rate of change of kinetic and potential
energy. The potential energy consists of ''gravitational” and surface
energy, and, if the denser material is frozem or freezing, elastic energy.
When the deformation energy density exceeds the yield strength, there is
energy dissipaticn in the plastic regime, where the integration over y

is over the frozen region, as well as viscous dissipation. The thickness
of thezgrOzen region, d(t), is approximately given by the plane geometry
resultcé:

d(e) = ZK* (d: t)% &

* *
where @, 1s the thermal diffusivity of the fuel drops, and A is the
solutiod of a transcendental equation?

The mixing time scale, ¢ » is of the order of 10-100 milli-
seconds while the time scale xfor instability growth is two or three
orders of magnitude smaller. Consequeatly, the time for crust growth

fr ~t i and the crust thickness, d, can be considered constant
diring the instability growthl3,

Cooper and Dienes22 found that the equation describing the early
ingtability growth is given by the following linearized second order
ODE:

2

g el v g (- g & g2 )GH( ]
Py q)
2 b4 :
. k -
+ ggn(q) i—~ (l-e kd)H(q - -2) =0 )
Pq 2G
where H(x) is the Heaviside step function, sgn(x) is the sign function,
~nd
R S (10)
Here g is the accéla2ration given by:
g 2
3 Pe T 11
88 %%, (4

k is the wave number (zm’'n), Yo 1s the yield stress and G is the modulus
of rlgldlty of the fuel (for UOZ T = 10% dynes/cm? and G = 3.7-1013
dynes’cm )



The initial conditions are taken to be:

. -1 -1
0) = 0: am -l =200
q(0) = 0; q(®) kU =2 ‘o (12)
Eq. (9), with the initial conditioms (12), was solved numericallyl3,
assuming constant relative velocity (U_ = Uro)’ = 2 and A = ¢, = 0,5 cm.

By varying the crust thickness, d, as i parameter for a given iniktial
relative velocity, the critical crust thickness above which the instability
will not grow can be determined. A plot of the.critical crust thickness vs.
the (initial) relative velocity is shown in Fig. 5.

If we neglect the effect of viscosity, the stability of Eq. (%) can
be analytically determined by considering the trajectories in the & - g

phase space23., The stability criterion becomas: 2
2 .2 342 I
. 2 k“ U o 16 k Y° (1-2 Ld)
q(0) " = > 2 5= (13)
i Py 8

and the critical crust thickness, dcr’ is:

1 pd. urogls
. dcr = i In {1- ————;—E-—— (14)
4t Yok

4s shown in_Fig. 5 the numerical solution and Eq. (14) ave in good
agreement.27

.In a'l the cases investigated for UOZ/Na mixturza, the initial rela-
tive velocity was in the range of 100 - <200 m/s, so that ths critical
crust thickness is of the order of 10 ¢m.

L * -
For &_ = 600K, A = 0.93, and hence for d,. = 10em, £t__ ~7 - 10 3 sec.
If oné assumes a constant crust growth rafé of 2 cm/sec (28), ¢ - ~ 0.5
ms. However this growth rate is associated with crystallizaélon-

kinetics-controlled advance of a solidificatiom front into a highly super-
cooled liquid, which is not relevant to the present case. Hence, we
conclude that if the mixing time scale for UO_/Na is larger than 0.1 ms,
the crust will be thick enough to prevent the“growth of interfacial waves
and hence no hydrodynamic fragmentation can occur.

For carbide fuel (UC) the initial relative velocity can be of the
order of 300 - 400 m/s (p, ~ 12 g /em3). The critical crust thickness is
estimated from Eq. (14) as d _ ~ 60 um (for UC Y = L.5 - 10° dyne/cm2). -
The crust growth constant, C A*, is 0.67, hence®from Eq. (8 ) tep ™ 4 » 10 s.

Such rapid premixing on a coarse scale, for both UC,. and UC fuels, seecs
to be very highly improbable in any large-~scale eveiit.



CONCLUDING REMARKS

29

Film Yoiling of subcooled sodium from molten UO, is unstable™,
but it hag_been suggested that the delay before collipse may be as long
as 200 ms3 . If the delay is much shorter (favored by small fuel drops,
high relative velocity, low sodium temperature), subcooled aucleate
boiling will result in rapid fragmentation31. The collapsing bubbles
at the freezing interface produce a inwardly-pointing jet-<, which can
excead the yield strength of the growing U0, crust33. on the other hand,
if the vapor film is stable for =~ 200 ms, tge nonlinear Taylor 1nstab111ty
theory for elastic-plastic solids sketched here indicates that the crust
thickness will prevent fast breakup by Taylor instability. In either case
a supercritical detonation would be prevented.

Most of the effort on nuclear reactor vapor explosior has been aimed
at UO,/Na interactions, for which it is not known whether a large-scale
vapor~explosion can take place, For the reasons outlined above, the
probability of a steady detonation at supercritical pressures appears to
be very low. However, the conseguences of vigorous interactions with
longer rige times and lower pressures must be explored for each accident

szenario.

We wish to thank an earlier reviewer who pointed out to us (unfortunately
too late to prevent publication) that we had misinterpreted the description
of the initial conditions in the UO./Na example of a supercritical propagating

detonation givea in Ref. 1.

CORRECTION

Based 8n the Hugoniot curves, the tangency

point for the correct initial conditions was indeed in the supercritical
pressure region, whereas it was not for the composition assumed by us.

We apologize for the error.

NOMENCLATURE
Bo - Bond number
c - Speed of sound
Cp - Specific heat

w z‘nfv O 5 m el o Mmoo
09
)

- Crust thickness

- Fraction of mass stripped
- Modulus of rigidity

- Acceleration

- 'Modified acceleration
Heaviside step function

- Heat transfer coefficient
- Specific enthalpy

- Latent heat of ewvaporation
- Thermal conductivity

- Wave number (27/})

13,27
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Relaxation zone leagth
Pressure

Generalized coordinate
Drop radius

Temperature

Dimensionless breakup time

Time
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Velocicy relative to the shock

Yield s=ress
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Volumetric fraction

Thermal diffusivity
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10.

11.

12.

13.

14,

Subscripts
b Breakup

Liquid coolant

2 Initial
1 Ahead of shock
2 Immediately behind shock

Drop
r Relative (between fuel 3 End of fragmentation zone
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Figure 3. Theoretical calculation of fragmentation zone behind plane shock in UOZINa mixture32

41 " 1/3, €1 ™ 0.5; dimensionless breakup time Tb = 0.9; C, = 2, Note that. ...

D
velocity equilibrium is never achieved, but that the relative velocity between fuel
drons and conlant/fual dohrde mivinwn 4r wndinn  on EY o F olin on1 .a8... v e ot

10r P
MPa
{120
09t 110
100
08} 90
u/y, 80 §
(32 ]
07} 70 1
160 °
‘o
0.6} 50 =
¥l
o
g
0.5} o
Ll
II i
04} / "
I o
1 . i ki
sHock 0.3 0.2 Ol 0 ~
FRONT y, m g
:
~
5 .
9




PR

b amman e e ek aan e auie

60
50

40
30

20

Fig. 4 Reaction zone length va. dimensionless
breakup time for Sn/llzo and Unlen.

=1,

.
B !
e p
- --~--Physically Unacttainable L T
-/./
. — -
o o
- i
B 7 -
- 7 i
n ‘ 7 - Initial Conditions -
~ / P, bar Qd €y Mg/mg Cp 1
. UO,/No 800 035 042 10 2 —— -
- 2 — -]
Sn/H,0 4000 033 0. 3.6/
Ng e
! 1 1
0.5 | 1.5
Th '



} ]

Stable
500

100

—— Numerizal Solution
———Eq. (53)

ll

dpm 1o -

Cy = 2 3
A =ry =5mm

‘Unstable ’ -
05 -
+
0.l ' L
O 100 500 1000

Ur m/sec

Fig. 5 The effect of the frozen crust on the relative velocity
required for the instability to grow.



