
WAVE HEATING MODELS FOR 

ION-CYCLOTRON HEATING IN EBT-s 

J. L. Sperlfng 

May 19, 1980 

P.O. Box 370 - 1401 Camino Del Mar Del Mar, California 92014 14,453-6588 \ 



DISCLAIMER 

This report was prepared as an account of work sponsored by an 
agency of the United States Government. Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights. Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof. The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 

Portions of this document may be illegible in 
electronic image products. Images are produced 
from the best available original document. 



WAVE HEATING MODELS' FOR 

ION-CYCLOTRON HEATING I N  EBT-S 

J. L.. S p e r l i n g  

JAYCOR, Del Mar, C a l i f o r n i a  92014 

ABSTRACT 

Wave h e a t i n g  o f  ELMO BUMPY TORUS-SCALE (EBT-S) i n  t h e  i o n - c y c l o t r o n  

range o f .  f r e q u e n c i e s  w i l l  be  s t r o n g l y  i n f l u e n c e d  b y  t h e  geometry o f  t h e  

plasma. I n .  p a r t i c u l a r ,  t h e  s h o r t  f i n i t e  1  ength  o f  t h e  m i r r o r  s e c t i o n s  means 

t h a t  t h e  e l e c t r o n  bounce f requency i s  o f  comparabl e  magni tude t o  t h e  ion -  

c y c l o t r o n  f requency.  Consequent ly,  t h e  bounc ing m o t i o n  o f  t rapped  p a r t i c l  es 

impacts t h e  e l e c t r o n  a b s o r p t i o n  o f  wave energy.  Fur thermore,  t h e  v a r y i n g  

magnet ic  f i e l d  s t r e n g t h  a l o n g  magnet ic  f i e l d  1  i n e s  i n f l u e n c e s  t h e  i o n -  

c y c l o t r o n  a b s o r p t i o n  o f  waves because t h e  i o n - c y c l  o t r o n  resonance c o n d i t i o n s  

a r e  s a t i s f i e d  o n l y  a t  d i s c r e t e  p o i n t s  a l o n g  t h e  f i e l d  1  i n e s .  Express ions 

a r e  g i v e n  f o r  t r a p p e d  and passi,ng e l  e c t r o n  absorpt . ion as w e l l  as i o n - c y c l o t r o n  

a b s o r p t i o n .  A  numer ica l  example i s  a l s o  discussed'. 



I. INTRODUCTION 

Waves w i t h  f r e q u e n c i e s  comparable t o  t h e  i o n - g y r o f r e q u e n c y  may h e a t  

e i t h e r  e l  e c t r o n s  o r  i o n s  o r  b o t h  e l e c t r o n s  and i o n s .  The p r e c i s e  magni tude 

and s p a t i a l  l o c a t i o n  o f  t h e  h e a t i n g  g e n e r a l l y  depends on t h e  plasma geometry 

and parameters as w e l l  as wave p r o p a g a t i o n  c h a r a c t e r i s t i c s  w i t h i n  t h e  plasma: 

I n  p a r t i c u l a r  f o r  ~ l m o  Bumpy Torus-Sca le  (EBT-S), a  plasma c o n f i n e -  

ment d e v i c e  wh ich  c o n s i s t s  o f  a  s e t  o f  24 t o r b i d a l l y  l i n k e d  magne t i c  m i r r o r s ,  

s t a b i l  i z e d  by  a  h o t  e l  e c t r o n  annul  us ,' t h e  bounce f requency  o f  t r a p p e d  e l  ec- 

t r o n s  i s  o n l y  s l  i g h t l y  s m a l l  e r  t h a n  t h e  i o n - c y c l  o t r o n  f requency.  Q u a n t i  t a -  

t i v e l y ,  f o r  a  p r o t o n  plasma w i t h  an e l e c t r o n  t e m p e r a t u r e  (Te)  o f  600 eV, a  

m i r r o r  s e c t o r  l e n g t h  ( L S )  o f  3 9  cm, and a  magne t i c  f i e l d  s t r e n g t h  ( B ~ )  o f  

3  7 x 10 gauss, t h e  r a t i o  o f  t h e  e l e c t r o n  bounce . t o  i o n - c y c l o t r o n  f r e q u e n c i e s  

where obey v  and Qi a r e  t h e  e l e c t r o n  bounce f requency,  e i  e c t r o n  thermal  e  

speed, and t h e  i o n - c y c l o t r o n  f requency,  r e s p e c t i v e l y .  I n  a d d l t l o n ,  l t l e  

e l  e c t r o n  co1,l i s i o n  f requency ,  2 .  

25.3 - 1.15 l o g ( n )  + 2.3 l o g  ( T e )  
v = - 4 , 1.0 x 10 Hz 

e  3.5 l o 5  
( 2 )  

i s  v e r y  much s m a l l e r  t h a n  t h e  e l e c t r o n  bounce f requency f o r  t h e  assumed 

d e n s i t y  ( n )  o f  3  x 1012 ~ m - ~ .  I t  f o l l o w s  t h a t  t h e  bounce m o t i o n  o f  t r a p p e d  

e l e c t r o n s  i n  .a genera l  sense sho111d impac t  t h e  a b s o r p t i o n  o f  waves i n  t h e  
. . 

i o n - c y c l  o t r o n  range o f  f r e q u e n c i  es. 

2 



The geometry o f  EBT-S a l s o  a f f e c t s  t h e  i o n - c y c l o t r o n  a b s o r p t i o n  o f  

waves. S p e c i f . i c a l l y ,  t h e  wave f requency i s  equal t o  t h e  fundamental o r  

harmonic o f  t h e  i o n - c y c l o t r o n  frequency o n l y  a t  d i s c r e t e  p o i n t s  a l ong  a  

f i e l d  l i ' n e  (see  F igu re  1). I n  a d d i t i o n ,  t h e  i o n - c y c l o t r o n  f requency v a r i e s  
\ 

a l o n g  a  t y p i c a l  i o n ' s  t r a j e c t o r y  i n  r e a l  space w h i l e  t h e  i o n  bounce frequency 

( f o r  t rapped  i o n s ) ,  wbi, and t h e  i o n  t r a n s i t  f requency,  oti, a r e  b o t h  much 

smal l  e r  than  t h e  i on - cyc l  o t r o n  frequency [i . e. , 

where vi and RT a r e  t h e  i o n  thermal  speed and t h e  ma jo r  r a d i u s  o f  t h e  t o r u s  

(150 cm), r e s p e c t i v e l y ] .  I t  f o l l o w s  t h a t  t h e  phase o f  t h e  i o n - c y c l o t r o n  

g y r a t i o n  i s  i n  genera l  e f f e c t i v e l y  ,randomized f o r  success ive i o n  passes 
. . .. 

t h rough  t h e  resonance reg ions ,  and a p p r o p r i a t e  man ipu la t i ons  o f  t h e  i n f i n i t e  

homogeneous express ion  f o r  i o n - c y c l  o t r o n  a b s o r p t i o n  can be used t o  eva l  ua te  

t h e  i o n  hea t ing .  r a t e  i n  EBT-S. 3- 7 

The remainder  o f  t h i s  r e p o r t  i s  d i v i d e d  i n t o  f o u r  sec t i ons .  I n  t h e  

second s e c t i o n ,  a  model f o r  t h e  t rapped  e l e c t r o n  a b s o r p t i o n  o f  waves i s  

developed. I n  t h e  t h i r d  s e c t i o n ,  an analogous model f o r  t h e  abso rp t i on  o f  

waves by pass ing  e l e c t r o n s  i s  developed. The f o u r t h  s e c t i o n  i s  concerned 

w i t h  t h e  development o f  a  model f o r  i o n  abso rp t i on ,wh i l e  t h e  l a s t  s e c t i o n  

i s  a  summary and d i scuss ion  o f  t h e  a b s o r p t i o n  models. 



11. TRAPPED ELECTRON ABSORPTION 

As t h e  b a s i s  f o r  a  c a l c u l a t i o n  o f  t h e  t r a p p e d  e l e c t r o n  a b s o r p t i o n  

o f  waves, t h e  f o l l o w i n g  magnet ic  f i e l d  model i s  assumed: 

where z i s  t h e  c o o r d i n a t e  a l o n g  t h e  f i e l d  1  i n e ,  and t h e  c o o r d i n a t e s ,  x and 

y ,  a r e  o r t h o g o n a l  t o  t h e  f i e l d  l i n e .  I n  t h e  absence o f  waves t h e  e l e c t r o n  

m o t i o n  a l o n g  t h e  f i e l d  l i n e s  s a t i s f i e s  t h e  e q u a t i o n  

where 

i s  t h e  magnet ic  moment, assumed t o  remain cons tan t .  A lso,  t, me and v a r e  1 

t h ~  t ime .  e l e c t r o n  mass and t h e  p e r p e n d i c u l a r  v e l o c i t y ,  r e s p e c t i v e l y .  The 

genera l  s o l  u t i o n  t o  Eq. ( 5 )  i s  

z ( t )  = B s i n  ( o b t  + a )  
0 

d z o ( t ) / d t  = 13 ob cos ( w b t  + a )  

where 



I n  w r i t i n g  E q .  ( 8 )  t h e .  dependence o f  ob on t h e  c o o r d i n a t e s  x  and y  has been 

suppressed. The c o n s t a n t s  B and a a r e  de te rm ined  f r o m  t h e  i n i t i a l  c o n d i t i o n  

c r i t e r i a  

I n  w r i t i n g  Eq. (9b )  b o t h  t h e  constancy o f  t h e  magne t i c  moment and t h e  par -  

t i c l e  energy i n  a  s t a t i c  magne t i c  f i e 1  d  have been invoked .  It f o l l o w s  f r o m  

E q .  ( 9 b )  t h a t  

where vl, = d z o ( t ) / d t .  

The i n t e r a c t i o n  o f  t r a p p e d  e l  e c t r o n s  w i t h  waves h a v i n g  f r e q u e n c i e s  

comparable t o  t h e  i o n - c y c l o t r o n  f requency  i s  dependent on t h e  wave s t r u c t u r e  

p a r a l l e l  t o  t h e  magnet ic  f i e l d .  I n  g e n e r a l ,  t h e  wave e l e c t r i c  and magne t i c  
3 3 

f i e l d s  [ i . e . ,  ~ ( x , y , z , t )  and B(x,y,z, t )J can be  expanded i n  a  F o u r i e r  s e r i e s  

based on t h e  l e n g t h  o f  a f i e l d  l i n e ,  Lf ,  

where 



U i t h  t h e  assumed f o r m  f o r  t h e  wave f i e 1  ds, t h e  r a t e  a t  wh ich  t r a p p e d  e l e c t r o n s  

absorb  wave energy can be c a l c u l a t e d  u s i n g  a  p e r t u r b a t i o n  techn ique-  t o  s o l v e  . 

t h e  e q u a t i o n  o f  mo t ion  p a r a l l e l  t o  t h e ,  f i e l d  1  i n e  t o  second o r d e r  i n  t h e  wave 

a m p l i t u d e .  A s i m i l a r  t e c h n i q u e  was used t o  d e r i v e  t h e  e x p r e s s i o n  f o r  t h e  

Landau damping a b s o r p t i o n  o f  wave energy f o r  t h e  p h y s i c a l  s i t u a t i o n  when t h e  

u n p e r t u r b e d  mot ion  i s  a  s t r a i g h t  l i n e . 8  For  t h e  wave f i e l d s  g i v e n  by Eq,. ( 1 1 )  

t h e  p e r t u r b a t i o n  o f  t h e  p a r t i c l e  m o t i o n  a b o u t  t h e  u n p e r t u r b e d  p a r t i c 1 . e  t r a -  

j e c t o r y  g i v e n  by  Eq. ( 7 )  s a t i s f i e s  t h e  f o l l o w i n g  e q u a t i o n  t o  f i r s t  o r d e r  i n  

t h e  wave amp1 i t u d e  

where 

A . A 

and qe and z  a r e  t h e  e l e c t r o n  charge and t h e  u n i t  v e c t o r  i n  t h e  z - d i r e c t i o n ,  

r e s p e c t i v e l y .  The s u b s c r i p t ,  1, i n  Eq. ( 1 3 )  denotes a  q u a n t i t y  t o  f i r s t  

o r d e r  i n  t h e  wave a m p l i t u d e s  and t h e  dependence o f  y, on x  and y has been 

suppressed. S u b s t i t u t i o n  o f  Eq. ( 7 )  i n t o  t h e  r i g h t - h a n d  s i d e  o f  Eq. (13 )  

and u s i n g  t h e  Besse l  f u n c t i o n  i d e n t i t y ,  9 

p e r m i t s  Eq. (13 )  t o  be r e w r i t t e n  as 



where 

In Eqs. (15) and ( 1 7 ) ,  J i s  .the-Bessel function ,of the f i r s t  kind and 
P 

order p. For the i n i t i a l  conditions, 

E q .  (17) i s  readily evaluated using standard techniques for l inear  differ-  

ential  equations. The appropriate sol utions a,re: 



The second o r d e r  c o r r e c t i o n  t o  t h e  e l e c t r o n  t r a j e c t o r y  ( s u b s c r i p t  2)  

s a t i s f i e s  t h e  f o l l o w i n g  e q u a t i o n  . o f  m o t i o n  

where 

3. * - 
A2 - m  Y r  e x p [ i k r o  s i n  ( o b t  + a ) ]  ( ikrz l  ) . 

, e  r=-m 

The r a t e  a t  w h i c h  a  s i n g l e  e l e c t r o n  absorbs wave energy,  dW/dt, 

i s  de te rm ined  f r o m  t h e  r e l a t i o n  

+ C.C. 

W i t h  t h e  assumpt ion o f  random e l e c t r o n  phase, a, a t  t = o s 8 \  Eq. ( 2 3 )  can be 

averaged i n  t h e  f o l l o w i n g  way: 

U s i n g  Eqs. ( 7 ) ,  (17 ) ,  ( 1 9 )  and (22 )  t h e  r e s u l t  o f  t h e  a v e r a g i n g  process 
\ 

( s e e  Appendix A  f o r  d e t a i l s )  i s  



Noting t ha t  

permits E q .  (25) t o  be rewrit ten as 

I t  follows from Eqs. (26) and (27) t h a t  the  absorption o f  wave energy i n  

t h e  pa ra l l e l  electron motion i s  due t o  a resonance resu l t ing  from f i n i t e  

perpendicular el ectron energy. 

To determine the  t o t a l  power absorbed by e lect rons  per uni t  volume, 

P t ,  E q .  (27) must be in tegrated over the  e lec t ron veloci ty  d i s t r ibu t ion  

function. In pa r t i cu l a r ,  f o r  the  thermal d i s t r i bu t i on  function ( i . e . ,  



In w r i t i n g  Eq.  (29) t h e  parameter,  6 ,  denotes t h a t  only p a r t i c l e s  s a t i s f y i n g  

a r e  t rapped.  The parameter,  6 ,  i s  r e l a t e d  t o  t h e  f r a c t i o n  o f  e l ec t rons  

which a r e  t rapped,  f, ' through t h e  expression:  

Because o f  t h e  .del t a - func t ion ,  t h e  perpendicular  v:elocity i n t e g r a t i o n  

i n  Eq. (29)  i s  r e a d i l y  evaluated.  Assuming t h a t  t h e  parameters,  L' and w ,  

a r e  p o s i t i v e ,  t h e  r e s u l t  i s :  

where 



I f  o n l y  one t e rm  i n  t h e  f o u r i e r  s e r i e s ,  r = r + c o n t r i b l i t e d  t o  t h e  
0 ' 

h e a t i n g  o f  t rapped  p a r t i c l e s ,  Eq. (32)  would  be: 

A l though  a  numer ica l  e v a l u a t i o n  o f  Eq. . (32 )  i s  r e q u i r e d  t o  determine 

a  q u a n t - i t a t i v e  e s t i m a t e  o f  t h e  t o t a l .  t r apped  e l e c t r o n  a b s o r p t i o n  o f  wave 

energy,  seve ra l  q u a l i t a t i v e  comments can be made concern ing  t h e  equat ion.  

F i r s t ,  i f  more than one t e rm  i n  t he .  summation'over,  r, c o n t r i b u t e s  t o  t h e  

d e s c r i p t i o n  o f  t h e  wave amp l i tude ,  c ross  terms i n  Eq. ( 32 )  ( i . e . ,  r f r ' )  

c o n t r i b u t e  t o  t h e  wave a b s o r p t i o n  .by t rapped  e l e c t r o n s .  Second, t h e  quan- 

t i t y  Pt i s  n o t  o b v i o u s l y  p o s i t i v e  d e f i n i t e  s i n c e  t h e  Bessel  f u n c t i o n s  and 

t h e  amp1 i t u d e  f a c t o r s  w i t h  r # r '  may be nega t i ve .  Hence, .-, t r apped  e l  ec t rons  

may g i v e  energy t o  waves r a t h e r  than ,absorb .it. However, as shown i n  Appen- 

d i x  B, those  c o n t r i b u t i o n s  t o  Pt w i t h  r f r '  a r e  p o s i t i v e  d e f i n i t e .  Hence, 

t h e  express ion  i n  Eq. ( 34 )  i s  p o s i t i v e  d e f i n i t e .  T h i r d ,  as t h e  .harmonic 

number, p, i nc reases  a  g r e a t e r  number o f  e l e c t r o n s  a r e  i n ,  resonance w i t h  t h e  

2 2  2 2  
wave [ i . e . ,  e x p ( - ~  o /2p ve)  approaches one] .  However, t h e  summation ove r  

t h e  harmonic number, p, does converge (see  Appendix C ) .  Four th ,  Landau, 

t r a n s i t  t i m e  and c ross  Landau- t r a n s i  t t i m e  damping terms [ p r o p o r t i o n a l  t o  
. . 

* * * *' 
ErEr I ,  BrBr and ErBr ( o r  ErBr ) , r e s p e c t i v e l y ]  c o n t r i b u t e  t o  e l  e c t r o n  

a b s o r p t i o n  o f  wave energy. 



111. .PASSING ELECTRON ABSORPTION 

The plasma model and c a l c u l a t i v e  t e c h n i q u e  used t o  d e r i v e  t h e  

e x p r e s s i o n  f o r .  p a s s i n g  e l e c t r o n  a b s o r p t i o n  o f  wave energy i s  analogous 

t o  t h a t  used i n  t h e  p r e v i o u s  s e c t i o n  w i t h  t h e  e x c e p t i o n  t h a t  t.he z - d i r e c t e d  

magne t i c  f i e l d  i s  assumed t o  be o , f  c o n s t a n t  s . t rength  Bo. I n  t h e  absence o f  

wave f i e l d s  t h e  t r a j e c t o r y  o f  t h e  e l e c t r o n s  a l o n g  t h e  magne t i c  f i e l d  i s :  

where vc and zc a r e  cons tan ts  such t h a t  t h e  i n i t i a l  p a r t i c l e  p o s i t i o n  and 

v e l o c i t y  a t  t = 0 a r e  zc  and vc,  r e s p e c t i v e l y .  

I n  t h e  presence o f  t h e  wave f i e l d s  o f  t h e  f o r m  s p e c i f i e d  by Eqs. 

( l l a )  and ( l l b )  t h e  p e r t u r b e d  p a r t i c l e  t r a j e c t o r i e s  z i ( t )  and z i ( t )  s a t i s f y  

As i n  t h e  p r e v i o u s  s e c t i o n  t h e  s u b s c r i p t s ,  "1" and "2," deno te  q u a n t i t i e s  

wh ich  a r e  f i r s t  and second o r d e r  i n  wave amp1 i tudes ,  r e s p e c t i v e l y .  A1 so, 

f o r  t h e  sake o f  b r e v i t y ,  t h e  dependence o f  z A ( t ) .  z i ( t )  and z i ( t )  on t i m e  

has been suppressed i n  w r i t i n g  Eqs. (36a)  ,and ' (36b) .  W i t h  t h e  i n i t i a l  

c o n d l  t lons  , 



t h e  s o l u t i o n  t o  Eq. (36a) i s :  

2 d  zi -1 5 5 exp [i ( k;v, - a )  t] 
- = -  * 

2 kidr IY, d t 2  r=-m r l= -m krvc - w 
me 

The r a t e  a t  'wh ich a  s i n g 1  e  e l  e c t r o n  absorbs energy f r o m  t h e  wave i s  

g i v e n  by t h e  express ion :  

dW I + C.C. 

Upon a v e r a g i n g  o v e r  t h e  i n i t i a l  e l e c t r o n  p o s i t i o n  and s u b s t i t u t i n g  Eqs. (38a) ,  

(38b)  and (38e)  , i n t o  Eq. (391, t h e r e  resu' l  t s  t h e  f o l l o w i n g  express ion  f o r ' t h e  

average. r a t e  a t  wh ich  wave energy i s  absorbed p e r  u n i t  volume by e l e c t r o n s  o f  

speed vc: 



For  va lues o f  t i m e  go ing  t'o i n f i n i t y  Eq. ( 40 )  can be  r e w r i t t e n  as:  

Note t h a t  un l  i ke  t h e  case o f  t rapped  e l e c t r o n s  cross- terms,  ( i  .e. , yryFl 

w i t h  r f r '  ) do n o t  c o n t r i b u t e  t o  t h e  wave a b s o r p t i o n  'by pass ing  e l  ec t rons .  

However, as i n  t h e  c a l c u l a t i o n  o f  t r apped  e l e c t r o n s  Landau, t r a n s i t  t i m e  
r / 

and c ross  Landau - t r ans i t  t i m e  damping c o n t r i b u t e  t o  e l e c t r o n  abso rp t i on  o f  

wave energy. 

To c a l c u l a t e  t h e  t o t a l  r a t e  a t  wh ich  wave energy i s  absorbed by 

pass ing  e l e c t r o n s ,  Eq. (41 )  must be i n t e g r a t e d  ove r  t h e  v e l o c i t y  d i s t r i b u t i o n  

f u n c t i o n  f o r  pass ing  e l  ec t rons.  Assuming t h e  thermal d i s t r i b u t i o n  f u n c t i o n  
. 

given  by Eq. ( 2 8 ) ,  t h e  f o l l o w i n g  express ion  f o r  t h e  a b s o r p t i o n  r a t e  r e s u l t s :  



I n  Eq.  ( 4 2 ) ,  

I n  genera l  , pp may be p o s i t i v e ,  n e g a t i v e  o r  z e r o  depending on wave and plasma 

parameters.  



I V .  ION ABSORPTION 

Because o f  t h e  s t r o n g  v a r i a t i o n  o f  magnet ic  f i e l d  s t r e n g t h  i n  EBT-S 

( i . e . ,  magnet ic  f i e l d  s t r e n g t h  o f  0.7 t e s l a  on a x i s  a t  t h e  midp lane and a  

m i r r o r  r a t i o .  o f  two) ,  i ons  a r e  heated i n  a  t h i n  1  aye r  a t  su r faces  o f  cons tan t  , 
magnetic f i e l d  s t r e n g t h  (see  ~ i g u r e  1 )  where t h e  wave f requency i s  equal t o  

t h e  fundamental o r  harmonic o f  t h e  i o n  gyrof requency,  i. e., 

0 = p Q  
i i (44a 

.The f o rma l i sm  which w i l l  be used t o  d e r i v e  t h e  i o n  h e a t i n g  r a t e  assumes t h a t  

w i t h i n  t h e  t h i n  l a y e r  t h e  i n f i n i t e  and homogeneous express ion  f o r  c y c l o t r o n  

abso rp t i on  i s  v a l  i d  and t h a t  t o  l owes t  o r d e r  wave a b s o r p t i o n  does n o t  a1 t e r  

t h e  wave s t r u c t u r e  w i t h i n  t h e ' a b s o r p t i o n  l a y e r .  3-7 Hence, t h e  express ions 

. d e r i v e d  f o r  i o n  a b s o r p t i o n  are, g e n e r a l l y . e x p e c t e d  t o  be most g e n e r a l l y  appl  i- 

cab1 e  f o r  t h e  harmonic c y c l o t r o n  damping processes, b u t .  may a l s o  be v a l i d  f o r  

fundamental h e a t i n g  by f a s t  waves i n  a  dense s i n g l e  i o n  spec ies plasma. 3 $8 

The assumption o f  c y c l o t r o n  h e a t i n g  w i t h i n  a  t h i n  l a y e r  i s  reasonab le  i n  EBT-S 

s i n c e  t h e  gyrof requency v a r i e s  a l ong  t h e  i o n  t r a j e c t o r y  w h i l e  t h e  i o n  bounce 

frequency i s  ve r y  much s m a l l e r  t han  t h e  gyrofrequency ( i . .  , vi/LS < Qi) and 

so t h e  phase o f  t h e  i o n  g y r a t i o n  can i n  genera l  be expected t o  .be unco r re l  a t e d  

d u r i n g  success ive  passes th rough  t h e  resonance l a y e r s .  

Now i n  an i n f i n i t e  and homogeneous plasma t h e  r a t e  a t  wh ich  wave 

energy i s  absorbed pe r  u n i t  volume b y ' i o n s  w i t h  a  thermal v e l o c i t y  d i s t r i b u -  

t i o n  f u n c t i o n ,  



where k  i s  t h e  pe rpend i cu l a r  wavenumber assoc ia ted  w i t h  t h e  F o u r i e r  com- l r  

ponent o f  t h e  wave ampl i t u d e  w i t h  pa ra l  l e l  wavenumber kr. The q u a n t i t y ,  

I + i E  1 ,  i s  t h e  magnitude o f  t h e  l e f t - h a n d  component o f  t h e  wave 
Y r  

ampl i tude  assoc ia ted  w i t h  pa ra l  1  e l  wavenumber kr. The summation over ,  i , 

i n d i c a t e s  i o n  spec ies  s a t i s f y i , n g  t h e  gyroresonance c o n d i t i o n  Eq. (44a) .  

A1 so klrvi/ni has been assumed t o  be much sma l l  e r  . than  one and t h e  q u a n t i t y ,  

w i s  t h e i o n p l a s m a f r e q u e n c y f o r s p e c i e s  i. p i  ' 
The assumption t h a t  i o n  h e a t i n g  i s  t a k i n g  p l a c e  w i t .h in  a  very  t h i n  

l a y e r  a l ong  a  f i e l d  l i n e  i s  v a l i d  i n  t h e  l i m i t  o f  krvi/ni go i ng  t o  zero.  

For an a s y m p t o t i c a l l y  t h i n  resonance l a y e r ,  t h e  magnet ic  f i e l d  s t r e n g t h  

can be assumed t o  be 1  i n e a r l y  .expandab1 e  ( excep t  f o r  t h e  i n t e r s e c t i o n  o f  

t h e  l a y e r  w i t h  t h e  p l ane  d e f i n i n g  t h e  f a t t e s t  c ross  s e c t i o n  o f  a  m i r r o r  

s e c t i o n  (see  F i g u r e  1 )  a l ong  a  f i e l d  1  i n e  about  t h e  p o i n t  where t h e  wave 

f requency s a t i s f i e s  t h e  resonance c r i t e r i o n ,  Eq. (43a) ,  i . e., 

S u b s t i t u t i o n  o f  Eqs. (46a)  and (46b) i n t o  Eq. (45)  and assuming t h a t  t h e  

o n l y  s t r o n g  v a r i a t i o n  o f  t h e  r e s u l t i n g  express ion  i s  i n  t h e  exponent, t h e r e  

r c s u l  t s  t h e  f o l l o w i n g  av6rage express ion  f o r  t h e  I o n  heal;.ir~g r a t e  per  u n i t  

volume alo-ng a  f i e l d  l i n e  per  m i r r o r  s e c t i o n  ( i . e . ,  two.  resonance r e g i o n s ) :  

17 



Another  i n f o r m a t i v e  c a l c u l a t i o n  i s  t o  cons ide r  t h e  case where t h e  

resonance r e g i o n  i n t e r s e c t s  t h e  p lane  which de f i nes  t h e  f a t t e s t  c ross  s e c t i o n  

o f  a  m i r r o r  s e c t i o n  ( see  F ig .  1). For  t h i s  case t h e  magnet ic  f i e l d  s t r e n g t h  

a l o n g  t h e  c e n t r a l  f i e l d  l i n e  can be taken t o  have t h e  form, 

Fo, l lowing t h e  procedure used t o  d e r i v e  Eq. ( 4 8 ) ,  t h e  average express ion  f o r  

3 t h e  i o n  h e a t i n g  r a t e  per  u n i t  volume a l o n g  a  f i e l d  1  i n e  per  m i r r o r  s e c t i o n  
/' 

i s :  



Severa l  f ea tu res  o f  Eqs. (48)  and (50 )  a r e  i o t e k o r t h y .  F i r s t ,  t h e  

i o n  h e a t i n g  r a t e  express ions,  p a r t i c u l a r l y  Eq. ( 48 ) ,  a r e  ve ry  s i m i l a r  i n  form 

t o  t hose  p r e v i o u s l y  d e r i v e d  f o r  the'  c y c l o t r o n  damping process w i t h i n  a  t h i n  

1  ayer .  3-7  ~ o w ~ v e r ,  u n l i k e  t h e  e a r l i e r  work t h e  c o n t r i b u t i o n  t o  t h e  h e a t i n g  

r a t e s  o f  each f o u r i e r  amp1 i t u d e  has been taken  i n t o  account. Second, Eq. 

( 48 )  i s  independent o f  ' t he  p a r a l l e l  wavenumber, kr, w h i l e  Eq. (50)  i s  i n v e r s e l y  

dependent on t h e  square r o o t  o f  kr. Hence, i o n  h e a t i n g  a t  t h e  c e n t e r  o f  a  

m i r r o r  s e c t i o n  i s  enhanced by  l o n g  p a r a l l  e l  wave1 engths. Th i r d ,  f o r  funda- 

mental i o n  h e a t i n g  (i .e., pi = 1) b o t h  Eqs. ( 48 )  and (50 )  a r e -  independent o f  

t h e  pe rpend i cu l a r  wavenumber. Eq. (48)  i s  a l s o  independent o f  temperature 

w h i l  e  Eq. (50)  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  square.  r o o t  o f  temperature.  

I t  fo l lows  t h a t  f o r  t h e  h e a t i n g  model Eq. (50 )  i o n  h e a t i n g  e f f i c i e n c y  i s  

enhanced by low i o n  temperatures.  ' Four th ,  . the  average i o n  h e a t i n g  r a t e  i s  : . ;  

i n c reased  i f t h e  geometry f a c t o r ,  L1/Lf o r  L2'/Lf , i s  maximized. Consequently, 

resonance reg ions  l o c a t e d  near  t h e  c e n t e r  o f  a  m i r r o r  s e c t i o n  a r e  l i k e l y  t o  

r e s u l t  i n  inc reased  i o n  h e a t i n g  e f f i c i e n c y .  These resonance reg ions  a r e  a lso  

b e n e f i c i a l  f r om  t h e  s t a n d p o i n t  o f  . i o n  h e a t i n g  s i n c e  they  have t h e  1  a r g e s t  

s u r f a c e  area o f  any cons tan t  magnet ic  f i e l d  s t r e n g t h  su r f aces  i n  EBT. 



E. SUMMARY AND DISCUSSION 

As a  q u a n t i t a t i v e  example t h e  e l e c t r o n  and i o n  h e a t i n g  express ions 
\ 

were eva lua ted  w i t h  t h e  f o l l o w i n g  parameters a p p r o p r i a t e  t o  an EBT-S hydrogen 

plasma b e i n g  heated a t  t h e  f i r s t  harmonic o f  t h e  i o n - c y c l o t r o n  f requency:  

12 -3 
Bo = 0.7 t e s l a ,  n  = 3  x . 1 0  cm , Te = 600 eV, Ti = 500 eV, L.f = 942.5 cm, 

- 1 L = .L1  = L2 = 39.3 cm, p  = 2, w = 2Ri, and kl = 0.3 cm . Only  one t e rm  i n  

t h e  summation o v e r  F o u r i e r  ampl i t udes ,  r = , was r e t a i n e d  i n  Eqs. (42) ,  

(48 )  and (50 ) .  These equat ions,  a l ong  w i t h  Eq. ( 34 )  f o r  t rapped  e l  ec t rons ,  

were t h e  ones so l ved  f o r  t h e  e l e c t r o n  and i o n  h e a t i n g  r a t e s .  Wave ampl i t u d e s ,  
" -f " -+ 

I z  . EI = l E x  + i E  I = 1 s t a t v o l t / c m  and l z  . 81 = 1 gauss, were assumed. 
Y  

E x t r a p o l a t i o n  o f  t h e  h e a t i n g  r a t e s  t o  o t h e r  va lues  o f  t h e  wave amp l i tudes  

i s  s t r a i g h t f o r w a r d  s i n c e  t h e  h e a t i n g  r a t e  express ions a r e  p r o p o r t i o n a l  t o  

t h e  square o f  t h e  wave ampl i t u d e s .  ( I t  shou ld  a l s o  be p o i n t e d  o u t  t h a t  i n  

a c t u a l  exper iments t h e  p a r a l l  e l  wave e l e c t r i c  f i e l d  w i l l  p robab ly  be much 

sma l l  e r  than  t h e  pe rpend i cu l a r  component. ) To assess t h e  re1  a t i v e  impor tance 

o f  t r apped  e l e c t r o n s  on  t h e  t o t a l  e l e c t r o n  d i s s i p a t i o n  o f  t h e  wave, two va lues  

f o r  t h e  t r apped  e l e c t r o n  f r a c t i o n  ( i  .e., 0.8 and 0.0) were assumed. Also,  t h e  

express ions were c a l c u l a t e d  f o r  d i f f e r e n t  va lues o f  t h e  para1 1  e l  wavenumber. 

The r e s u l t s  o f  t h e  c a l c u l a t i o n s  a r e  summarized i n  Table  I. 

The e n t r i e s  i n  Table  I cor respond ing  t o  Eqs. ( 34 )  and (42)  i n d i c a t e  

t h a t  w i t h  t h e  assumption o f  e i g h t y  percen t  t rapped  e l e c t r o n s  t h e  c o n t r i b u t i o n s  

o f  t rapped  e l e c t r o n s  t o  t o t a l  wave d i s s i p a t i o n  i s  p o s i t i v e  w h i l e  t h a t  o f  

pass-ing e lect , rons may be p o s i t i v e  o r  n e g a t i v e .  Hence, t o t a l  wave d i s s i p a t i o n ,  



can be p o s i t i v e  o r  nega t i ve .  The phys i ca l  s i g n i f i c a n c e  o f  n e g a t i v e  d i s s i p a -  

t i o n  i s  t h a t  e l e c t r o n  thermal  energy i s  be ing  t rans fo rmed i n t o  wave energy. 

Furthermore, as l o n g  as  t h e  i o n  wave a b s o r p t i o n  r a t e  i s  o f  l a r g e r  magnitude 

than  e l  e c t r o n  deabsorp t ion ,  t h e  wave i s  s t a b l e  and i o n s . a r e  be ing  heated a t  

t h e  expense o f  wave and e l e c t r o n  energy. 

Table  I demonstrates t h a t  t h e  c o n t r i b u t i o n  o f  t r apped  e l e c t r o n s  t o  

t o t a l  e l e c t r o n  d i s s i p a t i o n  can be cornparable t o  o r  . g r e a t e r  than  t h e  c o n t r i -  

b u t i o n  f rom pass ing  p a r t i c l  es. The s i g n i f i c a n c e  o f  t r apped  e l  ec t r on  absorp- 

t i o n  r e1  a t i v e  t o  pass ing  e l  e c t r o n  a b s o r p t i o n  ( o r  deabsorp t ion )  i s  most 

apparen t  f o r  p a r a l l e l  phase v e l o c i t i e s  much g r e a t e r  than ( i  .e., w i t h  k = 
0 

0.00667 cm- l )  t h e  e l e c t r o n  thermal  speed. I n  a d d i t i o n ,  a  comparison o f  t h e  

pass ing  e l e c t r o n  a b s o r p t i o n  r a t e s  f o r  0.8 and 0.0 t r apped  e l e c t r o n  f r a c t i o n s  

i n d i c a t e s  t h a t  t h e  number o f  pass ing  p a r t i c l e s  has an i m p o r t a n t  e f f e c t  on 

t h e  pass ing  e l e c t r o n  abso rp t i on  r a t e  as. l o n g  as t h e  pa ra l  1  e l  phase v e l o c i t y  

i s  comparabl e  t o  o r  smal l  e r  than t h e  e l e c t r o n  thermal  speed .  

The c a l c u l a t e d  va lues f o r  t h e  two i o n  h e a t i n g  express ions a r e  no ted  

i n  Tab1 e  I .  The average i o n  a b s o r p t i o n  r a t e  f o r  resonance l o c a t i q n s  l y i n g  

away f rom t h e  midp lane o f  a  m i r r o r  s e c t i o n  i s  g i ven  e x p l i c i t l y  i n  

Eq. (48) w h i l e  f o r  resonance l o c a t i o n s  l y i n g  on t h e  midp lane o f  a  m i r r o r  

t h e  average i o n  abso rp t i on  r a t e  ( P )  i s  g i ven  e x p l i c i t l y  by Eq. ( 50 ) .  

Ttiere i s  no pa rame t r i c  dependence of  t h e  i o n  h e a t i n g  express ions on t rapped  

e l  e c t r o n  f r a c t i o n .  Furthermore, t h e  express ion  f o r  <Pi>l does n o t  depend 

on t h e  p a r a l l  e l  wavenumber. The va lues f o r  <Pi>* i n  Tab le  I r e f l e c t  t h e  
- 

i n v e r s e  square r o o t  dependence on t h e  pa ra l  1  e l  wavenumber. A s i g n i f i c a n t  

r e s  u l  t i s  t h a t  f o r  comparabl e  pl asma and wave parameters i o n  h e a t i n g  i s  

s t r o n g e r  a t  t h e  m idp lane  than away f rom t h e  midp lane p a r t i c u l a r l y  f o r  waves 

w i t h  pa ra l  1  e l  wavenumber go ing  , t o  .zero. 



I o n  h e a t i n g  i n  EBT-S w i l l  p r o b a b l y  b e n e f i t  f r o m  a  c h o i c e  o f  wa.ve 

f r e q u e n c i e s  such t h a t  t h e  s u r f a c e s  o f  c o n s t a n t  magnet ic  f i e l d  s t r e n g t h ,  

wh ich  s a t i s f y  t h e . i o n - c y c l o t r o n  resonance c r i t e r i o n ,  l i e  c l o s e  t o  t h e  

c e n t e r  o f  a  m i r r o r  s e c t i o n .  The b a s i s  f o r  t h i s  a s s e r t i o n  i s  t h a t  such 

s u r f a c e s  have 1  a r g e r  area and magnet ic  f i e 1  d  s t r e n g t h  g r a d i e n t  s c a l  e  

l e n g t h s  than  o t h e r  c o n s t a n t  magnet ic  f i e l d  s u r f a c e s  i 'n EBT. A lso,  t h e  

r e l a t i v e  magni tude o f  d i r e c t  : i on  h e a t i n g  r e 1  a t i v e  t o  d i r e c t  e l  e c t r o n  

h e a t i n g  w i l l  t e n d  t o  be i n c r e a s e d  f o r  l o n g  p a r a l l e l  wave length  modes. 
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I n  t h i s  appendix  t h e  deta i -1s  i n  t h e  d e r i v a t i o n  o f  Eq. (25 )  a r e  

g i ven .  U s i n g  Eqs. (17 )  and (19a)  p e r m i t s  t h e  f i r s t  t e r m  o n  t h e  r i g h t - h a n d  

s i d e  o f  Eq. (23 )  t o  be  w r i t t e n  i n  t h e  f o l l o w i n g  way: 

(pub-W) exp [i (pub-o) t] - o b e x p ( i o b t )  
- 

( p -  1)w - w  ) + C . C .  ( A l l  
b  

W i t h  t h e  a v e r a g i n g '  s p e c i f i e d  i n  Eq. ( 2 4 )  o n l y  terms w i t h  p  = p '  a r e  r e t a i n e d  

i n  E q .  ( A l )  and 

s i n  [ ( p  + l ) o b t -  o t ]  
J ( k  8 )  J ~ ( ~ ~ . B I  [ 

P  r p +  l )wb-  0 

s i n  [ ( p  - l ) o b t  - o t ]  
+ ( p -  l )ob- 0 I 

s i n  [ ( p u b - d t ]  

Pob-& 
(A2) , 



The second t e r m  on t h e  r i g h t - h a n d  s i d e  o f  Eq. (23 )  can b e  w r i t t e n  e x p l i c i t l y  

u s i n g  Eqs. (7b ) ,  (19b)  and (22)  i n  t h e  f o l l o w i n g  way 

N o t i n g  t h a t  

p e r m i t s  Eq. (A3) t o  be r e w r i t t e n  as  

e x p [ - i  (p lob -o )  t] - exp( i w b t )  
+ i ( p - p l ) a  1 ( p '  + l ) u b -  0 

e x p [ - i  ( p l o b - o )  t] - e x p ( - i o b t )  
+ C.C. 

( p '  - l ) w b -  0 

W i t h  t h e  a v e r a g i n g  s p e c i f i e d  ? n  E q .  ( 2 4 )  ; Eq. (A5) becomes 



I f  Eqs. ( A 2 )  and ( A 6 )  a r e  combined, then 

Eq. ( 2 5 )  f o l l o w s  f r o m  t h e  Bessel  f u n c t i o n  i d e n t i t i e s  

and t h e  symmetry o f  t h e  Besse l  f u n c t i o n s  i n  r and r ' .  



A P P E N D I X  B .) 

To prove tha t  the contributions to Pt for r  = r '  are  positive 

de f in i t e  i t  suffices to  show that  the integral in Eq. (32) i s  positive 

def ini te .  Now for  r  = r '  the integral can be written as: 

where 

integrating by parts permits Eq.  ( B l )  to be rewritten as 

which i s  posit ive def ini te .  



APPENDIX C 

The p r o o f  t h a t  t h e  summation o v e r  t h e  har inonic number, "p, converges 

i n  Eq.  ( 3 2 )  i s  most  e a s i l y  shown u s i n g  t h e  r a t i o  t e s t .  F o r  va lues  o f  t h e  

harmonic  number, p, a p p r o a c h i n g  i n f i n i t y  

and t h e  i n t e g r a l  i n '  Eq. . (32 )  becomes 

(k,f312)~ ( k r 1 B / 2 ) ~ - '  

dvll .p! ( p - l ) !  

U s i n g  Eq. (C3) i t  i s  c l e a r  t h a t  

and so t h e  s e r i e s  i n  Eq. (32 )  must  converge.  
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Tab le  I. C a l c u l a t e d  va lues f o r  Pt, Pp, Pe, <Pi>l and <Pi>* f o r  

v a r i o u s  va lues  o f  k and f o r  f = 0.8 and 0.0. A l l  
ro 

d imensioned q u a n t i t i e s  a r e  i n  cgs u n i t s .  



Figure 1. Figure i l l  u s t r a t e s  general .geometry o f .  f i e l  d 1  ines  ( s o l  i d ) ,  

su r faces  o f  cons tan t  magnetic f i e l  d s t r e n g t h  ( - - - - )  , and t h e  

plane de f in ing  t h e  f a t t e s t  c ross  sec t ion  o f  a  mir ror  s e c t i o n  

(- - -) i n  EBT.  






