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Simulation of Coupled Bunch Mode Growth Driven by a High-Q Resonator: A Transient 
Response Approach 

S. Stahl and %A. Bogacz 
Fermilab: P.O. Box 500, Batavia, IL 60510 

Introduction 

In this article the use of a longitudinal phase-space trsckin6 code, 
ESME[l], to simulate the gowthofaconpled-bunch instability in the 
Fermilab Booster is examined. A description of the calculation of the 
rwonant rapme ia given, and results are presented for the govth of 
the coupled bunch inrtability in a ring in which 111 of the rf buckets 
me e,pUy pop&ted an in one in which ,evcra! con~cuti~e buckets 
are alpty. 

Parameters 

The Fermilab Booster accelerates protons in 64 bunches from injection 
at a momentum of .660 GeV,c to ext*.ction at 8.869 &V/c. The 
guide field is approximately harmonic at 15 Hz, thus the time from 
injection to extraction is approximately 33 nuec. The total voltage 
maintained by IS rf cavities varies primarily from 300 to 600 MVoltr 
during the cycle. The rffrequency varies from 30.1 MHz to 52.6 MHz. 
The operating intensity ir approximately 2.2 x IO” protons. In this 
simulation, the operating intensity ia taken to be aomenhst higher, 
qqmkmately 4 x IO”, in order to gauge the possible performance 
of the Booster at the higher intensity at which it ir intended to he 
operated folIoruinS the Fermilab Linsc Upgrade. 

It has been noted that the Booster is subject to a coupled bunch 
instability foUowin6 transition, which occurs 11.3 msec after injection 
(-yt = 5.446). Certainly, some element in the rf environment of the 
Booster is responsible. The primary surpccts are the rfcavities them- 
selves, since they CM sustain modes with high enough Q’s to allow 
the hunch-to-bunch communication required for the coupled bunch 
instability. J. Crisp has measured impedance valuea for a number 
of parasitic reson~ces in a Booster Cavity. The reson~ce treated 
in this article, modeled on those meaaulementr, hss a Q of 3311, a 
~erone.nt frequency of 67.7 MHz, and a shunt impedance of 914 kR. 

For M equdy spaced bunches there are M possible coupled dipole 
modes. Let the mode number be m (1 5 m 5 M). AccordinS to 
Sarherer[Z], the resonant condition for the mtb coupled bunch mode, 
with ~0 the resonator Irrqumcy and W, the ~yncbrotron frrqumcy, is 

w,=(nM+m)uo*w. (‘1 

in rbich n is an intepr, and u. is the fmqucncy of the coupled bunch 
mode. It ir certainly possible for a number of modes (characterized 
by n and m) to satisfy this condition. Ln the case of the Booster 
dmvc transition and the rewax.rance paramrtar used in this article. 
however, the only value, of m md R l ti.fyir.6 tbi, relation UC 66 md 
1, respectively. The relevant coupled hunch mode is thus mode 56. 
That hanvmic of the revolution frequency is equal to the remnant 
due at 22.42 rnscc, and takes 6.59 rnvec to sweep through the full 
width at half maximum of the resonance. 

‘Op.r.,.d by the Unknitin ~nrurh ~,,oci.,ion. hr. vlldn .or.t,.ct rith 
*LI U.S. Dcputment or Emr‘J. 

Simulation 

In previous aork[3] the resonance was trated in the frequency do- 
main, and the so,taSe was cslculstcd accordin to 

K(O) = wo-&Z(Lwo)e’” 
L 

in which pi wea computed via a discrete Fourier transform. The 
impedance presented to the beam by the resonator was modeled a6 

Z(Y) = 
R 

1 + W(u/u. -W./u) 

i.e., the steady state rerponse. The use of the Fourier Transform 
and its implicit periodic boundary conditions resulted in the explicit 
absence of the syncbrotron sidebands in the simulated beam spectrum, 
while the steady state approximation neglected the transient response 
of the ,esonator 
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Fiye 1: Phue-space plot of 12 buncher at 24.6 msec.. depicting 
mode 56 coupled buach instabiity. 

The rerults prnented here represent .I, attempt to treat the rea- 
onant nponse in a ,e,r approximate meaner. Instead of handling 
the pmblem in the frequency domain, the differential equation rcp- 
resenting the response of a parallel F&C circuit to the beam current 
is calculated via Laplace Tmnsform[4], cad the rewlting voltage de- 
termined on a turn-by-turn basis in ESME. The reoponw due to the 
current is upre*led u the integal 

V. = $l’l(t - r)rC*‘(cor,9* - ~iin@)dr (4) 
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Figure 2: Amplitude of the owillation, depicted as the mean azimuthal 
position of a bunch vs. time, for the symmetric distribution. 

while the response due to the initial conditions (i.e., those prevailing 
a, the end of the prereding turn) is 

Vj = Voe-~‘L(co~~t + F sinpt + $ sin&(ib - lo/C)) (5) 

where C is the capacitanceand I’,. &, and IO are the initial conditions. 

The parameter a = l/UK, while 0 = v. 

Two kndations are presented here. In the fist, all 84 rf buckets 
are populated with a Bi-Gaussian distribution ofemittsnce 0.02 eY- 
*ec. Each bunch is rqmsmted by 100 macro-partirlcs. The entire 
distribution (the ring) is divided into 3099 bins for the pwpoaes of 
computing md applying the voltage due to the ICIOIIMCC. The charge 
~orrerponding to each bunch in set LO 6.0 x 10’0 protons. The existcnre 
of a coupled bunch mode im demmutratrd by the phase qmce plot in 
Fig, 1, in which twelve bunches are shown. The osciUationa of a single 
bunch M depicted in Fig. 2. 

In the second simulation, the parameters are the mmc as the fist, 
except for the fact that SW buckets are not initially populated. The 
absence ol these bunches enhancer the growth of the mode consider- 
ably. The induced voltage in the second case rises to M amplitude M 
order of magnitude larger than in the fist, 209 KVoltr VI. 1 LVolts 
(see Figs. 3 and 4). A vivid nprescntation of the growth ol the in- 
l tabfty is given in the mountsin ranges in Figs. Sand 6. The larger 
goath of the mode in the gapped-beam USC my be attributed lo 
the enhancement of the hummic component of the current at mode 
56 inilie.Uy, whereas in the rymmetrical case the instability grows out 
of r&e. 
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Figure 5: Voltage vs. time induced at one position in the distribution 
for d buckets filled. 
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Figure 4: Vol~agc VI, time induced at one position in the distribution 
for a “gapped” distribution. 
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Figure 5: Mountain range illustrating the growth of the coupled bunch 
mode 56 from 20 to 25 maser. Thr traces are .epamted by 10 turns. 
AU buckets ue equally populsted. 

Figure 6: Mountain range iUurtrsting the growth of the coupled bunch 
mode 68 from 20 to 26 msec. The tree, are qmmtrd by 10 turn.. In 
this simulation, five conlrcutive buckets were left empty. The bunch 
depicted is immediately adjacent to the gap. 


