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ABSTRACT 

A comprehensive a n a l y s i s of the s t a b i l i t y p r o p e r t i e s of the a p p r o p r i a t e 

k i n e t i c a l l y g e n e r a l i z e d form of MHD ba l loon ing modes toge the r with the usua l 

t r a p p e d - p a r t i c l e d r i f t modes i s p r e s e n t e d . The c a l c u l a t i o n s a r e f u l l y 

e l ec t romagne t i c and inc lude t h e complete dynamics a s s o c i a t e d with 

compres?ional i cn a c o u s t i c waves. T r a p p e d - p a r t i e l e e f f e c t s a long with a l l 

forms of c o l l i s i o n l e s s d i s s i p a t i o n a r e taken i n t o account wi thout 

approx imat ions . The in f luence of c o l l i s i o n s i s es t imated with a node! Krook 

o p e r a t o r . Resu l t s from the a p p l i c a t i o n of t h i s a n a l y s i s t o r e a l i s t i c tokamak 

opercsting c o n d i t i o n s i n d i c a t e t h a t u n s t a b l e shor t -wave leng th modes with 

s i g n i f i c a n t growth r a t e s can extend from 9 = 0 t o va lues above the upper 

i d e a l - H H D - c r i t i c a l - b e t a a s s o c i a t e d wi th the ' s o - c a l l e d second s t a b i l i t y 

reg ime . Since the s t rength, of the r e l e v a n t modes appears t o vary g r a d u a l l y 

wi th 6, these r e s u l t s suppor t a " so f t " be ta l i m i t p i c t u r e involv ing a 

cont inuous ( r a t h e r than abrup t or "hard") mod i f i ca t ion of anomalous t r a n s p o r t 

a l r e ady p r e s e n t i n low-6-tokamaks. However, a t h igher be ta the i nc r ea s ing 

dominance of t he e l ec t romagne t i c component of the p e r t u r b a t i o n s i n d i c a t e d by 

these c a l c u l a t i o n s could a l s o imply s i g n i f i c a n t l y d i f f e r e n t t r a n s p o r t s c a l i n g 

p r o p e r t i e s . 
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1. INTRODtiC UO . 

Estimates of beta ( ra t io of plasma t ; . : . . . : pressure) l imits in 

toroidal systems have continued to be based in large part on the s t ab i l i t y 

properties of ideal magnetohydrodynamic (HHD) ballooning modes. I t has been 

established in previous work that kinetic modifications can be important for 

these fine-scale (short-wavelength) i n s t a b i l i t i e s [1-7], In par t icular , when 

f ini te gyroradius effects associated with ion diamagnetic d r i f t s are taken 

into account together with radia l modifications ( " f ini ..e-n corrections") to 

the leading order local theory, i t i s found that s ignif icantly more optimistic 

c r i t i c a l beta (Bc> values can resu l t for specific tokamak equi l ibr ia of 

in teres t [7] . On the other hand, in the long mean-free-path l imit , 

col l is ionless dissipation in the form of magnetic d r i f t resonances can 

generate residual shear-Alfven microinstabi l i t ies [3-5]. in general, a 

r e a l i s t i c assessment of the importance of th is class of i n s t ab i l i t i e s requires 

a comprehensive kinet ic treatment. 

The analysis described in this paper i s fully electromagnetic and 

includes the dynamics associated with the compressional ion acoustic waves. 

In the long mean-free-path l imi t , trapped-particle effects together with a l l 

forms of col l i s ionless dissipation (bounce, t r ans i t , and magnetic d r i f t 

frequency resonances) are taken into account without approximations. For 

shorter mean-free-path regimes, the influence of col l i s ional dissipation i s 

estimated by employing a model Krook operator. A s t ab i l i t y code, which 

incorporates the numerous effects j u s t described, was previously developed to 

study electromagnetic modifications of e lec t ros ta t ic trapped-particle d r i f t 

modes 18], In the present investigation this code i s used to analyze the 

kinet ical ly generalized form of the MHD ballooning modes (associated with 

shear-Alfven waves) together with the usual trapped-particle modes (associated 
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with d r i f t waves). By properly determining the r e l a t ive strength of the 

dominant I n s t a b i l i t i e s (as indicated by the i r growth r a t e s ) , the significance 

of ideal MHD ballooning mode beta l imi ts can be more meaningfully assessed. 

The main qual i ta t ive features of the analysis are discussed in Sec. 2. 

In par t icular , i t i s demonstrated that even in the ideal MHD l imi t , the 

campressional coupling to acoustic waves can s ignif icant ly modify the growth 

r a t e s . Results from the application of the comprehensive kinet ic s t a b i l i t y 

code to both model and numerical MHD equi l ibr ia for parameters appropriate to 

a number of exis t ing tokamaks are presented in Sec. 3. Also included in th is 

section are comparisons of these resu l t s with those from ideal MHD (without 

acoustic effects) and simplified kinet ic model ca lcula t ions . Typical trends 

indicated by these studies are br ie f ly summarized and the i r implications 

discussed in Sec. 4. 

2. STABILITY ANALYSIS 

Previous k ine t ic studies have indicated that the presence of short-

wavelength i n s t a b i l i t i e s in tokamaks i s very l ike ly to be unavoidable [8] . 

Viewed in t h i s context, the significance of c r i t i c a l beta values for 

ballooning modes becomes tied to their strength r e l a t i ve to other 

i n s t a b i l i t i e s when B c r i t e r i a are violated. Hence, instead of considering 

threshold conditions, the more relevant problem involves the proper evaluation 

of the growth rates for the dominant modes. By making use of the ballooning 

representation, the principal l inear propert ies of these large toroidal mode 

number (n >> 1) i n s t a b i l i t i e s can be accurately determined with a one-

dimensional (along the magnetic field line) calculat ion which i s rad ia l ly 

local on each magnetic flux surface. 
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2.1 Ideal MHD With Compressionai Acoustic Effects 

As shown in Ref. 9, the ideal MHD ballooning modes are governed by two 

coupled ordinary d i f ferent ia l equations of the foiro 

B • VC-!%L- B • 7) * + i i! | ^ | 2 * + 2< [(VP x B • k ) ± -
B V . B 

+ AB Z (B « V?B - 2Ktf*)] = 0 (1) 

and 

B • V[AB 2 (B • VCB - 2Kw*)] + u - j B 4 ? B = 0 (2) 

where A = TP/tB* + YP), <w = (n • 'n) x (B • kj/B ), n = (1/B)8, Y i s the 

ra t io of specific heats , v a i s the Alfven speed, k^ i s the spa t ia l ly dependent 

perpendicular wave vector, if> i s the stream function for the cross-f ield 

displacement, and EB i s the displacement along the fi'Sld l ine . In general, 

Eqs. (1) and (2) can be combined to give a fourth order d i f ferent ia l eigenmode 

equation. However, i f compressional acoustic effects are ignored, then Bq. 

12) and the l a s t term in Eg. 15) can be dropped, and the familiar second-order 

di f ferent ia l equation for ballooning modes i s recovered {10,11 J. 

Although i t t s well known that the compressional acoustic effects do not 

modify B c , i t i s nevertheless important to take them into account when 

calculating ballooning mode growth ra t e s . This can be i l lus t ra ted by 

considering the simple local l imit of Eqs. (1) and (2) . Specifically, taking 

k.j. * kĵ  and n • V + i k , , Eqs. (1) and (2) are easi ly combined to give an 

algebraic eigenvalue equation of the form 
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a a - 1 + I , - " 5 L o (3) 
Bz-A 

where Si = ia/u f t, u>a = k B v A , D 5 fl/l^L^2, & s 2p/B 2 , S = 4/fc^L2, and 

L p and L,. represent the pressure gradient and magnetic curvature scale lengths 

with ! 'P/P | + 1/L and |*wf + (kj/B) (1/LK>. Ihe solution i s j u s t 

R2 = I (1 - D + S ± [ ( l - D + I)2 - 4 A ( 1 - D ) ] 1 / Z } (4) 

with A H A(i + 5). if acoustic effects are ignored, the usual estimate for 

the ballooning mode eigenvalue i s simply 

0 2 = i - D ( 5 ) 

with the marginal s t a b i l i t y boundary a t D = 1 or, equivalently, a t 8 = 3 o r i t = 

tuj/Rg. for kj = 1/<JR areJ LK = R. 

AS i s evident from B?. (4), the i n s t ab i l i t y threshold for ballooning 

niodes given by Bj. (5) i s unchanged by acoustic modifications, on the other 

hand, i t i s also clear that i f the modes become unstable ( i . e . , fot D > 1), 

the magnitude of the resu l tan t growth ra tes can be signif icantly decreased by 

such effects . For example, i f D = 1 + 6, then Bq. (5) overestimates the 

unstable eigenvalue (-fl2) by a factor of (1 + 6 ) 1 ' 2 compared to the 

appropriate r e su l t (including acoustic effects) from Bj . (4 ) . 

The trend toward smaller growth rates indicated by the simple local 

tjstimates i s confirmed by actual numerical solutions to both the usual second 

order d i f ferent ia l ballooning mode equation and to the fourth order form which 

includes the acoustic e f fec ts . These calculations have been applied to 

r e a l i s t i c (numerical) HHD equi l ibr ia with typical resu l t s displayed in 
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Fig. 1. Here the unstable eigenvalue (-S ) i s plotted as a function of the 

radial coordinate (WP /̂ŷ ) with I|P being the poloidal flux function. Note tha t 

the fourth order equation gives the same resu l t as the second order equation 

a t the marginally stable surface <-fl2 = 0 a t Vty^f = 0.14) but yields 

considerably smaller growth ra tes on the unstable surfaces. 

2.2 Kinetic Effects on Ballooning Modes 

The basic procedure required ijor a cranprehensi ve analysis of the 

influence of kinetic effects on ballooning modes has been presented in de ta i l 

in Refs. 1 and 8. Using the most general form of the perturbed dis t r ibut ion 

function (derived from the gyrokinetic equation) together with the 

quasineutrality condition and the paral le l and perpendicular components of 

ampere's law leads to a complicated se t of three coupled integro-different ial 

equations [8] which must be solved numerically. Complete trapped-particle 

dynamics are included in these equations which are valid for arbi trary mode 

frequency compared to the par t ic le bounce or t r ans i t frequency and also for 

arbitrary perpendicular wavelength compared to the par t ic le gyroradius or 

banana vri.dth. Hance, a l l forms of col l is ionless dissipation in the form of 

bounce, t r ans i t , and magnetic d r i f t frequency resonances as well as the 

compressional acoustic effects noted in Sec. 2.1 are included here without 

approxina t ions . 

In the shorter mean-free-path regimes where col l is ional dissipation i s 

important, an energy and piteh-angle-dependent KrooJc operator i s used to model 

such effects . When applied to e lec t ros ta t ic i n s t ab i l i t i e s in the banana 

regime, this model col l i s ion operator can reproduce the resul ts of a Lorentz 

operator in the l imits |u| << v e f f and |io| >> v e f f with « e f f being the 

effective coll is ion frequency and u being the mode frequency [12]. However, 
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for the more general electromagnetic cases considered in the present 

investigation, the accuracy of the model operator remains to be established. 

A detailed description of the f inal system of three coupled l inear , 

homogeneous, non-Hermitian integro-differential equations and the numerical 

procedure used to solve them are given in Reff. 8. The Ritz method employed 

involves expanding the unknown eigenf unctions in terms of an appropriate set 

of basis functions. This generates a single large matrix equation which i s 

solved by standard numerical techniques to give the eigenvalues and 

eigenf unctions of the system. Ihe code developed to carry out these 

calculations has been interfacad with analytic model HHD equi l ibr ia as well as 

with general numerical MHD equi l ibr ia . 

2.3 Par t ia l Kinetic Model calculations 

Before presenting the resul t s from the application of the comprehensive 

kinetic analysis to specific tokamak operating conditions, i t should be 

pointed out that useful information has also been gained from simplified 

kinetic model calculat ions. At the simplest level , the kinet ic eigenmode 

equations in the ideal HHD l imit jus t reduce to Bqs. (1) and (2) [1] . If 

compressional coupling to the acoustic waves and trapped-partiele effects are 

ignored, important kinetic modifications associated with f in i te ion gyroradius 

effects and magnetic d r i f t frequency resonances can be studied with a second-

order d i f ferent ia l eigenmode equation [1 , 3-5], Trapped-electron effects , 

which introduce an integral equation character to the problem, have been 

modelled in th is type of calculation by ignoring the orbit-averaged nature of 

the trapped-partiele response (51. In general, the reduced kinetic model 

approach can provide a much faster means of estimating the importance of 

specific physics effects and their associated analytic trends. However, 
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comparisons wi th r e p r e s e n t a t i v e r e s u l t s from the comprehensive k i n e t i c code 

a r e of course necessary t o determine the v a l i d i t y of the approximations 

invoked. Va i l l u s t r a t e t h i s p o i n t , bo th the f u l l k i n e t i c a n a l y s i s and the 

reduced k i n e t i c model of Ref. 5 have been app l ied t o a r e l e v a n t s e t of tokamak 

ca se s i n Sec. 3. 

3 . RESULTS 

In t h i s s ec t ion the r e s u l t s from the a p p l i c a t i o n of the s t a b i l i t y 

a n a l y s i s (descr ibed in Sec. 2) to ope ra t i ng c o n d i t i o n s c h a r a c t e r i s t i c of a 

number of e x i s t i n g tokamaks a re p resen ted . As noted e a r l i e r , the dominant 

type of shor t -wavelength i n s t a b i l i t i e s a t low & i s the t r a p p e d - e l e c t r o n d r i f t 

mode [ 8 ] , and the dominant type a t high S i s the k i n e t i c - b a l l o o n i n g mode 

( a s soc i a t ed with rhea r -Mfven waves) [ 1 - 7 ] , The c a l c u l a t i o n s he re d e a l with 

both c l a s s e s of i n s t a b i l i t i e s and address the impor tan t i s s u e s concerning: (a) 

the r e l a t i v e s t r e n g t h of the dominant modes as a func t ion of b e t a ; (b) the 

accuracy of i d e a l MHD and reduced k i n e t i c model e s t i m a t e s of growth r a t e s ; <c) 

the in f luence of c o l l i s i o n a l d i s s i p a t i o n ; and (d) c h a r a c t e r i s t i c 

e igenfunct iona and t y p i c a l wave nutober s p e c t r a . 

previous s t u d i e s have demonstrated t h a t the l i n e a r p r o p e r t i e s of s h o r t -

wavelength t o r o i d a l i n s t a b i l i t i e s a r e wel l r ep resen ted by the leading o rde r 

( r a d i a l l y l o c a l ) s o l u t i o n s t o the ba l loon ing formalism h i e r a r c h y of equa t i ons 

(13] , in the p r e s e n t a n a l y s i s , the complete k i n e t i c form of the one-

dimensional (along the magnetic f i e l d l i ne ) eigenmode equa t ions a r e solved on 

a r e p r e s e n t a t i v e magnetic sur face (where t he much simpler i d e a l MHD and 

reduced k i n e t l . c a l c u l a t i o n s i n d i c a t e the r e l e v a n t modes t o be the 

s t r o n g e s t ) . The f a s t e s t growing i n s t a b i l i t i e s tend to be those which a re 

l o c a l i z e d around the magnetic f i e l d minimum a t the o u t s i d e of the to rus and to 
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be characterized by perturbed potent ia ls with the leas t number of nodes [S ] . 

For such modes the appropriate choice for the local ballooning parameter 8 

[13] i s zero. When th is parameter i s varied, specific calculations of the 

eigenvalue (u) confirm tha t 8 = 0 i s an extremum in u for up-down symmetric 

equ i l ib r ia . Ihat th is choice i s in fact found to maximize the growth rate is 

also an expected r e su l t , since the destabi l izing effects associated with 

trapped par t ic les and unfavorable curvature ace known to be the strongest a t 

the outside of the torus. Additional modifications from the influence of 

impurities [1-41, energetic par t ic les with non-Maxwellian equilibrium 

dis t r ibut ion functions [15], and equilibrium e lec t r i c fields [16] will not be 

treated here. 

With regard to the specific tokamaX experiments considered, input 

parameters in the calculations were chosen to be representative of conditions 

in : (a) isX-B (Impurity Study' Experiment); (b) PDX (Poloidal Divertor 

Experiment) during i t s normal mode of operation ("L-mode") and during i t s 

improved confinement mode of operation ("H-mode"); and (c) Doublet-I l l . 

Although r e a l i s t i c numerical equil ibr ia from MHD codes [17] can be employed in 

th i s type of analysis (81, i t I s far more convenient to >.i3e an analyt ic model 

equilibrium [10,11] when investigating general B-dependent trends. This 

frequently used equilibrium [2-5] i s characterized by circular magnetic 

surfaces, large aspect r a t i o , and the shafranov shif t modelled by a terra 

proportional to the local pressure gradient. When dealing with problems where 

0 remains fixed, the more r e a l i s t i c equil ibr ia [17] can be readily employed. 

This procedure i s in fact carried out in Sec. 3.2 where "the re la t ive strength 

of the i n s t a b i l i t i e s in the "L-mode" and "H-mode" of operation in the PDX 

experiment are calculated. 
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3.1 ISX-B 

In considering the ISX-B experiment [18], input parameters in the 

stability studies were chosen to he typical of neutral-beam-heated deuterium 

plasmas where 3 Q (beta at the magnetic axis) = 10* and <S> (volume-averaged 

beta) = 3* (19], On a representative magnetic surface {r/a = 0.35 with a 

being the plasma radius), the specific local parameters are; e o = r/F^ = 0.10, 

Te = 1,26 keV, ? t = 1.16 keV, q - 1.20, r d Jin q/dr • 0.62, n e = 6.5? x 

I0 l 3cm~ 3, n e s (d In T e/dr)/(d in n f i/dr) - 1.09 = n i r n (toroidal mode number) 

= 5 and corresponding kgP^ = 0.15 w t̂h Kg = ng/r and p^ being the ion 

gyroradius, v e = ' v eff ' a > b'e = 0 , 1 l J 5 with veff a n d "b b e : *- n 9 t h e effective 

collision and average bounce frequencies, ( r n / r ) 6 = - (d In n e/dr) / r = 0.95, 

and S = 3.9%. Using a model equilibrium [10,11] with these values, the 

calculations yield the results plotted on Figa. 2-8. All frequencies are 

normalized to the local electron diamagnetic drift frequency u», in Figs. 2-5. 

Growth rates (if) as a function of S are given on Fig. 2 and the 

corresponding real frequencies (u r) are displayed on Fig. 3. For fixed 

density and temperature, the variation in B here simply corresponds to 

different input values for the toroidal magnetic field. To illustrate their 

relative magnitude, the value of the average ion transit frequency t^t i ' along 

with 5 ^ and vgff are also indicated on Pig. 2. Curve (a) on this figure 

represents the ideal MHD estimate of the eigenvalues obtained from the 

familiar second order differential ballooning mode equation ignoring 

compressional acoustic effects. The real frequency in this limit is just tor = 

0. The curve here displays the usual trend indicating stability below an 

initial critical beta value (B j = 1.1%) and also above an upper cri t ical beta 

( 3 c 2

 = 6«3*> with instability in the range 6 c 1 < $ < i c 2 [20,11], As shown on 

curve (b) the introduction of both stabilizing and destabilizing kinetic 
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e f f e c t s in the p a r t i a l Kinet ic a n a l y s i s (described in s e c . 2 .3) iead.3 to a 

moderate reduction of y *n& no appreciable s h i f t in tho c r i t i c a l beta values 

[ 5 ] , However, a s demonstrated in Sec. 2 . 1 , the congress ional acoust ic 

dynamics ignored here can s i g n i f i c a n t l y further reduce the growth r a t e s even 

in the idea l MHt> l i m i t . Ihese e f f e c t s together with the proper in tegra l 

equation nature of the basic prcWen are taken in to account in the f u l l 

k i n e t i c treatment described in Sec. 2 . 2 . Results from these c a l c u l a t i o n s in 

the c o l l i s i o n l e s s l i m i t are displayed a s curve (c) representing the k i n e t i c 

bal looning modes assoc iated with shear Mfven waves and curve (d) representing 

the trapped-electron modes assoc ia ted with d r i f t waves. Curve (c) ind i ca te s 

that the addi t ional physical e f f e c t s j u s t d iscussed can indeed lead to a 

subs tant ia l reduction in the strength of the bal looning nodes and to a 

moderate s h i f t i n the c r i t i c a l beta v a l u e s . As shown on curve ( d ) , the 

trapped-electron modes are unstable in the e l e c t r o s t a t i c l i m i t (B = 0) and 

eventua l ly become s t a b i l i z e d by electromagnetic modif icat ions [21 ] a t 

s u f f i c i e n t l y high values of beta { e . g . , a t 3 = 2% for t h i s c a s e ) . 

The bas ic trend indicated by curves (c) ai.c* (d) of Fig . 2 i s that short 

wavelength toroidal i n s t a b i l i t i e s are l i k e l y to be present over a wide range 

in 8 with the d r i f t branch dominant a t low B and the Alfven branch dominant a t 

high B ( i . e . , for B > B_.) • However, a t moderate va lues of B, both c l a s s e s of 

i n s t a b i i i t i . e s can be s i g n i f i c a n t . For example, a t 6 a 1.3%, F ig . 2 i n d i c a t e s 

that the trapped-electron mode and the bal looning mode can be simultaneously 

present with comparable growth r a t e s . Note that curves (c) and (d) of Fig. 3 

v e r i f y that t«e corresponding real frequencies are , as expected, d i s t i n c t i v e l y 

d i f f e r e n t . Also shown on t h i s f igure as curve (b) are the values of air 

obtained from the p a r t i a l k i n e t i c code. Here u r ~ u * p i / 2 i n t n e unstable 

range of B with <•>*-) - u * j ( l + "H - ) . although t h i s i s in reasonable agreement 

http://instabiiiti.es
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with rough analytic estimates of the real frequency for unstable kinetic 

ballooning modes [1-4], the additional effects , which are included in the ful l 

kinetic analysis generating curve (c) , tend to decrease substant ial ly |<* | 

below |<a* p i /2 | . 

As discussed in Sec. 2.2, a model Krook operator i s used to introduce 

col l is ional dissipation into the comprehensive calculations which produced 

curves (c) and (d) . The resul tant eigenvalues are displayed as curve (e) on 

Pigs. 2 and 3. Here a single curve i s used to represent the combined 

coJl is ional ly modified contributions from the two d i s t inc t types of modes 

represented by curves (c) and td) . This i s done because col l is ions are found 

to damp out quickly the subdominant class of i n s t a b i l i t i e s , thereby leaving 

only one significant branch for a given value of beta. To i l l u s t r a t e th i s 

trend, growth ra tes were calculated as a function of the co l l i s iona l i ty 

parameter v for the case with 0 = 1.3%. As shown or. Fig. 4, the resul t s 

indicate that despite the fact that the growth ra tes are roughly of comparable 

magnituae in the coll is ionlesa l imit , the ballooning branch i s very rapidly 

damped by col l is ions while the d r i f t branch remains unstable. At higher 

values of beta, the ballooning modes become dominant while the d r i f t branch 

becomes damped. For the case displayed in Fig. 5 with B = 3.9*, even the 

col l is ionless theory indicates only the ballooning branch to be relevant, 

although the i n s t a b i l i t i e s in th is instance are too strong to be damped by 

col l i s ions , their growth rates can nevertheless be significantly reduced. lor 

example, a t v f i = 0.145 <the co l l i s iona l i ty noted ear l ie r as being 

representative of ISX-B conditions of interest) both Fig. 5 and Fig. 2 (curves 

<c) and (eH show the col l i s ional ly modified estimate to be roughly a factor 

of 3 below the col l is ionless growth r a t e . In general, th is trend appears to 

be par t icular ly pronounced in the ballooning-mode-dominated regimes and leads 
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to the qual i ta t ive picture ( i l l u s t r a t ed by curve (e) of Fig, 3) where the 

growth ra te of the relevant in s t ab i l i t y changes in a continuous and quite 

gradual manner as a function of beta . 

Comparison of the "hybrid" drift-ballooning curve (e) with the 

co l l i s ion less growth ra tes in Fig, 2 indicates that col l i s ions tend to reduce 

uniformly the strength of the dominant modes over the usual accessible range 

of beta (0 < B <&&)• However, a t the high values of beta associated with the 

"second s t ab i l i ty" regime <B Z ! 55)1 residual d iss ipat ive i n s t a b i l i t i e s 

appear to pers i s t up to larger beta values. With regard r.o the real 

frequency, Figs. 4 and 5 demonstrate that the col l ia ional effects produce a 

sh i f t of u r toward the electron diamagnetic d i rec t ion . Accordingly, the 

col l i s ional modifications of curves (c) and (d) in Pig. 3 lead effectively to 

the "hybrid" curve (e) . As in the ease of the growth ra te curve, the curve 

for u r here also exhibits a re la t ive ly continuous and gradual dependence c 

beta. 

The preceding analysis of aigenvalues indicates -hat neither making the 

ideal MHD approximation nor assuming the e l ec t ros ta t i c l imi t can in general be 

jus t i f ied when dealing with short-wavelength toroidal i n s t a b i l i t i e s . This 

fact i s further supported by resul t s fj-'om the comprehensive kinetic studies of 

the elgenfunctions for these modes. As noted ea r l i e r , the ballooning 

representation i s used in the calculations with the perturbed e lec t ros ta t i c 

potential expressed in the form 

*<<M.C,t) «• exp [-itot + in? - inq(ip)e] 

CO ^ 

x I <fr(9 - 2TTp', $) exp[inq(i^> 2irp*]. (6) 
p' s - * 
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Note that 4 i s periodic in the toroidal and poloidal angles, ? and 8, while 

<M0) i s defined in the inf in i te domain from -<= to » in 9 and i s not periodic 

110]. Similar forms apply for the perturbed para l le l and perpendicular 

ccanponenta of the magnetic vector potential , Ag and A^, with Â  taken here to 

be the radial component, i . e . , 

A = A, n + A ± e^ where e^ = V*/|7*| . 

Typical solutions for the eigenfunctions (• , An, A )̂ obtained from the 

full kinetic col l is ionless analysis are i l lus t ra ted on Figs, 6 and 7. The 

calculat ions, which have been applied here to the model equilibrium using ISX-

B parameters with local S = 1.3%, yield the eigenvalues, o)/(i)«e = -1.878 + 

0.4131 for the ballooning mode displayed on Fig. 6 and <i>/»*e = -0.248 + 0.5271 

for the trapped-electton d r i f t mode shown on Fig. 7, Also included in these 

figures i s the eigenfunction for the effective para l le l e lec t r ic f ield, 

* _ 1 34 iu " 
i OR ae c n 

o 

which i s generally assumed to be zero in ideal MHD calculat ions. Validity of 

th is approximation requires \$\ = |fc| » |<JR B, | with )ifi| = ImqR^/cl . A 

comparison of the re la t ive magnitudes of | £ | and |qR0E ( | in Fig. 6 indicates 

that t h i s condition i s clearly not well sat isfied a t local positions in 8 

( e .g . , near 6 = ± IT) for the ballooning mode studied. in order for the 

e lec t ros ta t ic l imit to be appropriate, the requirement i s that 

\Q\ ~ fqR Ej | >> |l|>|. As shown on Fig. 7, the trapped-electron d r i f t mode of 

in teres t obviously violates th is c r i t e r ion . Hence, these eigenfunction 

calculations serve to further emphasize tha t neither the familiar ideal MHD 
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assumption, E| = 0, nor t_ie e l ec t ros ta t i c approximation, En = - d / q R ) (&Q/&6) 

can be properly invoked in the analysis of short-wavelength i n s t a b i l i t i e s in 

toroidal plasmas with moderate to high values of be ta . 

In previous studies C3j of trapped-electron d r i f t i n s t a b i l i t i e s i t was 

reported that under relevant tokamak operating conditions a broad spectrum of 

unstable eigenvalues was usually found to occur. Results from the present 

analysis of ballooning modes also displays th is charac te r i s t i c . A typical 

spectrum of ballooning mode eigenvalues obtained frrmi the full k inet ic 

colJ is ionless calculat ions applied to the model equilibrium Isx-B case with 

local 0 = 3.9% i s shown on Pig. 8. The mode frequencies in uni ts of 10 sec 

are plotted here as a function of the toroidal mode number and the 

corresponding values of kgP,. Note that the growth ra te varies rather slowly 

over a substantial range in n with the maximum occurring near n = 10 or kgP-

" 0 .3 . 

3.2 PDX and EOtffiLET-III 

Recent experimental resu l t s [22,23] have indicated that in neutral-beam-

heated tokamaks with dlvertor geometry i t i s possible to produce so-called "H-

tnode" discharges characterized by confinement properties which are 

s ignif icant ly improved over those of conventional ("L-mode") cases. In order 

to determine the short-wavelength s t a b i l i t y propert ies assoc'ated with these 

conditions, the detailed analysis described in the preceding section has been 

applied to the PDX device during both i t s normal and improved confinement 

modes of operation [23]. The input parameters are chosen to be character is t ic 

of a typical discharge a t two different times; one before and one after the L-

mode to H-mode W i s i t i o n [24]. This choice obviously allows for a more 

natural comparison of the resu l t s from the two cases. 
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For the PDX L-mode case, the specific local parameters a t a 

representative magneti surface ( r /a = 0.66) ares e Q = 0.15, T e = 0.54P. keV, 

T± = 0.875 keV, q = 1.41, r d in q/dr = 0.91, n e = 2.0 « 1 0 1 3 cm"3, n e •< 2.11, 

H± = 2.56, n = 20, ksPL = 0.30, v* = 0.22, ( r n / r ) e = 1.0, and B = 0.41*. The 

analytic model equilibrium [10,11] i s again employed, and the same basic 

sequence of calculations described in Sec. 3.1 has been carried out. 

As shown on Figs. 9-12, the r e s u l t s , aside from some differences in the 

detailed shapes of the curves, are qual i ta t ively the same as those obtained 

for the ISX-B s tudies . Some quanti tat ive differences in the eigenvalues are 

also observed. This i s expected to occur because a nunber of the physical 

parameters for PDX (e .g . , plasma s ize , local temperature gradients , e t c . ) can 

be significantly different from ISX-B values. In par t icular , note that the 

growth ra te spectecuu in Pig. 11 tends to peak a t higher values of n than the 

ISX-B case shown on Pig. 8. This can be at t r ibuted in large part to the 

simple fact that the PDX plasma size i s grea ter . Another example of expected 

quanti tat ive var ia t ions i s i l lus t ra ted by the resu l t s for a»r shown on Fig. TO 

for the PDX case -jith n^ • 2.6 as compared to those shown on Fig. 3 for the 

ISX-B case with n^ = i . i . The Known tendency for the real frequency of 

kinetic toroidal i n s t a b i l i t i e s to be shifted more strongly in the ion 

diamagnetic direction when n^ i s larger [14] i s clearly evident here. 

In the PDX discharge considered, the plasma was experimentally observed 

to pass from the L-mode phase j u s t analyzed into an improved confinement 

s t a t e , parameters character is t ic of th i s H-mode phase a t the magnetic surface 

of in te res t ( r /a = 0.66) are: e Q - 0.11, T e = 0.78 keV, T± = 1.05 keV, q = 

1.27, r d in q/dr = 0.71, n e = 4.9 x 1 0 1 3 cm - 3 , n e = 3.3, T̂  = 3.7, n = 20, 

kgPi = 0.30, vs = 0.24, < r n / r ) e = 1.9, and 8 = 1.3%. These values together 

with the analytic model equilibrium [10,11] have been used in the same series 
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of s t a b i l i t y calculat ions as the L-mode s tudies . the resu l t s depicted an 

Figs. 13-16 appear for the moat part to be qual i ta t ive ly similar to those from 

the ISX-B and PDX L-mode cases and again suggest that the basic trends 

described in Sec. 3.1 aM quite general in character. A curious exception i s 

tha t a t high beta values the ool l is ionless curve (c) c-f RLg. 13 indicates 

re idusl ins tab i l i ty while the colligional curve (el shows s t a b i l i t y . With 

regard to quanti tat ive differences, the most in teres t ing one comes from a 

comparison of the maximum growth ra te (in units of 10° s e c - 1 ) for the H-raode 

spectrum shown in Fig. 15 versus the corresponding re su l t from Pig. H for the 

L-mode case. The indication here ia that the relevant i n s t ab i l i t e s tend to be 

weaker under H-mode conditions. 

In order to determine nofe accurately the r e l a t ive strength of the 

i n s t ab i l i t e s in the L-mode and H-mode cases, the comprehensive kinet ic 

s t a b i l i t y analysis has also been applied to r e a l i s t i c numerical equ i l i b r i a . 

These equi l ibr ia were generated from standard HHD equilibrium codes [171 using 

experimentally determined radial profiles for the pressure and the safety 

factor q [24j. As noted ea r l i e r , the actual value of beta a t the reference 

magnetic surface of in t e res t i s fl = 0,41* for the L-mode case and f! = 1.3% for 

the H-mode case. The corresponding representative eigenvalues obtained from 

the calculations are «/n>*e = -0.473 + 0.816 for the L-mode and a/^ig = - 0.66? 

+ 0.6461 for the H-mode. Hswever, since the equilibrium density gradients 

tend to be considerably weaker during the H-mode phase of such experiments 

[22,23], the conventional normalization of a in terms of u* e can be somewhat 

misleading when comparing eigenvalues. The appropriate choice i s to express 

these resul t s in actual physical uni ts , i . e . , a>(105 s e c - 1 ) =» -0.703 + 1,212 i 

for the L-mode and u(10 5 sec* 1 ) = -0.680 + 0.659i for the H-mode. As in the 

case of the model equilibrium, the i n s t a b i l i t i e s under L-mode conditions 
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appear to be significantly stronger- This again is an expected quantitative 

trend because the basic destabilizing forces (associated with the pressure 

gradient in general and the density gradient in particular) are typically 

weaker for the H-n.ode. For the particular example cited here, the growth rate 

under realistic conditions is about 50% smaller for the H-mode case. ihis 

result is at least consistent with the experimentally observed improvement in 

the anomalous energy confinement time in that the strength of the relevant 

instabilities is found to be reduced significantly. 

Aa already notedr shor t -wave leng th t o r o i d a l i n s t a b i l i t i e s under va r ious 

r e a l i s t i c o p e r a t i n g c o n d i t i o n s tend t o e x h i b i t q u a l i t a t i v e l y s i m i l a r 

p r o p e r t i e s . This i s f u r t h e r supported by r e s u l t s from the a p p l i c a t i o n o f 

comprehensive s t a b i l i t y c a l c u l a t i o n s to a qa3e of i n t e r e s t [25) for t he 

D o u b l e t - i i i d ev i ce [ 2 6 ] , a t a r e p r e s e n t a t i v e magnetic s u r f a c e ( r / a = 0 . 7 1 ) , 

the s p e c i f i c i npu t pa ramete rs r 25] a r e : e Q = 0 .16 , T e = 0.36 keV, T± = 0 .37 

keV, q = 1.14, r d i n q / d r = 0 .40 , n e = 3 .4 * 1 0 1 3 c m - 3 , n e = 0 . 9 3 , n± = 0 .87 , 

n = 20, J c ^ = 0 .28 , V* = 0 . 6 3 , ( r n / r ) e = 0 . 4 3 , and 3 = 2.64%. The 

corresponding r e s u l t s for the e igenva lues a r e shown on P i g s . 17-19 and d i s p l a y 

the same g e n e r a l t r e n d s a s the ISX-B and PDX c a s e s . 

4 . CONCLUSIONS 

In t h i s paper a comprehensive k i n e t i c a n a l y s i s of the s t a b i l i t y 

p r o p e r t i e s of shor t -wave leng th modes under r e a l i s t i c tokaraak o p e r a t i n g 

c o n d i t i o n s has been p r e s e n t e d . These f u l l y e l ec t romagne t i c t o r o i d a l 

c a l c u l a t i o n s d e a l wi th the k i n e t i c a l l y g e n e r a l i z e d form of MUD b a l l o o n i n g 

modes toge the r with the f i n i t e - P g e n e r a l i s e d form of the t r apped-pa r t i d e 

d r i f t modes. Although the d e t a i l e d r e s u l t s wi th comments about t h e i r 

i m p l i c a t i o n s have been given in Sec. 3 , i t i s usefu l here to summarize b r i e f l y 

some of the p r i n c i p a l c o n c l u s i o n s . 
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With regard to properly calculating eigenvalues for unstable ballooning 

modes, i t i s demonstrated that even in the ideal MHD l imit i t i s necessary to 

re ta in the terms associated with compressional ,ion acoustic waves. When the 

appropriate kinetic effects are also taken into account in the analysis , the 

resul tant growth ra tes are found to be s ignif icant ly smaller than those 

obtained from the usual ideal MHD [10,11] and simplified kinet ic model [5) 

estimates, Collisional diss ipat ion leads to a further reduction in these 

values over a wide range of beta , but in many cases i t can also generate 

residual d iss ipat ive i n s t a b i l i t i e s in the high-beta second s t a b i l i t y regime. 

However, the accuracy of the Krook operator used to model col l i s ions in these 

electromagnetic calculat ions remains to be established. 

In general, the resul ts from these studies indicate that for relevant 

experimental s i tuat ions in tokamaks, short-wavelength i n s t a b i l i t i e s with 

substantial growth ra tes should be excited over a broad spectrum of toroidal 

mode numbers. Ihe trapped-electron d r i f t modes are the most s ignif icant class 

of such ins t ab i l i -j.r.s a t low B (0 < B < B c 1 ) while the kinet ic ballooning 

modes appear to be the strongest type a t higher S (B > B , ) . Although the 

strength of the dominant i n s t ab i l i t y increases as beta increases from zero to 

values above B c 1 and then decreases as &c-j i s approached, the t rans i t ions in 

magnitude are re la t ive ly gradual. If one adopts the commonly accepted 

proposition that short-wavelength In s t ab i l i t e s are primarily responsible for 

the observed anomalous transport in tokamaks, then the r e su l t s here would 

support a "soft" beta l imi t picture for the impact of ballooning modes on 

confinement. As indicated by the re la t ive strength of the dominant modes, i t 

appears l ikely that as beta i s increased, a continuous rather than an abrupt 

or "hard" modification of the anomalous transport already present a t low beta 

would be observed. On the other hand, i t should also be emphasized that the 
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increaaing dominance of the electromagnetic component of the perturbations a t 

higher beta could also lead to significantly different transport scaling 

properties from those associated with low beta (predominantly e lec t ros ta t ic ) 

cases. 
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FIGURE CAPTIONS 

FIG. 1 Ideal MHD b a l l o o n i n g mode growth r a t e s (-f l 2 ) p l o t t e d as a func t ion of 

r a d i a l p o s i t i o n wi th <> being the u sua l p o l a i d a l f l u x . Resu l t s frott 

s o l u t i o n s to the second order and fou r th o rde r forms of t he governing 

fttgenmode equa t ion a r e i l l u s t r a t e d . 

TIG. 2 Growth r a t e s <Y) p l o t t e d a s a func t ion of B on a r e p r e s e n t a t i v e f lux 

su r f ace for a model e q u i l i b r i u m with TSX-B p a r a m e t e r s . The cu rves 

r e p r e s e n t : (a) the u sua l i d e a l MHD e s t i a a t e fo r ba l loon ing modes 

wi thout coup l ing to compress ional ion a c o u s t i c waves; tb) 

c o l l i s i o n l e s s reduced k i n e t i c model c a l c u l a t i o n in the same l i m i t } 

(c) and (d) c o l l i s i o n l e s s f u l l k i n e t i c r e s u l t s for the b a l l o o n i n g 

modes inc lud ing a c o u s t i c coupl ing and the t r a p p s d - e i e c t r o n d r i f t 

modes, r e s p e c t i v e l y ; and <e) a "hybr id" of (e) and (d> when 

c o l l i s i o n s ! d i s s i p a t i o n i s modelled wi th a Krook o p e r a t o r . All 

f requenc ies a r e normalized to the e l e c t r o n diatns.gnetic d r i f t 

frequency w* . 

FIG. 3. Real f r equenc i e s (ui r ) i n u n i t s of uu*e corresponding to the growth 

r a t e curves of Fig. 2. The r e a l frequency for the i d e a l MHD c j rv e 

(a) i a j u s t &>r = 0 . 

PIG. 4. Typical e i genva lue s for t r a p p e d - e l e c t r o n d r i f t modes and ha l loon ing 

modes in u n i t s of Uj, e a s a func t ion of the c o l l i a i o n a l i t y 

parameter v g = (v

6ff/%is for the f u l l k i n e t i c a n a l y s i s app l i ed to a 

model equ i l i b r i um using ISX-B parameters wi th l o c a l S = 1.3%. 

C o l l i s i o n a l e f f e c t s a r e modelled i n the f u l l k i n e t i c c a l c u l a t i o n here 

with a Krook o p e r a t o r . 



24 

FIG. 5. Typical ballooning mode eigenvalues plotted versus co l l i s iona l i ty as 

in Fig. 4 but for the higher beta case where local 6 = 3.9%, 

FIG. 6. Typical eigenfunction calculated for the ballooning mode with the 

full kinetic col l i s ionless analysis applied to a model equilibrium 

using ISX-B parameters with local S = 1.3%. The poloidul angle, 9, 

here i3 the usual nonperiodic coordinate along the magnetic f ield 

l ine introduced by the ballooning representation. 

FIG. 7. Typical eigenfxmction. calculated for the trapped-elactron d r i f t mode 

with the fa l l kinetic col l i s ionless analysis applied to the same case 

as Fig. 6. 

FIG. 8. Typical spectrum of eigenvalues for ballooning modes with the full 

kinet ic col l is ionless analysis applied to a model equilibrium using 

ISX-B parameters with local 6 •» 3.9%. Mode frequencies in units of 

10 ' s e c - 1 are plotted as a function of the toroidal mode number (r.) 

and the corresponding values of kgPj. 

FIG. 9. Growth rates plotted as in Fig. 2 but for PDX L-mode parameters. 

FIG. 10. Keal frequencies corresponding to the growth rate curves of Fig. 9. 

FIG. 11. Typical spectrum of eigenvalues plotted as in Fig. 8 but for POX L-

mode parameters with local 8=2% and vg = 0.22. 
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FIG, 12, Typical ballooning mode eigenvalues plotted versua co l l i s i ona l i t y as 

in Fig. 4 but for PDX L-raode parameters -*ith local B = 2*. 

FIG, 13. Growth ra tes plotted as in Fig. 2 but for H)X H-mode parameters. 

FIG. 14. Real frequencies corresponding to the growth rate curves of Fig, 1 3. 

FIG. 15. Typical spectrum of eigenvalues plotted as in Elg. 8 but for PDX H-

mode parameters with local 6 = 3 % and v e = 0.24. 

FIG. 16. Typical ballooning mode eigenvalues plotted versus co l l i s i ona l i t y as 

in Fig. 4 but for PDX H-mode parameters with local 6 = 3*. 

FIG, 17. Growth ra tes plotted as in Fig. 2 but for Doublet-Ill parameters. 

FIG. 18. Real frequencies corresponding to the growth ra te curves of Fig. 17, 

FIG. 19. Typical ballooning mode eigenvalues plotted versus co l l i s iona l i t y as 

in Fig. 4 but for Doublet-Ill parameters with local 6 = 2.64%. 
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