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Simultaneous Stabilization Using Genetic
Algorithms

R. W. Benson, W. E. Schrnitendorf
Department of Mechanical Engineering

Universi~ of California - Irvine
Irvine, CA 92717

714-856-8451

Abstract

This paper considers the problem of simultaneously stabilizing a set of plaats using
full state feedback. The problem is converted to a simple optimization problem which is
solved by a genetic algorithm. Several examples demonstrate the utility of this method.

Introduction

paper considers the problem of simultaneous stabilization of a finite number of plants

via a single compensator. A number of researchers have presented results for this problcm

(sw [I ]-[7]) for both static and dynamic feedback controllers, In [1], a computational design is

~iww for a collection of S1S0 plants with the usurnption that each plant is minimum ph,ww.

“1’}wwork prmmtcd in [21-[5] are concerned with the conditions under which a solutim which

~irmltanwmsly stabilizes the set of plants exists, rather than the design of such la corltro’1(’r.

In our work, we consider the case where the full state is available for feedback.

~cvera]rwarc]lers have investigated the full state fed!mck problem. [11l(i], ml ilrlalyt.i(”ik!

wl]lllion for single-input problems satinfyir~g a given sutficimt is prmentcd. ‘h tmhniquv,

Il,lwrvrr. is ~lifficult to fipply in practim. An oplimizntirm approach was mnploywl irl l-;]

ff)r ‘+irllllltarl~~)llsly stabilizing a mllf’dicm of sirlglc irlp[rt plants, In dwir work, a Imlllirmll

lIrIJKIa[llrlllrlg ;dgt)ritllrll w,as Irs(vl IAIsfdvr for I.IIVfw(llmck gains.

\\ ’IsSIJVC’arl lq)lirlllz~r.ilm Im)l)ltvll Silllilar II) ltIal. l)tf)~MM44’[1 irl [’ill 1)111lwrx’ w’ 11s(.d ~J:*rl(’1II

.I!l’lullllrll 1( i,t I Illtllllcllrl Ilww)llll.il)rl. “l’lIi:$,Il}l)rlh’1II lMIIIIIIlS1111’l(m~lllmill Illrl 0111111111II II II:!

;,llll)l!’1 11”. .’\lllll :Ic’1 Wlvtllll Apf’ J!AIIII’I I I}V 11’~lrlv,d f ;.\ 1+111;11.Ilc) ,111XI IiltV llllt)llllllllI Ill 1:111 II .!
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gradients) is required. It suffices to specify the objective function and to place iinitr.IMJI.II(1S

on the controllergains.Additionally, the work presented in [’/] was implementm-i on a (~rayX-

MP/24 computer while the work pracnted here was implcmt=ntd on an Apollo workstati(m.

2 Problem Formulation

We consider the problem of finding a single linear control law which simultaneously stabilizes

the family of ,V plants

i(t) = ALz(t) + @L(t), k=l,2,..., !V (1)

where z(t) E R’ is the state vector and ~(t) c Rm is the control. We assume that the full

state is available for feedback.

A necessary and sufficient condition for the aet of plants in Equation (1) to be simultane-

ously stabilizable with full state feedback is that there exists a K E R“’xn such that Ak + 13kK

is Hurwitz for k = 1,, ... N. Thi~ condition moti rates the following approach for determining

,1 set of gain9 h“.

(.%omw 1< to minimize the jollowing cod Junction:

J=maz Rc(Ak,l) k=l,...,lv ;l=l, n..,n. (’J)



. .

3 Genetic Algorithms

rll(? gcnct,ic algorit.hrn (GA) is a global and robust optimizatiml LPCIIII;(lIIC basrd cm I IICl)rill~:i

pies of survival-of-the-fittest and basic genetic operators found in biological systems. The (; A

has been successfully applied to a variety of problems for many years [S] but has only rmmt !!.

km given much attention for use in control systenl applications. In [9], the GA is appliccl to

an autopilot design problem and to the design of a windshear controller. An application of

the GA to robust stability analysis is given in [10].

The GA begins with a randomly chosen group of candidate solutions referred to as a

population (in our application, a specific set of controller gains K would constitute one member

of the population). The GA processesthis population on a generation-to-generation basis tJy

(applying three operations: reproduction, crossover, and muta~ion. The reproduction operation

ensures that members of the population which result in a lower cost (also referred to asfifnrss)

have a higher chance of being reproduced for the next generation. The crossover and mutation

operations help prevent the GA from converging to a local optima by creating new members

in the search space,

The GA is surprisingly successful and efficient in solving a wide variety of problems. ‘1’hr

G A does not suHer from many of the problems which calculus- ba~ed and enumerative schcIINss

sulrcr from. For more details un the inner workings of the GA, we refer the iuterestwl rrwlcr

1,()[s].

‘1’hP (; EN ESIS vmsicm of the CA (see [11]) wa.. implvnwnttd 011 a,II Apollo wflrkslati[,ll,

From a practical vantage point, the user is only rquired to generate a ~ubrti .Itinc for (wal-

Ilation of the c~st function ( Equation 2), and to spcclfy Lhe hounds and resolution for VW:II

l(mlrollm g,ain. Tlli5 latter step is nemmary sinw thr (1A maps t.lmgains into hinmy sl.rilly,’i

f~)r pr(xcwingm

Within tlw prwwrikd hounds and rtwolulion [Jf LIIPr{mtrollm gaim, tlm ( ;A, il: gwwrid,

will iin[i tllr p,lIJl),Illq)tillllllll, there i~ 114)gllilr;llll,fy~ that t,lIv ( :4 will IN)(, Coilvrrxf. i{; il IIM ;II

111)1 11111111). \vf’ 111)1.f’, htlwmmr, thnt in I.his ;qq~lir;ltilm, Iillfllng llw ~llllml {q~lillulll~ i:+ 11111

. .
I rIl 11”:11.Il. ‘+111111.tII;III lIIItl AIt.vr(mtr~Jlm p,:IIII h h)r WIIIIh I.IIP C-tJ!ll. fIIt Irl II III ./ III l“,IIIIiIl 11111I ‘I
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4 Examples

Example 1:

Consider the problem of stabilizing an F*IE fighter aircraft under (iilfcrcnt tlight mull!il I( ,::.

[i], Here we consider 4 operating conditions (,v = -I). The system mmkl IIM IIII’ flwrl)

‘(’)=[:1‘~%lr(c)+[ib ““
where z I( t ) corresponds to the normal acceleration, Z2(t ) corresponds to the pitch rate. and

Z3(t) represents the elevator angle. The unknown parameters are givem in Table 1.

We applied the approach outlined in Section 2 under the constraint that the gains arr

restricted to be betw~n *2. Each gain is mapped to a binary string of bit length f, where 1

is specified by the user depending on the desired resolution. For this example, a 9 bit strinq

length wsa specified, with -2 corresponding to the string 0000OOOOqand +2 corresponding to

the string 111111111, Hence, the resolution for each gain is 4/29 = 0.00781, The genetics

algorithm was initialized with a population of 100 members. The most fit mcmkwr within .%l

generations waa found to be

K = [ 0.1016970 1.875248 1,133013 ]

with a raulting cost of J = -1.886381, indicating that this A’ will simultamwuslv st ahilim

the four plants, This rcsuit is similar 10 the result of [71 where the globally minil~mm (twt W,IS

Lmn(i to be J = - 1.8M43 with the gains

K = [ O,lwl 2,00000 1.152:10 I ,

I“:x:ullplr 2:

(‘Ill! ’tllll’l ,1 .1111)‘Ilf ’(”lllljl, Illlllllt’111 !I. IV1’11 Ill ii! I 1,1’ ‘. V.11’111 11111111’[ 1’s111 1111’!11111,,1! I ,l’1., ! ~~

I I 1, \vllll IW1 lqlt’lilllll~ c I)llllltllllls ( ,1 ‘.’1 I t,!’ “.v’ilc”lll 111.llllt I“s! Iill 11,,. I i!,, ,!; ,,,1,,’ ,.
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operating Point i=l ~=~ i=;] i’4

r

— .—

\fach Number 0.5 0.9 0.s5 1.5
Altitude (ft) 5000 35000 5000 35000

all -0.9896 -0.6607 -1.702 -0.5162
a~z 17.41 18.11 50.72 26.96
alg 96.15 84.34 263.5 178.9

azl 0.2648 0.08201 0.2201 -0.6896
a2z -0.8512 -0,6587 -1.418 -1.225

az3 -11.89 -10.81 -31.99 -30.38

b, -97.78 -272.2 -85.09 -175.6

Table 1: Values of parameters for F4E aircraft.

conditionsare

Al =
1 0

( -0.428 -0.339 01 [ 0.150 1
A2 =

I

-2.939
0 ‘1:11 :1 ‘B2=HN

Applying the GA, with a population of 100 members and with each gain constrained to IN:

wit]lin +1 and given 10 bits resolution, the most fit member within 100 generations was found

h) t)f!

K = [ -1.0 0.9979190 0.9979190 ]

with a corresponding cost of J = –0. 1151093, This result idSU cwnpares WVIIwith that fOIIIId

in [7], where the minimal cost WM reported to be J = --0.1158 for the gains

/(= [-1 1 1].

A 1)1(J!of I) f’st, lil.f]f*s’~ imfi avc-riagf~ Ii!llf’ss vm[]s f,hr f]llll]lmr of gpnf’ratif)[ls is givfvl ill

I“”igllrf’ 2,

I’:k:llilplc’ 3:



In this example we consider a simple two mass

states are ZI, il, X2, and ~2 and the state equations

system as shown in Figure 3 [12]. “l’he

r01001

1~(-j~

ma m
0] i

Letml=na2= 1 and consider the stabilization of two

(1
J_
ml

o 1u(t).

o

plants corresponding to k = 2 and

k = 0.5. Constraining the gains to valuea betvmm +50, the GA waa executed with an initial

population of 100 members and a resolution of 10 bits per gain. After 300 generations, the

most fit member was found to be

K = [ -25.78131 -8,984480 -8.886824

with a corresponding cost of J = –0.6831 173. Hence, this K

two plants.

-50.0 ]

simultantmusly stabilizes the

A plot of best fitness and average fitness versus the number of generations is givm in

Figure 4.

Example 4:

We now onsider the simultaneous stabilization of a lateral autopilot for a remotely pilotw]

v~]licle [13]. The state vector for this system is

[1
u

P
x(t) = r

d
8.

wtwre t) is the vrhicle velocity parallel to the pitch axis, p is the roll ratr, r is the yaw rnt~. o

is the roll al]gle,and J6 is the aileron dcfhction. ‘~he state equations for this :.ystorn nr~’giww

I)y

r(i) =

wlll,ll~

().$.5 ?.7.47 .-!)ig.lj :]~.1,1 ()
-().3:1!) --14,7H!I I .765 () 5!?.89+ q] .71 1
() 021 .0,.547 - I .407 () (;.477 + q:j.’u r(t) t-

[) I (),(125(; o ()

() () () II ’20

f’ Ufiu ],’1’)
‘1 I.’iq

f;

11(/)



The unknown coefficient CnJa varies in the range

–0.99 ~ Cn~a

with a nominal value of C~J. = 1.!3!3. We considered stabilization Of the three plants (.(Jrr,~-

sponding to c~b~ = 1.99 (q = O), crib. = –~.~~ (q = -1,5), and Crib. = 2.99 (q = 0.5).

The feedback gain matrix for this example is row vector with five elements. These five

gains were restricted to be within the ranges +0.01, +0.1, +1, +0.1, +1 respectively. !A:ith

a population of 200 members and a resolution of 12 bits per gain, the most fit member after

500 generations was found to be

K = [ 0.0074900 0,0581720 –0.7389200 -0.0997060 0.1058080 ]

with a corresponding cost of J = – 1.894160.

A plot of best fitness and average fitness versus the number of generations is given in

Figure 5.

l?xarnple 5:

Conside= the stabilization of a satellite on a circular, equatorial orbit [14]. The state vector

is given by

[1
r

+
x=

9

i

where r and 0 are the polar cmrdinates of the satellite. The linearized equations of motion

for small perturbations about an orbit arc given by

r(t) =

o 100 001
,3W’2 O 0 ‘L’ro

o 0 0 I
x(f) + : :

1

u(t)

() :



of 10 bits per gain. The gains were constrained to be within +12. The most fit rnemlx-r afccl

900 generations wzs found to be

. . [ –11.95312 -6.63269S -9.703076 -4.7S1O!M 1
A =

[

with a corresponding cost

A plot of best fitness

Figure 6.

Example 6:

11.88332 5.367558 –1~.~ _7.57431’J
J

of J= –2.S69937.

and average fitness versus the number of generations is given in

In this example we consider the stabilization of a track guided bus, as shown in Figure 7

[13]. The state variables are ~,

[

-668ab
16.8a

i(t) = o
l/b
o

i, c, g, and /9. The state equations for the system are givcu by

-I + 181ab2 O 0 198ab

1 [1

o
-409ab O 0 67.3a o

1 000 z(c)+ o u(t)
6.12 l/b O 0 0

0 000 1

where the parameters a and b depend on the vehicle velocity, mass, and the coefficient of

friction. The valuea of a and 6 vary in the range

IIcre we cousider endpoint stabilization; that is, we wish to simultaneously stabilize the four

plants corresponding to the following four pairs of a and b: (a = 1/9,95, h = 1/3), (a =

1/!3.!35,b = 1/’20), (a = l/32, b= 1/20), and (a = l/32, b = 1/3).

‘~he CA applied to this problem with a population of 100 mmnbers and 10 bits res(dlltiim

pm gain. Fkch gain was constrained to be within +20. After 1350 generations, the most lit



5 Conclusions

“~lleprohlmn of simultaneously stabilizing a finite set of plants under full state feedback was

ronsidc~red in this paper, The approach to finding a set of gains was to minimize an objective

function wit h the constraint that the magnitude of each controller gain be bounded by some

constant. Determination of these constants is one of the major difficulties of this approach.

The easiest method is to find the gains which place the eigenvalu- of each plant separately

to some desirable location in the complex plane, and then determine appropriate bounds on

the gains by inspection.

With the approach outlined in this paper, it is rarely critical that the global optimum be

found. If a set of controller gains is found which makes the cost J in Equation (2) negative, then

these gains will simultaneously stabilize the set of plants. By optimizing the gains, however.

we determine those gains ( within the prescribed bounds and resolution) which minimize the

slowest rate of exponential decay for the set of plants under consideration and thereby improve

performance.

Finally, we remark that the approach outlined in this paper can be modified to ensure that

the closed loop system eigenvalues are sufficiently damped. For example, suppose that one

pair of the closed loop eigenvalues of the system is Jl,z = —a + bj. If the ratio b/a is larger

than some desirable value a [based on performance requirem=ts), then a penalty term can be

added to the cost J given in Equation (2), thus penalizing gains which remit in underdamped

system eigenvalucs.
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