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Abstract

A new post-processor has been developed for use with output from
the PEST tokamak stability code. It allowsus to use quantities cal-
culated by PEST and take better advantage of the physical picture
of the plasma instability which they can provide. This will improve

. comparison with experimentally measured quantities as well as fa-
cilitate understanding of theoretical studies.
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1. Introduction

,_ The PEST code[l] is used to determine the linear ideal MHD stability of ax-

isymmetric tokamak configurations. It is a variational code which determines the

set, of displacement vectors _ which minimizes the Lagrangian, 8W -w2K, where

i 5W and K are the potential and kinetic energies associated with perturbations

from a given equilibrium. The PEST code is used for a variety of purposes includ-

ing tokamak machine design, the determination of _ limits and their dependence

on current and pressure profiles, and study of the physics of instabilities, for ex-

ample, by analysis of the mode structure. We are concentrating here on the latter
use.

The mode structure of the perturbed quantities gives us some clues into the

physical origin of the instability. The PEST code has not fully exploited this capa-

bility. In fact,, even the usual plots of the Fourier components of _¢ are misleading

since they do not include the proper normalizations. To remedy this deficiency,

and enhance the capabilities of the code, we have constructed a post-processor.
The new code is able to:

a) construct properly normalized components of" the eigenfunction _ in order to

see the true relative amplitudes of the various modes,

• b) look at the eigenfunction in an orthogonal basis, as opposed to PEST's non-

orthogonal basis, as an orthogonal basis may be easier to work with for some

analyses,
qt

c) compute and display quantities which can be measured experimentally, e.g.,

components of the perturbed magnetic field Q, in order to compare a known

mode structure from PEST with experimental measurements, and

d) test the degree of compressibility for a specific eigenvalue by evaluating X7._.

2. Formulation

2.1. PEST representation of

For a given tokamak plasma equilibrium, with

B = [f(_b) VeXV_ + Rg(_b)rC], (1)

6

j=(vexvo.v¢)-', (2)
b
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where J" is the Jacobian, R is the major radius of the plasma, and ¢ is a normalized

poloidal flux, the PEST code determines (_', _v, _P, where the displacement vector
for perturbations about the equilibrium is -

= J_SVOxB + iJ_Ps BXV¢ + i_RB. (3)
gR _ gR = w

Each component, a, of _ has been decomposed such that

= _P (¢_ei(me--"_) (4)
lrla, lrl,

Since ax_isymmetry is assumed, the Fourier coefficients for different values of n

decouple and each toroidal mode number can be examined separately. How-

ever, the magnitudes of the PEST coordinates _7¢, XTO, V¢, and the Jacobian,

3" = vX_/27rR [with X the distance from the major axis to the point (¢,8)], have

O dependencies so that graphs of these Fourier coefficients, P_.mn, without the
appropriate normalization do not descibe the physical eigenfunctions.

2.2. Normalized components of

To get a better physical picture of the Fourier modes of the displacement vector,

we define a set of unit vectors, *

VOxB BxV¢ B

eq, = _'V0xBI' e, - B V¢I , eb : B' (5) ,

write

"-" _¢e¢ -+- _,e, Jr- _Beb

_ vX [R2g=IV812 + fe(V¢.V8)=],/2_ e¢ (6)27rgR a

vxlv¢l f21v_12]1/_27rgRa

+ ff I

and Fourier decompose _¢, _,, _s in 8. This set of Fourier coefficients is properly

normalized and comparision of the relative amplitudes is meaningful.

0

o
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2.3. Orthogonal projection of

,_ Since the PEST basis vectors are not orthogonal, i.e., _'%b.V0 # 0, it is useful

to look at _ in an orthogonal system. To do this we define a new set of orthogonal
unit vectors:

. We BXV¢ B

_"-Iv¢l' _o- S V¢ ' _b- B" (7)
Then we can write:

= _re, + _0e0 + _Be_,

= n v¢ e, (8)

' This form is useful for looking at radial displacements, as e_ is always perpendicular
to a flux surface and in a toroidal cross section, whereas e¢ has components in ali
three coordinate directions, because

VOxB = RgJlVOl'x_ V¢ - RgJ(V¢.VO).¥2 VO + I(V¢.VO) rC. (9)

_' Note, however, that e0 does not lie completely in a toroidal cross section.

2.4. Perturbed magnetic t_eld

Another interesting quantity is the perturbed magnetic field, Q = V x (( x B),
which can be measured with Mirnov loops.

q = X2gn(Vg,.VO)-_{_ + ._(Vg,.VO) + .--_-RtvOI2 c9-0

VO'2_ - iV_.V0 V¢
_ X=gR c9¢ + XegR = 0¢

frf IV%b=Og;p + X Vv) (10)- X=gR 0¢ "¢ 2R -_

Jf 0_, J2B2 ( 0,, iIV¢ 2 00_)] V0' + .W-n(v¢'ve) -$g+ .v_gn_ v_c,.voo-7
Q

3



rjB _ + (v_.v0) v_.jR, _V_ ; /+_ g _ o0j
o

The most useful components of Q for experimental measurements are

0_ = Q" v¢ Q.(vCxv¢) Q_,=Q. v_IV¢l' q0= IVCllV¢l ' Iv-----¢' (11)

where the component Q0 now lies in a toriodal cross section. These components
_re

O¢ = X21VV)f v 00 + g'-o¢- ' (12)

XR -_ + CP - (rC.V0) (13)xn v¢ -gg

v, [ ]4_2gR3 [f21v,¢2+ R,g_] (v,¢.v0)0(_'___ i V¢l____0(f,

fx 0 0)( )}Q¢ = + fffv¢.VO (14) "

f X _ 0 ( f _, ) f2Xz+--R-TIV¢I:'_ T +_(v¢'v°)°0_ '

¥_ i o (jBfi:) +.0jR 2__-_ , g g •

2.5. Evaluation of compressibility

The post-processor can also be used to determine how well the incompressibility
assumption, _' • (= 0, is satisfied. This is done by calculating

o(x _,)
V._ = +

.¥'_R O_b .¥2R O0

vf V_/,.V0_ - i V_I 2 (15)
_ 2rrgRa 0¢ 0¢ J

i27rR f O_P iRg O(P+ +
vX 2 00 .¥_ 0¢

e
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3. Applications

We now demonstrate some applications of computing these quantities from the

PEST output.

¢ The new Fourier decomposition of the different projections of the displacement

vector give a better physical picture for analysis of the instability's mode structure.

Q can be calculated at any point inside the plasma and compared with experi-

mentally measured values. The components of Q, may also be Fourier decomposed

to look at the mode structure. As an example of more direct comparision with

experiments, the signal 0/3/Or from a poloidal array .of Mirnov coils can be Fourier

decomposed in 0 to find the amplitudes of the various poloidal modes. These mea-

surements of the perturbed field can then be compared with Q.,,=n(_) by noting

that the ruth component of the field decays as r -(ro+l).

Q...m,(r, 0,¢) -- Q_,m,(a, 0,0) cos(m0 + nO), (16)

where a is the plasma minor radius.

The importance of the compressible term in 6W can be measured by comparing

the "TP_' " £,12 term with the other terms in SW,

+ --Iv. + ' (17)
6W = _ u,,_,, #o iZo

' - 2 (_2.. Vp)(_.. m)- Jll(_ixb)'Q±

. +Tp v •

3.1. Pressure modified kink mode

\¥e first consider a large aspect ratio (R/a = 10) circular cross-section dis-

charge, which is chosen to illu,: :,_te pressure modification of an external kink

mode. The parameters defining this case are: /3 = 0.69%, _3p= 4.97, q(0) = 1.05,

q(1) = 2.95, Troyon factor CT =- 13aB/1 = 3.69. This configuration is unsta-

ble wit.h respect to the global instability shown in Fig. 1 with an eigenvalue

pa2w2/I,,eB 2 = 0.247. The Fourier decomposition of the displacement that is

presently available from the PEST code, _P of Eq. (3), is shown in Fig. 2. The
decomr_osition of the properly normalized component, _ of Eq. (6), is shown in

Fig. 3. The decomposition in the orthogonal projection, _ of Eq. (8), is very simi-

lar in both magnitude and form to Fig. 3. The change in normalization between _P

and _, modifies the relative magnitudes and introduces sign changes in the modes

0 as well as an m = 0 component. This indicates that the lower-m modes contribute



much more to the instability than one would have believed from looking at the
original decomposition. The behavior of the displacement _0 of Eq. (8) is given in
Fig. 4. It has some of the properties of _, and (_, but is far from identical. We do
not show the component (b, which represents the flow along the field line that is
necessary to minimize V • _, since it is small. The quantity V • _ on several flux t
surfaces is illustrated in Fig. 5. The components of the perturbed field, Q_ and
Q0, that are associated with this displacement are shown in Figs. 6 and 7. The
Fourier decompositions of Q_, and Qo are shown in Figs. 8 and 9. Comparison of
these with (¢ in Fig. 3 shows somewhat different structures.

3.2. External kink mode

Our second illustration is also a large aspect ratio circular cross-section plasma.
It is unstable with respect to an rn = 3 current driven kink mode. The discharge
has /3 = 0, q(0) = 1.05 and q(1) = 2.95. The fastest growing instability, with
pa_w2/l_oB2 = 0.004, is localized near the plasma surface as can be seen in Fig. 10.
The perturbed field on a flux surface, Fig. 1]., shows a nearly pure rn = 3 mode
that is localized near the edge. Nevertheless, plots of a Fourier decomposition

of the perturbed magnetic field in Figs. 1.2and 1.3 show coupling to neighboring
harmonics.

b

3.3. Ballooning mode
t

Our third case is a low aspect ratio (R/a = a.aa),elliptic cross-section discharge
chosen to illustrate a high-n ballooning mode instability. The plasma boundary is
defined bv

X = R + acos(0 + _sin 0), (18)

Z = asin(0 + 6sin 0), (19)

with _ = 1.5 and _ = 0.26. We have /3 = 6.33%, /3,= 2.62, q(0) = 1.15,
q(1) = 4.54, and CT = 6.92. The dominant instability, Fig. 14, has it large growth
rate, pa_w2/t2oB2 = 1..10, and has a strong ballooning character. The Fourier
decompositions of the displacement vectors normal to the magnetic field, 4, a_
(0, are given in Figs. 15 and 16, and RT./[ is given in _ig. 17. These, together with
pictures of the perturbed magnetic field, such as Figs. 18 and 19, show that this
ballooning mode contains much more structure than might have been anticipated.

An application of this processor is to compare the contributions from the _"arious
terms in _W, Eq. (17). For example, the comparison of the 1_2_12/#o term with b
7plV • _]) on a surface in Fig. 20 shows that the sloshing of sound waves to equilize

t
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the pressure on the magnetic surfaces can be roughly 5% of the stabilization effect
associaLed with shear Alfv_n waves.

4. Summary
Q

We can now calculate many quantities of physical interest, using given tokamak
equilibrium values and the eigenfunctions _ found by the PEST code. Application
of this program has already proven to be useful in analysis of data from PBX-M
plasmas[2] .

As an extension of this work, values of the perturbed field, Q, can be predicted
for a given instability at any point outside the plasma by using the extrapolation
of Eq. (16). This will provide direct comparison with experimental measurements.

At present, we calculate and plot only some of the terms in 6W. Calculating all
of these terms will provide an opportunity to investigate the sources of energy drive
and stabilization for a particular unstable mode, shedding light on mechanisms for
optimizing the stability properties of a configuration.
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Figures

, Fig. 1. Displacement vector for the pressure modified kink mode. The length de-
notes the magnitude of tile displacement at a point located at the start of the
arrow.

Fig. 2. Fourier decomposition of the unncrmalized perturbation, (_', for the pres-
sure modified kink mode.

Fig. 3. Fourier decomposition of the normalized perturbation, (¢, for the pressure
modified kink mode.

Fig. 4. Fourier decomposition of (0, tke normalized orthogonal perturbation in the
B X _'¢ direction, for the pressure modified kink mode.

Fig. 5. The function W • _ for the pressure modified kink mode as a function of 0
on a magnetic surface.

Fig, 6. Contour ph, t of Q¢ for the pressure modified kink mode. The solid Lines
denote fields in the positive Q¢ direction; the dotted lines are for fields in the
opposite direction.

Fig. 7. Contour plot of Qo tbr the pressure modified kink mode.

Fig. 8. Fourier decomposition of the perturbed field, Q¢, perpendicular to a flux
surface for the pressure modified kink mode.|

Fig. 9. Fourier decomposition of the component of the perturbed field, Qo, for the
pressure modified kink mode.

Fig. 10. Displacement vector for the external kink mode.

Fig. 11. The perturbed field Qo as a function of 0 for the external kink mode.

Fig. 12. Fourier decomposition of the perturbed field Q¢ for the external kink
mode.

Fig. i3. Fourier decomposition of the perturbed magnetic field (2o for the external
kink mode.

Fig. 14. Displacement vecto_ for the ballooning mode.

li Fig. 15. Fourier decomposition of the normalized orthogonal radial perturbation,
(r, for the ballooning raode,

lp
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Fig: 16. Fourier decomposition of the normalized orthogonal perturbation t0 for
the ballooning mode.

O

Fig. 17. The function V • _ for the ballooning mode as a function of 0 on a mag-
netic surface.

O

Fig. 18. Contour plot of Q_, for the ballooning mode.

Fig. 19. Q0 as a function of 0 for the ballooning mode.

Fig. 20. The IQj.12/#o and 7plX7. (I 2 terms in 6W on a surface with _b= 0.1 for
the ballooning mode.
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