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INTRODUCTION

One of the geothermal Sénsors that is being developed by Geoscience for

ERDA in connection with the measurement of the geothermal heat flux is
-a thin rod heat flux transducer. It is to be Towered in a drillhole where
signa]s from this sensor will be measured and translated into a geothermal
heat flux. A mathematical femperature solution has been developed.for an
idealized thin rod positioned in an infinite solid with a uniform temperature
gradient. This so]qtion approximates the actual temperature to be encountered

" in the transducer when located in a drill hole.

The solution is a c]osedvform type for a thinfrpd wherein radial temperature
differences are small compared to axial ones; the systém can be classified

as a fin with a variable environmental temperature gradient.} The resu]ting
* temperature field is evaluated for a range of system parameters that are of

interest in geothermal heat flux measurement. -

A description of how the mathematical resUlfs obtained will be used to extract
‘the unknown geothermal heat flux and éarth thefmaI cohducfivity from the
expérimenta1 temperature informatibnvobtained by the heat flux transducer ;

is also presented. In addition, the SOIutioh‘is extended to the case where
there is a water or aif annulus space between thé traﬁstcer ahd the drill-

hole.
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~ DERIVATION

" The thermal analysis presented below is based on a thin rod, positioned

|
‘in an infinite solid which is characterized by a uniform temperature

gradient (see Figure 1).  The pfob]em is to determine the temperature field
in the thin rod. A heat balance on a differential element of the thin rod
which is transferring heat to or from the surrounding infinite solid

through a radial thermal resistance is given by the classical fin equation,

2 .
d°t P

= — (t-t) (1)
22 RKA

where t, rod temperature (abové the rod midpoint

temperature datum) :
z, disfance along rod

P, perimeter of the rod

A, cross sectional area of the rod
k, thermal conductivityvof~the rod
R.. equivalent fadia] thefma] resistance of the so]id
surroﬁnding the rod . ﬁ

‘the linear lateral temperature variation {above the
rbd'midpoint temperature datum) in the solid at a
radial distahce suffﬁcient]y'great so that the

_presence of the rod does not effect it.
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-~ The temperature variation in the solid is given by,
to= bz | (2)
where the parameter, b, is the undisturbed vertical temperature
gradient of the earth.
Thus, Equation 1 can be expressed as
e
— = Cjt=-Bz S (3)
dz' ‘
where
‘ P
C= 5ti
R KA
- _Pb
B= RuA
oc
o/

_ -MEE‘ Cz
t, = cje o coe ' (4)
- The ‘particular solution of Equation (3), tp, can be obtained using
the method of undetermined coefficients, namely, Tet -
t o= cul bz tc | (5)
p . 3" 5 .
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Substituting Equation (5) into (3) yields,

2 .
d : 2
— - ( C.Z +cCcz+C =_Bz
d22 <3 4 5>
_OY‘ ’ _
2¢y - Cc3z2 - Cepz - Cog = - Bz (6)

Thus, the coefficients in Equation (5) became,

]
o ojw o

(7)

Thereforé, the complete so]utionlof Equation (3) is the sum of

(4) and (5),

One boundary condition for thiéfprobjem ist=0at z=0. Thus,
€ =G B - (9)

-z _ e‘JEZ}') X B, | ~ (10)

and t = c]:»( e
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The second boundary condition for this problem defines the heat loss

- from the end of the rod (af z=1), namely,
S (t - 2) A (1)
where R, is the equivé]ent end thermal resistance of the solid

surrounding the rod. Upon substituting Equation (10) into (11),

. there results

-k E1 (e VoL oL ). g}

1 -Jee €L \.B, _
ﬁe[c](e | e' »-)"'Cl bI:I

- . - (12)

_Jg(e-$z+e J61)+ F!E' (¢ Nes_ e~fcz)

or

C-l=

It is also’necéssary to define the cylindrical-and hemispherical thermal

resistances of the solid surrounding the transducer, namely, R, and Re’

respectively. The resistance for the annulus surrounding the rod is,
r

. r R o
R = =L 1 -0 B e




where : ’
ror radius at which the undisturbed linear
temperature field in the infinite solid '
exists

rys radius of the rod

k » thermal conductivity of the infinite solid

The thermal resistance of the hemispherica1 shell at the end of the

rod is,

'
K

[~=]

| ,,2<_J__'1_)- |
R, = 1 o | (14)

Thus, the complete temperature solution for the thin rod transducer

is given by Equations (10), (12), (13) and (14). (

" The solution developed above has also been extended to a composite thin

rod which consists of a sensor rod surrounded by an annulus of water or

air (the space between the sensor and borehole). Again, it is postulated

that radial temperature:differences in the rod and annulus are small and

~ negligible compared to axial values. From elementary para]lé] flow _ : .
~ conduction concepts, it can be shown that the composite (or,équivalént)

thermal conductivity of aArod with’an annu1us, kc,.is

(15)

=k V +kV
ke = Ky r ka¥s




where

k., rod thermal conductivity

Kk » annulus’ thermal conductivity

- rod volume fraction of the composite rod

v, annulus volume fraction of the composite rod




PARAMETRIC RESULTS

To illustrate the variation of the temperature field in a rod heat flux
transducer positioned vertically in the earth, Equations (10), (12), (13)

and (14) weére evaluated for the fol]owing range of parameters:

Geothermal heat flux (kb) = 2 x 1078 cal/sec em® = 2 HFU
_21' = 6 feet (1.83 meters)
d = 4 inches (0.102 meters)

" k range: 0.05 to 100 Btu/hr ft°F (0.0002'to 0.40
| - cal/sec cm°C)

keorange: 0.1 to 1.0 Btu/hr ft°F (0 0004 to 0.004
ca1/sec cm°C)

r, range: 1 to 9 feet (0 305 to 2. 743 meters)

~ The results of these evaluations can be seen in Figures 2 to 13.
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Figure 2 - 13
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Figure 7 Th1n rod temperature prof11es for‘Kbo ]‘0 Btu/hr ft2°F/ft
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DISCUSSION -

A. Application of Solution to Geothermal Heat Flux Measurement ' .

The thin rod solution derived above can be used to relate rod trans-
ducer temperaturé measureménts and the sought for geothermal heat flux in
the earth whefe the transducer has been positioned. Specifically, the
boundary Value problem described above contains two unknowns, namely, the ‘
thermal conductivity of the earth, k., and'the vertical earth temperature’
gradient; b (the product of these two quantities being the geothermal heat
| flux). There are‘tWo ways in which the two unknowns can be eva]uaied
from the predictfoﬁ equations. Either two temperature point§ along a
sing1e transducer. of known conductivity are used in the evaluation, or ohe
temperature point each for two different transducers of known thermal

~ conductivity are required. ‘ 5

The results éhown in Figures 2 to 13 have been transTated into thermo-
pile voltage outputs for k= 0.3 Btu/hr ft°F (0.0012'ca1/seé em?°C/cm)
and 1.0 Btu/hr ft°F (0.004'ca1/5ec cm2°C/cm) for a range of,hractical &

' junctfon sets,.rod'thermal'conductivitieS»and typical geotherma1‘heat'
flux va]ues,; The resulting vd]tages fall in,fhe 0.5 to 1.0 millivolt
range and aré'IArge_enough'to be measured by potentiometers without
amplification. Details of}the-thermopiie deSigh wi]]lappear7in a subse- -

' quent report.
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B. Comments on Model Accuracy

The thermal resistance Roois an important parameter .in the rod solution.
The variation of this quantity with r_ for a given Ko and r; is shown in
Figure 14, together with the corresponding Re variation. Note:that although
Re quick]y peddmes invarient‘with Yo the resistance R,continues to in-
crease with Yo but very slowly at larger T va]uesf A calculation-shows,
for examp]g. that for k = 10 Btu/hr ft°F,.the température at the end of the

= 9 ft. to 0.297°F for r_ = 20 ft. (a seven

rod changes from 0.320°F for o

"o
percent difference).

The limitations of this model will be further discussed in a forth-
coming report where the complete heat transfer system is represented by

a two-région Laplace equation set which is solved numerically.
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