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U V 

INTRODUCTION 

1 

One of the geothermal sensors that i s  being developed by Geoscience for 

ERDA i n  connection w i t h  the measurement of the geothermal heat f l u x  is  

a t h i n  rod heat f l u x  transducer. I t  is  t o  be lowered i n  a drillhole where 

signals from this sensor will be measured and translated into a geothermal 

heat f l u x .  A mathematical temperature solution has been developed for an 

idealized t h i n  rod positioned i n  an infinite s o l i d  w i t h  a uniform temperature 

gradient. T h i s  solution approximates the actual temperature t o  be encountered 

i n  the transducer when located i n  a drill hole. 

The solut ion is  a closed form type for a t h i n  rod wherein radial temperature 

differences are small compared t o  axial ones; the system can be classified 

as a f in  w i t h  a variable environmental temperature gradient. The resulting 

temperature f ie ld  is evaluated for a range of system parameters that  are of 

interest  i n  geothermal heat f l u x  measurement. 

A description of how the mathematical results obtained will be used t o  extract 

the unknown geothermal heat f l u x  and earth thermal conductivity from the 

W 

a 

experimental temperature information obtained by the heat f l u x  transducer . 1 

is  also presented. In addition, the solution i s  extended t o  the case where 

there is a water or a i r  annulus space between the transducer and the drill- 
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2 

The thermal analysis presented below i s  based on a t h i n  rod, posit ioned 

i n  an i n f i n i t e  s o l i d  which i s  characterized by a uniform temberature 

gradient (see Figure 1). 

i n  the t h i n  rod, A heat balance on a d i f f e r e n t i a l  element o f  the t h i n  rod 

which i s  t rans fer r ing  heat t o  o r  from the surrounding i n f i n i t e  s o l i d  

e 

The problem i s  t o  determine the temperature f i e l d  

through a rad ia l  thermal resistance i s  given by the c lass ica l  f i n  equation, 

d2t  = ( t  - too) 
dz2 R-kA 

. where 

bi 
t, rod temperature (above the rod midpoint 

temperature da t um) I 

z, distance along rod 

P, perimeter o f  the rod 

A, cross sectional area o f  the rod 

k, thermal conduct iv i ty o f  the rod 
, 

R , equivalent rad ia l  thermal resistance o f  the s o l i d  
00 

surrounding the rod 

t,. the l i n e a r  l a t e r a l  temperature var ia t ion  (above the 

rod midpoint temperature datum) i n  the s o l i d  a t  a 

rad ia l  distance s u f f i c i e n t l y  great so t h a t  the 

presence o f  the rod does not e f f e c t  it. 
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Figure 1 .  Idealized thin rod transducer system . I  
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' The temperature variation i n  the so l id  is given by, u .  
too= bz (2 1 

e 

where the parameter, b, is  the undf sturbed vertical temperature 

gradient o f  the earth. 

Thus,  ,Equation 1 can be expressed as 

where 

u 8 

The complimentary solution of Equation (3), tc, is 

1 (4 

The particular solution o f  Equatlon (3),  tp, can be obtained us ing  

the method o f  undetermined coefficients, namely, l e t  

\ 

2 = C3Z + c 2 + c5 
. .  tP 4 

t 

u 
I 

I 

I 

I .  

(5 



Substituting Equation (5 )  into (3)  yields, u 

or 

L, 

Thus, the coefficients in Equation (5 )  became, 

I 

Therefore, the complete solution o f  Equation (3)  i s  the sum o f  

a 

(7) 

One boundary condition for this.prob1em i s  t = 0 a t  z = 0. Thus, 

._. c2 = I C 1  

. 4 



c ' The second boundary condit ion f o r  t h i s  problem defines the heat loss 

W 

W 

from the end o f  the rod (a t  z = I ), namely, 

-k($$)l A = iebl - b l )  A 

where Re i s  the equivalent end thermal resistance o f  the s o l i d  

surrounding the rod. 

there resu l ts  

Upon subs t i tu t ing  Equation (10) i n t o  (11) , 

or  

6 

It i s  a1 so 'necessary t o  define the cy l i nd r i ca l  and hemi,spherical thermal 

resistances o f  the s o l i d  surrounding the transducer, namely, Rw and Re, 

respectively. The resistance f o r  the annulus surrounding the rod i s ,  
I 
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W 

where 
, radius a t  which the undisturbed linear 

rO 
temperature f ie ld  i n  the inf ini te  so l id  
exists 

ri radius of the rod 

. k-, thermal conductivity of the inf ini te  sol id  

The thermal resistance of the hemispherical shell a t  the end of the 

rod i s ,  

Re = 

I 

I 

Thus ,  the complete temperature solution for the t h i n  rod transducer 
8 

is  given by Equations ( lo) ,  (12),  (13) and (14). 

7 

The solution developed above has also been extended t o  a composite t h i n  

rod which consists of a sensor rod surrounded by an annulus of  water or  

a i r  (the space between the sensor and borehole). Again, i t  is  postulated 

that radial temperature differences i n  the rod’ and annulus are small and 

negligible compared t o  axial values. From elementary parallel flow 4 

conduction conceptss i t  can be shown that the composite (or equivalent) 

thermal conductivity o f  a rod w i t h  an annulus, kc, ,is . 

. 

I 



L, where 

. ._ . -___ ... " . .. . 
w 

rod thermal conductivity 

annul us' thermal conductivity 

rod volume fraction of the composite rod 

annulus volume fraction of the composi'te rod 
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PARAMETRIC RESULTS 

To i l lustrate the variation of the temperature field i n  a rod heat f l u x  

transducer positioned vertical l y  i n  the earth, Equations (1 0)  , (1 2) ,  (1 3). 

and (14) were evaluated for the following range of parameters: 

Geothermal heat f lux (bb) = 2 x 
2 1  = 6 feet-(1.83 meters) 

cal/sec cm2 = 2 HFU 

d = 4 inches (0.102 meters) 

' k range: 0.05 t o  100 B t u / h r  f t " F  (0.0002'to 0.40 

ca3 /sec cm"C) 

k-range: 0.1 t o  1.0 B t u / h r  f t ° F  (0.0004 t o  0.004 

cal /sec cm°C) 

r range: 1 t o  9 feet (0.305 t o  2.743 meters) 
0 

, The results of these evaluations can be seen i n  Figures 2 t o  13. 
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A. Application o f  Solut ion t o  Geothermal Heat Flux Measurement b , 

The t h i n  rod.so lut ion derived above can be used t o  re la te  rod trans- 

ducer temperature measurements and the sought f o r  geothermal heat f l u x  i n  

the earth where the transducer has been positioned. 

boundary value problem described above contains two unknowns, namely , the 

thermal conduct iv i ty o f  the earth, k, , and the ve r t i ca l  earth temperature ' 

gradient, b (the product o f  these two quant i t ies  being the geothermal heat 

f lux ) .  

from the predic t ion equations, 

s ing le transducer. o f  known conduct iv i ty are used i n  the evaluation, o r  one 

Speci f ica l ly ,  the 

There are two ways i n  which the two unknowns can be evaluated 

Ei ther two temperature points along a 

- 
. .  

h, temperature po in t  each f o r  two d i f f e ren t  transducers o f  known thermal 

conduct iv i ty are requi red. I .  

. The resu l ts  shown i n  Figures 2 t o  13 have been translated i n t o  thermo- 

p i l e  voltage outputs f o r  k,= 0.3 Btu/hr f t " F  (0.0012 cal/sek cm2"C/cm) 
2 and 1.0 Btu/hr f t ° F  (0.004*cal/sec cm OC/cm) f o r  a range o f , p r a c t i c a l  

junct ion sets, rod' thermal conduct iv i t ies and typ ica l  geothermal heat 

f lux values, The resu l t ing  voltages f a l l  i n  the 0.5 t o  1.0 m i l l i v o l t  

range and are large enough t o  be measured by potentiometers without 

ampl i f icat ion.  Deta i ls  of the thermopile design w i l l  appear i n  a subse-. 

p . quent report.  

I 
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t '  

The thermal resistance R,is an important parameter . in  the rod solut ion. 

The var ia t ion  o f  t h i s  quant i ty w i th  ro f o r  a given k,and ri i s  shown i n  

Figure 14, together w i th  the corresponding Re var iat ion.  

Re quickly becomes invar ient  w i th  ro, the resistance RLcontinues t o  i n -  

crease w i th  ro but very slowly a t  la rger  ro values. A calculation*shows, 

f o r  example, t ha t  f o r  k = 10 Btu/hr f t "F ,  the temperature a t  the end o f  the 

rod changes from 0.32OoF f o r  ro = 9 ft. t o  0.297OF f o r  ro = 20 ft. (a seven 

percent di f ference) 

Note tha t  although 

! 

The l im i ta t i ons  o f  t h i s  model w i l l  be fu r ther  discussed i n  a fo r th -  

coming repor t  where the complete heat t ransfer  system i s  represented by 

a two-region Laplace equation set  which i s  solved numerically. 
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