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INTHUDLY110N 

In tiu- s tuc |v oi t h r e e - p a r t I c l e ^ a t t L - r inn t h e o r y , many s u b t l e r t e s 

of quantum r n e . h . i n i r s r e -qu i re c- . i r t ful a t t e n t i o n for c a l e u l a t t o n s , Through 

t h e unde r . t a n d I n s d f t h e t h r e e - p a r t i r W- tfcattcrinn p r o b l e m , one c a n g a i n 

i r a l R h t i n t o t h ' f a u n d d t l a i i t i of quan tum m e c h a n i c s ILS a p r e d i c t i v e s c i e n c e . 

The t h r e e - p a i e c l e p r o b l e m p r o b e s ch»* p r o p e r t i e s of t u o - p a r t i c l e f ' s t e m s , 

at , u t l l a s N . T v t s a s J g u i d t t o t h e u n d e r s t a n d i n g of N - p a r t l q l * p r u b l r o s . 

A d e s e n .* ion. of c e r t a i n p h y s i c a l nys t* ra s o f t e n d e s c r i b e d a s t h r e e -

p a r t f c U ' bound s t a t e s { fo r i < i f " i . c b a r v o n s , t h e t r t t o n , e l c « ) c o u l d 

e x t e n d . h e n r e t t r . i 1 I n s i g h t I n t o some of t h e f u n d a m e n t a l s y m m e t r i e s pf 

n a t u r e , 

The f o r n u l a t l o n of a c o n s i s t e n t t h r e e - b o d y quan tum mechanlcH was 

a c h i e v e d In a noc r t U t U l s t i c c o n t e x t by Fadduev 1 w i t h c o n s i d e r a b l e 

i u i h M b J t I r . i l r i j t u r . Paddeev d e f i n e d J s p e i i M i r t h a n n e l d e c o m p o s i t i o n of 

t h e sv i t i ' r a tliroue.li u h i r h phvAlr . i l i i b r e r v s h l es c o u l d he e x t r a c t e d * w i t h i n 

A HaaJ l t n n l ^ n s e a t u- r 1 un t h e » r v . T h u s , Riven t h e F.iddoev e q u a t i o n s , 

w i t l ] s-pff i f l e t u n - h u d v nc a l t e r InR i n p u t , unc in p r i n c i p l e o b t a i n s s e l f 

c o n s i s t e n t tt»rL*»—hndy s r . i t U T lrt£ aiapl 11 urfes . 

A? m i B i t r l e a l and a n a l y t i c t e c h n i q u e * d e v e l o p e d t o s t u d y t h e 

t h r e t — p j r t irl«? p r o b l e m , ih«' t.t (f iTt - i i r i ' s hi-twt'en tun and t h r e e p a r t i c l e 

d v n . i m i t s hecK-ie- r.r *• a p p a r e n t . Thrt iu^h an a n - i l v s l s of t h e c o n f i g u r a t i o n 

«[>u. e e^'J-'- -«m.i f o r t h e wave f u n r t t u n , H. !'. KHVOH* n o t u d i.\\{\K Umft 

r.trtj>e e f f e c t s o i ' m • in t h e t h r e - e -bodv n v s t e m even i f a l l p a l r w l . s e i n t e r 

a c t i o n / ; ."ire s h o r t r a n g e . T h i s e f f e c t , c a l l e d hv Nrv/es " t h e e t e r n a l 
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triangle," changes the interaction between a given pair. If a third 

(interacting) particle i s brought into the system anywhere, regardless 

of the range of the forces involved. By examining the scal'iig behavior 

of the Haniltonian eigenstates in the cjse of resonantly interacting 

part i c l e s . E f i u v 3 ' 1 ' determined that the actual nuarer N gf three body 

bound state solutions can berojne lar^e 49 th*r isasnitude of the scat ter

ing length jn| for a. pair becomes large relative to the scale of 

forces r ; 
0 

N =* ± log ( U [ / r , > (1.1) 

for Ef̂  « lJr

Q* ^aU three-body binding energy. This effect would 

remilt In a logarithmic grouch in the number of three-body bound 

states as the two-body pairwise binding energy decreases to zero. 

Efijnov5 subsequently demonstrated that e f fect ive ly there i& 3 long 

range (I / f i 2 ) potential which i s responsible fir the e f fec t . The range 

of the bound s tates in large compared to r.,. These results are con

s i s tent with the eternal triangle effect discussed by Noyes, v l th ir 

the contuxt of the kinematics. These effects appear in the low 

energy l imi t s , and thus should be consistently reproduced In a 

Covariant formalism. A rigorous treatment of th is effect wi l l be 

presented within the model to be examfned in Section tIT-A. 

The development of a r e l a t i v i s t i t a l l y envariant formalism 

requires that additional sets of constraints be s a t i s f i e d , as well 

ss Introducing -he complicated analytic structure of re la t iv i s t f c 

kinematics into the theory. An important question Is the choice of 

the covariant propagator which reduces correctly to the non-re lat iv i s t ic 

"'** -" 

i 
s i tuat ion. Often rjlculatlun*. i;ive been done using the &1ankenh«cler- j 

Si-itar prescription.^ Braynhav7 used a propagator which involved a 

linear difference in the fi>ur-moiiientusi variables , such that the form 

of the equations sat is fy certain clustering properties. A propagator 

similar to that or Brayshaw l» u*ed In the development of Section II-A. 

What w i l l be p r e ;nt*d Is .1 general formulation of a consistent 

r e l a t i v i s t i c quantum mechanic's, along with an Investigation into the 

properties of a particular model involving separable, zero-range two-

body Interactions. The formulation of the r e l a t i v i s t l c problen In 

terms similar to those presented by Faddevv wi l l be the topic of 

Sections U-A and II-B. Section II-C wil l present the particular 

development of the model being explored. The numerical and analytical 

results of che model wi l l be examined <n Section I I I . 
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K'iHMi:./i:iu.v nr BASK. &JlA.iIuNS 

A. ^ U L U I Jvve i 'paen_t. yl ' . i - v a r l a n t T h r e e - f a r t ^ n . - E q u a t i o n s 

HIL- i v s i e o ti> be i rDr t s id f r td --11L t u n s L s i u t u r e e d i b t i n u u i s h a t - i e 

;>arr i i it.-* &£"•«(. i j i t r d !•-•• mciaentJn v a r i a j l e u and .1 mads ^h«-ll c o n d i t i o n . 

Hit ; . - i r t i c l e u ' - i l l Dt l a D e l e d uv L J I In i n ; : • * ! , [> ,< . , , . . - t i i c t i w iL l 

taiv' in v a l u e s from J t u J. h j u r - v i - ^ t o r h « i i l t>v d e n o t e d w i t h a r r o v s 

and i t . r w e - v e t t o r s w i l l he u n a t ? r s i . r i ; » t t d 

it • U . * J a a - a 

k • S • ra * , w h e r e I • § * W - ^ * S U - l J 
a a a . -

i • t o v a r i a n t a t a t e s 

The n o n - i n t e r a c t i n g e l g e n s t a t e s r w h i c h am be r e p r e s e n t e d a s a 

d i r e c t p r o d u c e of s i n g l e p a r t i c l e s t a l e s , w i l l be d e n o t e d 

- l ^ l ' ^ 2 L 2 ' ^ j t - j ) a n < ^ u L l l s a t i s f y tht- f o l l o w i n g c a r t d i t L u c i s ; 

• , S I ^ l t l : * 2 l 2 : ^ 3 • > > • & ) : 

i (2.2) 

" ^ T j T T - l ^ l ' l 1 - k? L2 : hLl ( ^I'l' *jV -/3l 

w h e r e t (k ,m ) ^ \l It"\ m" - E. t& t h e mass s h e l l c o n d i t i o n . a - a ' a ' \ -<i a a 

Tin.' p h y s i c a l p r o b l e m w i l l be • jKaoined In t e r m s uf b o u n d a r y s t a t e s 

w h i t i i ^ . j t l s l y cne a s y m p t o t i c c o n d i t i o n s . W i t h o u t l o s s of g e n e r a l i t y i n 

i h f f u n w l i s m , i t w i l l t>e a s sumed t h a t o n l y une bound s t a t e c a n e x i s t 

f u r eai.ii o£ t h e p a i r s . The r e s u l t s w i l l be e a s i l y gene r a i l z a b l e t o 

i n c l u d e cue e n t i r e d i s c r e t e f i n i t e s p e c t r u m of « a c h of t h e S u b s y s t e m s 

In t h e i a s e t h i s c o n d i t i o n d o e s n o t n o L d . The p & s s l b l u a s y m p t o t i c 

s i t u a t i o n s c o n s i s t of b o c a d p a i r s w i t h a t . d r d n o n - i n t e r a c t i n g p a r t i c l e , 

o r t h r ' - e n o n - i n t e v a c L i n g p a r t i c l e s . T h e s e b o u n d a r y s t a t b . « w i l l be 

r o p r e s u n t e c l a s f o l l o w s : 

| * : k t ; * (k p , c u )> 1 a - a a r a - a V'' 

iV fti'r *2

Ea' h ^ W 

w h e r e r- r e p r e s e n t s t h e bound s t a t e of t h e two p a r t i c l e s o th i? r t h a n a ; 

t h e s e p j r t i c l e a w i l l be l a b e l e d a - and a + . The e n e r g y of t h e bound 

V p » T p 

k + _ . whe re k I s t h e t h r e e - m o m e n t u m ol t h e 
' a .1 - a 

p a i r s t . i r e . The t o t a l fnur-iiionientuiii tn t h e . s t a t e ' l } i s r e p r e s e n t e d 

http://eai.ii
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So43*, - W ^ - * + -- * *i ) *« t ^' *«-' V 
where *^<k , k _; u J i s the p a i r bound-state covat lan t uave funct ion. 

The ful ly in t e rac t ing s c a t t e r i n g s t a t e s w i l l be rcpresentablc in 

terms of these boundary s t a t e s . The fully i n t e r a c t i n g s t a t e s w i l l be 

e lgensta tea of the to ta l four-aosKncun operator: 

to. L ( 2 , i > 

where P ( [ ) ) - ^ k_ n and P aO aO ' a t -'a-'• aO aO " 

The difference between the In te rac t ing four-Twrnentum and the non- in te rac t ing 

four-HOtnentum wi l l defLnc a quant i ty which determines the na ture of the 

in te rac t ions 

for eifcenstates of three momentum. In the t h r e e - p a r t i c l e center of momentum 

system [J-CMS), the s t a t e s take on the following form-

'AK*' 1 ( V l ; ^2 CZ ! ijcJ>- CH'9>) " BI*P > : <Vl.: * 2
e 2 : h'l' - tH-0)^ 

C.J) 

In th? eas* of only pairvise Interactions the tern H' can be decomposed 

intD pairwise functions as follows: 

" " ! > / -F f V: 

(2.6) 
2, P roper t i es of Resolvartts 

To study the r e l a t i o n s h i p betvuen the eif>enatates ( u^e w i l l be 

nade of the resolvancs of the faur-aonenEun opera tors defined at 

follows: 

c^fQl = [q - cfXI - ^ ] " V ^ t ? N , - Q> 

Ga(Q) = [Q - < * a - 0 > ] _ 1 l ? O l 3 ( r ^ - Q) {2.7) 

where F - ? . . . * • § ' 9 IS I ,1 

which will be well defined equations fpr la L)D j* U. In the three-

particle CHS, these ran be expressed: 

cyz.O) - [pjjj + H^ - z]" !\r Ai R j(z) ,(5 |i i:.» 
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\-* ,.T.-v :.n,--i v wt-nl l.tnt-t). ' la . . - all -ivst.-is L.T luv.irianl sraTtrS 3r. tl.r.-*--

'.'s!nn ttH-sf rotat ions, rlii" fully interact inn * intrastates, uhf.-h satisfy 

th*: asyrEpiollt boundary <-rmd It Ion* c-in b«- ^pressed formally as fallows: 

• ( ' ( M . f l ) • 11m • i H • 1 ) 

. * ' ' ( . i . . , 0 ) . • I Ira • : • * • I -

• ; : lt • ' { , : * - B. (2)1!' r. : ?-

V '••• > V ', + V, - \W[Z\>,K] V L' 

T a b l - 'ah ' V M : , ( M ' Q " 

and monuncwn arguments in tin* stiiti-fl hjut' been suppressed. These 

equations ran lie reex press erf in tftfc form 

i*!"1' « y , ; V r *,<,>.<*•<» 
l l o ( - i n )R F (H • i n ) , ! , : ( ^ L j ; I t 2 L j ; k j . 3),(.M,0)V< 
rr*o 

t ) J ' ' (H .0 ) ! t Q : t k 1 M ; k ^ t j ; k y ^ , (M.O) 

! i . i"' : ( k . V *,<-k. lM5> * 1 1 " ( ' ' " ) V ' . 1

 + ' , a 

It Is .,Jv int.iii'.'Oiir, (.». examine some properties of the resoLvantn, 

.liftf*. tlio^.- will h ivf ;llr»'cc rvltvimcc tu tli« [iroptfrtles <. f the system. 

iuppofio linL • nlv < ;i-iir IntcT.i. ts t .ind the third par t ic le aQ acta 

i"»nW .is » "•ijiftt.iti-r • " One's plivsUal inruitUm wouLd suspect that 

this p/irtit:u|,ir Ltirt-tj-hodv system should he have lust .TS thougn the 

spectator Lvri: nor preftmt, and th.it in the DAchemutleal expressions 

JcSL-ribintf the [<rnceSH Lhe parameters Involving Lite Spectator should 

not a l te r the two-n;.rr ic le nbsur'vableR. Tim behavior of any of the 

rtsolvancs £R 

uh - 1Q • ^ a . + \ m ~ bf] <J°*V 0 + *, - 9> (2.11) 

where P a is the fuur-vwme-ntiiiri operator i>f the (a •*-, ar,-) pair 

*,ub«yfit*-in. | r i the cis* lietnft described (uhltti will he ^allcJ 

"cluster inn") the emmencum \th will roranin unchanged, ihe center 

of nooentura $yst«m for the pnir (2^ -CM5) will b« described by the 

four-vector Q_j -CHS u l t n components 

l . i ' ^-i * C 2 * 1 2 ) 

acid Lhus the rettcW.mt t; ctm be denoted 

<~a ' v . 

t=tll, ,„.> * B • 47. 1 - . V c - 7. T 1 & (F : (2.13) 

where P a apernnert fvnly in tbe two-pnrlkcle space. Kx.imlning this 

expression It appears that tht form of CIIJR renolvant is identical TO 

what uould appear In a purely tw*)-part if le &pa<:e, Slnc^ the scat ter ing 

http://th.it
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tigeriBCaeeR of Che full system depend through the rvuuUant upon the 

boundary 9tatcs, Chen If L.ie boundary states satisfy then? (-Luster 

conditions so will the full scattering states. 

The operator* P and P are self adjoint if chey are to be 

physical observables. This property reflects itself in tin* following 

properties of the rftsolvancs [Hubert's Identity): 

R<Zj) - R(Z 2) - (Zj - Z 2 ) R < Z 1 ) R ( Z 2 ) 

Othnr p roper t i e s a lso follow d i r e c t l y from the d e f i n i t i o n : 

R*(£) * R(Z*> s t a r denotes complex conjugate 

RpfZ) - P 0 (2) - BQ(Z) H'Rj.tZ) - R„C2) - RpUl H'Rfl(7.) 
<2.15) 

R F(Z) -R a CZ> - - S ^ . ) [ E ^ b H i ] B a C Z ) 

R a(Z) - fl0(Z) - R 0(Z) H^E atZ) 

These r e l a t i one wi l l be useful in determining amplitudes for the 

Variaus physical processes. 

3. Amplitude!! and Channel Decomposition 

The envariant p robabi l i ty amplitude fat s c a t t e r i n g from .iHyraptotic 

i n i t i a l to f ina l s t a t e s i s given by 

(2.16) 

''—"rtjjflllBii r-

- i i - :~. 

ulipre- Greek indL •'•.** <s, - , . . . u l U take on •.-•liu-* j r.-r - , .itij I -"' 
•i 

mntnL-ntum . i rKuments t 1 ! clit' M a t t - s h a v e ht-en , . . f>r, . ,!. •..>!•., (' r ' f v r s 

t o tin- f on r - n o m e n t urn of i hv t-.:r • : L u l a r sv^ t em fXamirn ' i ! . TV. *.t i t t a r i n g 

" P ' T . i t o r w i l l by i t - l j t c d t o t h e t r a n s i t i o n op«*r n ^ r In t l i r ; . . | l ^w inc v a v 

S ( P ( C ) ) . 1 + 2 , i 5 4 ( ? f i - P ( 0 ) ) A ( ? ( 0 ) ) I . M 7 ) 

The components of the scattering operator between boundnry state* can 

be obtained from Eq. (2.16) as 

S a 0(Q) - n W ^ Q H ' j " 1 (Q) (2.18) 

Fr&m Fq< {2.15), the following Identities can be shown 

b P 
<2.19) 

[l - ap(z> H ' ] [ I + RD<Z)«'] - 1 

L'alnK choao l d o n t i c l . s with Eqs. (2.9b) i t f o l l o w llint 

i V V ' 'V , : Z 2> - - | R r e Z l > - R F ( Z , ) ) E * a b H ; ! ' , = <., * >,^ 

(2.20) 

Th* overlap amplitude can nnu by expressed: 

(2.21) 

where the Pperdtof P : # . The phvslcal tiv*rl.ip .impl Itudes .ire: 



' f ( + > :r 0; ?<->:r° , .(,<+>: p 0!,-<*> :p° • + a s' B (0) 1 5 £ <0) 

j """: -^>>"r > ! p : ! '^ . ' ' ;> i««= i , ;„ 
<:."> 

Thus, th* cw^ri-ant probability amplitude Into boundary states can be 

written an follows; 

<'i*'ffX""'^,>»-<fr<vi'?)<w'• 
2 - l i < ( V f i H ) ( V V u r f ( V i « s ' ' , D ) ) ' » 

(2.23) 

where the amplitude ( ^ Q I A ^ I * ^ repreot^is ihp transition aapllcude, 
and Is expressed: 

p ( tA.-r(D)><».< ? .> , i , S , <viv ? (o)» 
< r r > { V l l ( D ) • 1 # FI" V>* ( P , ^ > > 

The states |*̂  (PBJ) will shortly be shown to be covarlantlv artho-

nornal, and thus the amplitudes involving A-g represent the physical 

transition amplitudes. 

To develop equations for the amplitudes, consider the Llppman-

Schwin&er equation for the operator T In the 3-CMS: 

« 3(P - g)T(4) - H r - H* R 0 ( Q ° } « V - (JITCQ) (2 

Q - ? 

(Z.Z&) 

fhe channel decomposition proposed by Faddnav1 for a system with only 
patrvlse Interactions, 

*• • £ "> 
Involves Che definition of T as: 

3 

T<Q°,0) - Y T b ("° .0) (2.27) 
4,b B l 

TUi*e components satisfy the sets of equations 

i , ( ? " 9> T.b «> " s«b"l " W ' ^ ' b <2-2i» 
which can be reexpressed using Eq. (2.15) as: 

* 3<? - O T a b tqi - s a b»; - H ^ Q " ) ^ « 3
C ? - Q)T C | I((J} ( 2.: 9 ) 

c 

Operators t can be defined for the subsystems whici. satisfy 

5 3 ( P - 9 ) t a ( q ) • » ; - H ^ ( Q " ) H ; 

(2.JO) 

" K'a - B ) o l 1 ° » 3 < r - 9)'a(Q> 

These equations can be rewritten 

[1 + IM.0<q°)J63(P-q)Tab(Q) . ̂ [ ^ -Bjtq 0) 2 « { 3<p- ?)T (q)] 
c 

[1 + H aR 0(q Dl« J(P-Q)t a(Q) - n n 



and the equations foe T can be cast into a form dependent only on the 

quantity tfl 

Tab<<*) " S a b V 5 > - V 5 W H > £ ^ o b ™ c 
U . J : > 

IW) - £ ! T-b<3> 
a,l< 

Using Eqs, (2.25) and (2 .15) , the ful ly Interacting reaolvant can 

be expressed In terms of the operator T 

^yW") - R 0(9°) - RjCQ")^ (P - Q> TtQWjW 0) 
(2.13a) 

« C n (Q) - GN I(Q) - 0 N I (Q) T(q) 0 ^ ( 3 ) 

Similarly, the "channel" resolvent can be expressed In tare of t g 

B a(Q°) " * 0(Q°) - R„(Q°>4 3 <P - Q) lm (QJRotq") 
(2.33b) 

The relatlop-. (2.1*) Imply conditions on the operators f . through 

Eq. (2.29;. Using the easily verifiable relations (for Q - 0) 

(2.34) 

X ) I K!Q) * 3 <? - 9> "„ <Q°> • H^ Rp (;°) 
c 

the ?orm of the Hllbert Identity In celdtlon to the npetdtom T 

fi3(P)T3bCZ,0) - 4 3 ( P ) T a b ( 7 ? i 0 ) 
U.35) 

<72 " V £ T « l C V ? ) d V } V V " 'VVJ^W^-S 1 

j 3(pjc aaL,o) - o3(j)tacr,.a) (2,36) 

- Cz2 - z 1 )c a tz 1 ,g)f 3 <P)n,(z ] )R u (z 2 )5 3 tP>t a (z 2 i o> 

B. Physical Obaervafrlea 

1. Interacting Elpeas ;atas 

Once the ftingularlty structure of the operators Is determined, the 

relationship of the operators with th« physical observables of the systei 

can be extracted. Examining Eq. (2.52) the expTeaslons for T . can be 

dlagranawtically represented: 

Th* structure of the ful ly ( three-partic le) connected piece wi l l be 

examined. 

"ab(5> H Tab<« ' 'ah'A 
A formal relationsnip between cpeiaecrs and observables can be 

established using Eq. (2-10) exr t ssed In the form 

(Z.3fl> 



'»'">: + . - lin R_<i + L t I-) T P " - t - f * i J i * : . -f t 

c 'C ^ r c «e I c c -c J c c -c , 

The reHolvanr f.m be expressed, using Eq . (2.33a}: 

RFiri - R,(7J - R,(Z)Y2^ 3CP)T a b(Z.O>R.fZ) (2.40) 

Using :he*te express ions , the fully In t e rac t ing ulgensrate which asymptoti

c a l l y represent* three non- in terac t ing p a r r i c l p s tan d l r e c t l " be represented 

' ? !~ > C !Vi ; ^V S t 3 , , ( ! , , ? ) ^ " f1 " i i n R 0 C H ' i n > <2 .41) 

-y^A 3 CP>T a b <M i l ' i , 0 ) ] i e t f : <fc^ x ; k z*- 2; k j t j ) t (M,p)) 
ab 

To determine formal expressions f v r ful ly In t e rac t ing elgen&totes 

which asymptotically represent A ho.ind pair u i th a th i rd par t i t It*. «is« wi l l 

be made of the ful l reso lvent expre^sei in t e rns ot the "channel" reaolvants 

a ab 

The acetone of the rvaolvaots ft and K on the boundary s t a t e s can he 

determined 

n-*o u -1 (2.44) 

ac • c c "cy 

Use will IK nadf! of the operator K . formally defined by 

Mich these relations, the fully interacting algensrates are 

' Z / 3 " ) * '"> ( t i> *:"b ' i " -2 ) ] | , b ! *bV V"SbW> 

Thus the operators which transform the boundary state* into fully inter

acting eig'.,ns'J.ites can be expressed 

^>(<Y„) - 1 - i i - S t ( ^ > ' " - . !< ( ) )53 T a b(p» o ) * l n . ; ( 0 ) ) 
ab 

" 1 ""° "Hi''" + E"b * "-IS + lS> 2 V'b + 'Mb * i n - h + £ 
Neitt, formal expressions u l i l b« developed for operators which d i r ec t l y 

y i« ld physical ampli tudes. These amplitudes wi l l be tx t r ac ted from operators 

Expectation values of ^f between boundary Sla tes contain information on 

phyAlcal observables through EflB. (2.10) and (2 .16) . The following furraal 

^ e f i i i t i o n s w i l l be made: 

cNi(5'«ab<5>cut<5) = c

N i < i K b < K < i 5 > 

I.alng expressions (2,40) and (2 .42) , the following sees of equations cfln be 

ah'.wn valid 



AMKFF^'' 
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W W - W^„eui-9: V?> W 

" W I1 + \z~TT " R 0 « 2 ) 1 « 3 ( P ) T ^ 2 . 9 > - ! 3 (P)itz l ,o) 

- W VV + £[y WV " W W ] + W 

ab 

" WV*2>+X[WW ~ V71>W] * Z W 
a ab 

- VVW + £[VVW - WVV] 
a 

Vlth these re lat ions , by cleverly choosing the l imi ts on the parameters 

Z. and Z- t che anplittides in Eq. <2.2j) Tr> be dett'iarlnad 

-% 

ab 

where 

< V ^ l C r ^ 2 ' b 3

£ 3) ' 5 (F ) | A 0 < 0 ) ( 5 (F ) ) l * C

i l i lO f

l o i -VzO : !>0 30>-V)> 

ab 

} k - F,-^ • % " it. a free ^synptoClc DCatefl 
a b 

a 

2 S' " ?<» " ̂ o + "Sc breat'"' 
a 

<V S .V *a (^Sa> uio >( s ;<c))l*p--<!!i 0

E

1 0 ' . W a r V » > - f « j > 

b 

'a + ^ - P'(C) * 2 *»• C O"1"" : e , , , : , ! 

b 

It + k - t(vy - k . 0 + k: e las t ic and rearrangement scattering 

(2.51) 

file:///z~TT
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2. Primary S i n g u l a r i t y Off Che Amplitude* 

The s ingulari ty atrueture of these amplitude* m i l n i to be examined. 

Conaldar f irat the operator t - From expression ( 2 . 3 0 ) , the behavior of 

t in the v ic in i ty of a bound pair can be determined 

- / 
d V k . ' Ot'r *,'i» ^ m . i y w •.<£'«..>> 

a.sa.) 

(2.52b) 

• <V *.* *S£'-l,> I ".ISIO'KT W20= *30<M> 
+ (ten non-alnguiar for Z + c + c u ) 

Ualn* Ch« expressions (1.3), thl» c«n be vrictea 

"<JlV h V b e3l* 3 lr> t.B'!>ISlO c10 ! b0 c20 : b0c30> 

' < .o s V. - S . , ) ' * . . ' ' ^ • <t.. - ^ - V . » 

- ( t 1 0 * E20 * £ 3 0 ' ] 

A normalization condition can be. determined £ot the bound state vava 

functions. By considering the expression 

1 1 B lin 

' <*iV h '2 ! S 3

E

3 IVV s 3 ( !> t . c z i - °>VV 

« « recal l ing Che re l tc lon (2 .36 ) , Che following n o r u l l z a t l m condition 

csn be dcterklasd 

I'-
Ta examine the singularity structure of V . , the equation s a t i s f i e d by 

W^ can be determined using Rq. (2,32) to be 

which appear In a l l orders of Iteration ara called "primary s ingu lar i t i e s . ' 1 

The«e s ingular i t i e s ara dun only to thw factors from t and t. . Using 

ftq. (2.S2t>> with thi' definit ion* ( 2 . 4 9 ) , expraailona obtained for tb" 

operator* K b and U . w i l l ba free of primary s ingular i t i e s 

* <Sici* b*2» V 3 l w ab ( z ' ?> lho £ io : SaoLao: boc3o) 

- - ( V ' b i ' r b2E2! h £ 3 ) -( p (o) 'S)l K ib > l So + Si,o.o)l* b . SfcoS,;•b<-*w,.«ub»>> 

" • t ' W W "b> [*10 + c 20 * C30 - S o - £Ub«] 



UK/" 

Urn {.I - z - r ) 

* <V *aV V-S.W^i?^ + <*«'«» V *bO£bG; ViSoeKb<>>> 

" * £ < W W Ub>[elO + C20 + E30 " EbO ' S b 0 ] < 2 ' 5 5 b > 

a *"a b fb 

The discrete fpectiun (H.3 of P* £ w i l l correspond to poles in the f u l l 

resDivant P-p(M )_ Thus, the solut ions to the bono gen ecus aquation w i l l 

correspond to the discrete eigenvalues of E__ 

G p i(ii) - -0 H I (5 )T(^Q N I ( (5 ) (2.56) 

The projrecor onto the discrete spectrum of ? w i l l be denotes ^ * _ * s c c e c e * 

To end eh* discussion of the ful ly- interact ing system. It should be 

noted that the relat ions (2.47) or (2.50} can be used to exsmine on she l l 

orthogonality and completeness re la t ions . The operator expressions obtained 

are 

where \ is the unit operator of boundary state |* } 

2^ a y o ' ^discrete 

3. Crows Sections 

A f inal connection wi l l be made with the amplitudes examined sad the 

standard cross sec t ion . The probability flux into a Subset of final s t a t e i 

can be written 

- 13 -

^probab i l i t y flux) • JTQ^ (2.58) 

where JF i s the Incoolng probabil ity flux per unit ared, sad to la the 

apparent cross sec t iona l area. This expression can be rewritten 

With the given s t a t e normalisation and covaxisat f lux , the standard co -

variant d i f f e r e n t i a l cross sec t ion i s 

".'here k . . . 1* the four momnntua °£ the incoming subsystem J. 

C. Minimal Three-Particle ttodel 

Given the analyt ic structure" of the matrix elements of ths operator t , 

one can In principal use Eq. (2,54) t o determine a s e t of equations lor the 

matrix elements of the operators w

 b » from which physical oriervablas can 

be extracted- Tha equations for T and W . w i l l be recalled for the 

present discussion 

c (z.*i) 

c 

TH=- input from the two-particle subsystems i s through the scattering 

operators T which occur In thu two-particle space, and from which the 

operators t are obtained as fol lows 



< k t E r S2cz! S s ^ l ' . ^ u f i o ' *20e2O; *30E30> 

- l./«. - WOE*'*' i -V 'V 5 - VfSwcW W.-o) 

The operators t are the l e t t e r i n g operators Which would occur In a purely 

two-particle theory. The rtsoLvaat w i l l hwve Matrix element ft 

<h' l : &2- b ^ l ^ ^ H l o ' l o ' bo'M' *30£30> (2.63) 

^ o ^ o ^ c - 3 ' f , t 3 ( v . 
j , ^ - 0 * L *D - a ^aD' a-1 

Theae equations w i l l be examined In the three-part ic le center of 

• n t o t u i system. In the 3-QS the parameter Q w i l l have the on-shel l 

behavior indicated 

' K B • W * I 0 - ? ' • ? ( 0 ) 

The behavior of the Matrix elements of the operator V . ' l c the free (noa-

luteractlng) part ic le basla with th is paraaetrlxatlon la aa fol lows: 

T r ' ( i !^ . - i^ 0 ! ; , -o ' <H - ' . .•-Wi^fewtb-libtAHi' ( H - ebn-lh,n>) 
« * h . + s + «* -« - i0> 

6'<k' + k' + k ) 
• r n r R - H'--IO ^(aJtUiHoibfvSb-os (M-!>) 

e 1 2 £ 'h + - 2 ' Z + * 3 * C C " f o r l w 2 * 3 S 7 c l l e -

1. Equations for Separable Two-Body Input 

Equation (2,64) represents a general integral re lat ionship of the 

elements of W . to the elements of * . The equation Involves, an Integration 

over three components of momentum, which could produce numerical complica-

tlona- To simplify the numerical problem, i t w i l l be asaumcd that the two-

body Input ^m be written In a aepaxable form: 

a -a+-a- ' -a+-a- "a (+) + * } 

a *Ha a 

Trie parameter 5 w i l l be written in terms of the two-particle on-ahel l 

invariant rest energy 

W-<*(„-*.)•(*(,)-*.)«•. «•"> 
From Eq- (2.64) i t d irec t ly follows that tfa« elements o£ V^h can be written 

in terms of a reduced amplitude W. 

"S'feJt^S^lWibMSh-.8 "-i (2.67) 

The equation satisfied by the reduced amplitudes la 

& r k ik. • » . < < (^W«b^-it.) 

(2.68) 
_ _ f d V g'Ck'.-k -k')g„(k .-k'-k ) 
V ^ T J c feav-c' -a -c' nc -a' -c -* A /fci t . M v 



where . 2 i, , i Z 2 

ac ' - a - c ' ac 

I t I s now advantageous to perform an angular momentum Attorn?jniefon 

t a reduce the number of In teg ra t ion v a r i e t i e s . The reduced amplitudes can 

be wr i t t en in terms of angular momentum components 

K^K- » - L *£* pA • w»>.'wH> ( z - 6 9 > 
tiaing soae of the p rope r t i e s of cht functions P , U ) 

2 i i - j 

r 

H 

The equation for the angular momentius components of the reduced amplitude* 

" W w ">" -*"* J JC-b s„«.„'[=. + s

 + c.b«.i>> - M - 1 0 ] 

(2.72a) 

then El- (2.71) can be expressed 

".b^Ao' M ) - - 2 l , « . b R . b < V b ' » + «.72b) 

k ' V (V .k'; H) ,. k '-R" ^k , k ' ; H) 

c J c c c 

2 . Model Aasumptians 

The s p e c i f i c model for the two-body input t o be explored reduce* In 

the n o n - r e l a t i v i s t i c l i m i t to the caae ±& which th* p a i r can lstaracC a t 

zero range only through zero r e l a t i v e angular mown t u t ( • - « « « * ) . The 

covar ian t model can be represented Uy amplitude* t given by 

,<+Yk k ik- k . . it -D). » . ^ 9 ( v : a . 

The v a r i a b l e [q | r e p r e s e n t s the p a i r can tar -pf -aaaa wo—ntuai and the 

parameter a T*ducc» to the In vera* BCatC*rlna, lc«U£C&: 

- l a *l* 

—• • 
a- a+ 

73) 

i , , | J L a a+ a- ' JL a a-*- * -

|[».-<-rt + v > * K - « v - v 1 
.1/2 

—*- - 1/a s c a t t e r i n g l eng th . 

j 0 

( J .74) 



The iiodel has two-body bound s t a t e polea when the invariant cm-shell pair 

r e s t energy H 1B equal to the res t masf, of the lound s t a t e u . Tlie 

coupling constants g a re not a r b i t r a r y , s ince r e s t r i c t i o n s a r e placed 

upon them by Eq. (2.6Z) through Eq. (2.1&), This r e s t r i c t i o n can be 

expressed 

Par tnifl m^del, the only in tegra t ion involved i s the two-par t i c l e phase 

k a (Ol 
o ( s ) - 4* * C2.76) 

a a /g 

Prom thin,, it Is easily determined that the function* required for Eq. <2.71.) 

have the form 

IsJ 2 - ti/z-)2 

{1.711 

__!_„ . ^ ( V _ L 

Equations (2.7Zo. ul]7 be explored in this model for the case J - 0 in the 

next chapter. 

- 2? -

CHAPTER III 

RESULTS 

To legin the investigation of this model, the kisimaticfi of the 

equations will be examined. Without sacrificing the formal generality, 

the case of three ktnemaxtcally and dynamically identical, but distin

guishable, particles will be considered in vhac follows. With the 

identification m * m nnd y " u for all a, the structure of equations 

(2,74) simplifies: 

'3a<aa'i - T - n 

(3.1) 

a a ( M ) - a(u) - 6ign(2m-p)|-^- - m Z p 

For t h i s ays tan , the dynamic parameters of the model a re L and M, uhich 

represen t the bwmd/v i r tua l Ht-.ntft mas& of the two-part ic le subsystems 

and the t h r e e - p a r t i c l e center 01 mass energy, r espec t ive ly , The dynam

i c a l regions are schematical ly represented in F ig . I U - 1 . The l i ne 

M - 3m ind ica tes the minimal kinematic s i t u a t i o n with uhich to have 

th ree asymptotically non- in te rac t ing p a r t i c l e s . The v e r t i c a l l i ne 

U " 2M indica tes the kinematic threshold below which asymptotic two-

par t lc l*! bound staTRS may e x i s t . The regions wi l l be explored for which 

the p a r t i c l e s t a t e s m repiesunt the lowest energy s-.atfis, and for which 

pa i r creat ion w i l l not occur. 

p. Three-Par t ic le Bound Statws 

The f i r s t s i t u a t i o n to be invest igated wi l l involve the three 

p a r t i c l e s fu l l ; bound in a J - 0 Btate . The kin.rana.tlc region for bound 

http://kin.rana.tlc


5-body Threshold it / j . hos ra Elostic Scattering and 
Vacuum Quantum Number Rearrangement 

E2) Breakup Scattering 

0 &2k&.i±*•////.-, '////.•'//••• A-/•• . . . : x 

fj./m 

FIG. I I t - 1 

SMtes I s belou thriift-body sca t r a r ing threshold (M n 3m) and bound 

pa i r + spec ta to r threshold (H < u + a). 

1. Form of Bound Sta te E q u a t i n g 

The u i ac re t e spectrum of the fu l ly i n t e r a c t i n g system wi l l co r re 

spond to ei&enstates uhlch sa t i s fy the htmopcnvcur* sca t t e r ing equa t ions . 

The bound s t a t e equations for the amplitude IT™ for three equal masses 
at? 

wil l reduce to three i d e n t i c a l equat ions. The kernel R " can be c a l -
ab 

culntqd from Eq. (2 ,72a) , and a f t e r a Himpic In tegra t ion bei 

k 

" v 
Thus, the relation for the reduce*] -mplitudes (2.72b) c4n be expressed 

as a single variable homogeneous Integral equation 

k " / ! * K ( k , k ' ; H) 

T". \o> H) -: M B ( . . a : M,u 

wBCk: M u) -

H 2 - » 2 

r 2M 

- in I 
0 

• J k ' 

••[*Vi- a -"rl - V - 2 - V ] 
"„£>•; H,M) 

L' - V k ' ? + > 

where tfte i represents the nign of 2n - u. ThP ana ly t ic form of this? 

equation w i l l be examined in the next subsect ion , and numerical so lu

t ions w i l l he presented in the subsection fol lowing. 

^ 

-—«iH 



2. Matheiaatlr^l Constrain;?; and P r e d i c t i o n 

The solut ion* of Eq. (5.3) will consis t of a d i s c r e t e se t o: r.c.i-

aefl.enerale values -H ; tor i given two-body bound s t a t e Class I . i t l t e r -

na t t ve ly , one may obta in .1 d i sc re te sec of two-body bound sc; te nasses 

^u 1 vhich produce a three-body bound s t a t e of ttaes M There v ' i l be a 

maximum value for (he two-body bound s t a r e raaan JJ above which there 

wi l l be no three-body bound sc i re so lu t ions ( t h i s value w i l l be shown 

to be f i n i t e ) . As has been mentioned the minimum valut lor the mass 

u . I s determined by the threshold for e l a s t i c sca t t e r ing u -f a •* u + Q, 

which occurs at M • u + a. 

a < u o l n ( M " - a(H - ») - -j ^ ( 3 B - M)<m + M) 

_ _ (3.« 
. J j ~ s(it-O) 

The fenn of the Eqs. (2.J) allov al_ parameters to be scaled rela

tive to the finite mass a. In srudying the analytic form of tbe equa

tions, it is convenient to use this scale freedom, along with the 

BVBStetry of the equation, to define the fallovLng: 

. k 
<(« 

*_CM) s 

2H 

<Mu (H) ) - -t.u_,„(M>) 

Mz; M) 
N m 2 - | - | V(3« - H)(o + ! 

U ( z , z ' ; M) - U t z ' . z ; M) 4 . | E I 2 

Vl + U*~:)2 + VT+?i- V l t . ' ' - M 
Vi + <=--»* + VT+z2 + V i + z , J - fi 

f i n i t e for S ; J 

with chear. d e f i n i t i o n s , Eq. (3.3) c m he expressed 

e(M) 

/
ell 

{3.5) 

dz' U(z,z'; M)V(z'; H.\ ) - h(z; H)V(z: M,* r) 

0 (3.6) 

The form (3,6) is pdrclcularly useful, since the following relation is 

seen to be valid 

,.*(H) 
<>•,. " *„) / oi Viz; r>,)vr>V(2j M i H,X> - 0 (3.7) 

This condit ion amounts (for non-degenerate eigenvalues) Co an orthogo

n a l i t y condit ion for the functions V(z', K,X ) . These functions can be 

noraa l lze4 to s a t i s fy the condit ion 

/ 

where N(M) t s the number of three-bady hound n ta tas a* energy M. 



Since the system generates a demimerable set of orthogonal func

tions» the parameters of the equations can be explored more readily than 

might otherwise h a u e been the case. To obtain relationships between the 

parameters, i t i s advantageous C" define functions which sum j f t r the 

dynamical parameter X 

N(fi) 
K.X.Z'; H) = J ^ V(z; fi,*r)V(z'j H , ^ ) 

r-1 

K(M) 
A(s ,z ' , M) = y ^ * r(S>v<»; H , i r ) V ( i ' ; S.X r) 

1-1 

i'TO 
0 . 9 ) 

^ - , V(z; M,l iV(z"; H.O 
T(.,.'s H) S JJ - *-

TT-1 r 

da' l T ( z , z ' ; M) d z | 

These functions are easi>y related through Che integral equation (3 .6 ) . 

Using Eq. C3.B) and simple aigeora, the following conditionals are 

obtained. 

[ KC.5) 
Tr U2(MJ + V * - = V 

W 
T j *r<M) < \ [Tr UZ(H) + 1 ] < 3 - 1 0 > 

»CM) 

^ " | X^(H) « Tr U Z ( S ) 

Sinc» Tr Ij (M) i p a l w a y s f i n i t e w i t h i n t h e k i n e m a t i c r e g i o n b e i n g 

BtvdlaA, these equations set f i n i t e bounds on the parameters, vxeepe 

for N(M). In addition, for the specif ic problem at hand, the following 

i s true. 

d\ (H) 

dH 
( 3 1 1 ) 

Th*b implies that the bound state trajectories A (K) aTC monotonically 

increasing, and have one end point along the l i n e * • 0, and the other 

along the three-bod> continuum threshold fi • 3 , which are the boundaries 

of the klnemacic region. To obtain an estimate for the number of bound 

s ta te s , the equation for n(S> wi l l be exsalned. Since A(t ,z ; fi) i s • 

posit ive BBSii-defljilce quantity, the following inequality holds: 

/ - ' ("J / . t 

N(M) - / dz A(z,z; M) > I ii A ( t , i ; M) 

0 0 <3.12) 

for any £ < k<M) 

Cms of the forms fot the expression A(=,z; K) can be obtain'j d lreet l ; 

from Eq. (3.6) 

A ( z , z ' ; M ) - — — | J dl" U(z,z"! M)A(z',z"; M) - A(z , z ' ; M) | 

(3.13) 

A(z,z; fi) E i ^ L . f i i — 0 
h(z; M) «*0 

ihc behavior of this expression is particularly Interesting near 

the rest energy of the three particles. A binding parameter e will be 

defined to examine this case: 



e = 3m - M . C* -= » - H (J. 14) 

Th.i behavior of '.(z,.z; M) for sm-aH z tmd c -t-JatJvt' to unity (nut 

otherwise arbitrary) is dominated by the* F.ii'ior n(z; H) 

small z ! ̂ "max* 3™** ! L> * J 

For sauill i-, ihf factor .-(M) -^ $ / i . If mil? su:tt the parameter C to be 

small t'orapared to un i ty , but a rb i t r a ry compared to e, the tKnressions 

(3.L1') and <. 1 _ 1 3J indicate a s e l l i ng bt'havJ..'f of the number of bound 

s t a t u s with the parameter e: 

(3.16) 

, , f^Ji* UJL&&-.J* l ^ ^ j .«; H) .* -^ 
J M ^ x ; M) e-*0V 3 l L [ >fi 

Q 

If bojTi i s ta t« so lu t ions e x i s t , then t h i f-u.net ion T(f.; M) does not 

I den t i c a l l y vanish as a function of t c r M. Therefore, th-ed? equations! 

have at l*ast a logarithmic growth In the nuaber oi so lu t ions as the 

fhteo-hodv continuum threshold i s approached 

N(e) > <slo (iy varying non-Etirc. function) * i ,ig I ~ 1 
<3.17> 

Thir, r e su l t IK determined by the non-rela t i v i s t l c kinematics, and i s 

cons is tent with the r e s u l t s obtained by Efinov 3 in Eq. ( l . X ) , if one 

r e l a t e s the sr.-trrerlng length to the tvo-hody binding using Eq. (2.74) 

and JlssociaLet; L- as the t h r ee -p* r t i c i e binding energy. The actual 
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numerical so lu t ions exhib i t rhp behavior d iscussed, and wi l l be d i s 

played In the next seer ton. 

3. Numerical Bound S ta i r Solutions 

The bound s t a t e t r a j e c t o r i e s have been ca lcu la ted , and are consis

tent with the condit ions (3 .10) , ( J . I L ) and (3 .12) . The in tegra l equa

tion (3.3) was r<iduc«d to a d i sc re t e matrix equation usittg Gaussian 

quadra tu res , f t with Jacob! polynomials as weight functions, Stable 

sDJutionP for the lowest lyinn s t a t e s wirre obtained using r e l a t i v e l y 

low matrix order (about B * fl). The lowest lying s t a t e s are exhibi ted 

in F igs . II l- '2a and b . Figure TII-2b i s an enlargement of the non-

r e l a t i v l s t i c regicn of M R . ITI-2.- . 

The binding cr.ergy of a l l t r a j e c t o r i e s remains f i n i t e in t h i s model, 

due to thi f i n i t e k inemat ics . The kinematics of a l l s t a t e s i s non-

r e l a t i v i & t i e , except for- the lowest lying s t a t e . Most of the Lowest 

lying t r f j a - t o r y \. i s wi thin the r e l a t i v i s t i c domain oi. the region, 

aith^-igh i t l i a s verv c lose to the threshold for p a i r - p a r t i c l e s c a t t e r 

ing (u + ra ^ y + m). TJirf f i n i t e binding of a l l t r a j ec to r i e s d i f f e r s 

From var ious n o n - r e l a t i v t s e i c models (cf. Dodd 9 ) , for which the lowest 

lying s t a t e s may become bound indef in i te ly* This behavior i s exhibited 

in FIf« I I l - 2 b by thy t r a j ec to ry \. before the r e l a t i v i s t i c kinematics 

become mti i f e s t . Th-trc i s an accumulation at e s s e n t i a l l y non-

r e l a t i v i s t i c s t a t e s in the region 3ni - M + 0, |2m - \»\ - 1 0, cons is tent 

with the condition. (3,17) and with no f l - r e l a t i v i s t i c models, 

B, E l a s t i c and RearranRem^nt Scat ter ing 

The region of Fif,. I I I - l below three-body breakup threshold 

(M < 3m) for which bound pa i r s s c a t t e r with the thi rd p a r t i c l e , will 

- . i i t^Sj 

http://f-u.net
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next be examined. With a giver i n i t i a l condi t ion , there are three 

po&Slble c-uicorat i for the f ina l s t a t e , as indicated in F ig . 111-3- The 

f i r s t s i t ua t i on -jpre&ents c l a s t i c s c a t t e r i n g , and the otherri represent 

renrrangetnent. 

The case of p a r t i c l e s wlch iden t ica l kinematic and dynamical param

e t e r s wil* he examined in d e t a i l . 

I . Form of Equations 

Below th Tec-body breakup threshold , tVie Vemclu R can b# ex

pressed in the fcrm gi^-en in Eq, ( 3 , 2 ) , The r c a r t e r i n g equat ions for 

the .Jiplitude W*\ from Eq. (2.72b) can be expressed 

(3,18) 

*?'-/ dk" S^L£ S . _ t _ . w J ' 0 f l , |k. ; M) 

" ' ' i f f 7 7 ? - ^ -'V-"'"] f" bo 

Since the masses m and u are the same for all channels, there will only 

he tvo amplitudes; a direct (ax elastic) amplitude, and a rearrangement 

(or reaction) amplitude: 

W J"°(k [k ; H) = U (k Ik ; H) aa a 1 ac' ' D a 1 ao ' 
(3.19) 

Uuing these amplitudes, the in tegra l equation (3.J8) ran be discrenized 

into o matrix r e l a t i on and inverted using elementary l i - i t a r a lgebraic 

techniques 

/fb !\\!i> 

Pb 

^ T ) 

Initcl State Available Final Stales 

FIG. I I T - 3 



i \m^ 

W = $ W + N 5 K W 
ah ab gb / -i ac ac cb 

c 
•> -1 (s i (3-20) 

HD - 2K(1 - X - 2KZ) l W l s> 

WR - (1 - K - ZK 2)" V «*** 

After Invers ion , the amplitudes W and HR can be re la ted to physical 

observables as developed In Sec. I I -B . The Folloutng r e l a t i o n s pe r t a in 

to the spec i f i c problem being develojj^d: 

11m (Z - c - t ) 
x l a o v a' 

Z~r +t « o a a& n o a 

.(kfy k 2 t 2 ; k^L î i ,fP>t aCZ.5 ) I^10E10; ho '20 1 ho c30> 

, 3 M . I M / ' * - 1 ? 
V A " !!ao> V>a4 + !ia- + *ao> ~7 

l l B 13. - C - L ) 
8 a < k a + ! ! a j _ ^ v V - 2 - v 

l a 1 , ' D (s ) 
a M 

U . 2 1 ) 

Hlth these r e l a t i o n s , one r e f e r s to Eq. (2 .52b) , (2 .55b) , ann (2.51) to 

r e l a t e the calculated q u a n t i t i e s to observables . 

< V *SS * a

< - ^ [

U a ) l A

a b ' ( ' b o + < „ h o ' S ) l * n : bho'bo 1 V ' t h o ' ^ ) 

C3.2A) 

Trt addi t ion* the on-ahal? u n i t a r l t y of tl<* operator S in Eq. (2.17) 

Ji.d (2.18) OIIDWB the aoplitudeE to be d i r ec t l y re la ted to cross s e c t i o n s . 

Written In terms cf A a, the u n i t a r l t y condition can be fcxpreased 

By examining the "forward" qmplituddB Jnd the expression For the t o t a l 

cruss sect ion (Z.&Q), tha "opt ica l theorem" follows immediately: 

(Zfl>-2Im^ p: i n i t i a l l A ^ ^ ^ l f t p : i n i t i a l ) 

In J-CHS, t h i s can e x p l i c i t l y be expressed: 

" t o t a l " t Z , , ) k^Ti 

" *• ( V HoEb 0

; vb (-*b 0

ewb» ,l^ ( Ei» + ^ - ^ ' V !h»rbo: ^'-tbo'fh*^ 

0 - 2 5 ) 

ConsLdcr th« angular acacntun dsecmposlclon of the aaplitudefi. The 

" p a r t i a l wave amplitude"" can be rela ted to the ca lcula ted q u a n t i t i e s 

using 

j 

Aab<S.I V <bo + ^o- ' ) - -*» V-2 - 'T * > > b o - 'bo * 'vb°> „ M 

{i.26) 
lire ttrndillon O-l'V) can be expressed In terms of these angular noacntun 

components 



"-«i,<sis--">-£ V'^'Siv*" (3.27) 

.-> . ^ " <", * V l " 2 - toy - ' / ] 

This allows che- de f in i t i on of the standard phase sh i f t and absorpt ion 

parameter in the e l a s t i c channel by 

<> <SK« «> • fiSi [^(".V. 2^"'^^- l] E ^ f >.„ b , 

To ca lcu la t e these parameters, the s i n g u l a r i t y s t r u c t u r e of the two-

body input B~ <s ) m a t be properly understood. By taking advantage of 

the r e l a t i o n 

I • + i"6(x) x - in n-»o x 

where the avnbol ,«̂  represents the principal value, the function can be 

vrltten 49 follows 

(3.79) 

<>„<•»' '"J".) 4<k - K„> (3.30) 

^ 
The numerical solutions for aone ot the observai.le& will be examined for 

varlou£ values of u and H-

2. Numerical Results 

The phase shifts and inelasticity parameters consistent with Eq. (3.28) 

have been calculated. The integral equations; were dlscretjzcd using 

Gaussian quadratures, with Legend™ polynomials as weight functions. 

The functions (^ (H.u^) ate plotted (as Argand diagrams) in FLg. 11.-4. 

The rest energy of the system corresponds to H • U + m, so that che rela

tive kinetic energy is giv*-'" by 

e R - M - (u + n) (3.31) 

Ft&ure Hl-5 iUustrates the total cross section for J = 0 in units of 

"total " T, °to. ( J- 3 2> 
J 

I t can be noted that the 1eve at resonance i s more sharply peaked as the 

peak energy approaches the rear energy of the system (e^ - 0 ) , In add i t i on . 

In the regions where th* resonance (« well defined, i t follows a path which 

iti a r e f l ec t i on of the lovtfHt energy three-body bound s t a t e about the l i ne 

e - 0. From the diagrams, i t i s apparent tha t the resonance s t ruc ture 

f^r s c a t t e r i n g from the u l t r a - r e l a t . w l a t l c bnund pai rs ia influenced con

s ide rab ly by the i n e l a s t i c ( i .e« . i --rangement) processes . TUt* s t ruc tu re 

1.111 be extended into the breakup rcfiion (M > 3m) in Section ITT-C. 

C. Break-up Scattering. 

The process of breakup can occur if the available center-of-momentuin 

emirsy I s greater than the sum of tha rent masses o£ the couatJtUtj.it 

p a r t i c l e (M £ 3m). The i n i t i a l system w i l l be described by a p a r t i c l e b 

s r i t t e r i n g from a bound pa i r . Figure [IT-6 depic ts the poss ib le asymptotic 

states. 

As viewed from the u luPt tc s c a t t e r i n g "channel," tlie poatsibiUty of 

breakup w i l l open an add i t iona l £nelant lc "channel ." 

http://couatJtUtj.it
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FIG. I I 1 - 6 

1. Form of Equations 

The pa r t i cu l a r equaCion* for t h i s pcacess can be obtained in a 

s t ra ighcroruord way as described in Section I I l - B . The amplitudes for 

jreafcup from at\ i n i t i a l channel b , as « y l l as for three p a r t i c l e - t o - t h r e e -

parcicltf s i n t e r i n g , arc summarized below. 

< V fkjCj! k ^ ; ! ; 3 £ 3 ) . C 1 1 b . 0 ) | A < * > ( H b , a j | « b - k b ( ) C b o l V ^ W ) 

a 

(0,: < h V ! ^ 2 ; ! h E 3 J - < , l - ? > l * a o , ( B - , ) l « 0 : ' S l o ' l O ' h o c

M ' ^ 0 £ M > •<"'? J> 

s % ^ < ^ * * % ^ 

where chc function 3 and i> are described by Eq. (2.77). 

Above breakup thretihold, the singularity structure of CJiu non-

interScEing resolvant must be properly handled. Th* singularity accura 

only for H > 3, and within .1 limited ranpe of the parameters k and k, . 
a b 

T M B can$<' i s given by Eq r (3 .34)-

k . £ V W 2 - Sn^MH2 - J 2 ) 
4M 2 

(3 .34 ) 

*, hmi n ~~ D " Dins: 

, 1 In1 - 3n>2 - 2c M 

H t m - Zc^I ] 

The s i n g u l a r i t y takes the form of Eq. (3 .29) , Tlius the kernel S J ° in 

Eq. {1.12s) t.tn he expressed 



"<k ,k. ; H) - -«X 
ia(k - k )<HV - K)?(k. - k. , > 

afflax a % bmax b t> Hiinin 

+ # log V ^ + (k* + V JVS 
V - 4 + <k

a - v z + %+ -
(3.35] 

The boluLlor .' : f {2,72b) using the kernel (3.35) wi l l be examined for 

J - 0 . 

2. Numerical Solutlona 

The numerical trMCfeftnt of Eh* liquations van s imi lar to tha t developed 

In Section U l - B , The so lu t i ons smoothly matched chose belou breakup, and 

required increasing nornui i c a l work as the energy Increased. 

The behavior of the cross fiecrlAitR beyond the resonance regions I s 

demonstrated In Pig. I I I - ? . The Ar^ard diagrams exhibited minor variance 

beyond the regions covered In F ig . l t l - 4 . 

For corapJetftTiftBs, thfr so lu t ion far the moderately r e l a t i v i s t i c a l l y 

bound s t a t e ii • L - 9m i s demonstrated in Fig. IIT-B- la t h i s f igure the 

region above and below breakup threshold i s demonstrated on the s ingle 

graphs. 

s % : 

'% 
{£,:: 
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CHAPTER IV 

CONCLUSIONS 

The Equations explored define a self-consistent, unitary ser of 

scattering equations vhich ^ive stable solution* in thlif model. It should 

be noted that tha equations in the Earn given are nost suited numerically 

to the relativiatic regime,, although the non-relativistic limit to the 

equations i s -well defined. In the torn explored, the equations correctly 

describe result? predicted from non-relativisclc nodels if the parameters 

involved are related. 

The formal las) explored in Chapter II generates eigenstates of a fully 

interacting three-body system in terms of boundary states in a covariant 

gay. These states satisfy a type of cluster fom invariai.ee if one of the 

particles does not interact. Internal angular amentum ca.i be incluaed in 

the formalism in a straightforward way. 

Since in the model examined the equations reduce to a single param

eter intesrnl equation, the numerical methods involved in this exploration 

were straightforward. Advanced numerical techniques exist in the li tera

ture which allow exploration oC the aapii^udes involved in a more complex 

modej- However, In order to more reasonably reproduce the high energy 

phenomenology, tha Inclusion of particle'sntipartlcle symmetrytis and multi-

particle processes must be examined in the formalism. 

http://invariai.ee
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