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.BUFFON NEEDLE METHOD OF TRACK COUNTING 

Raymond Gold, James H. Roberts, and Frank H. Ruddy 
Westinghouse Hanford Company 

ABSTRACT 

Hanford Engineering Development Laboratory 
Richland, ~ashington 99352 

A new technique of quantiative track counting, the Buffon needle method, is advanced. 
It is based on random sampling of the solid state track recorder (SSTR) surface. 
This new method extends quantitative track scanning to track densities well up into 
the track pile-up regime. It is shown that the Buffon needle method possesses a 
reduced dependence upon both track density non-uniformity and track size distrubition. 
Sources of experimental error ~rising in the Buffon needle method are assessed. The 
validity of the Buffon needle method is demonstrated down to at least the 10% · 
uncertainty level (lo) by manual samp.ling of high fission track density mica SSTR 
observed with scanning electron microsc-opy. 
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I NT RO DUCT! ON 

Due to the high sensitivity of the SSTR method, track pile-up represents significant 
limitation in quantitative applications. This is especially true for neutron induced 
reaction rate measurements in high fluence in-situ reactor irradiations (Roberts and 
Gold, 1977; Gold, Roberts, and Ruddy, 1978; Gold, Ruddy, and Roberts, 1980a; Gold, 
Ruddy, and Roberts, 1980b). 

Pile-up effects are negligible using optical microscopy and manual scanning techni
ques at track densities lower than 105 tracks/cm2. However, difficulties arise as 
tr·ack density, p, increases. In fact, for p?.:2·106 tracks/cm2, track pile-up can 
be extensive enough to preclude quantitative manual scanning using optical microstopy. 
Even at lower track densities where manual scanning is still possible, experimental 
error is increased because pile-up decreases the objectivity of manual scanning 
observations. 

Hence, methods or techniques which are capable of extending quantitative track 
scanning into the high density pile-up region would be quite useful. In particular, 
nEthods that can be applied inrlepenrlent ~f track size are highly desirable. 



. Effects of pile-up \<Jere recognized in earlier quantitative work with a computer
, controlled optical. microscopy system developed for automated SSTR scanning (Gold 
. and Cohn, 1971; Cohn and Gold, 1972; Gold and Cohn, 1972). In these efforts, a 

useful correspondence \<las i n.troduced between track scanning and the pulse counting 
techniques.of nuclear instrumentation. On the basis of this analogy, the simple 

-~ r·paralizable counter model was introduced to describe track pile-up and this model 
p·rovi"ded" excellent agreement with experimenta 1 results. 

The success demonstrated by accurately describing these automated SSTR data confirmed 
a very simple formula for the probabi 1 ity _P of ·observing tracks without pi 1 e-up, 
namely 

wher-e a is the characteristic area for track pile-up. In the theory of stochastic 
processes (Bharucha-Reid, 1960; Feller, 1966), this exponential holding formula is 
characteristic of the simplest continuous Markovian stochastic process, namely a 
Poisson process. 

This simple Poisson holding fonnula fo~ms the basis of a new track scanning method. 
Equation (1) provides a means to determine the (true) track density in terms of the 
probab'il ity p. lienee, rather than attempt to count individual tracks directly, as 
is customary in manual scanning, one has the alternative of measuring the probability, 

· p, and then solving Eq. (1) for p. One has the simple relation 

-1 
p -:= -a ln p. (2) 

Since p is the probability of available area (i.e. relative to the total area 
scanned) for observing tracks without· pile-up, it is possible to measure p using 
random sampling techniques. In this method, one samples the SSTR surface randomly 
and tallies whether the area element sampled is occupied by tracks or not. The area 
element sampled can be chosen to be the mean track area, X. In the limit of a 
sufficiently high number of trials, the ratio of unoccupied trails to total trials 
will approach ·p. This SSTR random sampling technique represents the simplest type 
of discrete stochastic chain process, namely a Markovian proc~ss, since each sample 
is obviously independent of the outcome of previous sampling results. 

This concept was fi1·st tested manually by randomly striking into the surface of 
scanning electron microscope (SEM) microphotographs of fission tracks in mica SSTR 
with the end of a rod. The area of the end of the rod was chosen to match the-mean 
track area, ~. To attempt to maintain a random (unbiased) sampling technique, the 
uricrophotogtaph \'-Ius not vicvted during the st.riking process. Such a manual random 
sampling technique possesses an illustrious historical analogue, namely the famous 
11 Buffon needle 11 problem considered in the 18th century by the Count de Buffon (1707-
1788). Hence Gold, Ruddy, and Roberts (1980c) have called this track ~ounting tech
nique, the Buffon needle method. Correspondingly, the characteristic area parameter, 

·- -~--~---1-~. c~l_le~ -~-~-B~~fon an~a. · 

An expression for the uncertainty in the track density deduced by ·the Buff on needle 
method is easily obtained from Eq. (2). One finds 

(Sp/p) 2 = (Sa/a) 2 + (lnp)- 2 ~(8p/p) 2 , · (3). ., 

where (6p/p)~ (6a/a) 2 , and (6p/p) 2 are the relative variances of p, a, and p, 
respectively. The binomial probability distribution provides a valid description 
of random sampling estimates of p. Hence, for n 1·andom trails, one has for the !.----~ 
relative variance of p 



2 p- l - l 
·(op/p) = n 

(4) 

Thus, Eq. (3) becomes 

. )2 ( . }2 )-2 ( -1 }/ (op/p = oa/a + (lnp p - 1 n. (5} 

The first term in Eq. (5} represents the error component ar1s1ng from the uncertainty 
in the Buffon area a. The Buffon area can be determined in a number of different 
ways. The earlier work of Gold and Cohn (1973) with the computer-controlled optical 
microscopy system illustrates a method which can, in principle, determine the Buffon 
area very accurately. Another method, which utilizes the Buffon needle method itself 
to measure a, is illustrated below. 

The second term in Eq. (5) provides the error component introduced through random 
sampling. This expression can be compared with the error that arises in ordinary 
manual track scanning, where Gold, Roberts, and Armani (1968~ have shown that 
Poisson statistics ~re applicable. Hence, the relative erroi in the observation 
of n tracks by manual scanning is simply (n)-1/2 • Assuming a one-to-one corre
spondence between the number of random trials and the number of observed tracks, 
one finds that the factor j(lnp)- 1-(p- 171) 112 ! expresses the deviation of the relative 
error of random sampling from that of ordinary track counting statistics. 

Outside the neighborhood of the two singularities at p=O and p=l, the increase in 
relative error is modest. In fact in the region 0.01_2P2_0.9, the increase in relative 
error ranges from approximately 1.25 up to 3.0. This overall interpretation requires 
some caution, however, since this comparison tacitly assumes that a single random 
trial of the Buffon needle n~thod and the manual observation of a single track can 
be carried out with equal effort. However, this assumption is not generally valid. 
Indeed for automated systems, random sampling requires considerably less effort. 

Effects Due to Non-Uniform Track Density and Track Size Distribution 

In SSTR work, variation of both track density and track .. size produce limitations in 
quantitative manual track scanning. Hence it is importent to examine the consequences ~ 
of non-uniform track densily and track size distribution for the Buffon needle method, 
On the basis of a more general analysis that accounts for both of these effects, it 
can be shown that · 

a I [ a 2 · 1; 2 1/21 
p = --2_ 1- 1- _q__ (a 2a '-2[1-u 2u ?]·ln[(l-o 2a 2 ) ~J)] , '{6) o 2 2 po ap ap 

a a 
a o 

where p
0 

and aP are the mean and standard deviation of the track density distribution, 
n:spe~t1v:ly and a0 an.d a are the ~ean ~nd standard deviation _of the Bu~fon area . 
d1stnbut10n, respectlVe~y.· Equat1on (6) can be used to obta1n a solut1on for p0 1n 
series expansion form. To first order in (aaap)2, one finds 

- - {n 2 11 4 } a a 
2 

= ~ + ~ ~ ln- - ~ (ln-) 2 + 0 
P Po · a a 2 p 2 p · 2 

0 0 

(a a )2 { } 
+ 2~ P 1 + lnp- 11a 2 lnp- 211a 2 (lnp) 2 , 

0 

where 11~=a /a0 and 11p=ap/p0 are the relative standard deviations of a and p, 
respect 1 ve ~Y. 

(7) 

In this series representation, terms have been grouped to correspond to different 



physical effects. Hence the first term represents the simple Buffon needle result 
, given in Equation. (2) _il') absence of both effects. The second term in Eq. (7) 

represents the effect due to the track area distribution alone, whereas the third 
term represents the effect of the track density distribution alone. The last term 
in Equation (7) represents the interaction between these two effects, ·since this 
term obviously vanishes if either ap-+O or a~-+O. In the special cases wherein · 
either effect is negligible~ proper expressions can be obtained by evaluation of 
Eqs. (6) or (7) in the limit a~-ro or ap-ro. · 

While the magnitude of the various terms in Equation (7) will obviously depend on 
the values of~, a 0 , _a and ap, it is apparent that effects d~e to non-uniform 
track density and trac~ size distribution are only of second order. Hence the 
Buffon needle method possesses the significant advantage of a reduced dependence 
upon both track density non-uniformi"ty and track size distribution. 

SEM APPLICATION OF THE BUFFON NEEDLE t~ETHOD 

Extensive SSTR neutron dosimetry has been conductedin a critical assembly mockup 
of a Light Water Reactor {LWR) pressure vessel (Ruddy, Gold, and Roberts, 1980). 
Since ·results of the highest possible accuracy were desired, all of these SSTR 
were simultaneously etched using the standardized procedure developed for mica. 
While most of these SSTR posse~sed acceptable track density, six of mica SSTR 
used with 9-symptotically thick deposits had very high track density. It \o,Jas 
decided to use SE~1 techniques so that these six high track density SSTR could be 
examined at higher magnification. However even at ~2000X, pile-up made it difficult 
to manually scan these SSTR accurately and objectively. 

To apply the Buffon needle method to these SSTR, ten microphotographs were taken 
of each SSTR. With each SSTR, randomly selected surface areas were chosen for 
these ten SEM microphotographs. Approximately 100 random samples were carried out 
on each microphotograph, or a total of about 1000 random samples for each SSTR. 
~1easured values o"f p obtained for these six mica SSTR are summarized in Table 1. 

To deduce track densities from these measurements, one must -also know a, the Buffon 
area. In this work, a V>'as measured using the Buffon needle method itself. In this 
case, Equation (1) is not solved for p, but rather for a. One has 

-1 
a = -p ! lnp. 

The uncertainty in this determination of a is given by 
-1 1 

(oa/a) 2 = (op/p)2 + (lnp)- 2 • (P n- ). 

(8) 

(9) 

In order to measure a with the Buffon needle method, ten randomly selected SEM 
microphotographs were taken of a low fission track density mica SSTR. In these 
measurements, the track density p was obtained by directly counting tracks in 
each of the ten SEM microphotographs. The chosen SSTR possessed a track density 
low enough to avoid any pile-up re~ognition prbblems at the chosen SEM magnification, 
~2000X. Approximately 100 random samples were taken on each SEM microphotograph. 
The mean value for the Ruffnn Area obtained from these ten SEM microphotographs 
was a=(4.58~0.36) x lQ-7 cm2. 

Track densities for the six high density SSTR were obtained using this Buffon needle 
measured value of a together with the observed values, p, in Equation (2).· The 
resulting track densities, which are given in Table 1, range from 1.9 to 3.8 x 106 

tracks/cm2 • The relative error in these track density measurements is about 10% and 
is dominated by the 9% relative error in a. 

~,___.~- ... - .. -



TABLE 1 Buffon Needle Track Densities*from SEM Observations of Mica SSTR 

SSTR Dosimeter p Po ~ PviPo 

23-28-1' 0.405 + 0.015 2.00 + 0.20 2.02 + 0.20 2.02 1.00 
23-28-2' 0.339 + 0.013 2.39 + 0.23 2.44 + 0.23 2. 21 0.91 
23-28-3' 0.306 + 0.014 2.47 + 0.24 2.53 + 0.24 2.90 1.15 
23-28-4' 0.288 + 0.014 2.76 + 0.27 2.84 + 0.27 3.28 1.15 
23-28-5' 0.422 + 0.015 1.91 + 0.19 1.93 + 0.19 2.00 1. 04 
24-25-3' 0.1-78 + 0.012 3.82 + 0.37 4.01-;+ 0.37 3.66 0.91 .. 

* Units of 106 tracks/cm2. 
**A 10% (lu) uncertainty has been estimated for visual SEM observations. 

On the basis of the higher order treatment described by Eqs. (6) and (7), corrected 
Buffon needle resulti have been obtained. The corrected Buffon area was 
a0 =(4.63~0.37) X l0- 7cm2 andtorrected p 0 track densities have been included in 
Table 1. It can be seen that correction for higher order effects ranges from 
approximately 1 to 5%. · · 

An attempt to confirm these corrected Buffon needle results has been carried out by 
visually scanning these SEM microphotographs. However, this task is obviously not 
straightfonoJard. Due to pile-up, the· number of tracks observed is often ambiguous. 
Consequently the objectivity of such observations cannot be guaranteed. Neverthe
less, approximately 300 tracks were counted for each of these mica SSTR dosimeters· 
and the corresponding area scanned on the SEM micorphotographs was determined. The 
visual track density so obtained, Pv, can also be·found in Table 1. 

The deviation bet\IIPPn visual and corrected Buffon needle track densities is within 
experimental error for each of these six comparisons. In fact, the observed 
de vi ati ons be tHe en vi sua 1 and corrected Buffon needle track densities averaged over 
these six SSTR is only about 9%. Hence, this comparison provides confirmation of 
the validity of the Buffon needle method down to at least the 10% uncertainty level 
(lcr). 

An alternative comparison can h.e obtnined using the (Py,p) data points. A linear 
least squares fit of the Py data as a function of ( -1 np) is. presented in Fig. 1. 
This least squares fit ver1fies the simple Passion holding formula and provides 
a Buffon area value of a=(4.551-0.78) x 1Q-7cm2. This le.ast squares value of a is 
in excellent agreement with the Buffon area obtained by random sampling. Consequent
ly, this altel'native comparison again confirms the validity of the Buffon needle 
method. · 
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Figure 1. Linear least squares fit of the visual track density: 
data, Pv' as a function of -lnp.! i 

CONCLUSIONS 

The two alternative comparisons presented above confirm the validity of the Buffon 
needle method. This does not imply that the method_ is actually applicable without. 
limitations. Of pat·ticular interest is the domain of track density over \-Jhich the 
Buffon needle method is applicable. Efforts to date have confirmed that this method 
can be used to extei1d quantitative SSTR scanning by at least an order of magnitude 
in track density. In spite of thes~ efforts, the domain of validity of the simple 
Poisson holding formula, which underlies the Buffon needle method, has not been 
definitively established. Indeed, the concept of a Buffon area a that is independent 
of tt·ack density may possess only a limited range of validity in track density space. 

Work is currently unden-1ay to resolve these critical isstJP.S. Applicati.on of the 
Buffon needle method with automated SSTR scanning systen1s is being used in these 
investigations and this work will be reported in sequ~l. In this regard, while the 
Buffori needle method has been demon~trated with manual techniques, the intrinsic 
advantages of this method for automated track scanning can be expected to produce 
even greater benefits for quantitative SSfR work. · 

Indeed, a major factm· 1 imiting the cost-effectiveness of the SSTR method is the 
necessity of visual or manual counting of tracks, a task which requires care, 
patience, and dedication. This drawback is clearly manifested in precision measure
ments, where inherent statistical limitations require the observation of large 
numbers of tracks for adequate precision and make this task time consuming as well 
as expensive. As a consequence, automation of this task has been aggressively 
pursued for some time nov-1. · · 



As has occurred so often in scientific pursuits, help toward the solution of this 
automation problelll has arisen io the most unexpected way. In this particular case, 
a completely ne\'.J approach for automated track scanning has been engendered by the 
existence of track p.ile-up at high track density. o·ur efforts to" treat this pile-up 
effect have opened up an entirely new direction for automated track scanning, namely 
the random sampling techniques of the Buffon needle method. The reduced dependence 
of the Buffon needle method upon both track density non-uniformity and track size 
distribution are vel~y important advantages for automated track scanning. However 
an even more significant advantage exists, namely elimination of the need for 
pattern recognition of tracks in the automation process. This rather complex 
procedure can now be replaced, in principle, with the simple random sampling tech
niques used in the Buffon needle method. 
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