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ABSTRACT

There exist two separate and independent magnetic field
asymmetries in the ELMO Bumpy Square (EBS). Onec is
associated with the small perturbations in the magnetic
field, known as the field errurs, caused by coil misalignments
during installation, imperfection in coil winding, etc. The
second source of asymmetry is the magnetic field ripple in
the higk-field torcidal solenoids (ccrners) produced by the
finiteness of the pumber of coils. In geperal, these two
sources of asymmetry introduce enhanced transport losses
(in addition to other effects) to the system, altl ugh they
affect different classes of particles. Toroidally pass..g (cir-
culating) particles (vg/v ~ 1) are influenced by the field
errors, whereus trapped particles (vj/v -~ 0) in the corners
are influenced by the ficld ripple. In this paper we discuss
these two effects separately and calculate the allowable
magnitudes of the field error and ficld ripple in EBS, both
for an experimentai-size device and for a reactor.

INTRODUCTION

The ELMO Bumpy Square (EBS) geometry consists of
linear segments of simple mirrors that are linked by sections
of high-field toroidal solenoids (corners) as shown in Fig. 1.
In this configuration the tornidal etfects arc localized in the
corners.'-

An ideai EBS is a closed field line configuration with zero
rotational transform and no toroidal current, characteristics
of an ideal ELMO Bumpy Torus (EBT). This current-free
equilibrium configuration is very sersitive to the system
magnetic field asymmetries (field errors). If large enough,
these field errors (3B/B) can cause field lines to spiral out
of the confinement volume (enhanced loszes), thereby
degrading confinement.* In practice, the ficld errors can
arice from maay different sources: coil misalignment, imper-
fect coil winding, the preseace of nearby magnetic materials,
etc. In this paper we discuss only the first error source and

"Research spossored by the Office of Fusion Energy, US. Depertment
of Energy, under Contract No. DE-AC05-840R21400 with Martin
Marietta Energy Systems, Inc.

IQIQ_LE IEI@I L.

Geometzv of an EBS configuration indicating the

Fig. 1.
coil arrangements (top view). Coordinate system used is
shown (X and Y axes are indicated; Z axis points out of the
viewing area). There are four symmetry planes and eight
field periods. One field period is representd by coils A
through G.

estimate the maximum tolerable field error (68/8) and, in
turn, the corresponding constraint imposed or the alignment
of the coils.

Numerically cal-ulated transport coefficients indicate that
the neoclassical confinement tirae should be a factor of 5 to
15 larger [depending on the global mirror ratio Mg =
Bocrax/ Bwge (midplanc)] Jor the EBS than for an EBT of
comparable size. In order for neoclassical losses to be dom-
inant, ripple-induced loss2s from the toroidal solencid sec-
tions should be smaller than the ncoclassical losses from the
straight sections. The ripple is produced by the finiteness of
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the number of coils in the corners. The presence of ripple
will intreduce additional particle trapping and, if large
cnough, may be the primary factor determining the trans-
port of particles and energy in the region of low collision
frequencies.’ [n the phenomenon known as ripple trapping,
the particles become trapped it the field minimum between
coils (between coils which produce the toroidal solenoid field
in the corners) that are localized in the toroidal direction
and experience a unidirectional torcidal drift that leads to
the ripple diffusion. A similar phenomenon occurs in other
toroidal configurations (c.g., tokamaks). In this paper we
calculate the enhanced transport coefficients associated with
the ripple-induced drifts and compare them with the EBT
neoclassical diffusion coefficients to determine the allowable
range for the magnitude of the field ripple.

In our examples, for an experimental-size device, we con-
sider an EBS configuration (Fig. 1) whose sides are con-
structed from EBT-Scale (EBT-S) mirror coils (with five
mirror coils per side, such as A, B, ad C) and whose
corners are 90° sections of a toroidal solenoid in which the
field is produced by (1) four EBT-S mirror coils or
(2) eight half-size EBT-S coils (such as D, E, F, and G) per
corner.

FIELD ERROR CALCULATIONS

As pointed out, the field errors can arise from many dif-
ferent sources: coil misalignment, imperfect winding effects
in a coil, magnetic fields from buswork and leads, and field
perturbations due to the presence of magnetic materials.
Although all these sources can cause significant error fields,
we will discuss only the first error source in this paper.

The presence of field errors introduces an additional verti-
cal drift of order v;(38/B) to the system.* Mirror-trapped
particles (v|/v ~ 0) are not significantly affected (to lowest
order) by field errors because their motion is restricted to a
single sector.”™ The drift orbits of toroidally passing parti-
cles {(vj/v ~ 1), on the other hand, are modified by this
additional drift, whick, if it is large enough, causes them to
walk out of the ccnfinement system. We define a critical
error field (3B/B).; such that if (8B/B) > (6B8/B)qi the
drift surfaces of toroidally passing particles become open.
From the requirement of having closed drift surfaces,™ it is
necessary to have (8B/B) < (8B/B)uit ~ pe/{R.), where p,
is the electron Larmor radius and (R.) is the average mag-
netic radius of curvature. For an experimental-size device (a
device similar in size to EBT-S), the required (6B/B)q; ~
few X 107% and for a reactor-like device (6B/B)yy S
1075, We note that the field errors will be more critical in
regions of large magnetic field and large radii of curvature
[(3B/B) ~ p/R. ~ (BR,)" '), that is, near the coil throat
and especially at the magnetic axis.* Thus, we will cvaluate
the amount of 5K that a field line centered at the magnetic
axis (starting in the coil throat) misses connecting with itself
when followed once around the torus. For perfect coils
installed with no misalignment, this number should be zero.

Nuwmerical Calculations Due to Single-Coil Misalipnmaent

Shown in Fig. 1 is the geometry of an ZBS configuration
indicating the coil arrangements and cosrdinaie system used.
An EBS configuration has four symmetry planes and eight
ficld periods. Specific coils involved in the calculations
within one field period are designated A thrmuzh T in
Fig. 1. Figure 2 shows magnetic field lines in the equatorial
plane (X-Y plane) with specific dimensions. The mirror sec-
tor length (or the coil spacing) in the sides is L, = 40 cm,
and the major radius of the corner sections is Rogee =
44 cm, with the axis of each corner section displaced radi-
ally outward by (A shift)cyeper == 2.5 cm from the axis of the
sides. This displacement and the length of the transition sec-
tor (Ly,) are adjusted so that the rings in the transition sec-
tor (the sector coanecting the simple mirror field 0 2 1/R
varying toroidal field) form on the same flux lines as in the
axisymmetric sectors. Depending on the ratio of the currents
in the corner coils to the currents in the straight section, the
transition sector length is typically larger (~2 to 4 cm; than
the length of the mirror sectors. For Joeper/ fride == 1.2-1.4,
Ly, == 42-44 cm. In our examiple, we have Jornee/ fige = i-4
and L1, = 42 cm.
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Fig. 2. Magnetic ficld lines in the cquatorial plane (X-Y
plane) of an EBS are shown for one quadrant. A through G
coils and their mirror images G’ through A’ arc shown along
with specific dimensions used in the calculations. Here
L, = mirror sector leagth, Ly, = traasition sector length,
Roommer ™ radius of the corner, and (Ashift)omer = (center
of coil D — center of coil A) = Xpg — X0



The ficld line geometry shown in Fig. 2 is calculated with
finite coil dimensions from EFFI, which do not differ from
those of circular filament approximation.? The code cvalu-
ates dR(3.X, 8Y, 6Z) in a coil plane by integrating the field
line equations through one full period arcund the machine
(360° in ¢). Theoretically, K vanishes for the ideal posi-
tions and orientatiens of the coils. Actual numerica! results
obtained from the code usually range from 10~° w0
1071 cm for |5R]. Therefore, the accuracy of the code
seems sufficient for the purpose of the present study.

There are five degrees of freedom associated with each
coil: three for the position of the coil center and two for the
angles of the coil plane. The five corresponding coil errors
are denoted by AX. AY, AZ, A8, and A¢, where # is the
angle between the Z axis and the projection of the coil nor-
mal to the X-Y plane and ¢ is the angle betweesa the coil

plane (which is coplanar with the Z axis) and the X axis in

the X-Y plane (Fig. 3).

Table I lists the field line displacemen: 5K obtained with
only one coil perturbed and with only the error involved in
coil position or orientation. The field line displacement is
measured in the center of the coil plane of the 4 coil (X-Z
plane with coil cenier at X = X, ¥V = 0, Z = Z o = 0}.

Figures 4 and 5 show the direction and relative magnitude -

of field line displacement in a circle with a radius of [ cm
(the radius of the clear bore under the coil) in the coil plane
for A9 = 1° and Ap = 1°, respectively.

The results of the calculations indicate that the field lire
closure is most sensitive to anguiar misalignment of the coils
(A8 and A¢). In these cases, an assumed angular error of 1°
causes 3B/B = 2.22 X 10~* We note that in EBT-S a
similar angular misalignment of 1° {A# or Ap) causes simi-
lar error fields (88/B = 2.22 X 10™*). An impo:tant obser-
vation is that the effects of errors in 8 and ¢ are essentially
orthogonal: Af causes a vertical displacement of the field
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Fig. 3. Two angles of the coil planc. Orientations of X, Y, |

and Z coordinates are shown, with the same orientation as
in Figs. 1 and 2.

lines (¥ig. 4) and A¢ causes a horizontal displacement of
the field lines (Fig. 5). Errors in absolute positions are much
less sensitive; a misalignment of 1 cm in one coil location
yields an error 68/8 ~ 10™¢10 107 (Table I).

Statistical Amalys®s of Errors

In the previous section, we determined that the dominant
misalignment contributions to field errars were in the two
angles 8 and ¢. Since the proper determination of angular

Table L Results of perturbations ts ene coil*

Field line displacement
(¢R)
. . [X §Z
Coil Perturbation (mm) (emm) §8/8
A ag =1° =0 —282 222 X 107
A Ad =1° -2381 =0 222 X 107¢
G Af = |° =0 -i.1? 9.22 X 1073
G Ap=1° -1.21 0 9.54 X 1073
B AX = 1l cm LIx107t 0 8.67 X 1077
B AY = lcm 62xX107* 0 489 X 107
B AZ = | cm 0 1.7 X 1072 1.34 X 107¢
B Alfl = 107? 34X 107 0 268 X 107

“Fickl line displacement is measured in the center of the A coil planc
(X-Z plane). Calculated Iack of ficld line closure SR{EX, $Z) and
cerresponding field erroe $8/8 = [SRYC, where C is the circumference
{field linc length).
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Fig. 4. Arrow plot showing the direction and relative mag-
nitude of ficld line displacements in the plane of A coil for
Af = [°. The largest magnitude is 2.82 mm at the coil
ceater (0,0).
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Fig. 5. Arrow plot showing the direction =ad relative mag-
nitude of field line displacements in the plane of A coil for
A¢ = 1°. The largest magnitude is 2.81 mm at the coil
center (0,0).

alignment will require fairly stringent positional alignment
also, we discuss only the angular errors and assume that
nonclosure of field lines arising from positioning errors is
small relative to the angular ones.

First, we consider only the variations in 8. The total
number of coils in the sides is N, = 20 (five coils per side)
and in corners N, = 32 (eight coils per corner). For one coil
(side or corner), we have the expression 38/B = CyAf. If
we assume that the errors in all 20 straight-side coils are
distributed normally with onc Gaussian distribution and that
the errors in all 32 corner coils are distributed normally with
another Gaussian distribution (both of which have a mean
error of zero and an rms error of Oyn,), then the problem is
exactly equivalent to the one-dimensional random walk
problem. Each magnet =rror A# contributes a step-size (3Z);
to a ficld line, where j = s(side}, c(corner). For small indi-
vidual displacements, the problem can be treated as a linear
superposition of steps of varying sizec and direction with an
mms step-size determined by 8. For N steps, the rms dis-
placement §Zy = N'/2§Z,; then,

(38/B)y = (3B/B)coener + (6B/B)sige
(3B/B)cormee = N Crma): »

(88/B)ide = Ni™(Cobrma);s -

Thus,
(88/B)y = [(32)'Cy + (20)2Cy, 1pems +

where (Ome)e = (Orm); is taken.

The same arguments apply for errors in the ¢ direction
Since the errors in ¢ and # cause the same magnitude
change in §8/8B (ic., C = C,, from Table I) but are per-
pendicular in direction, the expression for the total field
error is simply

(88/B) = [(6B/B)} + (3B/B)2]'* ,
which yields

3B/B = [(32)'2C,. + (20)12C,,1(62, + 2.0V |

where ¢, is the rms error in ¢. The previous expression is
valid if the errors in ¢ and § are uncorrelated, which seems
to be the most reasonable assumption to make. Finally, if we
assume the rms errors in the ¢ and @ directions to be equal,
then

5B/B = [8Cy + (40)'2Cy, 18,y -

From Table I we have Cp = 9.54 X 1073 and Cy, =
2.22 X 107* Thus, 38/B = 2.17 X 1073 8n,, where o,
is expressed in degrees.

The question remains, “What is the inherent 8/B that
can be tolerated?” (That is, what is the field error inherent
to the device construction without global correction?) In
the EBT-S device the inherent field error was 88/8 = 5 X
10™%, which was corrected to a level of 58/B = 10™* with
the global field error correction coils.>* That is, the global
field correction coils correct 80% of the inherent device
field error in EBT-S. Based on the EBT-S experience* and
the fact that coil alignment errors produce fairly uniform
field errors across the plasma (Figs. 4 and 5), we assume
that similar levels of field errors (38/8 == 10™*) will be
required in EBS and that itic global field error correctien
coils can correct 80% of the inherent device field error.
Thus, the inherent field error criterion (that is, five times
that for the net field error 58/B == 5 X 10™*} will yield
the required values for 6. Solving

$BfB = 217 X 107y, = 5 X 1074,

we have fp, = 0.23°.

Since the treatment here is statistical in nature {as is the
alignment of the coils), the actual 58/8 is not specified
exactly by a specification of 8, Rather, it has a Gaussian
distribution; when corrected with global correction coils, the
probability that 68/8 will be less than 10™* is about 68%
and the probability that it will be less than 2 X 1074 is
more than 95%.
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Because drift orbits in EBS are much better centered
than those in EBT-S,!? the effect of field errors on particle
orbit displacement might be expected to be more pro-
nounced in EBS than in EBT-S. In this regard, if we
choose to be more pessimistic in the field error criterion in
EBS than in EBT-S, we can assume that the inherent field
error should not exceed 6B/B = 2 X 107* (instead of
58/B = 5 X 107%). Under this pessimistic assumption
Oms (pessimistic) == 0.1°. With this value of 8p,, the pro-
bability that inherent 38/B will be less than 4 X 107* is
greater than 95%, and, when it is corrected, 3B/B is less
than 8 X 1073

Repeating similar calculations for a typical EBS reactor,?
we find 38/B = 1.7 X 107%,,. As noted earlicr,
(8B/B)eriv € 107°. Again, assuming that the intrinsic error
criterion is five times that for the net error field, 38/8 <
4 X 107 Thus, for a reactor, the 8., required to obtain
this value of 38/B is Oy == 0.024°,

RIPPLE EFFECTS

In this section we consider the effect of toroidal field rip-
ple (due to the discrete coils in the high-field corners) on
transport- In the preseace of ripple, there is a new class of
so-called locally trapped particles (vi/v ~ 0) in the corners.
These particles oscillate (trapped) in the field minimum
(local magnetic well) between coils (those which produce
the toroidal solenoid field in the corners) that are localized
in the toroidal direction and experience a unidirectional
toroidal drift that leads to the ripple-enhanced diffusion.
Especially in the low-collisionality (»/Q) regime, ripple-
induced losses could iead to significant increases in diffusion
and thermal conductivity and may also be the main factor
determining the transport of particles and energy. We note
that the ripple trapping affects only a relatively small group
of particles, that is, those with vy (parallel velocity) so small
that they can be trapped in the ripple.

In general, the ripple modulaticn & (magnitude of field-

ripple) varies both radially and poloidally. The poloidal vari-
ation has the effect of reducing or completely climinating
the ripple well depth on the inside of the toroidal sections,

,with the precise degree of reduction depending on the shape

of the coils and the position of the plasma within the coils.?
For simplicity, we will neglect the poloidal variations, with
the result of overestimating the ripple effects.

Magnetic Field Model

Figures 6 and 7 show the magnetic field strength as a
function of arc length along the magnetic axis of a four- and
cight-coil per corner EBS, respectively. The on-axis mirror
ratio in the sides is scen to be 1.9, and the global mirror
ratios [Beorser/Buge (midplane)] for these particular cases
are 3.4 and 3.85, respectively. In both cases the corner coils
have the same total number of ampere-turns. Althcugh the
field ripple is apparent for a four-coil per corner case
(Fig. 6), the ripple is practically zero for most of the plasma
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Fig. 6. Magnetic ficld strength as a function of arc length
along the magnetic axis for a2 four-coil per corner EBS.
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Fig. 7. Magnetic field strength as a function of arc length
along the magnetic axis for an eight-coil per corner EBS
(Fig. 2).

cross section for an eight-coil per corner case (Figs. 2 and
7). A variation of field ripple as a function of normalized
radius is shown in Fig. 8 for both cases and is summarized
in Table IL.

For high-ficld toroidal cormers, a simple model for the
magnetic field is

. B, B,

B =~ l+!m07’.0. 1 — &(rf)cos No| ,
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Table Il. Ripple variation in the corsers of EBS

Ripple amplitudes (%)
Normalized
radius? Four-coil/ Eight-coil /
rja corner corner
-10 3.5 0
—0.5 25 0
0.0 4.0 0
+0.5 8.5 ~0
+1.0 ~25.0 ~0.5

“Here a is the last field line that just grazes
the coil throat in the straight sections (a2 =
11 cm).

where r and & arc polar coordinates iz the minor cross
section of the corners, ¢ is the angular coordinate (toroidal
angle) along the magnetic axis of the corners, ¢ = r/R, is
the inverse aspect ratio of the toroidal corner (with R, the
major radius of the corner), N is the number of coils in the
corners {a four-coil per corner case corrcsponds to an N =
12 coil torus and an sight-coil per corner case corresponds to
an VN = 28 coil torus), and 3r.9) is the ripple well depth
{modulation), defined as

By = Buin AB
or8) = h;ﬁm = (a} '

The radial component of F, necessary to satisfy V- F = 0,
is small (on the order ol B, ~ 58, sin N¢). Thus, the field
strength in the corner is approximately

B = B, = B[] —ecos 8 — &rfkos N¢] .

Threshold and Critical Energies (Ref. 5)

The threshold energy is defined as the energy above which
particles execute more than one bounce motion in a ripple
before being scattered out of the loss region (v; < §'/% )
associated with ripples (Fig. 9). This energy can be obtained
by setting ryr(scattering) = r{bounce) or rg{scattering) =
»{bounce), where 7.y = #50/(A8)? = wgn/3 and »{bounce) =
%)L = SMIN/(22R,). Here vy is the 90° collision fre-
quency, v is the particle speed, L is the length of the ripple
well (L = 2zR,/N), and the fraction of particles that are
ripple trapped is cqual to (5)'/2. Combining all gives the
threshold energy (temperature) as (‘n mks uniis with tem-
perature in electron-volts)

Ty = 905 (R /NYA10" P, )2 (eV) .

For the four-coil per corner case, considering plasmas with
mid-10'"® m™ density and R, = 0.4 m, the threshold energy
is about 30 eV (10 eV) at the plasma center (edge). For the
cigbt-coil per corner case, Ty == 125 ¢V at the plasma edge
and is several orders of magnicude larger at the plasma
center.

The critical energy is defined as the energy above which
particles will reach the wall if they are trapped in the ripple.
When a particle is trapped in a ripple (T > Ty,), its guiding
center drifts along a contour of constant 8. Because mod-B
contours are not closed in a toroidal field, the particles are
not confined unlezs they are scatiered out of the ripple loss
region before they can reach the wall. Thus, the eritical
cnergy can be determined by setting reg(scattering) ==
7(drift) = a/v4in, where vain == T/eBR, For ions, this
gives a critical eaergy (in mks units with 7 in electron-volts)
of

T, = 16X 10%BR,a/8)*(10™®n,)%*  (eV) .

The critical energy is a factor of (m/m,)!/5 (=4.5 for a
hydrogen plasma) larger for electrons. Again, considering
the four-coil per corner case, T, (r = 0) = 600 eV and
T, (r=a) == 250 cV. Conu';:onding electron tempera-
tures are higher (by a factor of ~4.5). For aa eight-coil per
comer case, T (r = a) = 1.5 keV and T, (r=0) >
T, (r=a) !
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The critical energy previousty defined is for a zero electric
field. In the presence of a finite electric field, if the particles
arc trapped in the ripple and if their cnergy exceeds
T (T >T). the particle orbits are rot necessarily open
because of the E X ¥ precessional drift, which balances the
vertical (toroidal) drift.2 The shift in particle drift orbits is
Ax = vgin/Q, where Q@ ~ (T/eBR.) + (E/B) is the
poloidal drift velocity with R, = —(a In B/ar)™!. For parti-
cle orbits to be closed, Ax < a/2, or, coaversely, for
particics trapped in the ripple to drift to the wall, Ax > a/2.
Combining all gives a critical energy in the presence of an
clectric field above which particles will reach the wall:

o b

For weak ripples, 7R, in the corner is very large (approaches
infinity). With approximately £ = A¢/2g, where &z is the
electric field scale !ength (which is on the order of plasma
radius), we have

-1

a
rR,

T'E 2 (affg R Ja)Ad = Adfe .

Here ¢ is the inverse aspect ratio (¢ ~ 1/3~1/5). Thus, only
if T_E > (3-5)A¢ will particles be directly lost. Combining
all, we define

Taiti = max(T.J;T.E) ’

Terite = max(T_J;T_E) .

Ripple-Enhanced Diffesion—Simpie Estizmates

From the critical energies (Tw, Tery; defined earlier, we
can see that the ripple collisionality regime caa be divided
into three regions (Fig. 10). The upper collision frequeacy
point (v > vN3*/3/R,), above which transport losses dimin-
ish to zero, is the point at which the plasma particle tem-
perature decreases below the threshold eaergy (T < Ty). In
the middle range of the collisionality regime (pvi/Ra < » <
vN§*%/R,, where p is the gyroradius), transport coefficients
scale as »~! because the particles are scattered out of the
loss region before they can drift out of the device. To convey
the spirit of simple diffusion estimates, we give a rough pic-
ture of the random walk process.

The average step-size taken by a ripple-t.Lpped particle is
(Ax)5 ~ Vdrift * T:“ = Vdrift * (6/)’90) The frequency with
which such steps are taken is r¥y = »yo/5. The fraction of
particles participating in this ripple trapping is f# = 5'/2.
Thus, the diffusion coefficient associated with ripple trap-
ping is

D¥ ~ [(&x PP - gy 11 ~ 8 nfran
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Fig. 10. Ripple collisionality regime.

Finally, in the absence of electric fields, at very low coilision
frequencies (v < pvé/R,g), the particle temperature
increases above the critical energy, and all particles trapped
in the ripples will drift to the wall without being scattered
out of the loss region. The corresponding diffusion co=ffi-
cient is D ~ nyea’.

Comparisoa with Nzoclassical Losses

Here we compare the rippleenhanced diffusion coefii-
cients with the conventional EBT neoclassical diffusion coef-
ficients to determine the allowable range for the magnitude
of the field modulations {ripples). The neoclassical diffusion
cocfficient for EBT is given by

DVC ~ (Ax)[¥(1 + P12Y)]

where Ax ™= vyin/2 and » = ygq. In the collisionless regime
(/2 <2 1),

DNC — yo(Ax)? ~ rog(vgun/D)? .
In order for D* < DS, that is,

éjﬂvdzrm/y” < Im(vdﬁn/ﬂ)z y

we find &2 < (»/2)% or 5 < (»/QY3. For »/Q ~ O.1,
representative of present-day experiments, the magnitude of
the ripple well depth should be 5 < 4.5% in order for ripple
losses not to be dominant. For very low collision frequencies
(»/@ ~ 0.01, representative of reactor-like plasmas), one
requires & < 0.5%. We see from this example that for the
four—coil per corner case the ripple losses will dominate.
However, for the cight-coil per comer case the overall
enhanced losses due to ripple will have a negligible effect on
plasma confinement.




>

We note that the estimates given here for ripple magni-
tudes are somewhat pessimistic due to neglect of (1) the
<ffect of poloidal variations in ripple magnitude and {2) the
influence of the ambipolar electric field, both of which play
an important role.
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