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A NON-EQUILIBRIUM STATISTICAL MECHANICAL APPROACH

FOR DESCRIBING HEAVY ION REACTIONS

BY

JOSEPH SHERMAN SVENTEK

ABSTRACT

With the availability of heavy-ion projectiles (A > 4)

at low to intermediate energies (4 < E/A < 10), products

showing various stages of relaxation for certain macroscopic

variables (center-of-mass energy, orbital angular momentum,

etc.) were produced in various reactions. The distributions

for the s e mac r 0 s cop i c va ria b1 e s s howe d__qCO r r e1 a t Lo_~_e_t_w_e_en _

the stage of relaxation reached and the net amount of mass

transfer which had occurred in the reaction. There was also

evidence that there was an asymmetry in the number of net

transfers necessary for complete relaxation between

stripping and pickup reactions.

A model for describing the time-evolution of these

reactions has been formulated, the keystone of which is a

master-equation approach for describing the time-dependence

of the mass-asymmetry. This, coupled with deterministic

equations of motion for the other macroscopic coordinates in

the reaction lead to calculated distributions which provide
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an excellent qualitative description of

and, in some cases, quantitatively

experimental data quite well.

these reactions,

reproduce the



v

Acknowledgements

I am greatly indebted to Luciano G. Moretto for his

guidance and assistance throughout my research. He not only

suggested the possibility of using non-equilibrium methods

to describe these reactions, but also provided the main

impetus for this work.

Further, I wish to thank R. Babinet, A. Behkami, B.

Cauvin, J. Galin, P. Glassel, J. Hunter, R. Jared, G.

Mathews, J. Moulton, P. Russo, R. Schmitt and G. Wozniak for

the many stimulating discussions during my stay with their

research group.

I have benefited from numerous discussions with H. C.

Britt, J. Huizenga, W. Myers, J. R. Nix, J. Randrup, W.

Swiatecki, C. F. Tsang and R. Vandenbosch during the course

-of-this·research.

The gUidance and assistance of D. Hall, H. Holmes and

C. Quong during the completion of this work is greatfully

acknowledged.

Last, but certainly not least, I wish to thank my wife,

Virginia, and my son, Gabriel, for tolerating the inevitably

long hours necessary to do the research and to write it up.

In order to express my gratitude for their love and

patience, this work is dedicated to them.

This work was performed under the auspices of the U. S.

Department of Energy.



vi

TABLE OF CONTENTS

I. Foundations

A. Comparison of Compound Nucleus and Direct Reactions

B. Intermediate Aspects of Deep Inelastic Reactions 3

C. Classical vs. Quantal Treatment of the Dynamics 4

D. Definition of Terms 6

E. Purpose and Contents of the Thesis 9

II. Experimental Evidence for Non-equilibrium Behavior

in Heavy Ion Reactions 12

A. General Features of Experimental Distributions 12

B. Kinetic Energy Distributions 15

C. Neutron to Proton Ratio 21

D. Gamma-ray Multiplicities 25

E. Charge (Mass) Distributions 29

F. Angular Distributions 31

G. Summary and Conclusions 33

III. Microscopic Derivation of a Master Equation 36

A. Restatement of the Many-body Problem 36

B. Derivation of a Master Equation 41

C. Fokker-Planck Simplification 43

IV. Diffusion Model for Deep Inelastic Collisions 47

A. General Principles Behind the Diffusion Model 47

B. Classical Model for Nuclear Dynamics 49

C. Master Equation Description of Charge Transfer 53



vii

D. Angular Momentum Transfer Accompanying Mass

Transfer 63

E. Dynamics 70

F. Summary 72

V. Comparison of Experimental and Calculated Quantities 74

A. Angle Integrated Z-distributions 75

B. Angular Distributions 77

C. Gamma Multiplicity Distributions 79

VI. Summary of Results 81

APPENDICES 84

A. Average Kinetic Energy in Mass-asymmetry Mode 84

B. The Lifetime Distribution Function 87

C. Limiting Angular Momenta for Interacting Spheres 90

D. Finite Curvature Effects upon the Proximity

Treatment of Nuclear Interactions 94

E. Solution of the Charge Diffusion Master Equation 101

REFERENCES 103

TABLES 110

FIGURE CAPTIONS 112

FIGURES 120





Chapter I

Foundations

This thesis is concerned with some of the very exciting

developments which have occurred in the field of Nuclear

Physics since 1973, and is an attempt to describe some of

the complex workings of heavy-ion reactions in terms of

quite elementary models. It is hoped that some of the

insights provided by this work will stimulate further study

in this growing field, and that an eventual unification of

many facets of nuclear science research will result.

A. Comparison of Compound Nucleus and Direct Reactions

-Prro};;--to the advent of heavy-ion accelerators, most

nuclear reactions could be classified as one of two general

types [Har69]:

1. Direct reactions. This general label applies to

those reactions which are very elastic in nature.

Typically, they involve very peripheral interactions

between the two nuclei, and the resulting products

display very small deviations of the values of all

macroscopic variables (orbital angular momentum,

center of mass kinetic energy, etc.) from the

corresponding values in the entrance channel. The

peripheral nature of these reactions (as determined
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from the angular distributions) seemed to indicate

that only the partial waves in a narrow band around

the classical grazing angular momentum contribute

substantially to the Direct Reaction products. These

reactions occupy one end of an "equilibration"

spectrum, that of highly non-equilibrated reactions,

since none of the macroscopic variables have shifted

markedly from the entrance channel values towards the

true equilibrated ones.

2. Compound nucleus reactions. This general label

applies to those reactions which are very inelastic

in nature. In the case of the collision of two heavy

ions, only the most central interactions lead to a

compound nucleus, and the resulting products are

truly equilibrated i.e. the total energy of the

system has been statistically shared among al~~ __

degrees of freedom, and the final distribution for a

given collective variable is determined from level

densities and average matrix elements. The central

nature of these reactions (as inferred from the

gamma-ray yields of the products) seemed to indicate

that only the most bentral collisions (smallest

partial waves) contributed significantly to the

compound nucleus cross section. Obviously, these

reactions occupy the other end of the equilibration

spectrum, that of totally equilibrated systems.

To be sure, there were some indications of processes



intermediate to these two extremes (pre-equilibrium decay,

giant multipole resonances, etc. [Mah73,Blo63]). In the case

of pre-equilibrium decay, the physical situation was not

conducive to a true investigation of the approach to

equilibrium for various collective modes, since only single

particle modes (particle-hole excitations) were induced.

One significant piece of information concerning the

above reactions is glaringly absent: no mention of the

relevant time scale has been made. Direct reactions must,

for obvious reasons, occur on a time scale on the order of

the time necessary for the projectile to fly past the target

nucleus. The lifetime of a compound nucleus, on the other

hand, must be long compared to the lifetime of all transient

states populated during the approach of all variables to

their equilibrated values. Nature did not seem to provide

fhe-nuc ear physicist with the opportunity to watch the

collective modes equilibrate.

B. Intermediate Aspects of Deep Inelastic Reactions

The acceleration of heavy-ions (A >4) provided the

tool necessary to attack the problem which was outstanding

at the close of the previous section. One c6uld now study

various stages of equilibration for the following reasons:

1. The entrance channel mass-asymmetry may be far from

the compound nucleus limit; if equilibration is

3
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exchange, then many

a compound nucleus

single particle

must occur before

bymediated

exchanges

results.

2. Large numbers of partial waves may be involved,

implying that a large portion of the cross section

should fall in a region intermediate to the two

extremes described above.

A crude estimate of the time dependence of any

collective variable may be had by measuring its angular

dependence, since the angular position can be roughly

correlated with the interaction time. Furthermore, the

interplay of various collective modes can be followed quite

easily. Examples of these effects may be found in Chapter

II.

C. Classical vs. Quantal Treatment of the Dynamics

In order to describe Direct Reactions, one must resort

to a quantum mechanical description. This is due, in part,

to the large size of the wave packet for the projectile as

compared to the typical interaction distance. Also, the

interaction time mentioned above is comparable to the period

of nucleonic motion within the target nucleus, implying a

small number of nucleonic interactions, so that individual

quantum mechanical matrix elements and selection rules will

playa large part in determining the dynamics of the



interaction. The interaction time for Compound Nucleus

5

reactions, on the other hand, is orders of magnitude larger

than the period of nucleonic motion, implying that average

matrix elements and level densities can be used to describe

the final states of the reaction variables. Therefore,

aside from constraints imposed by conservation laws, the

macroscopic variables describing the products of the decayed

compound nucleus depend only upon the aforementioned average

quantities.

A question of interest is how to treat the dynamics for

deep-inelastic collisions. As will be shown later, these

reactions are fairly peripheral in nature, with the reaction

cross section coming largely from a window of partial waves

near the grazing value. If it can be shown that the size of

the system's wave packet is small compared to the

interaction radius, then a classical (or, at least, a

semi-classical) treatment should be valid. Any other

situation would dictate a quantum mechanical approach.

The size of the wave packet should be of the order of

the de Broglie wave length ',given by the prescription

(1.1)

As long as the velocity of the reduced mass is small

compared to the speed of light

s =~ « 1c

p can then be evaluated classically to give

(1.2)



k
P = [2~(E - V(r))J2 (1.3)
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where E is the energy of the system and V is the potential

energy at the radius r. A classical approximation is valid,

therefore, if

;/
-« 1
r

(1.4)

Estimates of this quantity range from 0.005 to 0.05, thereby

indicating that a classical formulation for the nuclear

dynamics is justified.

D. Definition of T~rms

At this juncture, it is appropriate to define many of

the terms used throughout the thesis. This glossary,

together with the local definitions in the text, should

provide a sufficient base for a non-specialist in the field

to follow the discussion of the various topics in the

thesis.

charge(mass) asymmetry

A measure of the distribution of the total mass of the

system. As will be described, th~se reactions are

binary in nature, implying that the charge(mass) is

partitioned into two well defined sections. The usual

measure of the charge(mass) asymmetry is the charge(Z)



or mass(M) of the smaller fragment. If the mass is not

partitioned into well defined sections, the mass

asymmetry becomes undefined. In a geometrical sense,

one can picture the shape of the reaction intermediate

at the time of breakup as consisting of two connected

non-intersecting shapes. A particular measure of the

asymmetry could be the volume of the smaller fragment

divided by the total volume of the two shapes, since

nuclear matter is basically incompressible.

7

is manifested by the

system working in concert.

collective mode

A degree of freedom which

individual elements in a

Some typical examples are:

1. the distance between the centers of two colliding

~--- - -- --- ~---

nuclei

2~Lhe -shape vioratTonsoTa-arop of 1iquid nitrogen

deep-inelastic collisions

Those nuclear reactions which present values of certain

observables which are intermediate to the two extremes

described in section I.A. A more complete description

is given in Chapter II. Synonyms for deep-inelastic

include quasi-fission, strongly-damped and relaxed.

equilibration

The process of approaching equilibrium. A collective

mode has equilibrated if the distributions for its

observables are determined purely from the distribution



of level densities of the reaction intermediate at the

scission point.

giant resonance

A particular example of a collective mode, wherein the

majority of the strength for a particular multipole

vibration is concentrated in a limited energy region.

grazing angle

The hypothetical scattering angle for a nuclear

collision in which the distance of closest approach is

the interaction radius (see below).

interaction radius

The distance between nuclear centers at which the

nuclear density distributions begin to interact via the

strong nuclear force.

intermediate complex

A term loosely used to describe the interacting nuclei

while they are in the interaction region. The binary

nature of the reaction (section II.A) indicates that

the physical nature of the complex is that of two

connected shapes.

scission point

That point in the evolution of the complex in

coordinate space at which the nuclei cease to interact

strongly. The distributions of most observables will

reflect the corresponding values at this point in time.

8



E. Purpose and Contents of the Thesis

The purpose of the thesis is twofold: obviously, it

summarizes the author's efforts in this area over the last

9

six years. More importantly, it is hoped that this work

will stimulate discussion in an area in which there is still

little agreement among researchers as to the interpretation

of experimental results and the underlying physical

mechanisms involved. The situation is more global than it

might appear to be; the correct interpretation of

deep-inelastic collisions will implicitly describe both of

the extreme situations seen in the early experiments,

thereby unifying much of nuclear physics. While no

pretenses to that effect are made here, itis hoped that the

present work can make a small contribution toward that goal.

The remainder of the thesis consists of five parts:

1. Chapter II is concerned with the experimental

evidence of partial equilibration in several

macroscopic observables of heavy-ion reactions. This

chapter is global in nature, and general trends,

rather than the intricacies of a single system, are

described. The main focus of this chapter is to

derive an experimental hierarchy of relaxation times

for the various observables' which will give some

insight into the physics behind the diffusion model,

which is presented in chapter IV.



2. In chapter III, an attempt is made to show what

assumptions are necessary to obtain a stochastic

equation of motion for a quantal system, given the

Hamiltonian of the system. This chapter makes no

pretenses of originality (most of the derivations may

be obtained from any textbook on non-equilibrium

statistical mechanics), and is only included for

completeness. For a more thorough exposition of the

subject, the pioneering work of Norenberg [Nor75J

should be consulted. The main points made in this

chapter are those requirements necessary for a master

equation approach to be valid, and the relationship

between the master equation and its associated Fokker

Planck equation.

3. Chapter IV is the meat of the thesis, as it describes

the various parts of the diffusion model. In the

interest of continuity, many of the lengthly

derivations have been relegated to appendices. It

should be noted that many of the new features of the

model are described in those appendices. It is

therefore strongly advised that the appendices be

read upon completion of Chapter IV. It is hoped that

the material in this chapter will make clear the

general physical principles at work in these

reactions, and how they may be described in a simple

manner.

10

4. Chapter V is a comparison of the experimental
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distributions with the calculated results. It should

be noted that the author has striven for a

qualitative understanding of these reactions, and has

avoided parameter adjustment to achieve quantitative

fits of the experimental data in this work. There

are no adjustable parameters in the model. Given its

relative crudeness, therefore, quantitative fits are

not expected. It is gratifying, though, that many of

the differential distributions which display accurate

qualitative trends reduce to integrated distributions

which fit their experimental counterparts quite well.

5. Chapter VI is an attempt to objectively summarize the

. preceding chapters, and to draw conclusions

concerning the relevance of the current work.

1 1



Chapter II

Experimental Evidence for Non-equilibrium Behavior

in Heavy Ion Reactions

A. General Features of Experimental Distributions

To date, most of the experimental information

concerning deep-inelastic collisions has been obtained from

the measurement of the following properties of the final

reaction products: kinetic energy, charge, mass, and angular

distributions [Gal70,Art73,Mor73,Wol74,Kra74,Van76,Sch77].

Simultaneous measurement of two or more of these properties

allows correlations between the observables to be

discerned. Presently, multi-parameter coincidence

measuremenEs of seconaary-emisslon products (those products

emitted during the de-excitation of the primary products in

the exit channel) are being performed to learn about various

properties of the intermediate complex at the scission point

[Gla77,Per77,Har77,Gal74]. From these studies, the following

general features of deep inelastic collisions have emerged:

1. The exit channel consists of two massive primary

fragments (the process is primarily binary in

nature).

2. The final kinetic energies of the products display

varying degrees of damping of the entrance channel

kinetic energy, ranging from essentially elastic

12
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energies down to the Coulomb interaction energy

between highly deformed fragments.

3. An exchange of nucleons occurs during the time of

interaction between the two nuclei, leading to

distributions in the masses of the fragments. For

collisions which can be characterized by short

interaction times, the mass distributions (for the

light primary fragment) are peaked at the projectile

mass and are quite narrow, while for collisions

resulting in longer interaction times, the mass

distributions are broader and shifts of the centroid

can be discerned, the direction of the drift

correlating with potential energy considerations.

4. The angular distribution for the projectile-like

products, integrated over energy and charge, is

s t rongly p_e~ke_d_n_Lo t_h_e__o_e_ighb_oLhoD_d_o_f_the_gJ"_azLngt'T-------

angle. When this distribution is dBcomposed into the

distributions for each Z, the peaking gradually

transforms ibto a general forward peaking as one

moves in Z away from the projectile.

5. The average neutron-to-proton (N/Z) ratio reflects

the value which minimizes the potential energy of the

intermediate complex, independent of the entrance

channel values, after accounting for secondary

particle emission from the primary fragments.

6. Angular momentum is transferred from relative orbital

motion to the intrinsic spins of the two primary



fragments.

7. The de-excitation of the primary fragments in the

exit channel occurs through the emission of light

particles (n, p, a ) and Y -rays; the target-like

primary fragment may also fission, if the barrier is

small enough to allow fission to compete with

particle emission.

Since these reactions display properties of a fast,

peripheral process (peak near the grazing angle), a natural

time scale is established [Nor74,Bon75J. Comparison of

properties measured at the grazing angle with those

measured at more forward angles (which require the nuclei

to interact for longer times in order to rotate to the more

forward angle) yields an approximate relaxation time for

the observable in question. These correlations with

sca~tering angle wfT1------Oe exploitea many times in the

succeeding sections.

The fact that deep inelastic collisions are binary

processes was originally suspected from the values of the

kinetic energies observed for the fragments [Mor73,Co174J.

Correlated measurements of the two primary fragments

indicate that they are indeed emitted at 180 in the

center-of-mass system, and perturbations of the measured

angle about this value are consistent with secondary

emission of light particles [Cau78aJ. For further

discussion of this subject, see [Sch77J.

14
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In succeeding sections, each of the other properties

is discussed in turn. For each property, the main

experimental features are outlined. The situation in which

the property in question is totally equilibrated is

described. Where appropriate, relationships between this

property and other aspects of nuclear reactions are

discussed. If available, experimental information

concerning mechanisms for the equilibration of the

observable is presented. Finally, the relaxation time of

the observable is estimated from its correlation with

scattering angle. From the hierarchy of relaxation times

which results, one can view the interplay between various

collective modes, and the choice of the "slow" mode to be

described by non-equilibrium statistical methods

become obvious.

will

B. Kinetic Energy Distributions

One of the most distinctive features of deep inelastic

reactions is the broad kinetic energy distributions

products

can beAs

observed for all

[Ga170,Art73,Mor73,Wo174,Kra74,Van76,Sch77].

seen in figures 1-3, the kinetic energy distributions

display two main features:

1. For all products measured at all angles, there is a

large cross section for events whose total kinetic

energy (the sum of the kinetic energies of the



primary fragments) in the center-of-mass system is

quite close to the Coulomb energy of two touching

fragments (see figures 4 and 5). For reactions

involving fairly light projectile-target

combinations, the centroid of this low energy

component follows the Coulomb energy of two spheres

at the interaction radius, while for heavier

projectile-target systems, the general trend of

these centroids seems to indicate that the relevant

configuration at scission may be more stretched and

involve deformation of the primary fragments. It

should also be noted that the position of the

centroid of this low energy component for a given

reaction is independent of the angle at which the

product is observed.

2. For products with atomic numbers (masses) close to

that of the projectile at angles near the grazing

angle, the distributions display a range of kinetic

energies, varying from essentially no loss of the

entrance channel kinetic energy down to the low

energy component described above. For reactions

where the bombarding energy is quite large compared

to interaction barrier (E/B > 2), a well-defined

separation of the low energy component and a high

energy component is observed, and one may speak of a

"relaxed" and a "quasi-elastic" component. For

low-energy bombardments (E/S < 1.5), the spectra are

16
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very broad, with no discernable separation of

compo nen ts .

From our definition of equilibration (section I.D),

the exit channel kinetic energy is relaxed if it is due

entirely to the potential energy of the scission shape,

with no dependence upon dynamics, other than the energy

tied up in the rigid rotation of the complex. The

correlation of the centroid of the "relaxed" component with

the Coulomb plus rotational energy of a connected shape

indicates that these events are truly equilibrated, hence

the name "relaxed".

Much information can be derived from the correlation

between the kinetic energy and other experimental

observables. The first studied was the correlation between

the total kinetic energy (hereafter referred to as TKE) of

the fragments and the center-of-mass angle of the light

fragment [Wi173J. Examples of this type of correlation (the

pictorial representation of which is called a Wilczynski

plot or diagram) are displayed in figures 6 and 7.

Wilczynski's original interpretation of the type of diagram

seen in figure 6 is that the upper ridge of cross section,

starting at the elastic energy and the grazing angle and

moving to lower energies for more forward angles, is due to

positive angle scattering, as depicted schematically by

trajectory in figure 8. The lower ridge, seen at

essentially constant energy and extending out to large

17



scattering angles, is due to negative angle scattering,

shown schematically as trajectory 2 in figure 8. If,

during the course of the reaction, some of the orbital

angular momentum is transformed into spin angular momentum

of the fragments, as is known (see section II.D), and this

spin is oriented perpendicular to the reaction plane, then

the spins of the nuclei for the two trajectories of figure

8 will be aligned in opposite directions. This fact has

been measured experimentally [Tra77J by detecting the

polarization of the gamma-rays emitted by the primary

fragments in the relaxed and the quasi-elastic parts of the

spectrum. The fact that some trajectories lead to negative

angle scattering is sometimes referred to as "partial

orbiting". Perusal of figure 7 for Z = 24, 28, 42, 44 shows

that for products which involve sufficiently large net mass

transfer, only the low energy ridge appears, implying that

the exit channel kinetic energies for such asymmetries are

completely relaxed. The behavior of the high energy ridge

in figure 7 for Z = 34, 38 seems contrary to that seen in

figure 6. Very little angular motion is observed as the

ridge drops from elastic to relaxed energies, which is

sometimes referred to as "strong focussing" [Sch77J. This

seemingly anomalous behavior is due to the fact that the

average rotational frequency w is small enough such that

the product

18

(2.1)



.where TE is the relaxation time for the kinetic energy,

19

is a small quantity. Thus by increasing w for a given

reaction system, one should see a transition from a

"strongly focussed" situation to a "partial orbiting" one.

Equivalently, the type of behavior exhibited by the high

energy ridge in the Wilczynski diagram should strongly

correlate with the ratio E/B, since w is an increasing

function of this ratio. Experimental verification of this

point is displayed in figures 9 and 10. Figure 9 is a

Wilczynski plot for bromine isotopes (Z=35) from the
86 197

reaction 731MeV Kr + Au (E/B = 1.84). The pattern

is unmistakably that of a partially orbiting
86

Figure 10 is the analogous plot for 506MeV Kr

system.
197

+ Au

(E/B = 1.28). This system is obviously strongly focussed.

It is possible to estimate the relevance of various

models for energy dissipation by studying the correlation

between energy loss and mass transfer. Two of the most

popular models to describe the observed energy loss are:

1. The one-body dissipation formalism, which ascribes

the energy loss to the momentum transfer caused by

single nucleons traveling from one nucleus to the

other [Bl078].

2. The excitation of giant multipole resonances, which

allows the collective vibrational energy to be

dissipated due to the large coupling of these

resonance states to the single particle states

[Br076] .



Very little correlation between energy loss and particle

transfer should be observed if the second mechanism is

predominant, while the opposite would be true if the first

is the dominant dissipation mechanism. Displayed in figure

11 is an example of this type of experimental correlation

.[Sch77J. It has been shown that the 1-body dissipation

mechanism seems to be able to describe the energy loss

observed for peripheral collisions quite well [Sve78J.

Further discussion of this matter will follow in section

20

IV.D. It is important to point out that a third mechanism

for energy dissipation, that due to nucleon-nucleon

scattering, is not expected to be important during the

initial stages of the interaction, when most of the energy

is dissipated. During that time, the intermediate complex

is a system of fermions characterized by a small

temperature. Since most possible final states for the

nucleons are forbidden due to the Fermi statistics, the

two-nucleon scattering will be inhibited.

An estimate of the relaxation time for the collective

kinetic energy can be performed by exploiting the

correlation of the "quasi-elastic" centroid with the angle

of observation for systems displaying a two-component

spectrum. By assuming that the system rotates with an

angular frequency given by
.Q, .. .;f(

Cll == ave
llY 2

o

(2.2)



(where Q,ave is the average leading to a

21

deep-inelastic collision, II is the reduced mass, and ro is

the interaction radius), an approximate relation between

angle and interaction time results. By assuming an

exponential decay of the centroid of the "quasi-elastic"

component with time, one arrives at the following

expression for the relaxation time TE :

(e - e)gr
w

(2.3)

where e is the observed angle,

angle, <E(0» is the centroid

e isgr

of the

the grazing

"quasi-elastic"

component at angle 0, and Eo is the centroid of the

"relaxed" component. Analysis of the data displayed in
_22

figure 6 indicates that TE "" 3xlO sec. As will be seen

in later sections, this relaxation time is quite short as

One is then

justified in speaking of "fast" relaxation of the kinetic

energy.

C. Neutron to Proton Ratio

Since most reactions involve projectiles and targets

with different neutron-to-proton (N/Z) ratios, some of the

earliest work in the heavy ion field was concerned with how

these ratios relaxed to a common value [GaI76J. These
,

studies require both charge and mass identification, so
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most have been carried out using light targets and

projectiles. One of the first experiments performed

involved the bombardment of 58Ni and 64Ni targets wi th 40 Ar

and 40 Ca projectiles, which allowed all possible

combinations of neutron-rich and neutron-poor targets and

projectiles. A typical isotope yield distribution is

d i spl ayed in fig ur e 12 fo r the 40Ar + 58Ni entr ance channel

near the grazing angle for the element chlorine (Z=17).

The separation between "relaxed" and "quasi-elastic" energy

components in this case is well-defined. In the grazing

(quasi-elastic) collision, the most probable isotope formed

is 39Cl, which is the result of a single proton being

stripped from the

range from 34Cl

projectile. The quasi-elastic events

to 41 Cl , with the lower mass isotopes

having lower average kinetic energies, indicating that the

lower mass events may be due to collisions involving~QLe~ _

matter overlap (more energy loss) than the higher mass

events. On the other hand,the heaviest isotopes are

missing from the relaxed component, indicating that the N/Z

ratio has had more time to equilibrate, since the highest

masses correspond to the entrance channel asymmetry in N/Z,

that of a neutron-rich projectile and a neutron-poor

target. For angles forward of the grazing angle (see

figure 13), the two-peaked structure of the kinetic energy

spectra disappears, but the broad distributions seen

reflect the N/Z ratio of the relaxed component at the

grazing angle. The above features do not depend strongly



upon the bombarding energy.

If one considers the composite system to consist of

two touching fragments, the average Z for the light

fragment for a given mass fractionation is the one that

minimizes the potential energy of the complex, given by
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(2.4)

i f th . th I dwhere VLD is the liquid drop energy or e 1 nuc eus an

V1NT is the in ter ac t ion en erg y between the nuclei,

consisting of Coulomb repulsion and nuclear attraction.

(Note that since the rotational energy depends upon the

masses, but not on the charge, it will have no bearing upon

this mode.) The results of such a calculation assuming the

complex is two touching spherical nuclei for the four

with the experimental points. The agreement is quite good

for all but the most neutron rich system, in the sense that

the gross pattern as a function of asymmetry is

r eprod uc ed . Calculations using equation (2.4) neglect

shell effects and ignore the fact that the nuclei possess

excitation 'energy following the interaction. The

de-excitation of the nuclei certainly results in some

particle emission, expecially neutrons, which would explain

why equation (2.4) deviates most strongly from the

experimental points for the most neutron rich system. To

check this fact, the effect of evaporation has been



included in the calculations, and one can see from figure

14 that the discrepancies between the general trends

disappears for all systems.

The model proposed above is actually a representation

of the giant E1 resonance (of the Steinwedel-Jensen type
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[Ste50J) in the intermediate complex. From other

theoretical work [Mye77], the width of the resonance is

known to be rather well reproduced by

r h~
R (2.5)

where V is the average velocity of a nucleon in the system

and R is a typical linear dimension of the complex; in this

case R is the sum of the radii. From the uncertainty

principle, one can convert this width into the relaxation

time of the resonance state, given by

h R
T """ -=-r ~v

For the case of 58Ni + 40 Ar,
_22

T """ 1. 3xlO sec.

(2.6)

An experimental estimate of the relaxation

time, TN/ Z ' can be performed by exploiting the angular

correlation observed in figure 13. Using formula (2.3) and

substituting the appropriate Z value for E, one arrives
_22

at TN/ Z"""1.3xlO sec. Comparing this wi th the estimate of TE
I

from the preceding/section, one immediately sees that the

N/Z mode relaxes even faster than the kinetic energy.



Also, the agreement between the experimental and

theoretical relaxation times indicates that one is truly

observing the relaxation of the giant E1 resonance in this

type of measurement.

D. Gamma-ray Multiplicities

During the course of a deep inelastic collision,

angular momentum is transferred from the orbital motion of

the nuclei into their intrinsic spins. This has been

established by several experimenters by measuring the

multiplicity of gamma-rays emitted from the primary

fragments in the exit channel [Gla77,Per77,Nat78,Chr78J.

Three general features are observed in the multiplicities.

1. For the "relaxed" energy component in the reactions

of light systems (where the deep-inelastic products

are due to a well-defined angular momentum window),

the multiplicities increase with increasing charge

asymmetry (decreasing Z) for angles behind the

grazing angle, but show little dependence upon

asymmetry for angles forward of the grazing angle

(see figure 15) [Gla77J.

2. For the "relaxed" component in heavy systems (where

esentially all impact parameters lead to

deep-inelastic events), the multiplicities are

essentially independent of angle, and display little

dependen~e upon asymmetry (see figure 16) [Ale78J.
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3. For the "quasi-elastic" component for all systems,

the multiplicities display a strong correlation with

the net charge transfer observed (see figure 17).

The source of these de-excitation gamma-rays is well

known from compound nuclear studies [Boh69J. In short, the

two primary fragments in the exit channel possess both
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excitation energy and spin angular momentum. The most

efficient method for removing both quantities is charged

particle emission, but this de-excitation mode is strongly

inhibited by Coulomb effects. Therefore, the fragments

must rely upon neutron emission to eliminate the excitation

energy, with centrifugal barrier effects favoring s-wave

neutron emission. The net result is that following

particle emission, each fragment finds i tsel f with

approximately 8 MeV of excitation energy and most of the

spIn generaEea-auri~Ene collIsIon. Due to the· large

density of nuclear states, gamma-rays due to

single-particle transitions start to compete favorably as a

de-excitation mechanism at this point. These gamma-rays

are principally E1 multipolarity and emitted in a

statistical manner. Such emission occurs until the

fragment is in the lowest energy state consistent with the

given spin, known as an yrast level. For the large class of

nuclei that, in their ground states, have a stable shape
,I

deviating si~nificantly from spherical symmetry, the yrast

levels are collective rotational states (part of a

rotational band) and decay primarily by £2 gamma-emission



to the next lower level in the band. Due to the collective

nature of these levels, the transitions are strongly

27

enhanced compared to the single-particle transitions

leading to the statistical gamma-rays. The collective (or

"stretched") E2's are emitted until the fragment reaches

its ground state. The bulk of the spin angular momentum is

lost in this last stage. Compound nuclear studies [Per77J

indicate that the possible emission of charged particles

(with a corresponding large loss of angular momentum)

almost exactly compensates for the low multipolarity of the

statistical gamma-rays, such that the conversion from

multiplicity to angular momentum given by

~ 2M
y

(2,7)

is fairly accurate. Thus, by measuring the gamma-ray

multiplicities, one can estimate the amount of spin in the

complex at scission.

In a macroscopic sense, one can picture the following

mechanism for the angular momentum transfer [Tsa74J:

initially the two nuclei slide upon one another.

Tangential friction exerts a torque upon each fragment,

causing them to rotate. When the peripheral velocities are

equal, the tangential friction no longer acts, and the

system has reached the "rolling" stage. At this point,

rolling friction acts to reduce the difference in

rotational frequencies of the two nuclei, resulting in



rigid rotation of the complex. In actuality, both
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tangential and rolling friction act in concert, but the

relaxation time for the tangential friction seems to be

much shorter, so the above description is essentially

correct. For the rolling case, the spin angular momentum

of the fragments is 2/7 of the total angular momentum,

independent of the mass asymmetry (see Appendix C). For

rigid rotation, the fraction of the total angular momentum

involved in the spins of the fragments varies from 2/7 to

1, the former for symmetric fragmentation and the latter

for compound nucleus formation. This rigid rotation

corresponds to the totally equilibrated situation for the

angular momentum transfer.

From inspection of figure 15, one sees that the 90°

data exhibits the pattern expected for rigid rotation.

the angular momentum transfer can be calculated. Assuming

that the relaxed energy component for the entrance channel

asymmetry observed at Blab = 90° corresponds to systems

°which have orbited through 0 the total angle through

°which the complex has rotated is - 150 . The rotational

frequency for rigidly rotating touching spheres with this

asymmetry and assuming fI., = 70ri
22

is -lOxIa deg/sec.

Therefore, an upper limit on the relaxation time for the

angular momentum transfer is given by



T =
fI,

l'.6
w

150
IQTT

_22
= 15xlO sec (2.8)
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A quick cOlflparison shows that this is the largest

relaxation time observed so far in the thesis.

E. Charge (Mass) Distributions

Due to technical improvements which originated at

Berkeley [Fow75J, the charge of the light primary fragment

is easily and accurately measured in deep inelastic

collisions. The charge distributions for the "relaxed"

energy component display the following characteristics (see

figur es 18-20):

1. At angles in the region of the grazing angle, the

______________________~c~h~a~rge distributions observed are narrow, indicative

of very short interaction times, and the centroids

of the distributions coincide with the projectile Z.

2. At forward angles, the distributions are somewhat

broader.

observed.

Drift of the centroid mayor may not be

3. At backward angles, the distributions are very

broad, and measurable drifts of the centroid are

often seen.

If the charge distribution were truly relaxed, one

should observe distributions similar to those seen for

fission products-- i.e. the yield for a given Z depends



upon the potential energy of the saddle point through which

the shape must evolve in order to decay into the channel

specified by the asymmetry Z. Examples of this ridge-line
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potential is shown in figure 21. If the total energy

available to the compound nucleus is E, then the excitation

energy of the complex at the ridge line is E V(Z), where

the potential is measured with respect to the compound

nucleus. The probability of decaying with asymmetry Z

depends upon the potential through the density of states at

the saddle point, which is a function of the excitation

energy of the shape:

Y(Z) ~ peE - V(Z)]

where p[E*] is the level density functional. If

(2.9)

V(Z) « E, one can expand the level density about E to

arrive at

Y(Z) ~ e-V(Z)/T (2.10)

where T-
1

= d1n p[x]1 is
dx x=E

type of yield distribution is

the nuclear temperature.

displayed in figure 21

This

for

the potential labeled ~ = 50h

A comparison of figures 18-20 and 21 indicates that

the charge distributions at all observed angles are still

far from equilibrium, although the backward angle data

shows strong tendencies for approaching this limiting

shape. Exploitation of the angular correlation again



allows an estimate of the relaxation time to be made. A

comparison of the data taken at 10° and 35.4° from figure

18, using appropriate substitutions in equation (2.3),

results in the estimate

31

_22
T ~ 60x10 secZ

the largest relaxation time observed thus far.

F. Angular Distributions

(2.11)

Much attention has been focussed on the total angular

distribution and the angular distributions for different

asymmetries for the "relaxed" energy component. A

correlation between the shape of the total angular

distribution (forward or side peaked) and the ratio of the

bombarding energy to the interaction barrier (E/B) has been

described by Mathews and coworkers [Mat77]. Such a

correlation indicates that a system wi th E/B $ 1.6

exhibits a well-defined side peak in the total angular

distribution, while one with E/B > 1.6 has a forward peaked

distribution. With the knowledge of the relaxation time

for the energy from section II.B, one can substantiate this

correlation from the average kinematics of the relaxed

component.

Assume that the projectile follows a Coulomb

trajectory (wi th )/,ave units of angular momentum) into the
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interaction radius, traversing an angle 61. The complex

then rotates with the average rotational frequency for a

time

t (2.12)

which is the time necessary for 90% of the excess energy to

be dissipated. The projectile then follows a Coulomb

trajectory with the reduced energy ( 62 ). The "relaxed"

peak will then appear at an angle

Due to the energy loss, the kinematical broadening of the

peak will be quite large (~6=300-40o), so if 6< 30°, the

angular distribution will appear forward peaked, while

-----~~()-r-e7____3-0~t-he-s-i-d-e-pe-a-k-w-i-l-l-b-e-we-l-l-d-e-f-i-n-ed-.-'I'--ab-l-e-I-i-s--------­

a comparison of some experimental data with the

accompanying value of 6 as calculated by equation (2.13).

This substantiates the E/B correlation, since all

quantities calculated in equation (2.13) are essentially

dependent only upon the ratio E/B.

The most striking f~ature of the angular distributions

for different charge (ma~s) asymmetries is the apparent

relaxation of the angular distributions with increasing net

charge transfer (see figures 22-25). The relaxed shape of

the angular distribution is 1/sin 6, which indicates that

the reaction intermediate is long-lived compared to the



rotational period and that the number of partial waves

involved is large. The fact that the angular distributions

are more forward (side) peaked for the projectile, and the

increasing relaxation for asymmetries farther removed from

the entrance channel asymmetry indicates that the time

necessary for the complex to evolve to the observed

asymmetry increases as the required net charge transfer

increases.

As noted in section II.E, a dynamically controlled

drift of the charge distributions is sometimes observed

[Ga175,Mor76]. The direction of the drift is related to the

slope of the asymmetry potential, with a negative slope

driving the system toward symmetric fragments, and a

positive slope tending towards more asymmetric divisions.

Due to this drift, one would expect the angular

distributions to equilibrate more slowly in the direction

of the drift than in the other direction. Figures 26 and

23 display this fact for two systems which have the

opposite tendencies.

G. Summary and Conclusions

While it was not obvious from the energy or charge

distributions that deep inelastic reactions differed from

compound nucleus reactions, the characteristic shapes of

the angular distributions and their Z-dependence
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unequivocally rule out compoumd nucleus reactions. One is

assured, then, that the deep inelastic products are due to

a different mechanism (or the same mechanism at different

stages of relaxation) than compound nucleus reactions. As

stated in the introduction, the deep inelastic reactions

seem to bridge the void between the two extremes observed

in light particle induced reactions.

The aforementioned hierarchy in relaxation times is

now c ompl ete :

34

(2.14)

_22
where all times are in units of 10 sec. From this

hierarchy, one observes that a.11 modes equilibrate much

faster than the charge (mass) asymmetry mode. This fact,

coupled with the large widths observed in the charge

distributions, lends support to the Diffusion Model

(described in chapter IV) in which the 'charge-asymmetry

mode is treated as a stochastic process (approach to

equilibrium), the N/Z and radial kinetic energy modes are

considered instantaneous, and the angular momentum

dissipation depends deterministically upon the mass

transfer. By keeping track of the dynamics and folding

over all impact parameters, the experimental observables

(energy, charge and angular distributions) can be

calculated and compared with experiment. Secondary

processes (y-ray multiplicities, fission probabilities,



etc) can also be described. The succeeding chapters will

describe the model, the calculated results, and the

comparison with experiment.
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Chapter III

Microscopi~ Derivation of a Master Equation

As stated in the introduction, the main purpose of this

thesis is to describe a plausible model which reproduces the

experimental observables of deep inelastic collisions and,

more important, to provide a simple physical picture of the

interactions which lead to the observed data. It will be

shown in chapter IV that the distributions in the

observables are consistent with a stochastic mass transfer

process during the time of interaction between the two

nuclei. It is the purpose of this chapter to show under

what conditions the time-dependence of the macroscopic

observables for strongly interacting quantal systems can be

described b~ stochastic methods [Zwa64J. The proj,~e~c~t~l~'o~n~ __

method used was first applied to this situation by Norenberg

[Nor75J.

A., Restatement of ~ Many-body Problem

Let H denote the hamiltonian for the system with

orthonormal wave packets j1jJ. (t) > such that
1

ih<1jJ. (t) I :t1jJ· (t» = 8 .. <1jJ. (t) IH1jJ. (t»
J 0 1 1J J 1

(3.1)

These orthonormal wave functions can be thought of as
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representing the possible eigenstates of the separated

nuclei, suitably orthogonalized to account for the region of

overlap. The wave function for the system can be expanded

in terms of these orthonormal wave functions

I~(t» = Ict. (t) 11/1. (t) >
.11
1

(3.2)

where the ct. (t) are occupation amplitudes for the channels.
1

This expansion can be inserted into equation (3.1) to yield

where

.
ia. (t) = IU .. (t)a. (t)

J i J 1 1
(3.3)

(3.4a)

U.. (t) =
Jl o j=i (3.4b)

The result in equation (3.3) can alternatively be expressed

*-------~i-n-te-~m-s-Q-f-th@_d-@ns_i-t-y-ma-tl"'-i-x-f;>-.-.-=-ct~ct . as~:-------------
lJ 1 J

ip.,(t) =
J 1

I L.. (t)p (t)
J l,nm nmn,m

(3.5)

where the Liouville operator is given by

L.. (t) = U. (t)o. - U .(t)o.
J 1 ,nm J n 1m ml J n

(3.6)

As is obvious from equation (3.5), L is a tetradic; it

relates one element of a matrix to a linear combination of

all matrix elements. The algebra of tetradics and matrices

is isomorphic to that of matrices and vectors if one

considers the density matrix to be a vector in the



superspace , where X is the total hilbert space
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.'

of the hamiltonian H. If a vector in the superspace is

denoted by I ), then equa tion (3.5) becomes

(3.7)

The components in the original representation are Pj i=Ciil p)

and L . . = (j i ILnm)
]l,nm Thus one is left with the formal

solution

(3.8)

While this expression is well-defined in terms of an

expansion of the exponential operator, the real power of the

superspace formalism lies in the resolvent form of the

solution. If the Laplace transform of the density operator

is

(3.9)

then the formal operator solution for the transform of

equation (3.7) is

. g(p) P+iLP(O) (3.10)

This fact, along with the property that the inverse Laplace

transform of a product is a convolution, will be used below.

At this point, it is desirable to separate the density

operator, or more precisely, its Laplace transform, into



diagonal and non-diagonal parts through the application of a

projection operator D, whose definition in the original

representation is
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(3.11)

It is easy to verify that D has the desired property. The

projection operator and its complement can be used to

separate P, g(p) and equation (3.10) into diagonal and

non-diagonal parts as follows:

A A A

g(p) g (p) + g (PI"
I 2

A A A

pg (p) - p (0) = -iDLg (p) - iDLg (p)
I I I L

p Dp +
A

(l-D)p - p + P
I 2

(3.12a)

(3.12b)

(3.12c)

pg (p)
2

A

P (0)
2

A A

-i(l-D)Lg (p) - i(l-D)Lg (p)(3.12d)
I 2

By solving equation (3.12d) for g (p) and substituting into
2

equation (3.12c), one arrives at the Laplace transform of

the master equation for the system

(3.13)

A A

pgl(P) - PI(O) 'DL
A

() l"DL 1 1) (0)
-1 gl P - p+i(l-D)L P2 .

1 A

- DL p+i(l-D)L (l-D)Lg
I

(p)

Upon application of the inverse Laplace transform, the

following master equation results:
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-iDL~ (t) - iDLe- i (l-D)Lt iS (0)
1 2

(3.14)

One sees immediately that, if the density operator is

initially

closed in

A

diagonal--i.e. p (0) - 0 , then equation (3.14) is
2

the diagonal part of the density operator. This

condition, usually called the assumption of initial random

phases, is often assumed.

It is quite straight forward to show that the first

term on the rhs of equation (3.14) is identically O. By

assuming initial random phases, equation (3.14) becomes

dp (t) t
-~ = -f dT L ~ (T)p (t-T)

dt 0 n mmnn nn (3.15a)

__________w_h_e_r_e ~mmnn(t) = [L(t)e-
it

(l-D)L(t) (1-D)L(t)Jmmnn-l(=3~.1~5~b~)~-------------

Thus it is seen that the equation of motion for the

density matrix depends upon its value at all previous times,

with the coupling described by the memory kernel ~mmnn(t).

If the physical situation is such that individual channels

cannot be observed (such as observing the mass-asymmetry

degree of freedom in deep inelastic collisions), one can

resort to coarse graining, which is the process of dividing

up the entire hilbert space into subspaces ~ , with the
jl

elements of a given sUbspace all possessing a common value

for some macroscopic observable. Then, equation (3.15a) can



be rewritten as
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dP (t)
v
dt (3.16a)

where P (t) == L: p (t)
].l mEJ( mm

].l

(3.16b)

of channels in the subspace J(
].l

and

K (t) == [d d J- 1
V].l v ].l

d is the total number
].l

L: ~ (t)
].l,V -mmnn (3.16c)

Equation (3.16a) still represents a formal solution to

the many-body problem in which there are no initial

correlations. In order to use this formalism, it is

necessary to make certain approximations.

B. Derivation of a Master Equation

A quick perusal of equation (3.16a) indicates that the

time evolution of the system depends upon all previous

times. This is the expected behavior for a deterministic

system. A system which can be described by a master

equation, on the other hand, has had all long-time

correlations removed, since a master equation approach

implies that the process is Markovian. Qualitatively, then,

one sees that a master equation approach will be accurate if

two conditions are met:

1. The probabilities PR must remain constant in the time

scale necessary for the correlations to decay away.

2. The time scale of interest (interaction time) must be



small compared to the Poincare recurrence time, which

is the time necessary for a system to approach its

initial conditions in phase space to any arbitrary

accuracy.
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Norenberg [Nor75J has shown that if one assumes

stochastic properties for the coupling matrix elements

u .. (t), then a master equation for the probabilities PvlJ
results

dP (t)
v
dt

L: W (t)[d P (t) - d P (t)]
p vp v p p v (3.l7a)

where (3.l7b)

T (vp) (t)
mem

;l;; 2
= [2 7f ] 2h [ L: « IU . I >

i ml p

2
+ <Iu ·1 > )] (3.l7e)

ill . v

<f >m p
(3.l7d)

T11e quanti ties Tmem are the correlation times discussed

above, and estimates for the mass-asymmetry degree of

freedom lead to values of 10- 23 _10- 22 sec. The relaxation

times for the probabilities, T~el' are of the same order of

magnitude as the interaction times, T. t' as shown by the
1:il

sizable widths of the measured mass distributions. These

times are of the order 10- 21 _10- 20 sec. Thus one sees

that the first condition is met. The recurrence time can be

estimated as T =27fh/D where D is the average energy levelree
spacing. The high density of states involved in these deep

5
inelastic collisions cause Tree Rj 10 T. t Thus the

lil

second condition is also met.
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While the results of this and the previous section

could be used as the basis of calculations for nuclear

interactions, its sole purpose here is to indicate that a

master equation approach is plausible for deep inelastic

collisions from first principles. This is sufficient to

permit the development of the diffusion model of chapter IV

where more cognizance of the known properties of nuclear

matter can be taken. Its eventual justification lies in its

agreement with measured experimental data.

c. Fokker-Planck Simplification

In order to better appreciate the physical situation

described by a master equation of the type in equation

(3.17a), it is necessary to discuss Markov processes in

~ g_e_n_eLaL,_a_nd_t_o_Lo_o_k_a_t_ap_pJ:D_pLia_t-e-LirnLtin&-----f-QIlnB-LReifi-5-.J-..-----­

In the following, the coordinate of interest (x) is assumed

to be continuous and its domain is the entire real line.

By definition, a Markov process is one in which the

joint probability distribution Pz given by

(3.18)

which is the probability of finding x in (x1 ,x1+dx1) at time

t 1 and in the range (xZ,xZ+dx Z) at time t z' describes the

process completely. This is certainly not true for

dynamical systems, where x(t) depends upon the value of x at



all previous times. It is useful to rewrite equation (3.18)

in terms of conditional probabilities:
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(3.19)

where P:1 is the probability of finding x in (xl,xl+dxl ) at

time ~ and P(y,T: z) is the probability of finding x at y

given that x was at z time T in the past. Using the

expression in (3.19), one can write an equation f6r the

probabilities PI as

(3.20)

All this equation states is that if the probabilities PI are

known at some earlier time t, then the value at time t+T is

due to contributions from

(3.20).

all positions x
o

via equation

A taylor expansion of equation (3.20) about t for

small T can be performed, resulting in

The second integral on the rhs of equation (3.21) is

identically unity, since it says that the system must go

somewhere in time T . If one defines A such that

lim I IA(x,y) = 0 P(X,T y)
T+ T

then one is left with the following master equation

(3.22)



~i(x,t) =_ZdY[A(x,y)~(y,t) - A(y,x)~(x,t)] (3.23)

where ~ = Pl. This is the continuous version of equation

(3.17a). Care must be taken in taking the limit in equation

(3.22). It is necessary that T become small compared to the

relaxation time for the probabilities, but must be large

enough that the Markov approximation is still adequate.
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Since the validity of these assumptions has been

substantiated in the previous section, it is assumed that

the limit exists and is well-defined.

In the following, it is informative to rewrite equation

(3.23) as

~~(x,t) =_Zds[A(x,x-~)~(x-~,t)] - ~(x,t) (3.24)

where a change of variable from y to x-~ has occurred. Now,

i f the r e1 a t i ve c han ge in x ina tim e Tis sm all (I ~: << 1),

one can expand the integrand in powers of ~ about the

val ue 11. (x+~ ,xH (x ,t) toyi e1 d

1I.(x,x-~)~(x-~,t)

Substituting (3.25) into (3.24), one arrives at

Defining



the final form of the Fokker-Planck equation results:

(3.27)
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n
d~ _ 00 (-1)
3f(x,t) - n~l n! (3.28)

Traditionally, one considers only the first two terms in the

sum of equation (3.28).

The coefficient ~ corresponds to the average velocity along
1

the x coordinate of the mean of the probability

describes the time development of thedistribution, and ~
2

second moment of the distribution. This formulation, with

the assumption of constant ~!s
I

, has been used by several

----------~a~u~~hors ~NorT4~ScnT71 to descrIbe the observed distributions

in deep inelatic reactions.



Chapter IV

Diffusion Model for Deep Inelastic Collisions

A. General Principles Behind the Diffusion Model

From the considerations in chapter II, it should be

apparent that one observes distributions in all observables

which display varying degrees of relaxation. This

difference in relaxation times can be viewed as follows: as

the two nuclei come into contact during the collision, a

"window" opens up allowing nucleons to travel from one

nucleus to the other (or, alternatively, the potential

barrier between the two potential wells of the nuclei

decreases as the nuclei approach). Due to the collective

velocity of the nucleus whence it originated, each nucleon

deposits energy and angular momentum when it is captured in

the other nucleus. There is an average flux of nucleons

traveling in each direction (from projectile to target and

vice versa), and one can quickly see that the transfer of

energy and angular momentum will depend upon the sum of

these fluxes. The motion of the mass asymmetry, on the

other hand, will depend upon the difference of the fluxes,

and will, in general, have a longer relaxation time than the

energy or the angular momentum. This is substantiated by

the hierarchy of relaxation times determined in chapter II.

In this single particle picture, the relaxation of energy
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and angular momentum depends upon the mass transfer in a

deterministic way. The measured distributions in these

quantities can be related to the fluctuations in the

particle fluxes, and more important, to the geometrical

folding due to the large number of partial waves. One sees,

therefore, that an adequate description of the time

evolution of the system should consist of the following

points:

1. Since the number of nucleons in each nucleus is

small, the fluctuations in the one-sided flux of

nucleons can be quite large. Due to these large

fluctuations and the essentially random nature of the

process, one should be able to describe the time

dependence of the mass asymmetry of the complex in

terms of a master equation or Fokker Planck approach.

______----'2'---'-.-----1-1LLn_-Oa----deterministic wa-y--,-----t-he----v-a-l-ue-s-G-f-t-Il€-e-x-G-i-t-a-t-i-BA.---------­

energy and nuclear spins for each asymmetry are known

as a function of time.

3. The distributions in the lab will reflect the values

at the time the nuclei stop interacting, folded over

impact parameter, with possible modifications due to

secondary processes.

The implementation of these points occurs in the

following manner:

1. A dynamical model which has reasonable success in

predicting the energy loss is used to determine the

average overlap of the nuclei along the trajectory



and the interaction time of the collision.

2. Assuming this overlap to hold for all asymmetries, a
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master equation is used to calculate the

dependent populations of possible asymmetries.

time

3. The spins of the nuclei are determined from these

populations in an iterative manner.

4. Assuming that the complex decays at time t with a

probability distribution centered at the interaction

time from 1 above, the final distributions can be

calculated.

Sections IV.B through IV.E will deal with each of these

points of the model in detail.

B. Classical Model for Nuclear Dynamics

developed using the proximity potential for the real part of

the nuclear interaction potential and proximity friction to

describe the damping of the motion [Ran78J. The nuclei are

assumed to remain spherical throughout the collision. The

coordinates considered (see figure 27) are the internuclear

separation r, the angle this line of centers makes with the

incident direction e ,and the angles 8
1

,8
2

each nucleus

makes with the incident direction. The inertias for these

Mi and Ri corresponding to the

II , the relative moment ofcoordinates are the reduced mass
2

inertia llT and the spin

2 2respectively, where I·=-SM.R.
l l l

moment of inertias I.
l



mass and radius of the spherical nucleus i. The potential

energy consists of the point-charge Coulomb repulsion and
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the nuclear proximity potential [Bl077J. From these

considerations, the conservative motion is described by the

Lagrangian

(4.1)

where
. . .

denote the angular velocities for the6 , 61 , 6 2

relative motion, spin and spin 2, respectively. The

expression for the proximity potential is described in

Appendix D, and is a measure of the attraction of the two

nuclei due to the strong nuclear force. The damping due to

the proximity friction [Ran78J can be summed up in the

following expression for the Rayleigh dissipation function

F (4.2)

where Y1'Y2 are the distances of the respective nuclear

centers from the window between them. Appendix D can again

be consul ted for more details on the form of F .

Armed with the Lagrangian and the Rayleigh dissipation

function, the time evolution of the reaction system in the

absence of net~ transfer is given by the following set

of dynamical equations [Whi44J:



3£ 3F
= 3q - 3q (4.3)
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where q is one of the four variables described above. The

rate of energy loss of the system is given by

-2F (4.4)

where E is the sum of kinetic and potential energies. The

simultaneous integration of the set of equations (4.3)

describes the trajectory of the system. The integration of

equation (4.4) along the trajectory yields the energy loss

associated with the trajectory. Displayed in figure 28 are

examples of the time dependence of various quantities

determined from this set of equations.

The main purpose of these dynamical equations is to

provide information on average dynamical quantities

describing the intermediate complex. The first quantity of

interest is the interaction time, which is simply the time

necessary for the system to return to the interaction

radius, since no damping of the motion occurs for larger

internuclear separations. Examples of this quantity, and in

particular, i ts ~ -dependence are shown in figure 29. For

comparison, the analogous quantity in the absence of

dissipation is also shown. One quickly observes that the

dissipation causes the interaction times for very central

collisions to dramatically increase. The second desirable

quantity is the average internuclear separation along the



trajectory, average in the sense of th~ number of particle
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exchanges occurring at each separation. This

quantity, rCt) , is calculated as

~dr
C4.5)

The '¥ function (described in Appendix D) is proportional

to the flux of nucleons at a particular internuclear

separation and
-1:

the term dr{2].l(E-V(r))] 2is simply the time

interval spent in the vicinity of separation r. Ob'v iousl Y,

the path integral implies integration along the trajectory

given by the solution of equations (3.3). It is this

quanti ty r(.O, or more appropriately the overlap 0 (t) given by

oCt) l4.6)

where C T is the sum of the central radii of the two nuclei,

which allows evaluation of the driving potential for the

solution of the charge-asymmetry master equation. This

topic is discussed in the next section.

For sufficiently light systems, the integration of

equations (3.3) sometimes leads to orbits which never return

to the interaction radius. This behavior is due to the

frozen density assumption (nuclei remain spherical), which

causes pockets to develop in the interaction potential for

small impact parameters (see figure 30). This behavior is



highly unphysical, since the nuclei are most certainly free

to explore other shapes during the course of the collision,

thereby eliminating the pocket. Therefore, for those

systems which displayed this behavior, the value of the

lifetime and the overlap have been extrapolated using the

values obtained for non-trapped trajectories. This

extrapolation procedure is not expected to cause serious

error, since those systems which exhibit the trapped orbits

also have sizable compound nucleus cross sections as

calculated by the master equation (see section IV.C).

C. Master Equation Description of Charge Transfer

As described in section 111.8, under conditions which

are rather well satisfied in deep-inelastic collisions, a

master equation may be used to describe the time evolution

of certain observables of heavy-ion reactions. In

particular, it is of interest to explore this possibility

for the charge(mass) asymmetry degree of freedom, which was

shown in section 11.£ to be the slowest equilibrating

collective mode. A master equation approach is favored due

to the following three facts:

1. The observed Z-distributions are generally far from

equilibration.

2. No oscillation of the most-probable Z about the

equilibrated value is observed.

3. The Z-distributions display quite large widths.
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The first two points are consistent with two possible

physical interpretations; 1) the charge asymmetry mode is

overdamped or 2) the charge asymmetry mode is underdamped,

but the period of oscillation is very large compared with
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the interaction times. The second possibility is

inconsistent with the large widths observed, since the drift

and spread of the Z-distributions must be related by the

fluctuation-dissipation theorem [Rei65J. (The large widths

indicate a large fluctuating force affecting the collective

mode, which could cause the collective motion to be strongly

damped, contrary to the underdamped assumption.) Therefore,

the charge distribution may be described by a master

equation.

In its simplest form, the master equation for the

charge asymmetry mode is written as

.
~Z (4.7)

where the asymmetry is labelled by the charge of one

fragment, the ~Zs represent the probability for a given

asymmetry Z, and A.. is the transition matrix element from
1J

state j to state i. Obviously, all of the physics is

involved in finding expressions for the matrix elements.

Before pursuing that goal, it is informative to estimate the

size of the matrix elements.

Suppose each asymmetry is equally likely to be

populated. Then the matrix element A should be of the



followi ng fo rm
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(4.8)

where n is the bulk flux of charges(protons) and a is the
o

window area through which the charges must travel to enter

the other nucleus. SUbstituting typical values for no and a

in equation (4.8), one arrives at the following order of

magnitude estimate

-22A-I proton / 10 sec (4.9)

Implicit in this formulation is the fact that the proton

transfers are uncorrelated, so the sum in equation (4.7) can

be restricted to Z'=Z+l. (Randrup has shown that in a

quantum mechanical treatment of the mass transfer, the two

body operators cancel when determining the net mass flux

[Ran77J.) Also, since the kinetic energy is damped quite

rapidly, most of the charge transfers occur at temperatures

in the range of 1-3 MeV. It has been well established that

residual interactions are washed out at these temperatures

[Hui72].

By extending some of the notions described in [Ran78J,

one finds that the Fokker-Planck formulation for the

mass-asymmetry mode should have coefficients of the

following form (in the limit of no residual interactions):



A
~1

A
~1

A2n (J
o

(4.10a)

(4.10b)
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A
where no is the mass flux of nuclear matter in the bulk, (J

is the effective window area and FA / T is the driving force

of the mass-asymmetry in units of the available energy in

the mass-asymmetry mode, T . In previous formulations of

the model [Mor75J, it has been assumed that the mode was

purely classical, with result that T = 2T, where T is the

nuclear temperature. More recent investigations into the

matter have led to the conclusion that the relevant energy

to consider is the average kinetic energy of the diffusing

nucleons above the single particle potential barrier. This

average kinetic energy, or more important, the ratio

~~T:1(-S-y-I~st~=--------I4~~-----------------------;:;-:::'(-s;T] 3 (4. II)

STF

where s is the separation between the two potential wells,

TF is the nucleon fermi energy (Tp ~ 37MeV), and T is the

nuclear temperature, is displayed in figure 31 for some

representative temperatures. Note that for large overlaps

(s ~O), ~ ~l for all T, and for small overlaps

(s ~3), 5 ~2T, consistent with the classical formulation.

The derivation of 5 is given in Appendix A.

Due to the rapid equilibration of the N/Z ratio (see

,;

section II.C), the neutron and proton transfers are
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completely correlated, implying the following relationships

between the Fokker-Planck coefficients for charge and mass

transfer:

-1 A
a ]J1 (4.12a)

(4.12b)

where a=Ar/Z r is the A/Z ratio for the composite syste~.

A ZNoting that no=ano and FZ=aFA ' one arrives at

(4.13a)

(4.13b)

Given equation (4.7) , one can calculate the

quantities from the A's as

-----------------Z~--------c----------"(-.4-.1:.-4.-a---c;);------­
]J1 -A Z- 1 ,Z + AZ+ 1 ,Z

(4.14b)

where the restriction on the sum in equation (4.7) has been

included explicitly. Inverting equations (4.14), the

following expressions for the A's ensue:

Z

= 2[1 ±
2

(4.15)

Since the A's must remain positive, the bracketed terrrrmay



be considered to be the first two terms in an expansion of
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an exponential, and the following expressions result:

Z
noG e±FZ/T

a (4.16)

This is the final expression for the matrix elements of

equation (4.7).

The driving force FZ is derived from the driving

potential energy for the charge asymmetry mode. This

potential energy, V(Z), can be calculated in the following

manner:

v (Z) (4.17)

where \D (Z) is the liquid drop energy for a spherical

nucleus with charge Z and mass A= aZ ZT is the total

c-rrar-ge of the composite system, V
1NT

IS the Coulomb plus

Proximity potential for the complex shape and V
ROT

is the

rotational energy for the shape. In this paper, the complex

shape is assumed to be two spheres separated by the distance

d (Z) C(Z) + C(ZT-Z) + 0(£) (4.18)

where C(Z) is the central radius for the spherical nucleus

with charge Z and o(£)is the overlap calculated in section

IV.B. Once d(Z) is known, V1NT can be calculated for each

asymmetry. The rotational energy depends upon how th~

entrance channel angular momentum £ is shared between



orbital motion Q,
reI

and the spins of the two

nuclei
Q, 1 ' Q,2 . Section IV.D describes how these quantities

are calculated. Suffice it to say that once Q,
reI' Q,1' Q,2

are known, the rotational energy will be given by

h 2 Q,2 Q,2 Q,2
reI 1 + ~J (4.19)V

ROT = "2 [ +2 Y1 12llZd(Z)

where llZis the reduced mass for the asymmetry Z and II' 12

have the same meanings as in section IV.B.

Examples of V(Z) for several systems are displayed in

figures 32-36. The driving force FZ is simply given by
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(4.20)

A comparison with equation (4.13a) indicates that the drift

of the centroid of the Z-distribution is determined by the

slope of-~ne poten~iEfl energy curve. Tll~act leads to the

following conclusions:

1. If the entrance channel asymmetry corresponds to a

positive slope in V(Z) (see figures 32,33), then the

drift of the Z-distribution should cause smaller Z's

to be populated more quickly than the larger Z's.

This difference in population times should show up on

the angular distributions, as described in section

II. E.

2. If the entrance channel asymmetry corresponds to a

negative slope in V(Z) (see figures 35,36), then the

above behavior should be inverted.



The fact that this behavior has been observed for
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appropriately chosen experimental systems was early proof of

the influence of the driving potential in the motion of the

charge-asymmetry.

It is informative at this juncture to compare equation

(4.16) with earlier forms for the matrix elements. In

reference [Mor75J, the following expression for the matrix

elements was used:

f (VZ-VZ+l)/2T= K ZZ,e - (4.21)

The definition of terms in this equation were such that it

is exactly equivalent with the classical form of equation

(4.16) if

K = (4.22)

where K was a constant varied to fit the data, and had the

-2 -22 Zvalue O.05fm. /lOsec . Evaluation of n/a. for the same system

yields

(4.23)

Thus it is seen that the classical limit of equation (4.16)

is equivalent to previous parameterizations of the matrix

elements.

The final master eq ua tion for describing the

charge-asymmetry degree of freedom is:



- (V I-V )/T (V -V )/T
zIg Z±1 cr ZZ ' Le Z Z cI> Z I - e Z Z I cI> Z' ] (4.24)
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Equation (4.24) can be solved by standard matrix techniques

(see Appendix E) to arrive at the values for cl>Z(t)

Displayed in figures 37-41 are the cl>Z(t) calculated for the

potential energy curves displayed in figures 32-36. Note

the drift of the centroid for short times, and the spreading

of the distributions. The long time equilibrated behavior

is also noticable, where the Z-distributions depend upon the

-V /TBoltzmann factors e Z ,as for fission yields.

One of the factors which complicates discussion of

deep-inelastic reactions is compound nucleus formation.

Intuitively, one would expect the most central collisions to

result in compound nucleus formation, at least for the

___________l'-'"'-ighte r s Y' stem s , due in 1a r g_e_Ra r t to the 1 a r g,-"e'------'-n'-'u"-'c~l""_e"'__'«a~r _

overlaps attained in these collisions and the long

interaction times involved. The master equation approach

allows one to estimate the compound nucleus formation due to

motion along the mass asymmetry coordinate.

The clearest experimental signature of a compound

nucleus event is the detection of a heavy evaporation

residue, which has usually lost several charges during the

de-excitation of the compound nucleus. The other possible

de-excitation mode for the highly excited compound nucleus

is via fission [Van73J. As described in section II.E, the

expected yield for the fission products will reflect the



-v ITBoltzmann factors e Z ,where Vz is the potential energy

of the saddle point shape through which the nucleus must

evolve to fission and T is the effective temperature at the
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saddle. As seen in figures 37-41, the equilibrated

Z-distributions from the master equation will be

indistinguishable from these yields, aside from a possibly

different temperature. Furthermore, the kinetic energies

measured for the fission fragments will be identical to the

kinetic energies of the relaxed peak. The only easily

obtainable experimental observable which can truly

distinguish between compound nucleus or deep-inelastic

products with the same Z is the angular distribution. If

the fragments are due to CN, the angular distribution must

b t · about 900
,e symrne r lC reflecting the fact that the

compound nucleus is long lived compared to the rotational

period. The DI products should have an angular distribution

with varying degrees of side or forward peaking; but, if the

product in question is very far removed from the entrance

channel asymmetry, such that a long interaction time is

necessary for its formation, the angular distribution may

oalso be symmetric about 90 ,for the same reason as the

compound nucleus products. One sees, therefore, that the

cross section measured for symmetric fragmentations in

deep-inelastic collisions may be the sum of cross-section

produced by two vastly different mechanisms. A careful

measurement of the branching ratios of the complex into

various channels could differentiate between CN and DI



products. Unfortunately, this type of data is not yet
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commonly available.

The master equation may be used to calculate the

compound nucleus cross section in the following manner; for

very large asymmetries (small Z's), the shape of two spheres

differs negligibly from the compound nucleus shape. For

some critical Z-value, Z (a value of 4 is used in thecr
calculations) , all asymmetries with Z < Z and Z > ZT - Zcr cr
are considered to be compound nuclei. Due to the large

number of channels available to the compound nucleus for

de-excitation, it is assumed that the probablity going into

compound nucleus formation is lost from the charge asymmetry

mode. In this way, a time-dependent probability for

compound nucleus formation is given by

ZT-Zcr
---------------£CN-(-L) = 1 - Z-~-Z- $-Z-C-t;J (4----25J-J)"---------

cr
The sum of PeN over all impact parameters then yields the

compound nucleus cross section due to motion along the mass

asymmetry coordinate. This quantity may be compared with

the measured evaporation residue cross sections.

D. Angular Momentum Transfer Accompanying Mass Transfer

As observed in section II.D, angular momentum is

transformed from orbital motion into intrinsic spin of the



nuclei during the course of a deep-inelastic collision. In

this section, a model is described for calculating the

contribution to the angular momentum transfer due to the

exchange of nucleons through the window between the nuclei

[Sve78J.

The quantities of interest are Jl,1(Z,2), 22(Z,2) ; that is,

the spin of the two nuclei as a function of asymmetry Z and
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of the entrance channel angular momentum 2. As described

in section II.D, most of ~he spin can be measured

as y-rays, and one can correlate the multiplicity observed

with the spins by the simple formula

(4.26)

Before describing the model to calculate these spins, it is

informative to explore possible limiting cases and the

expectations for realistic situations.

Since the quantity which can be directly compared with

experiment is the sum of the spins, attention can be

focussed upon the complementary quantity, the relative

orbital angular momentum, denoted by f/, 1(Z,f/,) •re If, during

the course of a reaction, no angular momentum is transformed

into spin, then the quantity 2 reI
is a constant,

independent of Z, and equal to 2. At the opposite extreme,

if the reaction occurs in a way such that the angular

momentum is equilibrated -- i.e. the complex rotates as a

rigid rotor at scission, then 2reI is given by



65

(4.27)

These two behaviors are shown for a system of two touching

spheres for various t-waves in figures 42a and 42b.

These two extreme behaviors can be viewed as that

resulting from collisions with short and long average

interaction times, respectively. (Due to the fluctuations

experienced by the system, it is expected that a

distribution in the lifetime of the complex will result. To

populate those channels which require a large net mass

transfer, one will be sampling the wings of this

distribution.) The larger the time necessary to form a given

asymmetry, the larger the number of nucleons which have been

exchanged between the nuclei, which implies a larger damping

or-f:fje relaf:lve oroiL:Ell angular momentum Into the spins of

the nuclei. If one focusses on a near grazing impact

parameter, which is characterized by a short average

lifetime of the complex, the expected qualitative behavior

figureis displayed as the line of asterisks(*) in

asymmetries near the entrance channel value Z· ,
P

the cross section is expected to be dominated by the short

of Q 1re
42c. For

time behavior, resulting in very few nucleon exchanges and

correspondingly small amounts of angular momentum

transfers. For ZI S quite far removed from Z , a
p

correspondingly larger amount of time is necessary to

populate them, resulting in larger amounts of angular



momentum transfer. Now shift the focus to a more direct

collision, with a much longer interaction time. Here the

expected behavior is displayed as the lower solid line in

figure 42c. Due to the large interaction time, the angular

momentum transfer is expected to be nearly complete for all

asymmetries, leading to the rigid rotation limit.

In order to quantitatively measure the accuracy of the

qualitative estimates above, a model has been formulated to

calculate the transfer of angular momentum from relative

motion to spin. Due to the short relaxation times observed

for the kinetic energy, the assumption of infinite radial
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friction is made i.e. all radial kinetic energy is

dissipated at the interaction radius. One then considers a

system of two spheres separated by a Z and Q dependent

distance d(Z, Q) [see equation (4.18)] with Q -units of

orbItal angular momentum and no spIn. In order to calculate

how QreI is transferred into QI ,Q 2 and their

dependence upon Z, two steps are needed:

functional

1. The complex, initially at asymmetry Z , is assumed to
p

live a time t and to decay with asymmetry Z. The

average rate of change of the charge of nucleus 1 is

given by

(4.28)

Due to the rapid N/Z equilibration (see section

II.C), one may write



(4.29)
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w1'1 ere Al i s the mas s 0 f n uc leu s 1 and a i s the A/ Z

ratio for the composite system. The average rate of

nucleon transfer from one nucleus to the other

is n a , where n is the bulk flux of nuclear matter
o 0

and a is the effective window between the nuclei (see

[Ran78J). By forcing the system to arrive at

asymmetry Z at time t, an asymmetry in the right

nucleon transfer rates is

irnpo sed, which can be written as

I .
(4.30a)r l2 n a ZA I0

r 21 noa + lA (4.30b)2 I

Knowing these transfer rates, the following system of

coupled differential equations for the spins and the

friction) can be written

~ I =

~ 2 =

~
reI

dl~rI2dl(e-SI)+noad2(8-S2)J/h

d2[noadl(S-SI)+r2Id2(S-S2)]/h

= - (~+~ )I 2

(4.3Ia)

(4.3Ib)

(4.3Ic)

where all quantities have been defined in section

IV.B. Simultaneous integration of . equations (4.29)

and (4.31) from 0 to t, subject to the proper initial

conditions, results in values

and Q2(Z,Q ,t), which represent the spins as a

function of Z and Q if the complex is forced to live

a time t.



obtained by2. The functions 9
1

(Z,Q)and Q2(Z,Q) are

integrating out the time dependence. A gaussian
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lifetime probability distribution net) about the

interaction time .(Q)from section IV.B is used with a

variance given by

2cr (Q) = O.25.(Q) (4.32)

It will be shown in chapters V and VI that such a

functional form for the variance predicts the

experimental observables reasonably well. It is also

necessary to weight the Q. (t) by the probability
1

for

forming the system z at time t. This

function, ~(Z,t) is calculated using the master

equation (or associated Fokker Planck equation) from

section IV.C. Thus one is left with

The above scheme for calculating the angular momentum

transfer is actually an iterative one, since the values

of Q"Q2,Qre,must be known for each Z in order to calculate

the probability ~(Z,t) Two questions concerning the

model's validity immediately come to mind:

1. Does the sequence of iterations converge uniquely,

independent of the initial assumption about the Q's?

2. How many iterations must be executed before

the Q -val ue s r easonabl y approx imate the conv ergenc e

values?



In order to answer these questions, a suitable
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convergence criterion must be established. Define the

relative root mean square deviation in Q I from the (i-nth
re

to the ith iteration by:

~i = [lE(Qi (Z Q)_Qi-I(Z Q)2 J!z (4.34)
rms Nz reI' reI'

where N is the number of terms in the sum and 'Qj is the
reI

value of the orbital angular momentum at the jth iteration.

A reasonable criterion is that

~i < O.OOI
rms

i.e. that the relative deviation be less than 0.1%.

(4.35)

Displayed in figure 43 are the Q ,values converged tore
given three different initial assumptions concerning the Oth

iteration Q -values. As can be seen, the final values are

indistinguishable. Thus question is answered in the

-------~a-f-f-i-rrna-t_i_v-e--=-.-------------------------~-------

Figure 44 shows the successive values for Q for
reI

various iterations i. It seems quite reasonable, in the

sense of no loss of significant physical information, to

truncate the iterative sequence after the first step, in

light of this figure.

Plotted in figure 45 are the curves Q ,(Z,Q)i.n the Z-TKEre

plane for several
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1156Me V Xe +

different Q-values for the reaction
197

Au. The qualitative behavior predicted

above is quite apparent. It will be shown in Chapter V that

this formalism gives approximately correct results for



the y-ray multiplicities.

E. Dynamics
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Sections IV.B-IV.D have outlined models for the

calculation of the probability of forming a given asymmetry

during a collision and the amount of spin angular momentum

the complex possesses for each asymmetry. In order to

compare these quantities with experimental data, it is

necessary to perform some average dynamics in order to

correlate the calculated quantities with angle. To do so,

one may proceed in the following manner.

A basic concept of classical scattering theory is the

-----a-b-i-Hty 'co gerreraLe the angular c:llstrl15utIon for a given

channel if the corresponding deflection function is known

[GoI50J. This concept may be formally exploited in the

following sense: assume that the complex lives a time t.

Then, for a given asymmetry Z (channel focussed upon), the

classical deflection function 8 is given by

8(Q;Z,t) =: 7T - [S. (Q)+w(Z,Q)t+S t(Q l(Z,Q);Z)]In ou re (4.36)

where S. is the Coulomb angle scattered through in reachingIn

the interaction radius, Soutis a grazing Coulomb scattering

angle for asymmetry Z with Q (Z Q) units of orbital angular
rel '

momentum, and ;(Z,Q) is the average rotational frequency of



the complex. This average frequency may be calculated as
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Z

w(Z,Q)== .2:
l==Z

P

Q l(i,Q)h
re 2 / (I Z-Z 1+1)

]l.d. P
1 1

(4.37)

where all quantities have been previously defined. If, for

a given partial wave, the fraction of the particle flux

which produces the channel being considered is TQ ' then the

differential cross section is given by

da(8)
dn (4.38)

where the summation is carried out over all Q-waves which

result in particle emission at the desired angle 8. In the

present adaptation of the theory, TQ and e are both

dependent upon the lifetime of the complex, t. Therefore,

one generates the following triple differential

section:

cross

3

d~d~dt(Z,8,t)
2

21f~

sin 8 2:
9,

----.--=---Q-- <P (Z ,Q ,t)
l-~(Q ;Z, t) I

(4.39 )

where the fraction of flux, TQ ' has been explicitly written

as the probability function from the solution of the master

equation. In order to compare with experiment, it is

necessary to remove the time dependence.

From section IV.S, the average lifetime of the

complex, T(Q), is known for each partial wave. Due to mass

transfer and thermal fluctuations, the complex is expected

to have a distribution of lifetimes about this average



value, represented bYII(t;Q) II is expected to be of
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gaussian shape, and the variance of the distribution should

be an increasing function of the average lifetime, since, if

the complex lives longer, on the average, the random

fluctuations causing the dispersion have longer to operate,

resulting in a wider time distribution. Further discussion

of II may be found in Ap pend ix B.

Assuming the existence of II the time dependence

can be eliminated, resulting in the following expression for

the angular distributions:

2 2
a (J 2TrI.. 00 Q
azaQ(Z,e) '= sine ~dt [~IMI ~(Z,Q,t)II(t;Q)J (4.40)

The resulting center of mass angular distributions can now

be compared with experiment.

F. Summary

The previous four sections have described the basic

components of the diffusion model. They are:

1. Use a dynamical model to calculate the average

overlap and interaction time for each partial wave.

2. Using the overlaps from 1 , calculate the master

equatiol? probabilities.

3. From these probab il i ties, determine the angular



momentum transfer.

4. Calcul.ate the angular distributions from the average

dynamics.

By far, the crudest portion of the mode] is the average

dynamics. These quantities are the ones which will he most

arastica'ly influenced by other degrees of freedom. It is

therefore expected that the 'angular depen~ence of

ohservahles calculated by the model shoula have the correct

qualitative features, hut that hidden degrees of freedom may

strongly influence the data.
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Chapter V

Comparison of Experimental and Calculated Quantities

The model described in chapter IV has been implemented

numerically on the CDC 7600 computer at the Lawrence

Berkeley Laboratory. Operationally, a grid of points in the

angular momentum range spanning the interaction region

[O,Q ] is selected, called Q Dynamical calculations
max i

following the model in 4B are performed for each Q., in
1
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order to determine the overlap o. and the
1

interaction

time T .• The master equation of section IV.C is then
1

solved, using a driving potential calculated from~i: , for a
1

grid of time points. The average spin of the two reaction

products is then determined from the probabilities

calculated above and using the formalism described in

section IV.D. Finally, the time information is integrated

out to arrive at the final dynamical variables.

As may be discerned from the above discussion, the

following quantities are available for comparison with the

experimental data:

2
1. a a/anaz - angular distribution for each Z

2. da/dZ - integrated Z-distribution
2

3. a My/anaz - average gamma-ray multiplicity as

a function of Z and angle

4. dM /dZ
y average gamma-ray multiplicity as a



function of Z

Due to the crudeness of the dynamical portion of the

model, an in depth comparison of the angle dependent
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quantities is of questionable utility. For this reason,

those quantities will only be described for the reaction

system 86 Kr + 197Au for three incident energies: 506, 620

and 731 MeV. The angle integrated quantities are presented

for the following three sets ~f reactions:

1. 288 MeV 40 Ar, 620 MeV 86 Kr and 979 MeV 136 X 197 Ae + u

2. 620 MeV 86 Kr + 159 Tb l81 Ta and 197 Au,

3. 506 MeV, 620 IvJeV and 731 MeV 86 Kr + 197 Au

In all cases, experimental values are included in the

figures, where available. By far, the richness of the data

for the Kr + Au excitation function provides the severest

test of the model.

A. Angle Integrated Z-distri~utions

Displayed in fig ur e 1-16 are the calculated

Z-distributions for three different projectiles on
197

Au

[Mor76,Rus77a,Rus77b]. The abscissa is Z - Zp' so that the

initial asymmetries for the systems lineup at O. One

immediate feature which may be discerned is the gradual

shift of the peak of the distribution as the mass of the

projectile increases. As the projectile mass increases, the

average slope of the driving potential energy at the



injection point becomes increasingly negative (see figure

47), thereby driving the cross section peak towards more

symmetric mass asymmetries. This general feature was one of

the earliest indications of the approach to equilibrium

nature of these reactions. The data points for the Ar and

Xe induced reactions are representative spectra for a single

lab angle, while the rest of the data points throughout this
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section are the actual integrated cross sections. It is

apparent that the model predicts the correct tr~nd as one

changes projectile. It should be noted that the energies

used all give the same approximate E/B values.

Figure 48 illustrates the same quantity for

620 MeV 86 Kr bombarding three different targets

[Rus77a,Woz78,Cau78b]. The success of the model in

predicting this quantity in this energy and mass region is

easily observed.

As a final test of the model, the same quantity for the

reaction system 86 Kr + 197 Au at three bombarding energies

[Sch78] is displayed in figure 49. With the exception of

the low Z side of the 506 MeV curve, the calculations agree

with the data quite well, although even the "bad" region of

the low energy curve is quite impressive when compared to

other attempts to fit similar quantities. Also one must

remember that there are no adjustable parameters in the

model.

The general accuracy of the predictions of the model



may be attributed to the self-consistency of the lifetimes

and overlaps and their seeming balance with the master

equation formalism for the asymmetry distribution. As

stated previously, the justification for many of the

physical arguments presented in chapter IV lies in their

ability to describe the physical situation. As for the

integrated Z-distributions, the model seems to do quite

well.

The discrepancy for the low Z side of the low energy

system could be due to many factors, not the least of which

is the assumption concerning the shape of the intermediate

complex. The frozen density assumption may be considered to

be a "sudden" approximation in that the densities remain

spherical throughout the reaction. The lower the incident

energy, the more adiabatically one might expect the reaction

to proceed, thus allowing the nuclear densities to readjust

as the reaction proceeds. This different family of complex

shapes is known [Nix65J to result in driving potentials

which favor symmetric shapes over asymmetric ones, thus

removing some of the cross section from the overpopulated

low Z products. This added degree of freedom may also favor

higher compound nucleus cross section, thus removing the

excess cross section seen in the deep-inelastic channel.

B. Angular Distributions
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the calculated vs.

Kr + Au reaction

bombarding energies,

features emerge from

Figures 50, 51 and 52 display

measured angular distributions for the

system at 506, 620 and 731 MeV

respectively [Sch78J. Three general

these figures:

1. With the exception of the previously noted difficulty

for Z' s below the projectile at 506 MeV, the

magnitude of the cross sections for each Z are

correct.

2. For Z' s in the neighborhood of the projectile, the

position of the side peak, as well as the magnitude

of the cross section in the neighborhood of the peak

are correctly predicted.

3. The model dynamics tends to overpopulate angles

behind the peak value and to underestimate the cross

section for angles forward of the peak.

The discrepancies noted in 3 above would seem to indicate

that the average dynamics used to arrive at the angle

dependent cross sections may not be correct. The fact that

the peaks are fairly well reproduced indicates that the

dynamics performs well in the neighborhood of the grazing

angular momentum, which results in the peak cross section.

The discrepancies are greatest for angles which are

populated by more central impact parameters. Possible

solutions to this problem are discussed in chapter VI.



C. Gamma Multiplicity Distributioris

In order for this comparison to be a self-consistent

test of the model, the M values should only be compared. for
y

systems in which the model correctly predicts the angular

distributions. The only system described above for which

gamma-ray multiplicity information is available

is 620 MeV 86 Kr +197Au [Ale78J. As will be seen, this one

system is sufficient to show some discrepancy between

experiment and theory.

Displayed in figure 53 are the measured and calculated
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values for the grazing angle of this reaction. It is

immediately obvious that the calculated results have the

same general Z dependence as the data. This strong increase

in multiplicity with increasing net mass transfer is

incricative of-a-tfgffE correlation t:5et;ween mass transfer and

angular momentum transfer. The fact that the calculated

values are generally lower than the experimental ones is to

be expected, since not all of the experimental gamma-rays

carried 2 units of angular momentum, as was supposed in the

calculated results. Also, other mechanisms have been shown

to be capable of generating sizeable amounts of angular

momentum.

Figure 54 shows the experimental and calculated

quantities for 8 = 45° and 8 1 b = 30°, respectively. The
em a

same general trend is observed for both sets of points. The



gross discrepancy in the neighborhood of the projectile Z is
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due to the fact that the calculated val ue s include

contributions from the quasi-elastic cross section while the

experimental ones do not. Again, the calculated values are

smaller than the experimental ones.

Armed with only this information, one would be tempted

to say that there are approximately 5 E1 gamma-rays emitted

in each reaction, as well as all of the predicted E2's, and

the calculations and experiment would agree. Unfortunately,

the theory does not predict the experimentally observed

angle independence of the M values for each Z. As may be
y

observed in figure 55, the calculations predict a gradual

decrease in the multiplicities as e increases, while the

experimental values are essentially angle-independent. The

fact that there are many mechanisms by which gamma~rays may

----------~tre~, ana--~na~~ne model only considers one of them

implies that the mUltiplicities calculated in this way

should probably not be expected to reproduce all of the

experimentally observed features.



Chapter VI

Summary of Results

For reactions in which the frozen density assumption is

probably valid, as evidenced by the incident energy, the

diffusion model does quite well in predicting the charge

distributions for a wide range of targets and projectiles.

The angular distributions display the correct general

trends, as well as predicting the angular position and

cross-section of the side peak for Z's in the neighborhood

of the projectile Z. The underestimate of the forward angle

cross-section and overestimate of the backward angle

cross-section seems to indicate that the dynamics used in

the model is in error for central collisions. The gamma-ray

multiplicity distributions are quite good for the

quasi-elastic portion of the cross-section, but the

calculated distributions as a function of angle do not

predict the angle independence observed experimentally for

heavy systems.

The angular distribution problem mentioned above can be

tackled in a variety of ways, one of which is being

attempted by G. Mathews [Mat79]. His approach is to perform

a Monte Carlo calculation, using the functional form of the

charge flux function from chapter IV to calculate the

charge-asymmetry at each step of the calculation. Of

course, the dynamics is then performed correctly at each
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step.

The gamma-ray multiplicity distribution problem is more

difficult to solve. Theoretically, more cognizance of the

other possible mechanisms for gamma-ray production

(statistical, bending modes, etc.) should be taken in the

model. Operationally, it is not clear how to include them

in the present model.

Another possible solution to the general problem

discussed in this thesis has been pursued by W. Norenberg

and coworkers [Nor74,Nor75,Nor76a,Nor76b,Ayi76a,Ayi76b]. In

their work, the Fokker-Planck formulation of the mass

diffusion is solved concurrently with the equations of

motion for the other collective variables. Their·

expressions for the FP coefficients and the form factors is

based upon a different model than those of the present

work. Their method has experienced reasonable success in

describing the relaxed cross section, and has been extended

to describe the angular momentum distributions.

Another major effort to predict these quantities using

a vastly different physical approach is due to H.

Weidenmuller and coworkers [Aga75,Aga76,Wei77]. In their

approach, a transport equation for deep-inelastic collisions

is derived from a random matrix model for the form factors

for inelastic scattering and transfer reactions. The

inherently quantum mechanical nature of this effort has

caused their predictions to be less impressive than those of
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the semi-empirical models, such as the diffusion model, but

it will also probably lead to the correct description of all

variables and their correlations as the calculations are

further refined.
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Appendix A

Average Kinetic Energy in Mass-asymmetry Mode

A quantity of major importance in calculating the

transition matrix elements is the average kinetic energy

available for the transition, which was written as T in

equation (4.10). The physical situation which prevails can

be seen in figure 56. The two nuclear centers are separated

by a distance r, and the total single particle potential

looks like the bottom curve in figure 56. As can be seen,

there is a minimum energy emin below which particles in one

nucleus cannot classically enter the other nucleus. The
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relevant energy available to cause a net transition

involving ~V MeV of energy is the average energy above the

------b-a-r-r-i-e-r of those--n ucleons hav ing en erg les £ ;;;. emi n' If P(e )

represents the probability of having a

energy e , then one can wr i te

T
/'J de P (e)

e rnin

nucleon with

(A .1)

From the work of Randrup [Ran78J, one can calculate the

value of e .rnln
The $ function (see appendix D) represents

the fraction of the nucleons which can enter the other

nucleus for a zero temperature fermi gas at a separation s.

In other words,



E:
~(s) = f FdE: Po(E:) (A.2)

E:min
where P (e;) is the probability distribution for a T=O fermio

gas. Since
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one finds that

P (e;)
o

(A.3)

E:min
E: p

[1 - ~(s)]2/3 (A. 4)

Wit h the know1 edge 0 f E:min' 0 ne can eval uate Tin e qua t ion

(A.1) for a non-zero temperature fermi gas, with P(E:)of the

form

(A. 5)

temperature in MeV, and N normalizes the probability

distribution P(E:) Since the number of nucleons must be

constant, independent of the temperature,

and p is determined implicitly from

:k
2 3/200 E: 2

f dE:
l+e(E:-p)!T

= 3 E: pa

It can be easily shown [Rei65J that

2

p (T) E: p[l - ~(:L)2 + '00]
12 E: p

so, one can evaluate T since p is now known

(A.6)

(A.7)

for a given

temperature. Explicitly,



T
E: •

IDln
(A.' 8a)

86

where

or in terms of 3(s,T)

3 (s , T) = T (s , T)
3
SE: p

(A. 8b)

(A.9)

Examples of 3(s,T) are plotted in figure 31.



Appendix B

The Lifetime Distribution Function
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From the discussion of section IV.B, the average

lifetime of the complex is known for each impact parameter

from the dynamical model. It is expected that due to mass

transfer and thermal fluctuations, there will be a

distribution of lifetimes centered around this average

value. It is the purpose of this appendix to outline the

general features of this distribution.

In an attempt to calculate the smear due to mass

transfer, the dynamical model of section IV.B was modified

by the inclusion of a driving term which forced the

________________a~symmetry to change. By correlating the exit channel

asymmetry with the interaction time, a rough estimate of the

variance due to mass transfer was obtained. In all cases

tested,
2

a
T

« 0.001 (B.1)

indicating that very little smear is due to the mass

transfer itself.

In order to estimate the effects of thermal

fluctuations, a few simplifications may be made. The motion

of the system along the radial coordinate can be likened to

the motion of a Brownian particle in one dimension in a
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constant field of force [Rei65,Cha43]. (For example, motion

of a Millikan oil drop in the field between the capacitor

plates.) The equation of motion for the Brown ian particle

is

du + /3u = K + A(t) (B. 2)dt

where u is the velocity of the particle, /3 is the specific

viscosity, K is the specific force and A(t) is the

fluctuating force. Using standard techniques for its

solution [Cha43], one finds that the probability

distribution for the system is given by
2 2 2

W(x,t;xo'u
o

) = [2ncr (t)J-~e-(x-<x(t») /2cr (t)
u

where <x(t» = x + ~t + (l_e-/3t)[~ - ~J
o /3 13 /3

cr
2
(t) =~ (2/3t - 3 +4e-/3t _ 2e- 2/3t)

2m13
The time distribution function sought is

(B.3a)

(B. 3b)

(B.3c)

_____________~II~(t L)-=~W~(--"x_ao--'-,t -,-,;x"10:r''-''u'-oor-)-----------\(-R-4~)--------

i.e. the probability that the system finds itself back at x
o

after time t. A typical example of rr(t) for the nuclear case

is plotted in figure 57. The skewed gaussian shape is

evident from the figure. A quantity of interest is the

functional dependence of the variance of the distribution

T. Plotted in figureupon the mean value
2

of cr vs. T for various assumptions

58 are curves

concerning the

relationship between /3 and K. The slopes of the curves

vary from 0.85 to 1.0, the latter value being an asymptotic

one. Therefore, it seems quite reasonable to assume that



2
cr = CT (B.5)
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for some constant c. The curve labelled y = 1 is the best

approximation to the nuclear case, with the result that

C = 0.25 (B.6)

It is this value which is used in all of the calculations

performed.



Appendix C

Limiting Angular Momenta for Interacting Spheres

Let us suppose the following physical situation: two

spherical nuclei of radii dl , d2 with masses ffi l , ffi 2 are

sliding over one another. Initially, all of the angular

momentum, L(O), is concentrated in the relative motion. If

one assumes that the damping of the relative angular

momentum is given by one-body dissipation [Bl078], then the

following coupled equations of motion result for the spin

angular momenta, ll,L2 :

11
= (noa) dl [de dle l d2e2] (C.la)

12 = (n
o
a)d2[de dle l d2e2] (C.lb)

. . 2
where d = dl

+ d2 ; e. = L. / I. ; e = (Lo -(L l +L 2))/lld (C.le)
1 1 1

and n a is the one-sided transfer rate of mass from one
o

nucleus into the other. Defining f=n a and collecting terms,
o

one arrives at

go

(C.2a)

(C.2b)

where



Z (C.3a)ciO fd. dL /lld
1 0

Cil = -fd. [(d/lldZ) + (~l/II)] (C.3b)
1

c iZ = -fd. [(d/lldZ) + (dz/I Z)] (C.3c)
1

The roots of the corresponding set of homogeneous equations

are
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(C.4)

which reduces to

(C.S)

since the square root term is (CII+c ZZ ) . Therefore, the

general solutions to the set of homogeneous equations are

LI(t)
A+t

(C.6a)= a + a+e

cll (A¥_=_~l) A1t
LZcn = a + a+e (C.6b)c IZ c IZ

The particular solutions of the inhomogeneous equations

prove to be linear in time, and the term proportional to t

may be eliminated since the spins must assume a finite

asymptotic limit. Thus the final solutions are

LI(t)
+At

+ b l (C.7a)= a + a+e

LZ(t)
cII (A+-cII ) A+t

+ b Z (C. 7b)= a + a+ec IZ cIZ

The a's and b's are related by



which

C) = - (C~l (1+\1))(:1) (C.8)
+ c lZ c lZ Z

results from the application of the initial
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condi tions L, (O)=L2(O)=O Since the b's are solutions in

their own right, they may be evaluated by solving

(C.g)

Thus, one may solve for all quantities in equation (C.7).

One may evaluate A from
+

the expressions

arrive at

or may define the relaxation time as

(C.IO)

T = Z l.l
7£ (C.Il)

This expression makes sense physically, since it implies

that the relaxation time for a system increases with

increasing inertia and decreases with increasing damping.

For a typical system, T-~XIO-ZZsec , on the same order as

the relaxation time for the initial energy.

By solving for bl,bZ,a+,a_

following expressions for the spins:

one arrives at the



Z dZ d d
Ll (t) = (- - ~ ~) (--l. --l)-l(l-e-t/')L (C.lZa)7 I Z 7 I I Z II 0

(~ ~ -
Z dZ dZ d

LZ(t) = - -)(- --l)-l(l_e-t/')L (C.lZb)7 I 7 I Z I Z II 0

Z
where I = ~d . If one examines the infinite time limit of

these expressions, one arrives at

93

(C.13)

regardless of the masses.

asserted in section II.D.

This, then, is the result



Appendix D

Finite Curvature Effects upon the Proximity Treatment

of Nuclear Interactions

The real internuclear potential calculated from the

proximity theorem[Bl077J has been shown to accurately

account for much of the measured heavy-ion elastic

scattering data[Chr76Ji it has also been shown to be

consistent with some of the measured complete fusion

data[Bir78J. The analogous treatment of the single particle

flux in heavy-ion reactions[Ran78J, and in particular, the

resulting energy loss, has also been shown to be not

inconsistent with the experimental data. In most cases

where comparisons have been carried out, the colliding

nuclei have suffered only very grazing collisions, with an

accompanying small overlap of nuclear matter. It is in this

region of impact parameters that the frozen density

assumption of the treatment is expected to be best

satisfied.

A question of current interest is to what extent the

proximity treatment is valid as the nuclear matter overlap

becomes large. Intuitively, one might expect the frozen

density approximation to be valid for a large part of the

trajectory up to the classical turning point, since that

part of the trajectory is traversed in times small compared

to the relaxation time of density fluctuations in nuclear
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matter. Given that its use for large overlaps is. justified,

this appendix describes a method for the correct calculation
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of the proximity function [Blo77,Ran78J and the flux

function '¥ [Ran78J, taking into consideration the finite

curvature of the two colliding nuclei. In particular, a

simple approximation is described which allows the correct

evaluation of ~, '¥ for asymmetric ~pheres and which

goes over into the known closed form expression for equal

spheres[Blo77J.

First, it is necessary to review the basic points of

the proximity treatment[Blo77J. Assume that one is

interested in a quantity F as a function of the separation

of the surfaces of the two nuclei, denoted F(s). If the

corresponding quantity per unit area, f(s), is known for

parallel surfaces, then the proximity theorem states that

F(s) = ffdxdy f(D[x,y]) + corrections
Gap

(D.I)

where the surface integral is over the surface areas that

oppose each other across the gap, and D[x,yJ is the

functional for the distance between the two opposing

surfaces elements as a function of position on the surface.

The corrections are assumed to vanish for large radii of

curvature. For cases involving axial symmetry, one may

perform the angular integration immediately to arrive at

F(s) = 1T f (2rdr) f(D[r])
Gap

(D.2)



where r is the cylindrical coordinate describing the
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surface.

-- i.e.

Now, if one can write 2
r as a power series in D

2
r = L

i~O

(D.3)

then one may differentiate the above expression, substitute

into (D.2) and arrive at the following expression for F:

F(s) 1f L
i~l

ia. fdD Di-lf(D)
I s (D.4)

By their definition, the a!s
I

are unique to a specified

geometry; the upper limit in the integrals in equation (D.4)

has purposely been left unspecified.

At this point, the usual proximity

treatment[Blo77,Ran78J makes the following assumptions: the

radII of curvature are large and the function f is short

range. These allow the upper limit of the integrals of

equation (D.4) to be set to 00 giving rise to the

incomplete moments F (s)n

F (s)
n

defined by

(D. 5)

The large radii of curvature also allow the evaluation of

the coefficients a. for
I

spheres to be perfo rrned

approximately as



a 1
= ZR

a. = 0 (i > 1)
1

is the "r ed uc ed

(D.6a)

(D.6b)

r ad ius" .
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Essentially, the above approximations correspond to

replacing the two juxtaposed spherical surfaces by

paraboloids with the same radii of curvature. For

separations s corresponding to small amounts of nuclear

matter overlap, the above approximations are quite good, as

will be seen below. Unfortunately, for even moderate

overlaps, the finite curvature of the spheres, as opposed to

the infinite paraboloids, causes sizeable corrections to the

above scheme.

The easiest case to consider is for two equal spheres

of radius C, since then the results may be obtained in

closed form. In this case, the non-zero coefficients in

equation (D.3) are:

ZR s
a

1
= + 2

a z = -!;r

(D.7a)

(D.7b)

More important, there is a finite upper limit to the

integrals in equation (D.4) given by

D
1

, = ZC + s1m
(D.S)



(see [Bl077J for definition of

For grazing collisions, imposition of the finite upper limit

in the evaluation of the incomplete moments does not result

in appreciable corrections to F. But, as the two nuclei

overlap strongly (s $ 0), the upper limit reduces the values

of the moments substantially. The size of the correction

may be deduced from figure 59, in which are plotted curves

displaying V (s) / 4~Rby
P

terms) for various values of C using the correct evaluation,
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and for the usual approximation (labelled 00 ). As stated

above, all curves are approximately the same for large

separations; as the nuclei overlap more strongly, the

correction becomes quite large.

The situation for nuclei characterized by different

radii of is more complex. The

geometrical situation is displayed in figure 60.

case, the limiting distance is given by

A straightforward evaluation results in

In this

(D.9)

(D.IO)

where the o!s
1

are defined in figure 60. As can be

quickly seen, the usual proximity treatment .relies on the

assumption that one can ignore the second term on the right

hand side of equation (D.10). It is possible to expand this

second term in higher powers of (D-s), but a simple
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approximation is available to allow an easy evaluation of

the proximity functions.

assuming that

This approximation consists of

2
r =

2
E

i=l

ib.(D-s)
1

(D.II)

where

that

2R and b
2

is determined from the requirement

2
r C2 when D =I

DI ,
1m (D.12)

Working through the algebra, one arrives at

ci - 2R(Dlim -s)
b 2 = 2

(D
I

. -s)
1m

(D.13)

or, in terms of the a!s in equation (D.3)
1

__________________~a:z = b:z-------------l.-'(D"'--'--'.1"--=4:u;a"-,l)'-------

(D.14b)

One should note that in the limit that C
I

= C2 one is

left with the results in equation (D.7). The effects of

these results are displayed for a few typical asymmetric

situations in figure 61. Again, the usual function is

labelled as 00 One can see the large discrepancy for

even moderate overlaps.

The accuracy of the above approximation can be checked

in the following manner: given a value for the cylindrical



coordinate r, the value of the distance between the surfaces

is given by

100

CD.IS)

For a given value of r, one can calculate D(r) from equation

(D.15), and then calculate the approximate value r'(D) by

substituting this value of D into equation (D.ll) and taking

the square root. To quantify the situation, if q « 1,

where

c
q = [ f 'rdr [' _ r ' (D(r))J 2 /

a r
C, 1

f rdrJ':2
a (D.16)

is the average root mean square relative deviation of r,

then the approximation may be said to accurately represent

the physical situation. The ratio q has been evaluated for

several cases which are summarized in Table II. As can be

seen, the values of q indicate that the average relative

deviation is always less than 2%.



Appendix E

Solution of the Charge Diffusion Master Equation

From the considerations in section IV.C, one is left

with the following master equation for the time dependence

of the probability distribution for the charge asymmetry:
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(E .1)

In vector notation,

where
Pnn ,

L: A Pnn" n"
= n"in

(n = n')

(E.2a)

(E.2b)

, then equation (E.1) becomes
Pn ' 1:If we define R -( ) 2pnn'- -P- nn'
n

d ":'1:
dt (P n 2<1>n) = - L:

n'

-1:R 2 "-

nn' Pn ' 'Yn ' (E.3)

+
It is desirable to show that ~ is a symmetric matrix. It

is necessary to consider n i n' , since Rnn is obviously

symmetric.

Rnn'

since

Pn ' 1:= -A P (_) 2
nn' n P

n

Pn 1:
-A P (_) 2

n 'n n' Pn'
R
n'n

(E. 4)

(E. 5)



-~By defining ,I, -P 2,k
'fn - n 'f'n one is left with

d -+- -+-
dt 1/1 = -R: ~ (E. 6)
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-+-

with R a symmetric matrix. The solution to equation (E.6)

is

or, in terms of l

-+-
1/1(t) (E.7)

c/J (t)n

-+-

= P~ E [e- tR ] -~ (0)n nn I Pn I c/J I
n ' n

(E. 8)

is the matrix

of eigenvalues for

ma tr ix, Si =s .nm mn

Now, if
-+-
S is

-+-
-+-the matrix of eigenstates and r

-+- -+- -+- -+-

R , e-tR=fe-tt~r since ~

Equation (E.8) now becomes

is a real

-tr
,k (t) = P~ E E SSe mm -~,k (0)
'fn n nm n'm Pn''f'n '~----------------n-' m

(E.9)

, one is left with

c/J (t)n

~ -tr
= p 2 E S y e mm

n nm mm
(E. 10)

In the situation where all of the probability at time 0 is

concentrated in one channel no ' an especially simple form

for Ym resul ts:

(E. 11)
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Table I

, "

System E/B angle side-peaked

365MeV Cu + Au 1. 19 91 yes

220MeV Ar + Au 1. 21 90 yes

280MeV Cu + Nb 1. 23 87 yes

170MeV Ar + Ag 1. 24 81 yes

443MeV Cu + Au 1. 45 57 yes

979MeV Xe + Au 1. 48 62 yes

629MeV Kr + Au 1. 56 50 yes

979MeV Xe + Tb 1. 59 52 yes

288MeV Ar + Au 1. 58 43 yes

6--zotv1eV-Kr + Ta 1. 62 45 yes

620MeV Kr + Tb 1. 71 39 yes

340MeV Ar + Au 1. 87 26 no

620MeV Kr + Ag 1. 91 26 no

288MeV Ar + Ag 2. 11 13 no

340MeV Ar + Ag 2.49 -8 no



Table II

C C q
1 2

---

5 5 0

4 6 0.013

3 7 0.014

2 8 0.010

9 0.006

111



Figure Captions

1. Kinetic energy distributions observed for various Z' s
40 197

in the reaction 288MeV Ar + Au at various

laboratory angles. Note the existence of the relaxed

peak for all Z's at all angles and the quasi-elastic

component for Z' s near the projectile Z (18) and angles

near the grazing angle.

2. Same as figure 1 for the reaction 620MeV 86 Kr + 107 Ag .

86 197
3. Save as figure 1 for the reaction 620MeV Kr + Au.

4. Centroids of the relaxed energy component of the

kinetic energy distributions observed in figure 1 as a

function of observed Z. The two solid lines are the

expected values assuming the complex shape to be two

touching spheres and two touching spheroids. Note the

Z-independence of the widths of the distributions.

86 197
5. Same as figure 4 for the reaction 620MeV Kr + Au.

No decomposition of the energy spectrum into relaxed

and quasi-elastic components has been performed. The

o
data for 40.4, which is approximately the grazing

angle, reflects the large cross-section observed for

112

small energy loss, as seen in figure 3. The data

averaged over all angles shows the same pattern as that

of figure 4.

6. Contours of constant cross-section in the e -E plane
em em



40 232
for potassium ions (K) in the reaction Ar + Th

[Wi173].

113

7. Same

620MeV

as figure 6
86 197

Kr + Au.

for various 2 1 s in the reaction

8. Schematic portrayal of two trajectories in a heavy-ion

reaction. Trajectory 1 corresponds to a quasi-elastic

reaction product being observed at angle 6 while

trajectory 2 corresponds to a relaxed reaction product.

9. Wilczynski diagram (see figure 6) for 2=35 in the
86 197

reaction 731MeV Kr + Au. The quasi-elastic peak

moves to forward angles as the centroid energy

decreases. This is an example of a "partially

orbiting" system.

86 197
10. Same as figure 9 for the reaction 506MeV Kr + Au.

Here, the quasi-elastic peak displays essentially no

angular motion as the energy is dissipated. This is an

example of a "strongly focussed" system.

11. Display of energy loss vs. the width of the

2-distribution for the products displaying that energy

loss [Sch77J.

12. Contours of constant number of events in the Elab - Mass

plane for Cl isotopes formed in the reaction
40 58

280MeV Ar + Ni [Ga176J.

13. Same as figure 12 for K isotopes at two different



laboratory angles [Gal76J.

14. (a) Nil ratio for each mass for two reactions. The
40 64

upper smooth curve is that expected for Ca + Ni

from liquid-drop considerations, the lower curve the
40 58

same quantity for Ar + Ni. The jagged lines are

the measured data points.

(b) Same as (a) above. The triangles correspond to the

114

data and the circles correspond to the smooth

liquid-drop calculations modified to include the

effects of neutron evaporation [Gal76J.

15. Gamma-ray multiplicities for various lIS at various
20 107

laboratory angles in the reaction 175MeV Ne + Ag.

The solid smooth curves are the values expected from

rigid rotors at two t-values. The dashed horizontal

lines correspond to the rolling limit.

16. Same as figure 15 for the reactions 620MeV 86 Kr +

target. The smooth curves correspond to the value

expected in the two limits for the average angular

momentum in the reactions.

17. Same as figure 15 for the reactions 620MeV 86Kr +

target with only quasi-elastic events included.

18. l-distributions at various laboratory angles in the
86 197

reaction 620MeV Kr + Au.

40 197
19. Same as figure 18 for the reaction 288MeV Ar + Au.
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136 197
20. Same as figure 19 for the reaction 979MeV Xe + Au.

21. Liquid drop potential energy of two touching spheres

for N + Ag for various values of the angular momentum.

The dashed curve displays the expected yield

distribution for the Q = 50h curve if the temperature

of the complex is 3 MeV.

22. Angular distributions for

reactions 175MeV and 252MeV

the
20

Ne +

various
107

Ag.

ZIs in the

23. Same as figure 22 for the reactions 288MeV and
40 197

340MeV Ar + Au.

86 197
24. Same as figure 22 for the reaction 620MeV Kr + Au.

136 197
25. Same as figure 22 for the reaction 979MeV Xe + Au.

________------"2~6"'--'--.----""'S=a~m'_'"e'-------""as"-------'f'__""_ig ur e . 22 f 0 ~_~e_r_e_ac_tiQ..fiS_2B_8M.a_V_-and,-----------

40 107
340MeV Ar + Ag.

27. Definition of coordinates used in the dynamical model.

28. Time dependence of various quantities from the

dynamical model. r is the strong absorption radius
o

(interaction radius), Q. is the incoming angular
In

*momentum value and E is the exit channel excitation

*energy. In this case, 1inal~ 50 MeV.

29. Interaction time as a function of n::: Q jQ for damped and
max

undamped nuclear motion.



30. Potential energies as a function of r/ro for various

values of ll=Q/Q •max

31. Average energy of nucleons above the internuclear

barrier as a function of the internuclear separation

for different temperatures.

32. Potential energies as a function of Z for various
20 107

val ue s of n=Q/Q in the reaction 252MeV Ne + Ag.max

40 107
33. Same as figur e 32 for the reaction 288MeV Ar + Ag.

40 197
34. Same as figure 32 for the reaction 288MeV Ar + Au.

86 197
35. Same as figure 32 for the reaction 620MeV Kr + Au.

136 197
36. Same as figure 32 for the reaction 979MeV Xe + Au.

37. (a-c) Contours of constant probability as calculated

from the master-equation using the potential energy

curves in figure 32.

38. Same as figure 37 using the potential curves from

figure 33.

39. Same as figure 37 using the potential curves from

figure 34.

4 O. Same as figure 37 using the potential curves from

figure 35.

41, Same as figure 37 using the potential curves from

figure 36.
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42. (a) Expected shape of curves corresponding to constant

angular momentum if no angular momentum is transferred

from orbital angular momentum into spin of the nuclei

in the Z-TKE plane.

(b) Same quantity as in (a) assuming rigid rotation of

the complex.

(c) Realistic expectations (dots) of quantity displayed

in (a) and (b).
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43. Display that indicates that all possible initial

assumptions of the sharing of angular momentum between

orbital and spin angular momenta converge to the same

1 im i t.

Q

44 V 1 f
reI

. a ues 0 Q--.--
In

the iteration.

as a function of Z at various stages of

45. Same quantity displayed in figure 42 as calculated by

the model. The estimated realistic shape of figure 42c

is shown to be correct.

46. Plots of da/dZ as
197

projectiles + Au.

a function of Z for various

47. Potential energy vs. Z for the average angular momentum
197

for the three projectiles + Au reactions displayed

in figure 46.

86
48. Same as figure 46 for Kr + various targets.

86 197
49. Same as figure 46 for Kr + Au at various energies.
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the reaction

as a function of e for various ZIs in
197

Au at 506MeV.

2
d O/aQaZ

86
Kr +

50. Plots of

51. Same as figure 50 at 620MeV.

52. Same as figure 50 at 731MeV.

53. Plot of M vs. Z for the quasi-elastic component in the
y

86 197
reaction 620MeV Kr + Au.

54. Same as figure 53 for comparable experimental and

calculated angular settings.

55. Same as figure 53 for various ZIs as a function of

angle.

56. Expected form of the density distribution and the

single-particle potential in the interaction region as

two nuclei collide.

57. The probability distribution n(t)for the nuclear case.

58. Variance of n(t)vs. log(T ) [T is the centroid of net)]

for various assumptions about the relative strength of

the nuclear damping vs. the inter-nuclear potential

energy.

59. Modifications to standard proximity potential form

factor due to finite extent of interacting, identical,

spherical nuclei for various values of the effective

radius, C. The curve labeled 00 corresponds to the

unmodified values.



60. Coordinate system used in Appendix D.

61. Same as figure 59 for unequal spherical nuclei for

various assumptions about the two effective radii.

Again, 00 labels the unmodified values.
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