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I. INI’R3W310N

At norml @ensityand formxlestcompressions,the electronicstnlcture

of a metal can be acmrately describd by treati~ the conduction electrons

and their interactionswith the usualmethcdsof knd tbory. The core

electronsrsmin essentiallythe same as for an isolatedfreeatan and do

not pamicipate in the

phase. X the density

anotheras the owerlap

bondirqforcesresponsiblefor crestinga condensed

increases,the core electrons@in to “see”one

of the tailsof wa= functionscan no longertx2

neglected.‘JIMelectronicstructxreof the core electronsis responsible

for an effectiverepulsiveinteractionthateventually13ecomsfree

electro,l-likeat very highcompressions.

me electronicstructureof the interactirqcore electronsmy be

treatedin a ~~le mnner using the Atmic SurfaceMethod (#!SM).1The ASM

is a first-principlestreatmnt.of the electronicstructureinvolvinga

rigorms integrationof the Schr&inger equationwithinthe at.mic-sphere

approximation.2 Solidphase waw functionsare constructedfran isola~ed

atanwaw functionsand the bandwidth WI and the centerof gravityof the

bindCl are obtaiwd fransimpleformlas. T% ASM can also utilize

analyticformsof the atanicwawe functionsand tis providedirectfunc-

tionaldqxrdenm of varicusaspectsof the electronicstructure. Of

partimlar use in understandiq the tmhaviorof the core electrons,the ASM

providesthe analyticdensitydeqxmdenceof the band widthsand posit icms.



The AtcmicSurfaceMethodis discussedin Sec. II with a ccm’plete

derivationand applicationsto transitionmetalsand f-shellmetalsgiwn

in Ref. 1.

M processwherebycore statesinteractwithone anotheris best

viewedas the formationof narrowelectronknds formalfrom atanicstates.

AS the core-coreowrlap increases,the bands increasein width and man

energy. In Sec. III thispictureis furtherdevelq@ and frcm theASM one

obtainsthe analyticdependenceon densityof the relativermtionof the

differentbands. Also in Sec. III is a dismssion of the transitionto

free-electronbands. As an exmple, the resultsfor the 3s: 3p, and 3d

core statesand theirevolutionintobands for nickelare given.

II. T’HEA’KWUCSURFACEMEZ’WOD

It is now possibletonvake

structurefor overlappingcore
1

lZ3RELECT’RCY41CSTRWXUW J

a simplecalalation of the electronic

orbitalsusing the AtanicSurfaceMethod

(ASM).’ ‘l%eASM is a first-principlestreatmnt of the electronic

structurethat is ccmputationallysinpleard can provideimnediateanalytic

dependenceof the principalbnd quantities. The theoryhas been deriwd

in detailin Ref. 1, am?lonly the min resultsof the theorywill be

presentedhere.

me ASM makesuse of the propertiesof linearcunbinationsof atanic

orbitals(KM) wawe functions.The theorycan be mghly characterizedin

threemain steps. ‘I’hefirstsmp consistsof usi~ the atomic-sphere

approximation2and a rigorousintegrationof the radialSchr6dinger

quation !di the 1 th orbitalto obtainan exactexpressionfor the

bandwidthWj in termsof the condensedphasewave functionevaluatedat the

atcmicsphereradiusrO. Next, the condensedphasewave function is

constructedin termsof the wave functionsof an isolatedatcrn.This then

allowsone to use analyticformsfor atomicwam functionsthat are

accuratein the asymptoticregionsand which remainvalidin the solideven

for largecaqm3ssions. The finalstep consistsof writingthe position

nf the band center Cl in termsof the overlapinteyralsfran ad,jacentsites

usingonce again KAO resultsand the atmic sphereapproximation.A

~lete descriptionof the electronicstructureis obtainedwith the

Friedelnmde13for the densityof statesnl(E).

’13Mresultfor the band width js

+2
w, ‘—

‘o _aQdJ)
m T nr I)!”.. ● (11.1)



N is the normalizationintegral

fN= ~ ‘0 ~rppl(r)dr ,

equa’ to

(11.2)

~ and is nearunityat the zeropressuredensity. N departsSignificantly

frun one only at extremelyhigh ccqpressions.The positionfor the cent=

of gravityis given by
#

(11.3)

whereS1= 2p1 Q. is the overlapintegral. go is the atanic sphere wolum

equal to 41Lr~3and A. is the surfacearea of the atanicspherequ~l to

4nr& ‘I%eFriedelrmdel for the densityof statesis

(11.4)

and zerootherwise.

* expressd abve, the entireproblemof describingthe electronic

structurehas been reducedto findingthe wavefunctionand its first

derivativeat a single position, the atanicsphereradiusrO. In addition,

at rO the wave functionhas been expressed in termsof the wave functionof

an isolatedatan and nMLybe evaluatedfran the Hartree-Fwk t~~lesof

~M .
5

l%ispmcedure hasmrkd ranarkablywell for the transition-tal

and f-shell+wtalsyst=~ and the resultsare containedin Ref. 1. * will

now prweed to the use >f analyticexpressiom~for the atanic

wa~ functions.

At sufficientlylargedistances,the potentialin the Hartree-Fock

cal~lation of thu electronicstructureof a neutralatan apprmch~s =e2/r.

Il\easyrrptoticformof the solutionO( the radialSchrcdingerquat ion is

given by

(11.5!

where the exponentialinefficientis relatedto Lhe atmic term W3111CJE ~

-c -h2p2/2m , (11.6)



and

Y = e2@2u-1 . (11.7)

For -E=l ~, is identicallyzero. * setY=O for all energylevelssince

the Waw functionis dcm.natd & the exponentialterm* nonzeroY

makesonly a smallquantitativedifference. In the transitionnetal

series,the atanicterm valuesare near 1 ~ ati the approximationis an

excellentone. Normalizingtl]ewaue functionsto 1 giws a radialwave

functian

(11.8)

This form of the wam function my be cmnbined with Elqs. (11.1) and (11.3)

to gi~ the hnd widthas

16 (-c)(~ro) e-2Pr0
w~m = #

1- 2P2r~e-21’r0
(11.9)

and the center of gravityof the band as

Cjm = CL + no Wlm p ~/n #Jro . (11.10)

The “ symtmlis used to designatethe large-r,asymptoticanalyticforrrrof

the waw function. The bandwidthand centerof gravityare still

d~ndent upon the arqularnmmnti quantum nunber P thru ttw,valueof the

atanictermwalue r~. The approximationwxks bestwith L = 0,1,2

(s,p,d-states)but gives quite reasonableresultsfor 1=3 (f-states)as

well.

111. ATU4TCCQRELEWIS UNIXR CCNPRESSI~

A. Ume StatesFrmn A Band-StructurePicture

In a nmtal at zeropressure,w can dividethe electronsintotwo

grcmps,the cmduct ionelectronsand the core electrmm. The conduction

electronsare primarilyresponsiblefor the mhesiwe energyin a netal.

7%s axe electronsare mmidered to be thosewhoseorbitalsare initially

un+amged frun the orbitalsin an isolatedstunand ar-enuch nmre tightly

bmlndto the mcleus. hb rww wish to considerthe situationwherebythe

coreelectrwnsbegin te “see”orM anotherwhen the overlapof theirwam~

functionskmcxEwJsfiniteas UM amprossion increases.One shmld picture



the processas the ewdution of zerowidthatanicstateson individual

siteschaqirq intonarrw widthband statesthatextetiowx the entire

system,

Strictlyspeakirq,Whewwx mre electronsinteractwith one emther

theyalso interactwith all the axxluctionelectronsplus all of the other

core electrons. A quite reasonable~roach is to firsttreatthe

interaction for a gi~n aqular mummtum core statebetweenionson

adjacentsitesaml thenadd the hybridizationbetweendifferentcore

arqularnmentmm states. ‘Ibisis similarto the procedureof band theory.

For instance,the s-s,p-p, d-d, etc. interact..r,~ are treated8eparately

and only when there is actualowrlap c)fthe resultingbandswill s-p, s-d,

etc. hybridizationb importantsince that interactiongcEs as the inverse

of the energydifferencebetweenstates. The ewlution of core statesfran

zerowidthatcsniclevels~ntobroadenedbards is a continuumsprocessand

one -ld expectthat LJ3U3’S~ld be an apprqriate expansionset. Also,

the ASM is wll suitedto thisproblembecausethe approximationsinwlti

are such that it limitsexactlyto Hartree-Fmk atansat infinite

separation.

The resultsfor nickelusirg the ASM and Hartree-Focktablesin the

fornulaein SectionII are shown in Fig. 1 for the band widthsand pig. 2

for the relatiwepositionsof the bands. 8oth sets of curws are plottd

as a functionof r
o“

The AS!lresultsare in ex~llent agrewwnt with full

band calalations. For a nlue of r. justgreaterthan 1 a. (ao=Bohr

radius),the band widthsfor the 3s, 3p, and 3d orbitalsqual one almther

and are also qual to the kwd widthof freeelectrons. me 3s, 3p, and 3d

bandsaisooverlapone anothernear rO=l.3ao. The zeropressuredensity

correspondsto a valueof ro= 2.61Un.

Missingfran Fig, 2 is the sw conductionkrd that is stronglyrmpled

tc~t-ho3d band thru hybridization.The ASM can ~ used to provideall the

paranwtersfor the entireband structurein the solidusing the methcxlof

Harrisonand FroYen.’ The resultsfor Ni at rmmal densityare given in

I@f. 10 lb do the fullbard calmlation,one nust determinethe awerage

d-band energy md the hybridizationmtrix elenwntsbetmen the d-orbitals

ad the s-p conductionbard. The awrage d-bmxlenergymay b determined

entirelyfrunneutral-atanatanicterm values(andro). The prcme&re

inmlms usirq the renornmlizedatan apprcmchof Watson,Ehrenreich,ati

Hodgesa,the energynf the tmttcxnof the conductionband as gimn by

Frqen6, and the ccmlti et-mrgytquirti to shiftan atmnicelectronfrana
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bandsof nickelas a
is the band width for a
the bud widths
becmms ~al at the sam

s-orbitalto a d-rbital. (5ee~.(27) of Ref. 1) The hybridizationmatrix

elemnt can be evaluatedusingthe asymptoticformof the r-Iialwave

functionwith all of the resultirqparametersagaindeterminedfranatanic

term values.

B. AnalyticTreatmentof the Relatiw?MoWnt of DifferentAnqular—.
Fhlmltum Rinds

l%e fornulasof Sec. 11 can b used to determine the armlytic

dqer-denceof the relatiuenmwmmt under compressionfor bandswith

differentorb~talamgularrmmmturnqllantum nunbers. This my be

accomplishedin tw ways, first,by using the asymptoticform of the radial

waw functiongiwm in ~. (11.5),ad s9mndt by usingAndersen’s

nuffin-tin+rbita]theory7to obtainthe functionaldependenceof the wave

functionupon ro.
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The omrlap integral my also be obtainedfranRq. (11,3),(11.5),and

the electrondensiiyp = R~/4n. The resultis

(iII.1)

The exponentialtermdaninatesthe r d endence in all caseswith WIfjw

ah S1 ~ryin9 as eW(-2p1rO) and Cl nrying as exp(-4p1rO).Valuesfor a

sarrplingoi elenmts are gi=n in Table I. For all elemnts, WS > M > Pd

for the sanw valueof n, theprincipalquantLlmmunber.Thus, the s-~nd

will rise in energywith respectto the p-baldas ro decreases,the p-band

will risewith respectto the d-twd, and so forth. This resultis easily

seen in Fig. 1 for the bund widthsas w1l as the daninationof the

exponentialterm. In the f-shellelementsthe situationis nmre

culQlkat3dm Ebr instance,in turqstenp4f liesbetweenp5~ and P%, but



TABLE I.

Valuesof PA for select= mre states. The values of rO, in units of

Bohr radii ao? are for zero pressure. The VI are calmlated frun the

tables of Mann5 ati are in units of l/so. The m.n’ber preceding the

angular nmnentumlabel is the principalquantumrumber.

‘o

Na 3.94

Al 2.98

Mn 2.70

Fe 2.67

Ni 2.61

Eu 2.27

w 2.95

u 3.21

2s

2.37

3.13

3s

2.78

2.89

3.13

4f

1.10

2,10

Sf

1.13

2P

1.74

2.54

3P

2.24

2.35

2.56

5s

1.91

2.42

6s

1.83

M

1.06

1.10

1.18

5PM

1.47

1.93 0.90

6P 6d

1.44 U.73

the pr~ictions for the densitydependenceof the bardss-id stillbe

reliablefor smallband widths.Inprovednumrical resultsare possible

usi~ atanicwave functionsthat includerelativisticcorrections.

Muffin-tin_rbitaltkxy qiws a similarpredictionfor the relatiw

nmtionof the Mnds. In rruffin-tjn-orbitaltheorywe note that the local
-1-1

orbitalsvaryas r at ad @end the atunic sphere if the nuffin-tin

zero is taken at the free-atm energy. TIus, the electron density varies

a, r-2’-2 am the trend width is

WI = fi2/m 4n (21+2)rO pt - l/r.21-1 . (111.2)

The overlapintegraland centerof

r. h

~,r21-1
‘1-’0 # c1 -

l/r~

gravityof the knd are dependentupon

. (111.3)



(Xieobtairs the same resultas with

function,namly, a bandwith a Eunaller

energyrelativeto a bard with a larger

the a~totic formof the wave

nlue of 1 will rise fasterin

value.

c. Transition to Free-ElectronBaIK3s

At extremly large~.essions, the bandswill cmpletely o=rlap as

shownin Fig. 2 ti my & mnsidered freeelectronbands. Forsandp

ixlndsthe

‘fe =

f~lectron bandwidthan be written (beestructure)

62x2 (3/81t) 1’ Mz/m r . (111.4)

In Fig. 1, the s, p, d widthsbe~ equaland also equal to the

freeelectronwidth near the same valueof rO, ati all my be treatedas

fme-electron~s. 1 Anotheraspectof the identificationwith

free-electronbands is theireneryyorderir~,whichshculdbe s,p,d. In

sodiumand alumirum this saneenergyorderingalso occursas the 3s band

nmws abwe the 3d band (andab~ the Fermienergy)ard ‘Ae kwds beccme

ordered2s, 2p, 3d. It shmld & noted that freeelectronk=hatioroccurs

at extremelylargecompressions(a factorof 50 to 100)and correspmds to

pressuresof owr 1000Mkars. Ferhapsnwe importantis the resultthat an

entireshellof electronswith the sam principalquantumnumbern &canes

fr~lectromlike at the m compressionratherthanone l-orbitalat a

tire. For instance,in sdli~unand aluminumall 8 electronsin the n=2

shellbeccrmfreeelectron-likeinsteadof firstthe 6 p~lectrons and

laterthe 2 s-lectrons. The n=2 ,alectrcmsare thendescribableby sinple

metaltheory,but with an ioniccharqeof 2=11 for aiumirumand 2=9 for

sodium. Similarlyfor nickel,tie 16 n=3 electronsbe-’

f me-electron-like tcxgether.

rv. SUMMAFIY

The electronic structure for

using the Atanic-Surface-Methd.

core statesof nickelhas been calmlated

The em? ution of the core electrons f ran

isolatedfmatcsn statesto narruwbandsand finallyto free-electron

behaviorhas been describedin a sinplethwry thatallowsthe

determinantionof t’Ieanalyticdependenceof the electronicstructureupon

density. ~ f ~ that the &KI widthsof al;entireshell.of electrms



with the sam pr’ ncipalquanti rumberbe- freeelectron-likeat the

szmw density. In the case of nickel,thisrrean%thatall 16 of the n=3

shel1 of electronsapproachfreeelectronkhatior together.
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