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1 Introduction

Toroidal orientifolds with minimal supersymmetry are valuable tools for string phenomenol-
ogy (see e.g. [1, 2] for reviews). On the one hand they are rich enough to be phenomenolog-
ically interesting (for example, having A/ = 1 supersymmetry), on the other hand, they are
simple enough to be technically rather tractable. To make progress in string phenomenol-
ogy one could try different routes. One could either try to find universal or at least generic
features in string model building or one could try to understand particular models in great
detail, either with the hope that the features of the model are representative at least for
a certain class of string compactifications or with the aim to see what possibilities string
theory offers within a particular model. Having this second approach in mind, this article



continues the investigation of 1-loop corrections to the Kahler metric of toroidal N = 1
type II orientifolds with emphasis on the effect of N' = 1 sectors, initiated in [3, 4].

Whereas [4] dealt with the 1-loop correction to the kinetic term of the moduli scalars
in toroidal ' = 1 type IIB orientifolds, here we are focusing on the 1-loop correction to the
Einstein-Hilbert term in string frame. The two questions are, however, closely related as we
will review in section 2. In order to determine the 1-loop correction to the Kdhler metric of
the scalar manifold, a knowledge of the quantum corrections to the Einstein-Hilbert term
is indispensable. Therefore, with this interrelation in mind, our main example in this paper
will be the Z§ orientifold that was also the main example in [4].

Calculating 1-loop corrections to the Einstein-Hilbert term within string theory is not
a new subject. In supersymmetric heterotic string compactifications such corrections are
actually absent [5, 6], whereas there are non-trivial corrections in four dimensional type
I models with at most N' = 2 supersymmetry. In the case of N/ = 2 models these were
first calculated in [7] (see also [8]). The results were subsequently generalized to N' = 1
orientifolds in [9, 10]. However, whereas [9] considered only non-compact type IIB Zy
orientifolds with odd N, [10] dealt with type ITA orientifolds with D6-branes at angles.

In this paper we fill the missing gap and consider the 1-loop correction for a general
compact and tadpole-free Zy type IIB orientifold as enumerated in [11], i.e. Zs, Zg, Zg, Zr,
Z12. Our general discussion is rather similar to the type IIA case treated in [10] but we also
find differences. We would like to stress that the two cases are not T-dual to each other.
Rather, under T-duality the type IIB orientifolds we are discussing here would be mapped
to asymmetric type ITA orientifolds, see for instance the discussion in section 4 of [12].

We then apply our general discussion to two concrete examples, one with odd N and
one with even N, i.e. the Z3z and the Zj models. One reason to consider also a Zy orientifold
with odd N was the claim of [9] that the contributions arising from the annulus A, M&bius
M and Klein bottle I vanish in the case of odd N type IIB orientifolds, leaving only the
torus contribution. We disagree with this and identify a possible source for the discrepancy.

Apart from the conceptional differences to [10], we also had to extend that work on a
technical level. Applying our general discussion to the case of the Zg orientifold requires
the evaluation of a new type of integral over the world-sheet parameter. These integrals
arise for the annulus amplitude with one end on D5-branes and one on D9-branes as well
as for the twisted Klein bottle. There were no analogous contributions in the examples
considered in [10]. We evaluate this new type of integral in appendix C.1, following a
similar calculation in [4].

Similar to [10], we find that there are two different kinds of corrections to the Einstein-
Hilbert term. Those arising from the N = 2 sectors of the orientifold are similar to the
ones found in [7]. They have a complicated dependence on the complex structure of the
compactification space. However, in contrast to the purely N/ = 2 supersymmetric case
discussed in [7] some of these moduli dependent corrections in the N' = 1 models do
not vanish when decompactifying the internal directions. This was also observed in [10].
In addition to these complex structure dependent corrections, in N/ = 1 models there
are also corrections arising from the N’ = 1 sectors of the orientifold. These are moduli
independent numbers.



The work of [8-10] was primarily motivated by attempts to find an embedding of
the Dvali-Gabadadze-Porrati scenario [13] into string theory. As we mentioned above, our
main motivation is very different. We are aiming at a better understanding of the quantum
corrections to the low energy effective action of the Zf; model. On the way to determine
the 1-loop correction to the Kéhler metric on the moduli space the knowledge of the 1-loop
correction to the Einstein-Hilbert term is a necessary step. The third and final task to
completely determine the 1-loop correction to the Kéhler metric requires a knowledge of
the correct definition of the field variables at loop level. Examples of a field redefinition
necessitated by quantum corrections can be found for instance in [7, 14-17]. We leave this
task for future work.

The paper is organized as follows. In section 2 we review the necessity of a knowledge of
the quantum corrections to the Einstein-Hilbert term when discussing quantum corrections
to the moduli metric in the low energy effective action. In section 3 we discuss 1-loop
corrections to the Planck mass in N' = 1 type IIB toroidal orientifolds, focusing on general
statements and formulas, i.e. without specializing to a particular Z model. In the following
two sections, these formulas are then evaluated in the case of two concrete cases, the Zg
and the Zg models (in section 4 and section 5, respectively). We refer readers, who are
mainly interested in the final results, directly to equations (4.10) and (5.37), which give
the 1-loop correction to the Einstein-Hilbert term, i.e. F as defined in (2.1), for Zs and
Zg, respectively (Ey appearing in (5.37) is the non-holomorphic Eisentein series, defined
in (C.18)). Finally we conclude in section 6. Moreover, we collect some technical details in
the appendix. More concretely, in appendix A we give a few useful formulas, in appendix B
we exemplarily give the full partition function of the Zg orientifold in order to illustrate
the compact formulas of the main text. Then in appendix C we gather the details of two
integrals that are needed in the main text. The first one, given in C.1, is relevant for the
contributions from A = 1 sectors and is new to our knowledge.

2 Effective field theory

In this section we review how the quantum corrections to the Einstein-Hilbert term influ-
ence the form of the low energy effective action of string compactifications. This discussion
heavily draws from section 2 in [4].

As discussed there, in order to determine the quantum corrected Kéahler metric on the
moduli manifold in the Einstein frame, one has to deal with two complications, in addition
to calculating the direct 1-loop correction to the metric in the string frame (which was
the focus of [4]): one needs to know the quantum corrections to the Einstein-Hilbert term
in the string frame (which is the focus of the present paper) and the quantum corrected
definition of the Kéhler variables on moduli space (which we leave for future work).

In order to exemplify these issues let us concentrate, following [4], on the Kéhler

modulus of the third torus in a toroidal orientifold model, which we will denote by 7. Its
tree level definition is denoted by 7(?). Now the quantum corrected kinetic term of 7(©



coupled to gravity in string frame and up to 1-loop order is given by
1 1 ~ ~
SZZQ/J%Vigve%m+5E%£%%«ﬂD+Gm>@J@&%@]+”., (2.1)
Ky

where F denotes the correction to the Einstein-Hilbert term, including tree level o-
corrections and corrections from 1-loop, GO stands for the tree level metric (including o/
corrections [18]) and G denotes the contributions to the string frame metric arising at
1-loop level. Moreover,

k2= 2nVa)OkiE = (md/) 7! (2.2)
and
e 201 = o7 2P0 1oty = 0(0)7'1(0)7'2(0)7'50) , (2.3)

where e~ 2210 ig the ten-dimensional dilaton and
0‘(0) = €_¢10t1t2t3, ’7‘1-(0) = e_q)wti . (2.4)

Here the t; are the (dimensionless) torus volumes measured with the string frame metric.!
As mentioned above, when we talk about 7 without a subscript we always have 73 in mind.

As discussed in [4], the definition of the Ké&hler variables in general gets quantum
corrected, i.e. one has

=70 447, (2.5)

where 07 is a moduli dependent function. In the case of an AN/ = 2 supersymmetric
compactification on K3 x T? at an orbifold point this function 67 was determined at 1-loop
level in [7]. In general there might also be corrections from the disk level, in particular in
the presence of fluxes and open string scalars [7, 15-17].

Starting from (2.1) and performing a Weyl transformation to go to the Einstein frame,
it was shown in [4] that the quantum correction to the metric of the quantum corrected
Kihler modulus 7' (with imaginary part 7), is given, up to 1-loop order, by?

2
1)y _ 204 (1) 0P, 2, 0Py OOE o4,
GTT(T) =e GV (1) 4+ 12 <07'(0) OFEe ™t + 687(0) 37'(0)6
~ 1 1 00t
_ 494 ~(0) _
OEe*™1GY (1) + 3.3 oT 5.2 57 +.... (2.6)

Obviously, a knowledge of the quantum correction to the Einstein-Hilbert term § E is crucial
for a complete understanding of the quantum corrected Kéahler metric. Its determination
for toroidal A/ = 1 type IIB orientifolds is the subject of the following sections.

"More concretely, t; = %, where V; are the torus volumes.
2In deriving this result, some doubly suppressed terms were neglected, i.e. those which are suppressed
both in the large volume V™! and the small string coupling g.. See [4] for more details.



3 Graviton 1-loop 2-point function, general analysis

In this section we derive some general formulas needed for computing the 1-loop correction
to the Planck mass in NV = 1 type IIB toroidal orientifolds. These will be applied in
sections 4 and 5 to the concrete Z3 and Zj models. At the beginning we follow closely the
presentation in [10]. In the concrete evaluation of the resulting formulas, our approaches
differ (also from the approach pursued in [9]). We found it most efficient to perform the
spin-structure sum early on and go to the tree channel only at the very end. Moreover, in
contrast to [10], applying the general formulas to the Zj orientifold required evaluating a
new type of integral that we perform in appendix C.1.

Starting point is the amplitude of two gravitons (with momenta p; and polarization

tensors &)

(Vy(pr,e1)Vy(pa,e2)) = Z (Vy(pr,e1)Vy(pa,e2)) (3.1)

oe{T K, AM}

where the vertex operators are given by?
2 . / L= ’ ~ o~ .
Va(p,2) = == e (10X + §p- vyt (i0X" + §p-§9”) e (3.2)

with €,,e"” = 1, and one has to sum up the contribution of all 1-loop surfaces o. Using
the on-shell, transversality and tracelessness conditions

Pt =D =p1-p2 = pruet” = popeh” = nuwel” = nueb” =0, (3.3)

the amplitude (3.1) has to be proportional to the only remaining contraction, i.e.

(Vy(p1,e1)Vy(pa, 2)) = AiVag2pher,wn” ear,pi + O(p*). (3.4)

This defines the quantity A. Vj is the regularized volume of the four-dimensional spacetime.
Strictly speaking the contraction appearing in (3.4) is also vanishing due to momentum
conservation and transversality. However, it was argued in [7, 8] that reading off the
coefficient A of the kinematically vanishing factor p} €1uyn”)‘€2 AP} in (3.4) gives the same
result as a more rigorous calculation using a 3-point function. We assume that this still
holds in the case of the N/ =1 models under consideration here ([7, 8] considered a model
with N = 2 supersymmetry).

In order to translate (3.4) into a correction to the four-dimensional Planck mass, we
have to compare it to the relevant term in the action which leads to the linearized Einstein
equations for a metric fluctuation fulfilling the conditions (3.3). From eq. (6.9) in [20], for
instance, we read off

M? 1
5= / a' (- 5hW,,)h”W) , (3.5)

where
G,uzz = N + h,ul/ ) (3'6)

$We follow the conventions of [19] which slightly differ from the ones used in [10].



for a symmetric fluctuation h,,. Note that the relation between h,, and the polarisation
tensor €, appearing in the vertex operator (3.2) is given by (in momentum space)

hyw = —47rgcsweip’x, (3.7)

cf. (3.7.11) in [21]. Using the notation of (2.1), we have

1
M2 = — (e +6E) (3.8)
4

where ;% was given in (2.2). Thus we should compare (3.4) with

1
— me / d*z S hy ph"PH (3.9)

In order to do so, in (3.4) we make the substitutions (cf. (3.7))

Vy — /d4567 igg pgelu,,n’j)‘egxppf - —— Py phPH (3.10)
where the factor 1/2 is a symmetry factor for identical fields and the factor of i on the left
hand side is the familiar factor for Lorentzian S-matrix elements. Comparing the resulting
expression with (3.9), we obtain

2 /
SE = %A: 8%,4. (3.11)

Thus, the remaining task is to obtain an explicit expression for (3.4) in order to determine A.

The amplitude gets contributions from all 1-loop surfaces, i.e. 7,K, A and M. The
torus contribution could be calculated via world-sheet methods, cf. [9], but we just read
it off from eq. (5.3) in [22]. Including also the o/-correction to the Planck-mass from the
sphere it gives

281 2
(0E)spT = ﬁ (2f(3)v + 3> ; (3.12)

where V is the overall volume (in units of (27v/a/)%) and, due to the orientifold projection,
we added a factor of 1/2 to the torus contribution of eq. (5.3) in [22]. Thus, in the following
we can concentrate on the contribution from &, A and M.*

We closely follow the calculation in [10]. Neglecting the momentum conservation delta
function (arising from the bosonic zero mode integration) we have

N-1
1 > dt
Ao =~ ST O ) [ [ )
8N (4m2a/)? Z /0 13 £ o (7o 8) Jd vy Ud Vo (3.13)

s=even

((0X10X2) 5 (Yo1)3)? + (0X10Xa)o (b))
T (OX10Xa)o (th1)5)? + (0X10Xa)g (21)3)?) (3.14)

4Tt would be interesting to confirm that there are no contributions from the disk in N/ = 1 models,
following the suggestion at the end of section 3 in [8].



where o stands for the different world-sheet topologies K, A and M, with world-sheet
parameters T = 2it, T4 = g, ™ = % + %, and ng)(n,,s) is the contribution to the
partition function from the k-twisted sector. We will discuss it in more detail below,
cf. (3.20). The spin structure sum only runs over the even spin structures s. Note, that
there is no contribution to A, from eight fermion terms. From (3.2) these come with four
powers of momenta and there are no poles in the v integrals which could reduce the order
in momenta (cf. section 3.4 in [4]).

We now use (see for instance [10])

(a0 (037 =~ mor () + 0T (3.15)
( ) v=0

i.e. it is the sum of a spin structure independent term with a spin structure dependent
term. As argued in [9, 10], the contribution to A, involving the first term in (3.15) (the
spin structure independent term) does not survive the sum over spin structures in the
supersymmetric case. On the other hand, the spin structure dependent (second) term does
not depend on the vertex operator position and, thus, can be taken out of the v integrals.
Moreover, given that it does not depend on the vertex operator position, it is the same
for ((o01)2)2, ((ath1)2)2, ((1hatp1)%)? and ((121p1)%)2. Our conventions for the world-
sheet fermions lead to relative minus signs between the contributions in (3.14) arising from
((91h1)%)? and ((91h1)%)? on the one hand and ((¥91h1)%)? and ((¥91h1)%)? on the other
hand (cf. appendix D in [4]). The resulting v integral can then be solved using [7]

/
. _ _ Im(7,
/ &y / @05 ((0X10Xa)e — (0X10Xa)o — (0X10Xs)y + (0X10X3)s ) = ”2““(7)
’ 7 (3.16)
Taking into account (3.11), we end up with®
o dt Ys(v, 75) &' 7lm(7,)
SE), = ZW (7, s 3.17
OE)s = —523N 4772 % 2. / Z (T 8) 5 0.70) 2 (3:.17)
s=even v=0
N 1
(a')? 1 / dt 7TIIH mlm(7,) 9 (k) ¥s(v, 75)
= — Z (o] 1
8r 8N (472a’)? Jy Z & sze‘;en (T ) 94(0, 75) » (3.18)
N 1
(a')? 1 / dtﬂ'Im 7 Im(7,) 19 95(0,75)
- Z® (7, s . 1
8 8N (4m2a/)? J, kzo Sg\;ﬂ (7 95(0,7,) (3:.19)
The partition functions can compactly be written as [4, 11]
ZW) (1,5, 5) = (=21) CPy Yo (—2sin(my3)) H fly) | 22 (Vi, hi» 9i) (3.20)

This is the analog of egs. (2.20-22) in [10]. Our result differs slightly in the overall factor, due to (3.7).
Note that we do agree on the overall sign despite appearance. The sum over spin structures involves an
extra minus sign in [10], as can be seen for instance in eq. (3.3) therein.
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Table 1. Spin structures can be expressed in (a, 8) or s.

o CP X Vi f (i) hi ha g1 g
Ky 1 1 2kv;  —2sin(my;) 0 0 0 0
K, 1 X(ON2 0F)  2kv; 1 : -1 0 o0
Agg (try5)? 1 kv; —2sin(my) O 0 0 0
Ass (tryk)? 1 kvi  —2sin(my;) 0 0 0 O
Ags  (try&) (trf) 2 kv; 1 3 -3 0 0
My try2k -1 kv; —2sin(my) O 0 0 0
Ms tr’ygk -1 kv; 2 cos(my;) 0 0 % —%

Table 2. Constants associated with partition functions. K, and KC; denote the Klein bottle contri-
butions with untwisted () and ©/2-twisted (K,) closed strings running in the loop. x(©N/2, @%)
for KC; denotes the number of simultaneous fixed points of ©~/2 and ©F, see (A.4) of [23]. The CP
factors corresponding to the D5-branes assume that all D5-branes are sitting at the fixed point at
the origin of the compact transverse space.

with Zf(%-, hi, gi) being the ¥-dependent part of the partition function given by

a+h a+h «
} v |:ﬁ+’71+191 } v [,3-%-72-592] v [ﬂ-&-'yg}

}19[ %Jrhl }0[ %+h2 ]19[ % ] |
1 1 1
5+t711+91 5+72+92 5+73

where the relation between s and («, ) can be found in table 1. In (3.20) CP, stands for
the corresponding Chan-Paton factor of the open-string world-sheets and CP = 1 for the
Klein bottle. Formula (3.20) holds for all tadpole-free Zy type IIB orientifolds discussed
in [11], i.e. Zs,Z¢, Z§, Z7,Z12. The concrete forms of CP,, Xo, 7i, f, hi and g; can be
found in table 2. The models with even N have D5-branes wrapped around the third torus
leading to the distinction of vz in (3.20). On the other hand, models with odd N do not
have any Db5-branes (and thus, no amplitudes Ass, Ags, M) and only untwisted strings
run in the Klein bottle (i.e. there is no amplitude ).

53

SN I eve)

(3.21)

Z2(Yi, hiy i) = Nap

<%

The expression (3.20) is strictly speaking only valid for N' = 1 sectors. For N >2
sectors, one can use the following prescription [11]. These sectors have the feature that at
least along one torus h; vanishes and ~; +g; is integer. In that case, (3.20) has a well defined
limit but one also has to include a sum over momentum or winding states. Concretely, one
should perform the following substitutions:



—95i : 1 .
~; = integer, 1 = 1,2,3 : w - = M
My 7
3T
[ ] M5
2 ; 941 . , 1)
v; = half-integer, 1 = 1,2 : w = (-1)" SH”T(I% +9i) . ( 3) rli
ol Nyl 7
3+itg: 3+vitg:

~v3 = integer : T 3
] 7
2+

o Ag
—94i A 1 .
vi = integer, i = 1,2,3:  —— ", — plM)
i)
PR
o Ass
95 . 1 .
v; = integer, i = 1,2 : w - — L£liW]
hn) T
3+
—2si 1
v3 = integer : ﬂ - = rBM]
yz] 7
71+73
o Ags
73 = Integer : 71%735 ;
il 7
%Jr%

o Ku (3 = 2kv;)

—2sin my; 1

~i = even-integer,i = 1,2, 3 : - - = rliM]
1
5tV
. . —2sin7y; L w]
v; = odd-integer, i =1,2,3: ——— = 5 L
1
3T
o Kt (73 = 2kvs3)
—2si 1
3 = even-integer : M - — r3:M]
3173
. —2sinmys L sw)
73 = odd-integer :  ———== — — LIPT.

i)
5+t73

—25i 1
“2siny 1

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)



Here £UM/W] ig the momentum/winding sum along the jth torus (with volume V; and

metric g[j] cf. (C.15)) given by

LM 4772 7 Z e~ tm ab, (3.33)

[] W} 47T20é P [4]ab

LM = D emivame (3.34)
J wi,w2

For A and M the momentum sum £UM appears if the 7th torus is parallel to the branes
whereas the winding sum £U"W) appears if the jth torus is transversal to the branes. For
K the situation is as follows: if 7; is even, the corresponding torus is not reflected. The
orientation reversal €2, however, reverses the winding modes. Thus, only the momentum
modes survive. On the other hand, if 7; is odd, the corresponding torus is reflected (i.e. kv;
is half-integer). Combined with the orientation reversal 2, this leaves the winding modes
along this torus invariant, cf. section 9.14.2 in [24]. Note that the terms “momentum”
and “winding” as used here refer to the open string channel. When writing down (3.33)
and (3.34) we performed a Poisson resummation, cf. (A.2), thus expressing the sums in the
closed string channel.

In order to see these substitution rules in action, we give the explicit form of the
partition function for the Z{ orientifold in appendix B.5

The substitutions (3.22)-(3.32) can be done after performing the spin-structure sum-
mation. Thus, the sum over spin structures in (3.19) can be performed using (3.20)
and (3.21) for the partition function. Then we need the formula (cf. eq. (130) in [25])

19,[ 1/2+h; } (0)

19” 0) 1/247i+g;
>z 0) => IR (3.35)
s=even =1 1/247i+9; ( )
With this, (3.19) reads
N 1 2
m(a')? dt Im(r,
(0F) 32N(47720/)2/0 CPoXo sin(m7s) H
k=0 j=1
3 ,19/[ 1/2+h; }(0)

(3.36)

1/2+7i+gi
2 o] y=n 1)
Yit+9i
Again this expression is strictly valid only for N' = 1 sectors. N = 4 sectors vanish and
for N' = 2 sectors one would have to perform the substitutions mentioned above. In these
sectors there is no contribution from massive string states, there are no theta functions in
the integrand and, thus, the t-integral is relatively simple. We will see this in a concrete
example in section 5.2.
Let us now look at the contributions from A = 1,2 sectors in turn and let us see how
far we can get without specializing to a concrete model.

5In order to make contact between (3.20) and the formulas in appendix B you have to use
tr((va,,0) T (Y0,.0) ") = tr98* and tr((ya,.5) " (Ya,5) ") = —tr13¥, cf. eqs. (2.36) and (2.41) in [11]. More-
over, at some places (in particular for M5) one has to use 19[ Jlr ] = ,§[§]7 cf. eq. (A.4).

~10 -



3.1 N =1 sectors

The N = 1 sectors can be treated in a way very analogous to sections 3.8-3.11 of [4]. Their
contribution to the Planck mass is given by

_ _ dt
BBV = S GBI = T W / 'S cpe. (337

o o ke{N=1}
Here”
2
o™ = &, X, sin(my3) H " for ke {N =1} (3.38)
with
~ 1 for A, M (3.39)
éo = ) .
4 for K
d
an 3 19/[ 1/24h; } (0)
k) — Z 1/2+v:+gi ‘ (3.40)
. ,19 |: 1/2+h :| (0)
i=1 1/2+’Yz+gz
For later use, we also introduce
1 for A
€o = ) (3.41)
4 for M, K

which differs from é, for the M6bius amplitude.
From (3.38)—(3.40) and table 2, we have

K*) =16 sin(2n kv3) sin(2m k vy ) sin(2m kvg) KF) | (3.42)
A = 4 sin(r kvs) sin(r kvy) sin(r k vy) AL (3.43)
M = —4 sin(r kvs) sin(r kvy) sin(r k ve) M (3.44)
K®) = 49(0N/2, 0F) sin(2r kvs) K (3.45)
AY) — 4 sin(r kvs) sin(r kvy) sin(r kve) AL (3.46)
A =2 sin(r kvs) A (3.47)
MY = _4 sin(r kvs) cos(r k vy ) cos(m kvg) M) (3.48)

Note that for odd N there is no contribution from IC;, Ass, Ags and Ms.

Using the behavior of the theta functions under shifts in their characteristics, cf.
eq. (A.4), and the fact that the even/odd spin structure theta functions are even/odd
functions of their argument, together with the supersymmetry condition ), v; = 0, one
can check that

a_(qN:tk) — j:a-(k) fOI' au o, 5‘(%ik) = :l:a'(k) fOI‘ IC, (349)
O_(qN:tk) = g'(k) for all o, a‘(%ik) = O'(k) for KC. (350)

"Note that ¢ in summations and subscripts stands for a surface, ie. ¢ = {Ku,K:, Aos, Agg, Ass,
Mg, M5}, but when we write o with superscript ) such as in MéM, we mean quantities defined in (3.38).
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Here ¢ is an arbitrary integer and N is the order of the orbifold group Zy. These identities
allow the individual sectors to be related to each other. We will make use of this in the
examples below, cf. sections 4 and 5.

For N' =1 sectors with h; = 0 the ¢-integral in eq. (3.37) can be performed using the
results of [4] (cf. (115)-(117)), i.e. (assuming 0 < v < 1 for A and K, and 0 < v < 1/2
for M)8

o dt 9y (v, 15) T
I = DD — eom(l —29)A% + eo— [¢/(y) — /(1 — 51
A/c() L B h() eom(1=29)A% +eo o [V/() = ¥/(1 = )], (3.51)
*dti(r,5+5)
IM(V)—/ — 225 — 87r(1 — 4v)A? (3.52)
ﬁ t2 191(’77%"—%)

v == - 5w (540) + 39 (5-9)].

Here ¢/(z) denotes the trigamma function, i.e. the derivative of the digamma function
b(@) = T'() /T ().

The t-integral of terms with h; = +1/2, appearing in K; and Ags, is new. We compute
it in appendix C where we find (again for 0 < v < 1)

- Y A A S T ,
umw—lbﬁém%ywﬂu4mﬂ—%%wwwwa—wy (353)

3.2 N = 2 sectors
N = 2 sectors are characterized by the fact that along exactly one torus (say the nth torus)

hy, vanishes and ~,, + gy, is integer. In this case, one has to take a limit of (3.36). It is clear

from table 2 that sin(7y3) (H?Zl f (Vj)) vanishes in this case and the only contribution to

(0E), comes from the summand with ¢ = n, i.e. from the term with 19[1/12/3:{:@%} (0) in

the denominator which also vanishes.” Then the substitution rules (3.22)—(3.32) lead to

/ 1
( — 2sin7(y, + gn)) 19,[[1/2f7§+g"}} ((0)) — /{§+72;9J (0) £[nM/W]

1/2+’Yn+gn
= (—=2m)(—1)¥nF9n £M/W] (3.55)

(3.54)

To summarize, the AN/ = 2 sector contribution is given by

SEYWV=2) — SEYW=2) _ (o) = dt CP. o) 3.56
o o ke{N=2}

8The surface dependent cutoffs at the lower end of the t-integrals ensure a uniform cutoff in the closed
string channel, i.e. £ =1/(est) < A.

90n the other hand, for N' = 4 sectors h; vanish and ~; + g; are integer along all three tori. Thus, the
numerator of (3.36) has a triple zero which can not be balanced by the simple zero in the denominator.
Consequently the A/ = 4 sectors do not contribute.
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Here

o™ = 1é, Xe D LMWL for ke {N =2} (3.57)
with the constant factor D((, ) given by
3
D = (1o T F i) (3.58)
i#n
with
f(v) fori =1 and 2
Fly) =47 _ . (3.50)
—2sin w3 forv=3
Obviously, n depends on the concrete N/ = 2 sector, i.e. on k and o.
Let us express (3.33) and (3.34) collectively as
CnM/W] x b olPM/W]
A D D (3.60)
ml m?2
where
MW _ % for M (momentum sum) (3.61)
47{,—2:‘/ for W (winding sum)
and
nM/W] _ gC[Lb] for M (momentum sum) (3.62)
@b glrlab for W (winding sum) 7
ie. g(%w] is the inverse matrix of gg;’M].
Now we split £mM/W] a5
[n,M/W] x b [
chnyw) _ G el R R DI 9o (3.63)
meZ2\0
CnM/W]
_ . + [/[nM/W] (3.64)
with M /W]
pndyw) _ G Yo oemim mb gy M (3.65)
meZ2\0
Then we have
n,M/W] 2 A2
dtﬁ[n M/W] _ M + dt/; /[n,M/W] (3.66)
1 {2 2 0 t2 '

eo A
Here we set A = oo in the second term on the right hand side since it is finite in the limit
A — oo. It can be evaluated using (see appendix C.2)

.M/ W] :/ dt Z mb [n M/W] (3.67)

meZ2\0
(4;;%:2)2 By (UM), for M (momentum sum)
_ , (3.68)

2

#%')2 2 <— UL]) for W (winding sum)
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where U™ is the complex structure of the nth torus and Es is a non-holomorphic Eisenstein
series, cf. (C.18).

Now we collected all the relevant formulas to evaluate the 1-loop correction to the
Planck mass in explicit models. For illustration we do so for one odd and one even order
orbifold group, i.e. for the Zs and Zg orientifolds.

4 Example: Zg

Let us begin with the Zs orientifold, which is the simplest example of Zy with odd N.
This has the twist vector v = (%, %, —%) and only D9-branes (no D5-branes). Furthermore,
there are no N = 2 sectors. As discussed in footnote 9 above, the N = 4 sector (i.e. k = 0)

vanishes, so we are left with only N = 1 sector contributions.
Their contribution to the Planck mass is determined by (cf. (3.37))

S5 cpe® =% [;cg@ + (bryhy2al) 4 (tmg’“)/\/lg’ﬂ (4.1)
o ke{N=1} k=1,2
=2 |0 + 1645 — 4m{] (4.2)
3 A ~ ~
=32 H sin v, [—/Cq(}) + 4./4%) + Mél)] . (4.3)
j=1

In the second equality we used (3.50) and the tadpole conditions [trye| = 4 and try3 =
tryg = —4 (cf. (2.37) and the line below that eq. in [11]). In the third equality we
used (3.42)—(3.44).

Next we have to perform the t-integral, i.e.

Xt e a 1) (D) dt Fdt sy [T )
A 4A

4A

/ o0 /
:_3/ dt (2111,77C) 12/ @191(1)1,7',4)_’_
a1 ) 1
4 A
)
)

L 12 V1 (201, ¢ t2 91(v1,74)

/
+3/1 dt 9 (’Ul,TM

42
L t 191(’01,7'/\4

= —3[]{(21}1) + 12IA(’L)1) + 3IM(UI)

120 12w 24w
— A2 Il i
( 3 + 3 3 > +

Sl (-v ()] () - ()]
6%

= 157 sin (g) Cly (g) . (4.4)
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In the second equality we used that for Zg (i.e. for v = (%, %, —%)) the quantities 6V of
eq. (3.40) (with o = {Ky, Agg, Mg}) can be simplified to

A A e

5(1) — (4.5)
AR
19/[1/124-271}
=3— (4.6)
319[1/12/—371} "

In the fourth equality we used (3.51) and (3.52), while the fifth and sixth equalities make
use of

2\ (YN A 1N (1 Ax? 5\ (1) 167
v(5)- )T G- G) - @) ()

(4.7)

e <:1))) — 4sin (g) Cly (g) + 23772 : (4.8)

respectively. Here Cly is the second Clausen function. Note that the UV divergences

and

(ox A?) cancel.
Putting all constant factors together, the final result reads (using (3.37), (4.3) and (4.4))

B m(a’)? /T3 . s T
((5E)]C+A+M = —m 32sin (g) S11 <—3> 157 CIQ (g)

_ % Cly (g) : (4.9)

To this one still has to add the contribution from the sphere and the torus, cf. (3.12),
leading to

45 s X e 2% g2
ok = a2 Cly (§> + (27T)3<2C(3)V + 3 ) (4.10)

where Cly(7/3) =~ 1.015 and the Euler number of the Zs orientifold is x = 2(h(:1) —p(21)) =
72, cf. table 20 in [2].
There is a relation between the Clausen function and the Hurwitz zeta function, i.e.

((2,5/6) — ((2,1/6) = ¢'(5/6) — ¢'(1/6) (4.11)
— 10 [w'(1/3) _ 2;’] (4.12)
= —40sin(r/3)Cl (g) (4.13)
= —20V/3Cl, (g) . (4.14)

(_1)n+1
n!

Here we used ¢(1+n,7y) = ™ (5) in the first line, and (4.7) and (4.8) in the second
and third lines, respectively. This relation shows that our result (4.9) is very similar to the
type IIA result found by Epple, cf. (3.10) in [10]. The overall coefficients do not match,
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but this is not too surprising, given that the ITA and IIB Zs orientifolds are not T-dual
to each other.!” Rather, as we already mentioned in the introduction, under T-duality the
type IIB orientifold we are discussing here would be mapped to an asymmetric type 11IA
orientifold.

Note also that our result differs from the one found in [9] for non-compact type IIB
orientifolds with odd N and only D3-branes (instead of D9-branes in our case). There the
conclusion was that the overall contribution of A, M and K vanishes, due to a cancellation
between the k and (N — k) sectors. This discrepancy can be traced back to the fact that [9]
uses absolute values of the sin-factors in the partition function. Our understanding is that
the absolute values should only appear in the t — 0 limit, cf. (7.12) and (7.14) in [11], for
instance.

5 Example: Z

The Zg orientifold has twist vector v = (%, —%, %) Given that the torus lattice has to be
invariant under the orbifold action, the complex structures of the first and third torus are
fixed, whereas the complex structure of the second torus is still a free modulus Us. The
model has both D9-branes and D5-branes wrapped around the third torus. For simplicity
we assume that all the D5-branes are sitting at the fixed point at the origin of the compact
transverse space. Moreover, in addition to the N' = 1 and N' = 4 sectors which were
already present in the last example of Zg, it also features N' = 2 sectors. The different
sectors are shown in table 3 which also indicates the volume dependence of the different
sectors (V; stands for the volume of the jth torus). N = 2 sectors exhibit a single volume
factor, N' = 4 sectors three volume factors and A/ = 1 sectors only get contributions from
completely localized strings so that they do not sense any of the torus volumes (i.e. they
correspond to empty fields in table 3).

5.1 AN =1 sectors

The N = 1 sector sum in (3.37) for Zg is given by

Yooy P o= (5.1)

o ke{N=1}
= Y K+ Y ) h)AR |+ D edm? + 3 M (5.2)
k=1,2,4,5 k=24 k=1,5 k=24
+ 3 [d)eeh) Al ] + 3 o)Al + ()2 (5.3)
k=15 k=15
= 3 K+ Y ) h)AR |+ D edhmg? + 3 (g mP. (5.4)
k=1,2,4,5 k=24 k=1,5 k=24

ONote, however, footnote 5; moreover, there is an overall factor of 7 missing on the right hand side of
formula (A.15) in [10] and the sign in the middle expression of (3.10) in [10] is wrong, as can be seen from
eq. (B.8) therein. This is also clear from the fact that ((2,5/6) — ((2,1/6) ~ —35.16 is negative, wheras
the right hand side of (3.10) is positive.
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o\k| 0 |1]2] 3 |4/|5
1 V- 1
Ko | ViVaVa | oo | Vo | v | Vo | 5
Ki V3 Vs
Agg | V1o V3 Vool V3 | Vo
V- 1 1
'A55 Vi 3/2 Vo V3 Vs
Ags V3 V3
My | V1o V3 Vool V3 | Vo
1 V- 1
Ms Vs Va 1 is/2 Vo

Table 3. Volume factors for the different sectors of the Zj orientifold. Fields with no entry
correspond to N = 1 sectors, fields with a single volume factor correspond to A = 2 sectors and
fields with three volume factors denote N' = 4 sectors. Volumes in the numerator/denominator are
accompanied by momentum/winding sums.

In the last equality we used the tadpole condition tr(v§) = 0 = tr(y¥) for & = 1,5
Using (3.50), the Chan-Paton traces try2 = try2 = —8, tryg = trys = 8 and 7§ = 7% =
—1 [11] and ¥(©3,0%) =4 for k = 1,2,4, 5, we obtain

SN ePro® =4V 412845 — 16MY + 1607 (5.5)
o ke{N=1}
— —32sin(rvs) [—2/6(1) —8AY + MV - M?)} (5.6)
— —64sin(mv3) [ kY — 442 +M§”] . (5.7)
In the second and third equality we used (3.44)—(3.48) and /\;léQ) = —/\}lél) (as can be

shown from (3.40) and table 2), respectively.
Let us look at

> dt ~ (1 ~(2 ~ (1 dt 1 thQ oothl
/0 tQ[—/c§)—4Ag5)+M§)}:—/l /c<>—4/ a4 [ M. (58)
4K YN

A

Then using (3.40) and (3.51)—(3.53), we obtain'!

—/1 dt/c(”—z;/1 A / Y (5.9)
A

aAn

= — [f;c(?i)l) + []C(2Ug)] — 4[[,4(21)1) + IA(Q’Ug)] + [IM(’Ul) + IM(U3)} (5.10)

= Z [ —47(1 — 4v;)A? — 4 (1 — 4v;) A% + 8 (1 — 4vi)A2} + finite constant (5.11)
i=1,3

= finite constant . (5.12)

"Note that the theta terms in (3.40) along the second torus (i.e. for i = 2) vanish (even before integrating),
so that we disregard the i = 2 terms from now on.
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Thus the UV divergences (< A%) cancel and we are left with a finite constant. The finite
contribution can be read off from (5.10), plugging in (3.51)—(3.53). This results in

g[d/ (é) _ (Z)] _58”[1// @ v @]

lor [, (1N 27
Putting all constant factors together, the final result reads (usmg (3.37), (5.7) and (5.13))
"2 2
=) _ w=n— @) enen (T il
%) ;(M)U SN (g7 (6 sin (3) 107 Cl, (3)
) T
 64r? (5) ‘ (5.14)

5.2 N = 2 sectors

Let us next consider the contribution from A = 2 sectors. Using table 2 and table 3, it is

given by
YooY P = (5.15)
o ke{N=2}
Z Kk 4 Z /C ) 4 Z (try2k) Ry (trfygk)./\/lék)
k=1,2,4,5 k=0,3 k=2,3,4 k=0,1,5
+ Z [tmg (trd) A } Z |:tr'79 —|— (tr75)2.,4 } (5.16)
k=0,3 k=2,3,4
= S kPSP S @dmP 3 (k)
k=1,2,4,5 k=03 k=2,3,4 k=0,1,5
T (t8) ()AL + D [(erod)2 AL + (rvé“)?Aé?} (5.17)

k=24

= > K 4 () () AR + ()M + (M o Vg~ £BM)
k=0,3

0 [+ (h)2AR) + (gt M| x V ~ LM

k=2,4

1

+ 30 [0+ (g mP ]+ 3 (k)2 Al x 7~ LBV (5.18)

k=1,5 k=24 2

where from (3.58) we have

DM = (=1) f(1)f(72) for Mg”, My (5.19)
D((Tk) = (—1)"" %( 2sin7y3) f(71) for ./\/lél’s) (5.20)
D =1 for K§0’3), Aé%) (5.21)
D®) — (—1)2 (=2sin 75) f(11) for KC(L245) | 42D @D p\q2D (5 99

In (5.17) we used the tadpole condition tr(7§) = 0 = tr(4¥) for k = 3 [11]. Each line
of (5.18) is proportional to a different volume factor as shown to the right, cf. table 3. The
first line of (5.18) is the analog of the contributions appearing in the T? x T*/Zs example
discussed in [7]. The second and third lines of (5.18) illustrate the general discussion below
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eq. (3.34): the momentum sum along the second torus arises from D9-branes (parallel to
the second torus) whereas the winding sum arises from D5-branes (transversal to the second
torus). Using (3.57) and (3.58) together with table 2 and y(©3,0°) = 16 = ¥(03, ©3) for
K and tr(y9) = 32 = tr(7Y), we have

S kM = 1287 LB (5.23)
k=0,3
(tr’yg)(tr'yg)Aé%) =16 - 1287 £BM (5.24)
(tryS )M + (i) MO = (—2) - 1287 £BM (5.25)
for the first line of (5.18),
> kP = —247 LBM (5.26)
k=24
37 ()2 AS) = 16 - 247 £2M (5.27)
k=24
S (g M) =2 247 LM (5.28)
k=24
for the second line and
> kP = —247 LBV (5.29)
k=15
3" ()24l = 16 - 247 LW (5.30)
k=24
S (M) = 2. 247 LBW] (5.31)
k=15

for the third line.
In the above expressions we separated the relative factors so as to see the UV-divergence
cancellation more easily. Concretely, from (5.18), (5.23)—(5.31), (3.66) and (3.67) we obtain

Z/”j‘; S P, o

0 Y egh ke{N=2}

2
= % (e,% +16e2 — 26%) (128 OBM _9qcl2M _ 94 C[2=Wl)
+120m (16 CBMIpBM _ g oM p2M _ 302 W) F[27W1> (5.32)
= 1207 (16 CBMI pBM _ 3 0RM pM _ 3 o2W) F[ZVV]) . (5.33)

In the second equality we used e3- + 166?4 — 263\4 =0, cf. (3.41). Thus the UV-divergences
cancel. For the finite piece we obtain, using (3.56), (5.33), (3.61) and (3.68),

(V=2) 15m%(a’)? [3,M] 1[3,M] 2,M] 1[2,M] [2,W] 12[2,W]
_ 5 (AV gy 3Ve ppan 127%
25672 (7‘(‘20/ F 47T20/F Vo b (5.35)
5 [64r%d/ 1272/ 3V 1
= _ hisiiiihadl 381y _ 21y _ 2 _
s { () - o) - B, ( U[2]>] - (5.36)

~19 —



Altogether, adding up the A" = 1 and N = 2 contributions from K, A and M and also
the contributions from 7 and S3 given in (3.12), we obtain

2.1 2 1

6472 3) 25672 | Vi Va 42/ U2l
—20y 2
X e T
A (20(3)——— + 5.37
s (2@ + ). (5.37)

where Cly(7/3) & 1.015 and the Euler number of the Zj orientifold is xy = 2(h(D —p(21)) =
48, cf. table 2 in [26], for instance. Note the term proportional to V5 in (5.37) which survives
the large volume limit. It can be traced back to the contribution of winding modes, cf. the
last line of (5.18). Such terms (which survive the large volume limit) were absent in the
N = 2 model discussed in [7], but a similar term was found by [10] in an A/ = 1 model
in type ITA. At first sight it might be a bit surprising that it is the contribution of the
winding modes that survives the large volume limit, given that the winding states become
very heavy in this limit. However, this intuition has to be utilized with care in cases where
one has an infinite tower of winding states. In that case the contribution of the winding
modes in the open string channel can be reinterpreted via a Poisson resummation as arising
from KK momentum modes in the closed string channel.

6 Conclusions and outlook

We determined the quantum corrections to the Einstein-Hilbert term in toroidal minimally
supersymmetric type IIB orientifolds at 1-loop order. The contributions from annulus,
Mobius and Klein Bottle are given by the general formula (3.19), which is very similar
to the formula derived in [10] for type ITA orientifolds with D6-branes at angles. We
then evaluated this formula in concrete examples (the Zz and Zj models). In doing so
we encountered a new type of contributions which was absent in [10]. It arises from the
annulus with one end on a D9-brane and one on a D5-brane, as well as from the twisted
Klein Bottle. We found non-trivial contributions both from the N' = 2 and the N' = 1
sectors of the annulus, Mébius and Klein Bottle amplitudes (as usual, AV = 4 sectors do not
contribute). This is in contrast to the result of [9] which only found contributions from the
torus (for orbifolds of odd order). Moreover, the resulting correction to the Einstein-Hilbert
term from the N = 2 sectors in the Z{ model has the interesting feature that it does not
vanish in the limit of large internal volume, cf. the term proportional to V5 in (5.37). This
is different from the N' = 2 case discussed in [7] and similar to the situation in minimally
supersymmetric type ITA toroidal orientifolds discussed in [10].

Our main motivation to consider 1-loop corrections to the Einstein-Hilbert term is
their importance for determining the 1-loop corrections to the Kéahler potential of the
moduli, cf. (2.6). A complete determination of these corrections also requires a knowledge
of the correct definition of the field variables at 1-loop level. One strategy to obtain the
quantum corrections to 7, cf. (2.5), would be to use that the D5-brane gauge coupling is
the imaginary part of a holomorphic function of the moduli fields. At leading order it
is given by 7(9). This arises at disk level. Any correction of order e2®10 relative to this
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(i.e. any 1-loop correction to this) would have to arise from genus-3/2 contributions to the
gauge coupling. It would be interesting to determine these following the preliminary work
of [27-30]. We leave this for future work.
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A Useful formulas

The ¢ functions are

ai= _ ir(A4+d)TG(A4+d) 2mi(F+58)T (fi+d
ﬁ[g](u,G)_Ze( )7 Gi+a) 2mi(T+B) " (i+d) | (A1)
nezZN
Poisson resummation:
918)(0,itGY) = VG2 9[%)(0,it71G). (A.2)

Modular transformation for annulus and Klein bottle:

G, 7) = (=im) 72T BT Ty B ()~ 7). (A.3)

Shifts in characteristics:

B B
@ _ 2mia «@
9,2 ) = 79[ (v7). (A1)
v-periodicity formula:
o _ _—2miab_—mia®T —2mia(v+B) 9 ata
ﬁ[ﬁ](y—l—aT—i—b,T) =e e e 19[5%}(1/,7'). (A.5)
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B The partition function of Z

The partition function for the world-sheet o reads

<1>U:ZU 471'2 / Z Z Z(k Tav (B'l)

k=0 s=even

with
28 (74,8) = 28 (1a,8) + Z8) (14, 8) + 28 (74, 9) (B.2)
Z8 (rpn, 8) = Z8) (mpn, 8) + 28 (pa, 5) (B.3)
28 (1, 5) = 28 (ric, 5) + 2 (e, 5) (B.4)

where the indices u and t for the Klein bottle indicate the contributions of untwisted
and ©3-twisted strings running in the loop, cf. the caption of table 2. In the following,
exemplarily we list the full expressions for A, M and K for the case of Zj. In this appendix
we do not assume that all the D5-branes sit at the origin of the transverse space. Rather
we allow them to sit at different fixed points. The partition function for this Zg orientifold
is, of course, in principle already contained in [11] (for a partial list, see also appendix B
of [31]). We nevertheless hope that the complete list below is useful, as the presentation
slightly differs from the one given in [11]. First we give all the different amplitudes before
the spin-structure sum and second, for the Mobius amplitude we use the half-shifted torus
parameter Tpq in the J-functions.

B.1 Annulus

= ViV V-
2470 = s el
3 ﬁ[a} 3 mbg [J]
< | Y nas]] 11 Z (B.5)
o,5=0,1 =0 J=lml,m?2

3
Zég:1’5)(TA) = (tr'yk.’g)Q H(—2 sin kv;) x
j=1

s gy o]

a,6=0,3 T

: (B.6)
[1/3% ]

k=24 Va 2
255 (14) = m(tmkﬂ) X

_m,a,b,[2]
X H —2sin wkv;) E et Jap

j=1,3 ml,m2

B O 1 28 ) )

B 3 3 1/2 ’
a,ﬁ:O,% n " i=1,3 19|:1/2+k1}7;:|
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(4 2 /t e
19[%} 9 i | 17 29|51
1 e R w— —_— |, B.8
X a7%7én B ,'73 773 ng ’[9|:1(/)2:| ( )
Zélgzo)(m) = M try0,5)° H Z ¢ Fwawngl?
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C Two integrals

C.1 N =1 sector t-integral

In order to evaluate the t-integral of N' = 1 sectors with h; # 0 (i.e. for K; and Ags, cf.
table 2) we need the integral (assuming 0 <y < 1)

< dt (v, 1)
I= — 2 1
/1A t2 04(7,70) (0

iegt

with 0 = K, A and 7, = *%* (e, was defined in (3.41)). Evaluating this integral follows
very closely a similar calculation in appendix M of [4]. By modular transformation of the

Jacobi theta function (using (A.3), ¥4 = 19[1(/)2] and Jo = J| 162]) we have

(7, iest/2)
Va(y,ieqt/2)

where | = %'t Using the representation for |Im(z)| < Im(7,) (cf. prob. 12 on p. 489 of [32])

9 (—2ivl, 2il)

= 4yl — 24122202
g (—2in1, 2il)

(C.2)

U3 (2) — (—1)"¢"
= —mwtanmz + 47 ————gin2mnz C.3
192(2) T; 1—gm ( )
= —mtanmz + 4w Z (=1)"¢"™sin2mnz, (C4)
n,m=1
we arrive at
© dt p
I:/ —~ 4(777-) (C5)
ﬁ t 194(7a7-0)
A / ; ;
L 05(—2iv1, 241)
=ey | dl | —dmyl — 21—~ C.6
‘ /0 < Y, (<2iy1, 2il) (C4)
A 00
= —27reo/ dll | 2y — tanh(277l) 4+ 4 Z (—=1)"e~4mm ginh(4rnAl) | . (C.7)
0 n,m=1

Let us start with the last term, which is free of UV divergencies (so we can set A = 00):
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Here /(z) denotes the trigamma function and in the last line we used ¢'(1 + v) =

Y(y) = 1/7%.
Now let us look at the first and second term in (C.7):

A
I, = —271'60/ dl1(2y) = —2me,yA?, (C.9)
0
A —4yA A
Al 1 YAT Lio(—e— %A
I3 = 2776[,/ dl1 tanh(2m71) = ey { og(l+e ) Lia( ¢ )
0 48y v 427
A—o0 2
=" ey [ 1872 + A } (C.10)

Here Lig(2) is the dilogarithm function. In the second equality we used that the third and
last term vanish as A — oo.
In total we obtain
/OO dt (v, esit/2)
1

— L+ L+ 15 = eon(l— 29)A% — ey
LB y(yeqit/z) T eom(l=2)A e

48

C.2 N = 2 sector t-integral

The t-integrals appearing in A/ = 2 sectors are very similar to those determining the N' = 2
sector corrections to the Kahler metric calculated in [33]. Concretely, they are given by

pleM/W] _ / dt Z gl M /W] (C.12)

mEZZ\O

- ¥ / e Fmemt gy (C.13)

meZ2\0

_ L > ! (C.14)

w2 M/W
meZ2\0 (m“mb gc[bn / ])

The metric gc[g’M/ Wi

the complex structure U = Ul[n] +1 UQ[n] of nth torus, i.e.

n] _ V detg[n] < 1 Ul[n] ) (0.15)

ab — UQ[TL] Ul[n} ‘U[n}‘Z

is given by (3.62). Using (3.62) and the expression for g([zz] in terms of

one can write

[n]
" 1 U
((1].3[17;3[ ] ( ] [2] 2) for M (momentum Sum)
[n.M/W] _ 2 Ul ’U ‘

ab (C16)

1 o

T amgt \/W ( ‘U[” ‘ ) for W (winding sum)

with U0 = 01 0 = (b1 (e, O = —u Ul P and O = U0l
Ul = —(U)=1 follows from the fact that ggZ’W} is the inverse matrix of gC[Z;’M}
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Then we obtain

Ey(Uln), for M (momentum sum)

1
1 detgln]
Z b M/WNZ [n] (n]y—1 gy (C.17)
Hez2\0 (m“m J ) detg™ Ey(— (UM)™1)  for W (winding sum) .

Here E5(U) is the non-holomorphic Eisenstein series

Us
meZ2\0

Therefore, from (C.14) and using +/detgl"l = %, we obtain

@r?a)? o (17In]
. 7" > (UM), for M (momentum sum)
rmM/W] _ V2 1 o (C.19)
Pantan? Ey(— (U")—1) for W (winding sum) .
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