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ABSTRACT 

1.5ultigroup d i s c r e t e  o r d i n a t e s  methods avoid  many of t h e  

approximat ions  t h a t .  have been used i n  p rev ious  n e u t r a l  

t r a n s p o r t  ana lyses .  Of p a r t i c u l a r  i n t e r e s t  are t h e  n e u t r a l  

p r o f i l e s  genera ted  as an i n t e g r a l  p a r t  of  l a r g e r  plasma system 

s imu la t ion  codes. To determine t h e  a p p r o p r i a t e n e s s  o f '  

u t i l i z i n g  a p a r t i c u l a r  mul t igroup code,  ANISN, f o r  t h i s  

purpose,  r e s u l t s  are compared wi th  t h e  n e u t r a l  t r a n s p o r t  module 

of t h e  nuchs code. For a  t y p i c a l  TFTR plasma, p r e d i c t e d  

n e u t r a l  d e n s i t i e s  d i f f e r  by a maximum f a c t o r  o f  t h r e e  on a x i s  

and o u t f l u x e s  a t  t h e  plasma boundary by 40%. T h i s  is found t o  

be  s i g n i f i c a n t  f o r  a n e u t r a l  t r a n s p o r t  module. P o s s i b l e  

sou rces  of t h e  observed d i s c r e p a n c i e s  are indicated from an 

a n a l y s i s  of t h e  approximat ions  used i n  t h e  ~ u c h s  model. 

Recornmentiations a r e  made concerning the. f u t u r e  a p p l i c a t i o n  o f  

t h e  mul t igroup method. 

%his is a p r e p r i n t  of  an a r t ic le  t o  appear  i n  NUCLEAR FUSION. 



I 

Neut ra l  p a r t i c l e s  p l ay  an important  r o l e  i n  t h e  

e v o l u t i o n  of tokamak plasmas:  The r e c y c l i n g  of n e u t r a l s  a t  

t h e  plasma-wall i n t e r f a c e  r e g u l a t e s  t h e  s t e a d y  s t a t e  plasma 

d e n s i t y  p r o f i l e ,  wall-evolved i m p u r i t i e s  r e s u l t i n g  from 

n e u t r a l  s p u t t e r i n g  can s e r i o u s l y  e f f e c t  plasma r e s i s t i v i t y ,  

confinement t i m e s  and r a d i a t i o n  l o s s  r a t e s ,  escap ing  charge 

exchange n e u t r a l s  can s u b s t a n t i a l l y  coo l  t h e  p e r i p h e r a l  plasma 

r e g i o n s ,  and t h e  coup l ing  of high energy n e u t r a l  beams i n t o  

t h e  plasma is g r e a t l y  reduced by t h e  presence  of t h e  

background n e u t r a l  popu la t ion .  

The a c c u r a t e  p r e d i c t i o n  of  n e u t r a l .  atom p r o f i l e s  is 

e s s e n t i a l ,  bu t  many p r e v i o u s l y  used techniques  a r e  r e s t r i c t e d  

i n  t h e i r  range of  a p p l i c a b i l i t y .  We w i l l  demonstra te  t h a t  

mu l t i g roup  d i s c r e t e  o r d i n a t e s  methods a l low a  more r i go rous  

a n a l y s i s  than has  cus tomar i ly  been employed i n  n e u t r a l  
" 

computa t iona l  p rocedures .  Fewer approximations and 

s i m p l i f i c a t i o n s  a r e  r e q u i r e d  i n  t r e a t i n g  t h e  t r a n s p o r t  

problem. 

Of pr imary importance a r e  n e u t r a l  d i s t r i b u t i o n s  

g e n e r a t e d  r e p e a t e d l y  f o r  u t i l i z a t i o n  i n  l a r g e r  plasma 

s i m u l a t i o n  codes .  To determine t h e  p r a c t i c a l i t y  o f .  u s ing  

mul t i g roup  methods f o r  t h i s  purpose w e  compare o u r  r e s u l t s  t o  

t h o s e  of t h e  n e u t r a l  t r a n s p o r t  module of t h e  Diichs code [I]. 

Given t h e  i n c r e a s e d  r i g o r  of, t h e  mul t igroup method, It can be 

used as a check on t h e  accuracy of t h e  ~ c c h s  t r ea tmen t .  The 



d i s c r e p a n c i e s  are examined t o  d e t e r m i n e  t h e i r  s i g n i f i c a n c e  i n  

t h e  c o m p u t a t i o n a l  model ing  o f  tokamak s y s t e m s .  The r e s u l t s  o f  

t h e  comparison s t u d y  l e a d  u s  t o  recommend a r e a s  where 

m u l t i g r o u p  d i s c r e t e  o r d i n a t e s  methods w i l l  be  o f  s i g n i f i c a n t  

v a l u e .  

S e c t i o n  2 c o n s t i t u t e s  a  r ev iew o f  p r e v i o u s  n e u t r a l  

c a l c u l a t i o n a l  t e c h n i q u e s  w i t h  an emphas i s  on t h e  

a p p r o x i m a t i o n s  and s i m p l i f i c a t i o n s  t h a t  have  gone i n t o  each .  

W e  t r e a t  t h e  Diichs model i n  s p e c i a l  d e t a i l  s i n c e  it w i l l  l a t e r  

s e r v e  a s  t h e  comparison c a s e .  h lu l t ig roup  d i s c r e t e  o r d i n a t e s  

methods a r e  . a l s o  b r i e f l y  d e s c r i b e d  a l o n g  w i t h  t h e i r  

a p p l i c a t i . o n  t o  n e u t r a l  t r a n s p o r t  up t o  t h i s  t i m e .  The 

n e u t r a l - p l a s m a  i n t e r a c t i o n  model w e  u s e  is g i v e n  i n  S e c t i o n  3.  

The r e s u l t s  o f  t h e  comparison s t u d y  a r e  p r e s e n t e d  i n  S e c t i o n  

2. REVIEW OF NEUTRAL CALCULATIONAL PROCEDURES. 

2.1. Prc?vious Methods 

Wt? b e g i n  o u r  d i s c u s s i o n  w i t h  t h e  i n t e g r o - d i f f e r e n t i a l  

(Eq. 1) and i n t e g r a l  (Eq. 2 )  forms o f  t h e  l i n e a r  Boltzmann . 

t r a n s p o r t  ' e q u a t i o n  [2]. 



where  @ ( r , R , E )  - - is t h e  a n g u l a r  n e u t r a l  f l u x ,  o a ( r , E )  is t h e  

t o t a l  a b s o r p t i o n  cross s e c t i o n ,  q ' ( r , n , E )  is t h e  e f f e c t i v e  

s c a t t e r i n g  s o u r c e  due t o  c h a r g e  exchange and Q(.r ,R,E) is  t h e  - - 
s t a t i o n a r y  n e u t r a l  s o u r c e .  I n  n e u t r a l  t r a n s p o r t  problems t h e  

a b s o r p t i o n  c r o s s  s e c t i o n  and s c a t t e r i n g  sni1rr.e a r e  given by ,  

I n  e q u a t i o n  ( 3 ) ,  v  is t h e  n e u t r a l  p a r t i c l e  v e l o c i t y  (v = 
n  

where rn, is t h e  n e u t r a l  m a s s ) ,  Ni(Ne) is  t h e  i o n  ( e l e c t r o n )  

d e n s i t y  and hi(.he) is t h e  i o n  ( e l e c t r o n )  d i s t r i b u t i o n  

f u n c t i o n .  The  t a r g e t  v e l o c i t y  v 1  is c a l c u l a t e d  a s  v f  =rs 
i . e  

where  the mass,  mi,e, refers t o  e i t h e r  i o n s  o r  e l e c t r o n s .  ~ h k  

m i c r o s c o p i c  c r o s s  s e c t i o n s  6 a  and acx r e p r e s e n t  i o n  ii' e i '  



impact  i o n i z a t i o n ,  e l e c t r o n  impact  i o n i z a t i o n  and c h a r g e  
I 

exchange r e a c t i o n s  r e s p e c t i v e l y .  We have assumed t h a t  hi and  

he  are i s o t r o p i c  and a r e  n o r m a l i z e d  s o  t h a t  

E q u a t i o n s  (1) and ( 2 )  a r e  e q u i v a l e n t  d e s c r i p t i o n s ,  o f  

t h e  t r a r ~ s p o r t  p r o c e s s  and b o t h  have  been u s e d  a s  s t a r t i n g  

p o i n t s  f o r  t h e  c a l c u l a t i o n  o f  n e u t r a l  atom d i s t r i b u t i o n s  i n  

tokamak plasmas.  To a r r i v e  a t  m a t h e m a t i c a l l y  t r a c t a b . l e  

s o l u t i o n s ,  however, a  number o f  s i m p l i f y i n g  a s s u m p t i o n s  have  

been employed. The e a r l y  work o f  Zubarev and Klimov [31  

c o n s i d e r s  a  one-dimensional  model and assumes t h a t  t h e  n e u t r a l  

ene rgy  d i s t r i b u t i o n  2 s  a  Maxwellian a t  t h e  i o n  t e m p e r a t u r e .  

D n e s t r o v s k i i ,  Kostomarov. and Pav lova  [4 ]  r e t a i n  t h e  s l a b  model 

b u t  do n o t  make a  p r i o r i  a s sumpt ions  about  t h e  n e u t r a l  f l u x  

d i s t r i b u t i o n .  T h i s  approach l e a d s  t o  an i n t e g r a l  e q u a t i o n  ( i n  

t h e  a n g u l a r  f l u x  @ ( r , E , E ) )  o f  t h e  form o f  e q u a t i o n  ( 2 ) .  The 

i o n  d i s t r i b u t i o n  f u n c t i o n  is  chosen s o  t h a t  a  c h a r g e  exchange 

n e u t r a l  h a s -  an energy  e q u a l  t o  t h e  l o c a l  i o n  t e m p e r a t u r e  and  

is s c a t t e r e d  i n t o  one o f  two d i r e c t i o n s ,  f o r w a r d  o r  back.  

That  i s ,  I 



where  v  
i 

is t h e  l o c a l  i o n  t h e r m a l  v e l o c i t y .  An 

a p p r o x i m a t i o n :  f o r  t h e  c h a r g e  exchange c r o s s  s e c t i o n  i s  a l s o  

i n t r o d u c e d  s o :  t h a t ,  

where  C is a  c o n s t a n t  (cm3 s e c - l )  d e t e r m i n e d  by t h e  l o c a l  

i o n  t e m p e r a t u r e .  When e q u a t i o n  ( 7 )  is  s u b s t i t u t e d  i n t o  

e q u a t i o n  ( 4 ) ,  t h e  a n g u l a r  dependence (on R).' is removed from - 
t h e  e x p r e s s i o n  f o r  q.  T h i s . a l s o  a l l o w s  R t o  b e  i n t e g r a t e d  - 
o u t  o f  e q u a t i o n  (2 ) ,  w i t h  t h e  t h e  r e s u l t i n g  i n t e g r a l  

. . 
e q u a t i o n  a  f u n c t i o n  o f  t h e  s c a l a r  f l u x  @ ( r , E ) .  I n  r e a l i t y  - 

t h e  p r o d u c t  on t h e  l e f t  hand s i d e  o f  e q u a t i o n  ( 7 )  i n c r e a s e s  

a s  a  f u n c t i o n  o f  t h e  r e l a t i v e  energy  (shown i n  F i g .  1 )  b u t  

n o t  s o  much a s  t o  i n v a l i d a t e  . t h e  approx imat ion  i n  t h e  regime 

o f  i n t e r e s t  ( <  10 keV). Hehker and IVobig [5] u s e  a  s i m i l a r  

a n a l y s i s  w i t h  a n  approx imat ion  f o r  t h e  c h a r g e  exchange c r o s s  

s e c t i o n  a l s o  g i v e n  by e q u a t i o n  ( 7 ) .  However, t h e  plasma 

i o n s  are a s s i g n e d  a more r ea l i s t i c  1lamvelli.an d i s t r f b u t i o n  

f u n c t i o n .  Only homogeneous p lasmas  are c o n s i d e r e d .  Hogan 

a n d  C l a r k e  [B]  t rea t  r e a l i s t i c  p lasma t e m p e r a t u r e  and 

d e n s i t y  p r o f i l e s  i n  sf.ab, lgeo'met'ry. An approx imat ion  f o r  the 

c h a r g e  exchange c r o s s  s e c t i o n  s i m i l a r  t o  e q u a t i o n  ( 7 )  i s  

a l s o  employed. L a t e r ,  ~ l a r k e  and Sigrnar [7]  i n v e s t i g a t e  t h e  

effect o f  r e f l e c t e d  o .u t f luxed n e u t r a l s  a t  t h e  plasma 

boundary b u t  restrict themserves  t o  a  homogeneous plasma i n  



p l a n a r  geometry. The i o n  d i s t r i b u t i o n  f u n c t i o n  is 

approxima.ted by a f i n i t e  t e m p e r a t u r e  "Maxwellian" and h a s  

t h e  form 

a = Ion  t h e r m a l  v e l o c i t y  i 
ui  = T o r o i d a l  f l o w  v e l o c i t y  

The c h a r g e  exchange c r o s s  s e c t i o n  is assumed t o  behave  a s  i n  

r e f e r e n c e  [GI. 

For  h i g h  n e u t r a l - p l a s m a  c o l l i s i o n a l  regimes some 

computatj .ona1 t e c h n i q u e s  ( t h e  ~ G c h s  t r e a t m e n t  i n  p a r t i c u l a r )  

have  p roved  t o  have  poor  convergence  p r o p e r t i e s  ( d i s c u s s e d  

l a t e r  i n  t h i s  s e c t i o n ) .  I n  an a t t e m p t  t o  c i r cumvent  t h e  

problem l l o l v i g  181 u s e s  a F o u r i e r  t r a n s f o r m a t i o n  method t o  

a r r i v e  a t  n e u t r a l  d e n s i t y  p r o f i l e s .  The 

i n t e g r o - d i f  f e r e n t i a l  t r a n s p o r t  e q u a t i o n  w i t h  t h e  c o n v e n i e n t  

approx imat ion  f o r  t h e  c h a r g e  exchange c r o s s  s e c t i o n  

' ( equa t ion  7) is  used.  The s o l u t i o n s  are o b t a i n e d  i n  

i n f i n i t e  c y l i n d r i c a l  (onc-dimensional ) gcomctry whioh 

presumably w i l l  model the a c t u a l  t o r o i d a l  c o n f i g u r a t i o n  more 

, c l o s e l y  t h a n  t h e  s l a b  approxlmatf .on.  hr lolvig ' .~ a n a l y s l s  a l s o  

assumes t h e  p lasma t o  be r a d l a l l y  u n i f o r m  i n  t e m p e r a t u r e ,  

b u t  a  ' d e n s i t y  p r o f i l e  'is .a l loyed .  

To examine , t h e  i n t e r a c t i o n  o f  a n e u t r a l  gas b . l anke t  

w i t h  a p lasma,  Lehner t  u s e s  a  set o f  macroscopic f l u i d  

e q u a t i o n s  [9]. The assumpt ion  h e r e  is  t h a t  A n  << L where A. 
n 

is t h e  n e u t r a l  a t t e n u a t i o n  l e n g t h  and L is a c h a r a c t e r i s t i c  



dimens ion  of t h e  sys tem.  For  a  homogeneous p lasma i n  s l ab  

geometry  a  n e u t r a l  a t t e n u a t i o n  l e n g t h  can b e  d e r i v e d  t h a t  is 

a f u n c t i o n  o f  t h e  p lasma p r o p e r t i e s  and t h e  n e u t r a l - p l a s m a  

r e a c t i o n  r a t e s .  

The DGchs [l]'. t r e a t m e n t  is  b a s e d  upon t h e  i n t e g r a l  

form o f  t h e  t r a n s p o r t  e q u a t i o n .  An i t e r a t i v e  s o l u t i o n  

t e c h n i q u e  f o r  t h e  n e u t r a l  d e n s i t y  l e a d s  t o  . t h e  

i d e n t i f i c a t i o n  o f  t h e  r e s u l t  i n g  series a s  r e p r e s e n t i n g  

" g e n e r a t i o n s "  o f  c h a r g e  exchange n e u t r a l s .  (We t h e r e f o r e  

refer  t o  t h e  Dzchs n e u t r a l  t r e a t m e n t  a s  t h e  g e n e r a t i o n  

method. )  We see t h i s  by . . s u b s t i t u t i n g  e q u a t i o n  ( 4 )  i n t o  

e q u a t i o n  ( 2 )  w i t h  t h e  f o l l o w i n g  series g e n e r a t e d  f o r  t h e  
. . 

f l u x :  

where  L is t h e  i n t e g r a l  t r a n s p o r t  o p e r a t o r  and QO is  t h e  

u n c o l l i d e d  n e u t r a l  f l u x .  The sum o f  the  t e r m s  i n  

e q u a t i o n  ( 9 )  r e p r e s e n t  the s o l u t i o n ,  provTded t h e  s e r l e s  

c o n v e r g e s .  The p r e s e n c e  o f  i o n i z a t i o n  ( a b s o r p t i o n )  o f  

n e u t r a l s  g u a r a n t e e s  t h i s  [5,8] since the  ef f e c t i ' . ~ ~ '  expansion 

p a r a m e t e r  o f  the 'ser ies ,  B ,  is g iven  as 



where <ov> and < u v > , ~  are a v e r a g e  r e a c t i o n  rates f o r  
CX 

c h a r g e  exchange and e l e c t r o n  impact  i o n i z a t i o n .  What is  n o t  

known though,  i s  t h e  number o f  terms r e q u i r e d  f o r  an 

a c c u r a t e  s o l u t i o n ,  s i n c e  $ d o e s .  n o t  s o l e l y  gauge t h e  

r e l a t i v e  s ize o f  t h e  terms i n  t h e  .series [8]. If t h e  

i! o p t i c a l  d e p t h  o f  the.  plasma is d e f i n e d  as 

where a -is t h e  minor r a d i u s  and  vn i s  a character is t ic  

n e u t r a l  v e l o c i t y ,  t h e n  f o r  p lasmas  w i t h  p >> 1, many more 

t e r m s  are r e q u i r e d  i n  t h e  series s o l u t i o n  t o  accoun t  f o r  t h e  

h i g h  c o l l i s i o n a l i t y .  Ten g e n e r a t i o n s  o f  c h a r g e  exchange 

n e u t r a l s  are used  i n  p r e s e n t  codes  b u t  i t  h a s  been p o i n t e d  

o u t  t h a t  t h i s  may n o t  be a d e q u a t e  f o r  h i g h e r  d e n s i t y  

p lasmas  [1,8] .  

S i n c e  n o t  a l l  o f  t h e  a s s u m p t i o n s  u s e d  i n  t h e  

g e n e r a t i d n  method a r e  s t a t e d  e x p l i c i t l y  i n  R e f e r e n c e  [I] w e  

g ive  a  . d e r i v a t i o n  o f  t h e  approx imate  i n t e g r a l  t r a n s p o r t  

e q u a t i o n  i n  t h e  Appendix. S p e c i f i c  r e f e r e n c e  .to these 

assumpt ions  (which are summarized below)  is made i n  

S e c t i o n  4 w h e r e . t h e  d i s c r e p a n c i e s  between t h e  two methods i n  

t h e  comparison s t u d y  a r e  traced. 

A s  s e e n  i n  t h e  Appendix t h e  g e n e r a t i o n  method assumes 

t h e  charge exchange s o u r c e  t o  be a f u n c t i o n  o f  t h e  d e n s i t y  

n g ( r , ~ '  - ). rather t h a n  t h e  a n g u l a r  d e n s i t y  n g ( r , R 1  - - ,El  ). The - 52 

dependence o f  t h e  s o u r c e  t e r m  'is. t h u s .  removed which g r e a t l y  



s i m p l i f i e s  t h e  c o m p u t a t i o n a l  :: s o l u t i o n .  The e f f e c t  o f  t h i s  

i s o t r o p i c  a p p r o x i m a t i o n  is  e x p l o r e d  by t h e  m u l t i g r o u p  method 

a n d  d i s c u s s e d  i n  S e c t i o n  4. Regarding t h e  energy  v a r i a b l e ,  

t h e  i o n  d i s t r i b u t i o n  f u n c t i o n  is assumed t o  be  G(E-kTi), and 

t h u s '  m o n o e n e r g e t i c  a t  t h e  l o c a l  kTi. The energy  

d i s t r i b u t i o n  o f  t h e  c u r r e n t  n e u t r a l  g e n e r a t i o n  ( n g ( ~ )  ) is 

g a l s o  assumed m o n o e n e r g e t i c  a t  a kT . The " tempera tu re" ,  

kTg, is  o b t a i n e d  a s  an  a v e r a g e  o v e r  t h e  t e m p e r a t u r e s  o f  t h e  

n e u l r a l s  t h a t  r e a c h  t h e  s p a c e  p o i n t  i n  q u e s t i o n .  The modal 

t r e a t m e n t  of t h e  energy  v a r i a b l e  i s  conven ien t  but i m p l i e s  

t h a t  t h e  c h a r a c t e r  o f  a l l  a s p e c t s  o f  ene rgy  t r a n s f e r  can  b e  

a p p r o x i m a t e d  w i t h  a v e r a g e d  h l a m e l l i a n  p a r a m e t e r s .  F i n a l l y ,  

t h e  e x p o n e n t i a l  f u n c t i o n  is  used '  as an approxima.tion t o  t h e  
* 

f u n c t i o n  K i  a s  t h e  i n t e g r a l  at.ten.ua'l;.ion ter'm . T h e  ].at te r  1 

f u n c t i o n  i s  a r r i v e d  by i n t e g r a t i n g  o u t  t h e  2,ngular 

c o o r d i n a t e  c o r r e s p o n d i n g  t o  the z ' a x i s  i n  i n f i n i t e  

c y l i n d r i c a l  geometry . T h i s  approx imat ion  ( t r a n s p o r t  i n  a  

d i s k )  is  s e e n  t o  b e  v a l i d  . f o r  o n l y  a s m a l l  r ange  o f  t h e  

a t t e n u a t i o n  p a r a m e t e r  P ( s e e n  i n  F i g .  A . 2 ) .  

2.2.  Edultigroup Discrete O r d i n a t e s ,  Methods 

The f e a s i b i l i t y  o f  u s i n g  m u l t i g r o u p  d i s c r e t e  

o r d i n a t e s  methods f o r  n e u t r a l  t r a n s p o r t  was f i r s t  p o i n t e d  

o u t  by Greenspan L 1 1 J .  The first a p p l i c a t i o n s  i n v o l v e d  an 

a p p r o x i m a t i o n  which s i m p l i f i e d  t h e .  e n e r g y  t r e a t m e n t  [ I l l  and 
. . 

a p u r e  a t t e n u a t i o n  p rob lem [12]. S i n c e  t h e n  s e v e r a l  a u t h o r s  

h a v e  e x p l o r e d  n e u t r a l  t r a n s p o r t  i n  ORMAK [13] and EPR t y p e  

. . . . . . . . . . 

 h he f i r s t  r e p e a t e d  i n t e g r a L  of t h e  Bessel F u n c t i o n .  
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d e v i c e s  L1.41 w i t h  i n  emphasis  on t h e  p r a c t i c a l  a p p l i c a t i o n  

o f  t h e  method. Marab.le and Oblow [13] a d d i t i o n a l l y  examined 

t h e  e f f e c t  o f  t h e  boundary c o n d i t i o n  for  o u t f l u x e d  n e u t r a l s .  

The m u l t i g r o u p  d i s c r e t e  o r d i n a t e s  method [2,15,16] of  

s o l v i n g  t h e  Boltzmann t r a n s p o r t  e q u a t i o n  ( d i f f e r e n t i a l  form)  

is b a s e d  on t h e  d i s c r e t i z a t i o n  o f  a l l  t h e  i n d e p e n d e n t  

v a r i a b l e s ;  s p a c e  - r d i r e c t i o n  - R, and e n e r g y  E. 

D i f f e r e n t i a l s  a r e  approximated  by f i n i t e  d i f f e r e n c e s  and 

i n t e g r a l s  by we igh ted  sums t o  y i e l d  a  s e t  o f  c o u p l e d  ( i n  

ene rgy  and a n g l e )  a l g e b r a i c  e q u a t i o n s  s u i t a b l e  f o r  an 

i t e r a t i v e  s o l u t i o n  on t h e  computer .  T h i s  w i d e l y  u s e d  and 

h i g h l y -  s u c c e s s f u l  c l a s s  o f  t r a n s p o r t  e q u a t i o n  s o l v e r s  was 

d e s i g n e d  t o  y i e l d ,  a c c u r a t e  r e s u l t s  f o r  deep n e u t r o n  

p e n e t r a t i o n  problems even where pronounced a n i s o t r o p i c  

s c a t t e r i n g  and energy  dependent  c r o s s  s e c t i o n s  were 

e n c o u n t e r e d .  I n  p r i n c i p l e  t h e  o n l y  l i m i t  on a c c u r a c y  is t h e  

s i z e  and sgecd  o f  t h e  computer  whic.h restricts t h e  f i n e n e s s  

o f  t h e  s p a c e ,  a n g l e  and energy  meshes. 

A f e a t u r e  o f  many m u l t i g r o u p  d i s c r e t e  o r d i n a t e s  

methods i s  t h e  a b i l i t y  t o  t r e a t  t h e  a n i s o t r o p i c  n a t u r e  o f  

t h e  s c a t t e r i n g  k e r n e l .  The u s u a l  p r o c e d u r e  is  t o  expand t h e  

s c a t t e r i n g  k e r n e l  i n  a  series o f  Legendre p o l y n o m i a l s  ( P i )  

o f  t h e  r e l a t i v e  s c a t t e r i n g  a n g l e  (p, = - R*flt - ). The 

t r u n c a t i o n  o f  t h e  series af ter  o n l y  a  f e w  L. t e r m s  ( t h e  PL 

s c a t t e r i n g  a p p r o x i m a t i o n )  h a s  p roved  t o  b e  a d e q u a t e  even f o r  

h i g h l y  a n i s o t r o p i c  s c a t t e r i n g :  [I6] The c h a r g e  exchange k e r n e l  
Nihi 1 

( 1 - ( - - v ) )  i s  a n i s o t r o p i c  i n  the  s e n s e  



t h a t  t h e  p r o d u c t  11 - v 1  1 ocx ( 11 - v 1  1 ) depends upon t h e  - - 
r e l a t i v e  o r i e n t a t i o n  o f  t h e  i n i t i a l  and f i n a l  n e u t r a l  

v e l o c i t y  v e c t o r s  v and  v l .  For  example, when v  - v l ,  - - 
c o l l i s i o n s  which a r e  head  on o c c u r  a t  a  g r e a t e r  f r equency  

t h a n  t h o s e  f o r  which v  and v 1  are i n  t h e  same d i r e c t i o n .  - - 
The s i t u a t i o n  is r e v e r s e d  f o r  r e l a t i v e  e n e r g i e s  g r e a t e r  t h a n  . . 

a b o u t  1 0  keV b e c a u s e  t h e  c h a r g e  exchange c r o s s  s e c t i o n  d r o p s  

o f f  much q u i c k e r  t h a n  l/ lv  - v1 1 ,  
~, 

The m u l t i g r o u p  t r e a t m e n t  of t h e  energy  v a r i a b l e  

i n v o l v e s  t h e  i n t e g r a t i o n  of  t h e  Roltzmann e q u a t i o n  

( . equa t ion  ( 1 )  w i t h  t h e  PL s c a t t e r i n g  approx imat ion)  o v e r  thn 

< E < E  r a n g e  Eg+l - - g ' d e f i n i n g  t h e  group "g". Mul t igroup 

c r o s s  s e c t i o n s  are d e f i n e d  which a r e  o f  t h e  form, 
E 

(2 

- E 
and 

h-+g 
o, r , )  - - = 

Eh 

< .. J 

Eh+l  ( 1  3 )  
where $, and oil a r e  Legendre e x p a n s i o n  c o e f f i c i e n t s  f o r  t h e  

a n g u l a r  f l u x  4 a n d  t h e  s c a t t e r i n g  k e r n e l  r e s p e c t i v e l y .  I n  

p r i n c i p l e  t h e  g e n e r a l  m u l t i g r o u p  f o r m u l a t i o n  is  an e x a c t  

, t r e a t m e n t  o f  t h e  e n e r g y  v a r i a b l e  p r o v i d e d  t h e  w e i g h t i n g  

f u n c t i o n s  @ and  @ are known e x a c t l y .  T h i s  i s ' o f  c o u r s e  n o t  
!?# 

p o s s i b l e ,  b u t  a good s o l u t i o n  can s t i l l  b e  o b t a i n e d  i f  a 



s u f f i c i e n t  number o f  g r o u p s ,  a p p r o p r i a t e l y  s t r u c t u r e d ,  .are 

u s e d  t o  make up f o r  ' t h e  u n c e r t a i n t y  t h a t  a p o o r  w e i g h t i n g  

f u n c t i o n  . might  i n t r o d u c e .  B e t t e r  v a l u e s  f o r  t h e  

w e i g h t i n g  f u n c t i o n s  ( w i t h  t h e  p o s s i b i l i t y  o f  r e q u i r i n g  fewer 

g r o u p s )  can be o b t a i n e d  i n  an  i t e r a t i v e  manner. 

The e s s e n t i a l  . ba s i s  o f  d i s c r e t e  o r d i n a t e s  methods is 

t h a t  t h e  a n g u l a r  d i s t r i b u t i o n  o f  t h e  p a r t i c l e  f l u x  is  

e v a l u a t e d  i n  a number o f  discrete d i r e c t i o n s .  BY 

c o n s i d e r i n g  enough d i r e c t i o n s  an a r b i t r a r i l y  a c c u r a t e  

e v a l u a t i o n  o f  t h e  a n g u l a r  f l u x  can be o b t a i n e d .  Care  is 

t a k e n  t o  i n c l u d e  r a y s  i n  a l l  d i r e c t i o n s  f o r  a p a r t i c u l a r  

geometry (e .g .  down t h e  a x i s  i n  i n f i n i t e  c y l i n d r i c a l  

geometry ) . 
To summarize: Mul t ig roup  d i s c r e t e  o r d i n a t e s  methods 

a r e  a b l e  t o  t r e a t  t h e  e n e r g y ,  a n g u l a r  and s p a t i a l  

dependences which have  o n l y  been approx imated  by o t h e r  

n e u t r a l  a n a l y s i s  t e c h n i q u e s .  These a p p r o x i m a t i o n s  have  been 

demons t ra ted  e x p l i c i t l y  f o r  t h e  c a s e  o f  the  ' ' g e n e r a t  ion"  

method, We refer s p e c i f i c a l l y  t o  t h e .  a s s u m p t i o n s  o f  

i s o t r o p i c  c h a r g e  exchange s o u r c e ,  t h e  monoenerge t i c  s o u r c e  

o f  c h a r g e  exchange n e u t r a l s  ( a t  kTi ) ,  t h e  e n s u i n g  a v e r a g i n g  

t o  o b t a i n  t h e  n e u t r a l  s p e c t r u m ,  and  t h e  r e s t r i c t i o n  t o  

t r a n s p o r t  i n  a  p l a n a r  d i s k .  

3.  NEUTRAL-PLASMA MODEL 

O f  t h e  many p o s s i b l e  i n t e r a c t i o n s  which can o c c u r  

between , n e u t r a l  hydrogen atoms and a tokamak plasma o n l y  a  



f e w  have  a  s u b s t a n t i a l  e f f e c t  on t h e  n e u t r a l  t r a n s p o r t .  

These  a r e  c h a r g e  exchange ,  e y e c t r o n  impact  i o n i z a t i o n  and 

i o n  impac t  i o n i z a t i o n .  Although t h e  c r o s s  s e c t i o n  f o r  an 

e l a s t i c  c o l l i s i o n  between a  p r o t o n  and  a  .hydrogen n e u t r a l .  is  

o f  t h e  same o r d e r  o f  magn'itude a s  t h a t  f o r  c h a r g e  exchange,  

v e r y  l i t t l e  momentum is t r a n s f e r r e d  i n  t h e  former  p r o c e s s .  

Hence t h e  t r a j e c t o r y  o f  t h e  n e u t r a l  remains  n e a r l y  

unchanged,  a n d  t h e  c o l l i s i o n  may be i g n o r e d .  Likewise  t h e  
T 

t e m p e r a t u r e  regime o f  i n t e r e s - k  (Te > 1 eV) p e r m i t s  

v o l u n i e t r i c  r e c o m b i n a t i o n  of  i o n s  and e l e c t r o n s  ( t o  t h e  

n e u t r a l  s t a t e )  t o  be n e g l e c t e d  as a s o u r c e  of  n e u t r a l s .  

Conven ien t  a n a l y t i c a l  f i t s  f o r  i o n i z a t i o n  and c h a r g e  

exchange  c r o s s  s e c t i o n s  a r e  o b t a i n e d  from R i v i e r e  .El71 f o r  

u s e  i n  t h e  rnu l t ig roup  e x p r e s s i o n s  ( e q u a t i o n s  (12)  and ( 1 3 ) ) .  

The p h y s i c a l  model we c o n s i d e r  assumes hydrogen atoms 

i n c i d e n t  on : a p r o t o n  a n d  e l e c t r o n  p lasma .(N, = Ni) i n .  an 

i n f i n i t e l y  l o n g  c y l i n d e r .  The c a l c u l a t i o n s  a r e  .per formed i n  

c y l i n d r i c a l  c o o r d i n a t e s .  The p lasma t e m p e r a t u r e  and d e n s i t y  

a r e  s p e c i f i e d  on a  set o f  c o n c e n t r i c  s h e l l s  each 

c h a r a c t e r i z e d  by an i s o t r o p i c  Fdaxwellian d i s t r : i -bu t ion  

f u n c t i o n  (T, = T i ) ;  the plasma p r o p e r t i e s  a r e  homogent?olis i n  

e a c h  s h e l l .  Throughout  t h e  c . a l c u l a t i o n  i t  i s  assumed t h a t  

t h e  p l a s m a  p r o f i l e s  remain  f i x e d  a s  t h e  n e u t r a l s  r e l a x  t o  

t h e  s t e a d y  s ta te .  

I t  has  been d e m o n s t r a t e d  t h a t  a  c r i t i c a l  p a r t  o f  t h e  

n e u t r a l  c a l c u l a t i o n  depends  upon t h e  model ing  o f  t h e  s o u r c e  

n e u t r a l s  and the boundary c o n d i t i o n  chosen f o r  t h e  



o u t f l u x e d *  n e u t r a l s  C71. F o r  t h e  p u r p o s e s  . o f  t h e  

comparison s t u d y ,  desorbed  hydrogen g a s  (H2) from t h e  o u t e r  

material w a l l  is  assumed t o  immedia te ly  undergo d i s s o c i a t i v e  

i o n i z a t i o n ,  forming Franck-Condon n e u t r a l s  w i t h  e n e r g i e s  o f  

abou t  3 e V .  I n  r e a l i t y  t h e  d i s a s s o c i a t i o n  p r o c e s s  t a k e s  

p l a c e  o v e r  a f i n i t e  volume, f r e q u e n t l y  s m a l l  i n  comparison 

t o  t h e  p lasma d imens ions ;  t h i s  e f f e c t  w i l l  be n e g l e c t e d  

h e r e .  .The r e s u l t i n g  inward  n e u t r a l  c u r r e n t  a t  t h e  boundary 

is .assumed t o  o r i g i n a t e  from a n  i s o t r o p i c  monoenerget  i c  f l u x  

d i s t r i b u t i o n  ( a t  an energy  o f  3 eV). The r e s u l t s  o f  t h e  

s t u d y  a r e  s c a l e d  t o  a  n e u t r a l  edge  d e n s i t y  e q u i v a l e n t  t o  

t h i s  f l u x  v a l u e .  

O u t f l u x e d  n e u t r a l s  can e i t h e r  be a b s o r b e d  o r  

r e f l e c t e d  ( p e r h a p s  w i t h  some energy  d e g r a d a t i o n )  a t  t h e  

boundary; Few d a t a  e x i s t  i n  t h i s  a r e a ,  b u t  Rob inson ' s  

c a l c u l a t i o n s  f o r  hydrogen atoms bombarding p o l y c r y s t a l l i n e  

copper  i n d i c a t e  t h a t ;  t h e  r e f l e c t i o n  c o e f f i c i e n t  is a b o u t  ,.2 

a t  an  i n c i d e n t  ene rgy  o f  3 keV [18].  he c o r r e s p o n d i n g  

energy  r c f l c o t i o n  ooef f i c i e n t  is  9 .  The e f f e c t  o f  

r e f l ' e c t e d  n e u t r a l s  is  t o  e x t e n d  t h e  o v e r a l l  p e n e t r a t i o n  i n t o  

t h e  plasma w i t h ,  a  c o r r e s p o n d i n g  i n c r e a s e  i n  n e u t r a l  d e n s i t y .  

Here w e  assume t h a t  a l l  o u t f l u x e d  n e u t r a l s  s t i c k  t o  t h e  

o u t e r  m a t e r i a l  boundary ( a b s o r p t i o n  c o e f f i c i e n t  o f  u n i t y )  

*The t e r m  " o u t f l u x "  a c t u a l l y  refers t o  the ou tward  c u r r e n t  
s e c - l )  o f  n e u t r a l s  ( p r i m a r i l y  due t o  c h a r g e  exchange)  

a-l; t h e  o u t e r  plasma boundary.  



and  w e  n e g l e c t  t h e  p o s s i b i l i t y  t h a t  a d d i t i o n a l  adsorbed  

m o l e c u l e s  w i l l  b e  d i s l o d g e d  f ra~m t h e  s u r f a c e  by t h e  o u t f l u x .  

A s  a b a s i s  f o r  compa.rison two tes t  c a s e s  a r e  c.hosen. 

Shown i n  F ig .  2 ( a )  * and ( b )  a r e  t t s n a p s h o t "  plasma p r o f i l e s  

o f  t h e  ST [19] and TFTR [20] ' tokamaks.  The p r o f i l e s .  a r e  of  

t h e  form 

w i t h  t h e  c o n s t a n t s  ( d i s p l a y e d  i n  Tab le .  I . )  chosen t o  t y p i f y  
I 

e x p e r i m e n t a l  : and  d e s i g n  d i t a  f o r  t h e  ST and TFTR machines 
. . 

r e s p e c t i v e l y .  : The c h o i c e s  . a r e  . .made t o  d e t e r m i n e  if : t h e  
. . 

ef fec t s  o f  plasma t empera tu re : ,  d e n s i t v  and s i z e  wi 11 modify 
. . 

t h e  r e l a t i v e  pe r fo rmance  of t h e  'two methods. A good 

i n d i c a t i o n  o f  t h e  d i f f e r e n c e  i n  q u a l i t y  o f  t h e  plasma i s  

g i v e n  by t h e  p a r a m e t e r  p ( t h e  number .of  n e u t r a l  c o l l i s i o n  . . 

mean free p a t h s  i n  t h e  p lasma,  d e f i n e d  i n  S e c t i o n  2 ) .  For  

ST w e  c a l c u l a t e  ( u s i n g  a v e r a g e  v a l u e s )  p - .8 w h i l e  f o r  TFTR 

P - 3. 

4. COl.4PARISON STUDY RESULTS 

A code ,  GIMUXS [299', was w r i t t e n  t o  g e n e r a t e  

m u l t i g r o u p  c r o s s  sect i o n  l i b i a r i e s  ( .using e q u a t i o n s  o f  t h e  



form (1:2) and (13) )  s u i t a b l e  f o r  u s e  w i t h  , t h e  

one-dimensional ,  m u l t i g r o u p ,  d i s c r e t e  o r d i n a t e s ,  t r a n s p o r t  

code ANISN [21]. Up t o  P3 s c a t t e r i n g  o r d e r  c r o s s  s e c t i o n s  

can  be c a l c u l a t e d  , by GIMUXS; v a r i a b l e  t e m p e r a t u r e ,  

M a m e l l i a n  target d i s t r i b u t i o n  f u n c t i o n s  , and a r b i t r a r y  

energy  'group s t r u c t u r e s  can a l s o  b e  c o n s i d e r e d .  

S e v e r a l  a p p r o x i m a t i o n s  a i d  i n  t h e  e v a l u a t i o n  o f  

equations ( 1 2 )  and (,13).  W e  have assumed t h a t  t h e  c r o s s  

s e c t i o n  w e i g h t i n g  f u n c t i o n  ( @ ( r , f i , E )  - - and + f, ( r , R , E ) )  - - can be 

. w r i t t e n  a s  a p r o d u c t  o f  f u n c t i o n s  ( , s e p a r a t i o n  o f  v a r i a b l e s )  

o f  t h e  form 

I 

The f u n c t i o n s  f  ( E )  and f ( E )  are f u r t h e r  assumed t o  be 
R 

piecewist? c o n s t a n t  w i t h i n  e a c h  energy  group.  Using 

e q u a t i o n s  ( 1 5 ) ,  t h e  i n t e g r a t i o n  i n  t h e  denomina to r  of 

e q u a t i o n s  (12) and ( 1 3 )  can be per fo rmed  t o  y i e l d  
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- 
where Eg = . The r e m a i n i n g  i n t e g r a l s  can  be 

+ E g + l  g  
2 

performed a n a l y t i c a l l y  t o  y i e l d  

where 

6 
B = 1 .39 x 1 0  crn s e c - I  e v - ' I 2  

The o r i g i n a l  t h r e e - d i m e n s i o n a l  i , t e r a t e d  i n t e g r a l s  

( e q u a t i o n s  (12)  and ( 1 3 ) )  have  been reduced  t o  a p r o d u c t  o f  

one-dimeilsional i n t e g r a l s  w i t h  a corresponding;  decrease i n  

computatc~on t i m e .  The e f f e c t s  o f  t h e  a p p r o x i m a t i o n s  w i l l  be 

minimal and m i t i g a t e d  by t h e  c h o i c e  o f  a f i n e r  e n e r g y  group 

mesh. 

. S e v e r a l  c o n s i d e r a t i o n s  are t a k e n  i n t o  a c c o u n t  fo r  t h e  

s e l e c t i o n  o f  an  e n e r g y  group s t r u c t u r e .  These  are: 

r e s o l u t i o n  o f  th.e e x p e c t e d  e n e r g y  s p e c t r a ,  c o n s i s t e n c y  wi.th. 



. .. 
t h e  c r o s s  s e c t , i o n  a p p r o x i m a t i o n s  i n t r o d u c e d ,  and e f f i c i e n c y  

o f  t h e  t r a n s p o r t  e q u a t i o n -  s o l v e r .  I t  is  known t h a t  a f t e r  

s e v e r a l  c h a r g e  exchange events:  t h e  n e u t r a l  p o p u l a t i o n  w i l l  

t a k e  on t h e  c h a r a c t e r i s t i c s  of t h e  t a r g e t  i o n s  (below 

E - 20 .keV). These w i l l  be Fdaxwellian energy  d i s t r i b u t i o n s  

r a n g i n g  from low t e m p e r a t u r e s  /T  - 20 eV) a t  t h e  plasma edge  

t o  h i g h  t e m p e r a t u r e s  a t  t h e  plasma c o r e  ( T  " 10 keV). The 

t e n d e n c y  f o r  Maxwell ian d i s t r i b u t i o n s  t o  be  more skewed f o r  

low t e m p e r a t u r e s  and t h e  need t o  c o v e r  a  wide range  i n  

e n e r g y  s u g g e s t s  t h a t  t h e  energy  groups  b e  narrower  i n  t h e  

low e n e r g y  regime and, . w i d e r  a s  ene rgy  is i n c r e a s e d .  For  

t h i s  p u r p o s e  e q u a l  inc remehtk  i n  l o g  E are s u f f i c i e n t .  

I t  is  recalled t h a t  t h e  v a r i a t i o n  o f  . <av> and <am 
R 

w i t h  e n e r g y  w a s  . n o t e d  t o  be m i l d .  The b e h a v i o r  is smooth 

enough t o  s u g g e s t  t h a t  ' a group s t r u c t u r e  w i t h  e q u a l  

l o g a r i t h m i c  i n c r e m e n t s  w i l l . a l s o  h e  a d e q u a t e  t o  s a t i s f y  t h e  

a p p r o x i m a t i o n  c r i t e r i a :  namely t h a t  <8v> and . <avrk are 

c o n s t a n t  w i t h i n  each  group.  ' . 
. . 

For  t h e  m u l t i g r o u p  codes  it is advan tageous  t o  a r r a n g e  

t h e  e n e r g y  group s t r u c t u r e  s o  t h a t  t h e  p a r t i c l e  f l u x  is 
. . 

d i s t r i b u t e d  e v e n l y  between' 'g roups .  S i n c e  t h e  n e u t r a l .  f l u x  

w i l l  be a p p r o x i m a t e l y  Maxwellian , in  the volume of  the plasma 

a n  e s t i m a t e  c a n  be made o f  t h e  amount o f  f l u x  a s  a  f u n c t i o n  

o f  an  e n e r g y  i n t e r v a l .  The -kota l  f r a c t i o n  o f  p a r t i c l e s  i n  a  

.Maxwell ian f l u x  d i s t r i b u t i o n ' . ; u . p  t o  an energy  E is g i v e n  by 

A ,  where  



where t x = -  
T *  

A is p l o t t e d  a s  a f u n c t i o n  x  i n  F ig .  3 .  The . a b s c i s s a  h a s  a 

l o g a r i t h m i c  s c a l e  and it  is s e e n  tha t  f o r  t h e  r a n g e  

.6 < x  < 5 ,  A i s  a p p r o x i m a t e l y  l i n e a r  i n  l o g  x  (.compare t o  t h e  

dashed l i n e ) .  The p a r t i c l e s  i n  t h i s  r a n g e  r e p r e s e n t  a b o u t  

80% o f  t h o s e  i n  t h e  e n t i r e  d i s t r i b u t i o n .  I n  t h e  l i n e a r  

r e g i o n  t h e n ,  ene rgy  g roups  formed by e q u a l  i n c r e m e n t s  i n  

E l o g  T w i l l  c o n t a i n  a p p r o x i m a t e l y  e q u a l  f r a c t i o n s  o f  t h e  

p a r t i c l e  f l u x .  

For  t h e  r e a s o n s  c o n s i d e r e d  above an e n e r g y  s t r u c t u r e  

which i s .  b a s e d  on a  un i fo rm mesh i n  l o g  E is  chosen.  The 

i n t e r v a l s  span the range  0-55 keV,which w i l l  c o n t a i n  most o f  

t h e  p a r t i c l e s  i n  Maxwellian d i s t r i b u t i o n s  w i t h  t e m p e r a t u r e s  

less t h a n  10 keV. Shown i n  T a b l e  I1 are t h e  r e s u l t s  o f  
. . 

i n c r e a s i n g  t h e  number o f  g roups  f o r  a p a r t i c u l a r  problem. 

The 31 group s t r u c t u r e  was f e l t  t o  b e  a d e q u a t e  and i s  used  

f o r  t h e  remainder .  o f  t h e  s t u d y .  

An i n t e r e s t i n g  f e a t u r e  w e  p r e s e n t  is t h e  u s e  

o f  reverse l a b e l l i n g  f o r  t h e  g roup  s t r u c t u r e ,  a s  

o p p o s e d  t o  t h e  c o n v e n t z o n a l  ( n e u t r o n  a n a l y s i s ' )  

d e s i g n a t i o n  t h a t  g i v e s  t h e  h i g h e s t  e n e r g y  t h e  label 

"1". I n  n e u t r o n  t r a n s p o r t  t h e  predominant  e n e r g y  t r a n s i t i o n  



is d o w n s c a t t e r ,  and  t h e  m u l t i g r o u p  codes  make u s e  of  t h i s  

f ac t  i n  sweeping from h i g h  t o  low energy  g roups  t o  maximize 

t h e  e f f i c i e n c y .  The t r a n s p o r t  o f  edge  s o u r c e  n e u t r a l  atoms 

i n t o  a p lasma on t h e  o t h e r  hand is dominated by u p s c a t t e r i n g  

( i . e .  c h a r g e  exchange w i t h  more e n e r g e t i c  plasma i o n s ) ,  and 

t h e r e f o r e  t h e  a d v a n t a g e  is 5os. t .  I f  t h e  group l a b e l i n g  is  

r e v e r s e d ,  however,  s c a t t e r i n g  i s  once  more from low t o  h i g h  

g r o u p  number, and a s a v i n g s  i n  i t e r a t i o n  t i m e  of  a s  much a s  

50% can  be r e a l i z e d .  1291 

A summary o f  t h e  o p e r a t i n g  p a r a m e t e r s  of  b o t h  t h e  

m u l t i g r o u p  method (ANISN) and t h e  n e u t r a l  t r a n s p o r t  

p r o c e d u r e  o f  t h e  DGchs code i s  g iven  i n  T a b l e s  I11 and I V .  
. . 

W e  u s e  t h e  i s o t r o p i c  (Po)  s c a t t e r i n g  approx imat ion  f o r  t h e  

c h a r g e  exchange s o u r c e  t e r m  and an S  a n g u l a r  q u a d r a t u r e  i n  
8 

making t h e  ANISN r u n s .  The b h o i c e  of  a P  expans ion  is  
0 

b a s e d  on t h e  r e s u l t s  o f  a comparison w i t h  PI a n d  P3 

t r a n s p o r t  i n :  a p lasma , s i m i l a r  t o  t h a t  o f  t h e  TFTR machine. 

The t o t a l  r e l a t i v e  a t t e n u a t i o n  o f  t h e  n e u t r a l  d e n s i t y  and 

t h e  a v e r a g e  e n e r g y  o f  t h e  n e u t r a l  o u t f l u x  a r e  d i s p l a y e d .  i n  

T a b l e  V. L i t t l e  effect is n o t i c e d  as a h i g h e r  o r d e r  

s c a t t e r i n g  a p p r o x i m a t i o n  is. used.  The p r imary  r e a s o n  f o r  

t h i s  i s  t h o u g h t  t o  be t h a t  Sery few c h a r g e  exchange p a i r s  i n  
. . 

a Maxwell ian p lasma  have  comparab le  v e l o c i t i e s  ( v  - v '  ) 

which w o u l d . m a x i m i z e  an l s ,o t ropy .  We . c o n c l u d e  t h a t  t h e  

. r e s t r i c t i o n  t o  i s o t r o p i c  s c , a t t e r i n g  i s  n o t  s e r i o u s .  Our 

f i n d i n g s  are a l s o  c o n s i s t e n * .  w i t h  t h e  r e s u l t s  o f  E l  D e r i n i  

and G e l b a r d  [14]. 



. -  

Throughout  t h i s  s t u d y  w e  have  o b s e r v e d  t h a t  n e u t r a l  

t r a n s p o r t  is h i g h l y  s e n s i t i v e  t o  .p lasma  c o n d i t i o n s  n e a r  . t h e  

n e u t r a l  s o u r c e  ( t h e  p lasma edge  i n  t h i s  c a s e ) ,  s i n c e  t h e  

f i r s t  c h a r g e  exchange n e u t r a l s  o r i g i n a t e  i n  t h i s  r e g i o n .  To 

e l i m i n a t e  t h e  p o s s i b i l i t y  o f  d i s c r e p a n c i e s  a r i s i n g  from t h i s  

e f f e c t  , t h e  p lasma zone ( t e m p e r a t u r e .  and d e n s i t y )  s t r u c t u r e  

used  f o r . t h e  ANISN c a s e s  was chosen t o  b e  t h e  same as t h a t  

de te rmined  by t h e  s t a n d a r d  ~ i f c h s  code.  The model w e  u s e  f o r  

i n c i d e n t  s o u r c e  n e u t r a l s  and t h e  boundary c o n d i t i o n s  f o r  

o u t f l u x e d  n e u t r a l s  was e x p l a i n e d  i n  S e c t i o n  11. W e  

emphasize h e r e  t h a t  e n t i r e l y  e q u i v a l e n t  c o n d i t i o n s  a r e  

u t i l i z e d  by t h e  g e n e r a t i o n  method [I]. The main i n g r e d i e n t  

i n  b o t h  i n s t a n c e s  i s  t h e  s p e c i f i c a t i o n  o f  t h e  n o r m a l i z i n g  

c o l d  n e u t r a l  d e n s i t y  at  t h e  boundary.  

N e u t r a l  d e n s i t i e s  as a f u n c t i o n  o f  p lasma r a d i u s  a r e  

d i s p l a y e d  i n  F i g .  4 f o r  t h e ' S T  and TFTR machines.  The 

m u l t i g r o u p  r e s u l t s  a r c  s e e n  t o  be c o n s i s t e n t l y  lower  t h a n  

t h e  g e n e r a t i o n  method; r e a c h i n g  a  maximum d i s c r e p a n c y  o f  

a b o u t  a f a c t o r  o f  t h r e e  on t h e  TFTR a x i s .  The ST d e n s i t i e s  

d i f f e r  by no more t h a n  50%. We have ch.osen a s  t h e  

n o r m a l i z a t i o n  a n e u t r a l  atom edge  d e n s i t y  o f  1 x  lo10 cm-3 

( e q u i v a l e n t  t o  a  n e u t r a l  g a s  CH2) p r e s s u r e  o f  

- 1.5 x  T o r r  a t  T  = .025 eV) which. is f a i r l y  t y p i c a l  o f  

p r e s e n t  .day  d i s c h a r g e s .  The d e n s i t y  i n  the pl'asma d r o p s  

a l m o s t  immedia te ly  t o  a b o u t  one half tha t  v a l u e ,  s i n c e  o n l y  

- 50%. o f  t h e  i s o t r o p i c  d i s t r i b u t i o n  h a s  a v e l o c i t y  component 

d i r e c t e d  . i n t o  t h e  plasma. Both n e u t r a l  d e n s i t y  p r o f i l e s  are 

predominan t ly  concave upward. T h i s  r e s u l t s  from an. i n c r e a s e  



i n  i o n i z a t i o n .  mean free p a t h  a s  t h e  aver'age v e l o c i t y  o f  t h e  

n e u t r a l s  rises (.from c h a r g e  exchange c o l l i s i o n s  w i t h  more 

e n e r g e t i c  i o n s )  f a s t e r  than: t h e  p lasma d e n s i t y  i n c r e a s e s .  

Below 100 eV, however,  t h e  e l e c t r o n  impact  i o n i z a t i o n  r a t e  

i n c r e a s e s  w i t h  t e m p e r a t u r e ,  r e d u c i n g  t h e  p r e v i o u s  t r e n d  and 
. . 

e x p l a i n i n g  t h e  r o l l  o v e r  (concave  downward) o f  t h e  n e u t r a l  

d e n s i t y  n e a r  t h e  ST edge.  No such  i n f l e c t i o n  i s  seen. f o r  

t h e  TFTR c a s e  where t h e  p lasma edge  is above 200 e V .  

The l a c k  of  agreement  between t h e  two methods can b e  

p a r t i a l l y  a c c o u n t e d  for i n  a t  l e a s t  two ways. The 

g e n e r a t i o n  method converges .  p o o r l y  f o r  t h e  TFTR c a s e .  A 

s l g n f f 3 . c a n ~ t  number o f  n e u t r . a l s  ( -  1 / 2  t h e  t o t a l  on a x i s 3  

a r e  found t o  b u i J d  up i n  . . t .he  t e n t h  and f i n a l  

c h a r g e  exchange g e n e r a t i o n .  The code implementa t ion  does  
. .: 

n o t  p e r m i t  t h e s e  n e u t r a l s  t o  c h a r g e  exchange f u r t h e r  [I]. 

The e f f e c t  may b e  t o  enhance  t h e  a c t u a l  n e u t r a l  d e n s i t y  by 

s h o r t e n i n g  t h e  l i f e t i m e  a  n e u t r a l  may have t o  undergo 

i o n i z a t i o n  i n  , t h e  plasma.  F o r  t h e  ST c a s e  t h e  plasma w a s  

o p t i c a l l y  t h i n  enough s o  t h a t  o n l y  a  few c h a r g e  exchange 

g e n e r a t i o n s  w e r e  r e q u i r e d  t o ' : r e a c h  a converged s o l u t i o n .  I t  

w i l l  be r e c a l l e d  ( S e c t i o n .  2 )  t h a t  Molvig [8] h a s  p o i n t e d  

o u t  t h a t  t h e r e  may be d i f f i c a l t y  i n  a r r i v i n g  a t  s u f f i c i e n t l y  

c o n v e r g e d  s o l u t i o n s  f o r  p ? > .  1. The s o l u t i o n s  w e  have s e e n  

f o r  TFTR ( p  - 3 )  and ST (p -.". 8) seem t o  bear t h i s  o u t .  The 

m u l t i g r o i i p  method e x h i b i t s  ,:good convergence  f o r  a l l  c a s e s  

c o n s i d e r e d .  



Another  f a c t o r  which -may c b n t r i b u t e  t o  t h e  o b s e r v e d  

d i s c r e p a n c i e s  is the e x p o n e n t i a l  approx imat ion  t o .  t h e  K i l  

f u n c t i o n  employed i n  t h e  g e n e r a t i o n  method (see S e c t i o n  2 ) .  

For  P > .7 t h e  e x p o n e n t i a l  approx imat ion  i n c r e a s i n g l y  

u n d e r e s t i m a t e s  t h e  a t t e n u a t i o n .  T h i s  would e v e n t u a l l y  l e a d  

t o  an " o v e r e s t i m a t e  o f  t h e  n e u t r a l  d e n s i t y  which is 

. c o n s i s t e i t  w i t h  t h e  f i n d i n g s  we p r e s e n t  h e r e .  

A summary o f  n e u t r a l  r e s u l t s  a p p e a r  i n  . T a b l e  V I  where 

G refers t o  t h e  g e n e r a t i o n  method and M t o  m u l t i g r o u p .  W e  

see t h a t  t h e  o u t f l u x e s  ( c u r r e n t s )  o f  c h a r g e  exchange 

n e u t r a l s  a t .  t h e  boundary d i f f e r  by . a s  much a s  40% w h i l e  t h e  

a v e r a g e  e n e r g i e , ~  o f  t h e  c o r r e s p o n d i n g  s p e c t r a  a r e  i n  

r e a s o n a b l e  agreement .  That  t h i s  is  s o  can b e  s e e n  from 

p l o t s  o f  t h e  a c t u a l  s p e c t r a  i n  F i g s .  5 and 6 .  We 

super impose  a  1.Iaxwellian f l u x  d i s t r i b u t i o n  p e a k i n g  a t  a b o u t  

' t h e  same energy  a s  t h a t  o f  t h e  s p e c t r a  t o  gauge. r e l a t i v e  

shape .   he o u t f l u x e s  a r e  o b v i o u s l y  n o t  Maxwell inn,  

e x h i b i t i n g  a  lower  e n e r g y  component c h a r a c t e r i s t i c  o f  t h e  

plasma edge  t e m p e r a t u r e  ( c l o s e  t o  t h e  a c t u a l  Maxwel l ians  

drawn) and  a  h i g h e r  e n e r g y  t a i l  i n d i c a t i v e  o f  t h e  i o n  

d i s t r i b u t i o n  i n  t h e  p lasma i n t e r i o r .  The h i g h  e n e r g y  t a i l  

n e u t r a l s  have  been o b s e r v e d  e x p e r i m e n t a l l y  and c o n s t i t u t e  a  

means o f  measur ing  p lasma i o n  t e m p e r a t u r e s  [22].  The same 

g e n e r a l  i s p e c t r a l  s h a p e s  have  been n o t e d  by o t h e r  

au.t;hors [6 1, [231. 

The CPU t i m e s  on an  IRM 3 6 0 / 9 1 . f o r  the  tes t  cases are 

d i s p l a y e d  i n  T a b l e  V I I .  The . advan tage  of t h e  g e n e r a t i o n  



... . 

method i n  c a l c u l a t i o n a l  speed  is  apparent  (by a  f a c t o r  of 

20-30). This  a s p e c t  o f .  n e u t r a l  module performance is 

r e l a t i v e l y  impor tan t .  For  example, f o r  a  plasma s imu la t ion  

run by t h e  ~ i i c h s  code,  'about 80% of  t h e  t o t a l  run t ime is 

devoted  t o  c a l c u l a t i n g  t h e  evo lv ing  n e u t r a l  d e n s i t y .  I t  

s h o u l d  be p o i n t e d  o u t ,  however, t h a t  t h e  mul t igroup runs f o r  

t h e  comparison s t u d y  s t r e s s e d  accuracy and c o n s i s t e n t  

model l ing  and hence f f conse rva t ive"  .opera t ing  parameters  

(number o f  energy g roups ,  space  and zone i n t e r v a l s ,  a.ngi.1la.r 

q u a d r a t u r e s ,  e t c .  ) w e r e  used .  

A parameter  survey  . revea led  t h a t  a  l e s s  r e s t r i c t i v e  

o p e r a t i n g  space  d r a s t i c a l l y  reduced computation t i m e s  whi le  

m a i n t a i n i n g  t h e  advantage of ~ c a l c u l a t i o n a l  accuracy [Y9,30]. 

For  'example, i n s t e a d  of  " 99 . uniformly spaced plasma 

t empera tu re  zones ,  10  zones c o n s t r u c t e d  from t h e  c s i t e r i a  

t h a t  t h e  approiximate n e u t r a l  i n t e r a c t i o n  mean f r e e  pa th  not  

change by more t h a n  .a cons t an t  between ad j acen t  zones 

y ie l c l ed 'gs sd  : r e s u l t s .  ? 'his is shown i n  t h e  second l i n e  of 

T a b l e V I I I .  I n  a  l i k e  manner, guided b y ' t h e  parameter  

s u r v e y ,  i t  was found t h a t  S4 : angu la r  q u a d r a t u r e ,  28 s p a t i a l  
. . 

i n t e r v a l s  (with a  f i n e r  mesh c l o s e  t o  t h e  n e u t r a l  s o u r c e ) ,  a 

less s t r i n g e n t  convergence and 11 energy groups combined t o  

g i v e  t h e  r e s u l t s  o f  l i n e  3 of  Table V I I I .  The r educ t ion  i n  

t h e  i t e r a t i o n  t i m e  is  seen  t o  be  dramat ic  (by a  f a c t o r  of 

75) t o  a l e v e l  below t h a t  of t h e  s t a n d a r d  gene ra t ion  method 

Cl ine  5 ) .  In  a d d i t i o n  t h e  e t r rors  i n t roduced  by t h e  r e l axed  

o p e r a t i n g  parameters  a r e  less than  - 2 0 %  b u t  more 

i m p o r t a n t l y  a r e  less than  thope o f  t h e  gene ra t ion  method. 



Seve ra l  supplementary t echn iques  a l l ow f u r t h e r  

s i g n i f i c a n t  t i m e  reduct ion[29,30] .  By s t a r t i n g  t h e  ANISN 

i t e r a t i o n  procedure  wi th  a good i n i t i a l  f l u x  guess  fewer 

i t e r a t i v e ,  c y c l e s  are r e q u i r e d  t o  reach,  convergence. I n  an 

evo lv ing  plasma a p p l i c a t i o n ,  t h e  . s o l u t i o n  from a p r e v i o u s  

t i m e  s t e p  w i l l  b e  a v a i l a b l e .  For restarts from c a s e s  where 

plasma kedge tempera tures  d i f f e r  by 50% a dec rease  i n  

execut ion  t ime by n e a r l y  a f a c t o r  of 2 is p o s s i b l e . .  Another 

method ' t h a t  has  proved s u c c e s s f u l  is  t h a t  of  l i m i t i n g  t h e  

number of  ANISN i n n e r  i t e r a t i o n s .  Normally i t e r a t i o n  on t h e  

s e l f - s c a t t e r  t e r m  r e q u i r e s  a t  most 2-3 pas ses .  The 

c o n t r i b u t i o n  of s e l f - s c a t t e r  t o  t h e  t o t a l  s c a t t e r  p r o c e s s  i s  

minimal,'however, and an i t e r a t i o n  l i m i t  of  one has  been found 

t o  be s u f f i c i e n t .  A combination of a r e s t a r t  from a ca se  

where plasma tempera tures  d i f f e r  by 20% and t h e  i n n e r  

i t e r a t i o n  l i m i t  of  one a r e  a p p l i e d  t o  t h e  r e l a x e d  o p e r a t i n g  

parameter  case ' t o  gene ra t e  t h e  r e s u l t s  of l i n e  4 of 

Table  V I I ' I .  V i r t u a l l y  no change is  seen  i n  t h e  r e s u l t s  

except  . f o r  the  execu t ion  t i m e  which  ha^ been reduced 

s i g n i f i c a n t l y  by a f a c t o r  of  two.. 

A n  added c o n s i d e r a t  i o n  f o r  t h e  mul t ig roup  execu t ion  

t ime is , t h e  t i m e  necessary  t o  gkne ra t e  t h e  mul t ig roup  c r o s s  

s e c t i o n s .  Using t h e  code GIIUXS f o r  t h e  11 group,  10 zone 

case t h i s  is  less than  5 seconds,  (IBM 360191). The m a j o r i t y  

o f  t h i s  t i m e  is used f o r  . c a l c u l a t i n g  t h e  i on  impact 

i o n i z a t i o n  r a t e  ( n e g l e c t e d  by t h e  g e n e r a t i o n  method) and th.e 

e l e c t r o n  impact i o n i z a t i o n  rate (approximated by an 



a n a l y t i c a l  f i t  i n  t h e  gene ra t ion  method). Thus even when 

approximat ions  f o r  t h e  c r o s s  s e c t i o n s  a r e  not  inc luded  t h e  

t o t a l  mul t ig roup  run t i m e  is comparable t o  t h a t  of t h e  

g e n e r a t i o n  t r e a t m e n t .  

5. IMPLICATIONS 

The pr imary purpose of  t h e  gene ra t ion  t rea tment  is  t o  
, . , a  

c a l c u l a t e  s t e a d y  s t a t e  n e u t r a l  atom p r o f i l e s  a s  an i n t e g r a l  

p a r t  of  a  l a r g e r .  plasma s imu la t ion  code. The n e u t r a l  

c a l c u l a t i o n  is done every  few t ime s t e p s  a s  t h e  plasma 

d i s t r i b u t i o n  evo lves .  We t h e r e f o r e  d i s c u s s  t h e  s i g n i f i c a n c e  

o f  t h e  r e s u l t s  w e  have seen  'wi th  t h i s  purpose i n  mind. 

The d u r a t i o n  o f  a  p r e s e n t  day tokamak d i scha rge  is 

t y p i c a l l y  s e v e r a l  t i m e s  . t h a t  of t h e  average p a . r t i c l c  

confinement  time. For  example, f o r  t h e  ST exper iment ,  

p a r t i c l e  confinement t imes  r each ing  a  maximv of  13-14 msec 

w e r e  r e p o r t e d  f o r  d i s c h a r g e s  l a s t i n g  a t  l e a s t  50 msec [19]. 

S i n c e  t h e  plasma d e n s i t y  remains roughly constant .  f o r  a  

l a r g e  p o r t i o n  o f  t h e  d i s c h a r g e ,  t h e  i m p l i c a t i o n  i s  t h a t  t h e  

plasma o u t f l u x  i s  recyc1e.d a t  t h e  bourlclary, presumably a s  

"cold"  n e u t r a l  hydrogen'. , The same r e c y c l i n g  behavior  is 

e x p e c t e d  t o  b e  s een  i n  f u t u r e  machines. I n  t h e  computer 

model ing of  t h i s  p r o c e s s ,  ' t h e  r u l e  is  u s u a l l y  chosen t h a t  

t h e  c o l d  n e u t r a l  i n f l u x  sh,ould match t h e  t o t a l  p a r t i c l e  

o u t f l o w  a t  t h e  plasma edge. Due t o  problems i n  implementing 

t h e  b a l a n c e ,  however, t h e  , t o t a l  number of  plasma partic.1-es 



is not  h e l d  cons t an t  t o  b e t t e r  t han  about 10% i n  a  computer 

run ,  which is cons idered-  adequate [I]. For  a t y p i c a l  ST 

d i scha rge  t h e  t o t a l  p a r t i c l e  o u t f l u x  is  d i v i d e d  about  

equa l ly .  between charged p a r t i c l e s  and n e u t r a l s  1231. The 

30% g r e a t e r  n e u t r a l  o u t f l u x  . l e v e l  ( s e e  Table  VI) p r e d i c t e d  

by t h e .  gene ra t  ion  method w i l l  t h e r e f o r e  o v e r e s t i m a t e  t h e  

t o t a l  p a r t i c l e  o u t f l u x ,  by a f a c t o r  of  15%. 

The t o t a l  o u t f l u x e d  power c a r r i e d  by n e u t r a l s ,  (shown 

i n  Table IX), shows a  s imilar  t r end .  Charge exchange l o s s e s  

i n  ST a r e  comparable t o  t h o s e  of  r a d i a t i o n  (each about  25% 

of t h e  t o t a l  ' l o s s e s )  [22]. Therefore  t h e  a d d i t i o n a l  40% 

n e u t r a l  power l o s s  given by t h e  g e n e r a t i o n  method r e p r e s e n t s  

an i n c r e a s e  i n  t o t a l  power o u t f l u x  by about 10%. 

Exper imental ly  determined t y p i c a l  charge exchange power 

l o s s e s  f o r  t h e  ST tokamak a r e  e s t i m a t e d  by Hinnov [23]. I f  

both  t h e  gene ra t ion  and mul t igroup r e s u l t s '  a r e  s c a l e d  

s e p a r a t e l y  t o  n e u t r a l  sou rce  d e n s i t i e s  which y i e l d  h i s  

r e p o r t e d  o u t f l u x  l e v e l  (2 .4  x  1016 cm-2 s e c - l )  t hen  Table  X 

is  der ived .  Both methods are seen  t o  agree  w e l l  wi th  

exper imental  obse rva t ion .  

I t  w i l l  be r e c a l l e d  t h a t  t h e  g r e a t e s t  d e v i a t i o n s  

between' t h e  gene ra t ion  and mul t igroup methods occu r red  f o r  

t h e  c a l e l i l a t i o n  of  t h e  n e u t r a l  d e n s i t y .  The d i sc repancy  

w i l l  have a  pronounced e f f e c t  f o r  a beam d r i v e n  system such 

a s  TFTR. The p r o b a b i l i t y  of  charge exchange of  a ho t  beam 

ion  is d i r e c t l y  p r o p o r t i o n a l  t o  t h e  background n e u t r a l  

d e n s i t y .  The ensu ing  ho t  n e u t r a l ,  i f  i t  e s c a p e s  from t h e  



s y s t e m ,  t a k e s  w i t h  it n e a r l y  a l l  t h e  energy  o f  t h e  o r i g i n a l  

beam n e u t r a l . :  I n  t h e  c a s e  o f  t h e  ATC tokamak [24] 

c a l c u l a t i o n s  show t h a t  t h e  s u r f a c e  energy  l o s s  due t o  t h i s  

mechanism is a n  o r d e r  o f  magni tude  g r e a t e r  t h a n  t h a t  due t o  

e s c a p i n g  background . n e u t r a l s  [25]. More i m p o r t a n t l y  t h i s  

r e p r e s e n t s  - 50% of t h e  o r i g i n a l  beam i n j e c t e d  power and 

o v e r  30% o f  t h e  t o t a l  i n p u t  power. ATC plasma 

c h a r a c t e r i s t i c s  a r e  n o t  u n l i k e  t h o s e  o f  t h e  ST tokamak (e .g .  

a - 17  c m ,  T .  = 420 e V  f o r  t h e  beam i ~ i j e c t i o n  p h a s e ) .  imax 
F o r  a  computer  s i m u l a t i o n  o f  A T C  t h e r e f o r e ,  a  30% 

... 

o v e r e s t i m a t i o n  pf t h e  beam c h a r g e  exchange o u t f l u x  due t o  an 
,. . 

i n c r e a s e d  n e u t r a l  p o p u l a t i o n  t h r o u g h o u t  t h e  p lasma (.as 

i m p l i e d  f rom t h e  r e s u l t s  of ,F ig .  4 ( a ) )  would be s i g n i f i c a n t .  

P e r h a p s  t h e  most d e l e ~ t e r i o u s  effects  n e u t r a l s  have on 

tokamak o p e r a t i o n  a r e  t h e  f i r s t  w a l l  s p u t t e r i n g  damage 

c a u s e d  by t h e  f a s t  c h a r g e  exchange n e u t r a l  o u t f l u x  and t h e  

i n t r o d u c t i o n  o f  t h e  s p u t t e r . e d  i m p u r i t i e s  i n t o  t h e  plasma.  

The f i t t e d  energy-dependent  s p u t t e r i n g  y i e l d  c u r v e  o f  

~ e a d e [ 2 6 ]  is m u l t i p l i e d  by t h e  c a l c u l a t e d  n e u t r a l  o u t f l u x  t o  

o b t a i n  t h e  s p u t t e r i n g  rates  . . p r e s e n t e d  i n  Tab le  X I .  The 

n e u t r a l s  are i n c i d e n t  on a: s t a i n l e s s  s t ee l  vacuum w a l l  
,. . 

l o c a t e d  a t  t h e  o u t e r  boun'dary. I n  g e n e r a l  t h e  m u l t i g r o u p  

s p u t t e r i n g  r a t e s  are lower, w i t h  most o f  t h e  d i f f e r e n c e  

a c c o u n t e d  f o r  by lower  o u t f l u , x  l e v e l s .  

An i n t e r e s t i n g  t r e n d  i.s s e e n  when t h e  e n t r i e s  l a b e l e d  

Normal I n c i d e n c e  are compared w i t h  t h o s e  l a b e l e d  Angular  

I n c i d e n c e .  The former assume t h e  s p u t t e r i n g  y i c ? l d  is 



independen t  o f  a n g l e ,  and are c a l c u l a t e d  u s i n g  Meade's normal  

i n c i d e n c e  curve  f o r  . a l l  a n g l e s .  However, t h e  t h e o r y  o f  

Sigmund [27] p r e d i c t s  t h e  s p u t t e r i n g  y i e l d  s h o u l d  b e  

a p p r o x i m a t e l y  p r o p ~ ~ r t i o n a l  t o  l / c o s 8  where 8 is t h e  a n g l e  

from t h e  s u r f a c e  normal.  (.This t h e o r y  is s u p p o r t e d  by 

measurements by Summer [28] o f .  s p u t t e r i n g  by 1 2  keV D+ on 

niobium;)  When t h i s  a n g u l a r  dependence is i n c l u d e d  i n  t h e  

c a l c u l a t i o n ,  t h e r e  a r e  pronounced e f f e c t s  on s p u t t e r i n g  

r a t e s . .  ' I f  t h e  c a l c u l a t e d  a n g u l a r  d i s t r i b u t i o n s  o f  n e u t r a l s  

a t  t h e  w a l l  were i d e n t i c a l ,  a un i fo rm i n c r e a s e  would b e  

expec ted .  A s  i t  i s ,  m u l t i g r o u p  r e s u l t s  i n c r e a s e  by -70% and 

- 115%. f o r  t h e  ST and TFTR c a s e s ,  r e s p e c t i v e l y ,  w h i l e  t h e r e  

arc  - 18% and 6 i n c r e a s e s  g i v e n  by t h e  g e n e r a t i o n  

method. The e f f e c t  is g r e a t e r  f o r  t h e  m u l t i g r o u p  method 

because  t h e  l / c o s 8  t e r m  i n c r e a s e s  t h e  w e i g h t s  o f  n e u t r a l s  

w i t h  a n g 1 . e ~  c l o s e r  t o  a  g r a z i n g  i n c i d e n c e ;  t h e s e  are p r e s e n t  

i n  g r e a t e r  p r o p o r t i o n  i n  t h e  mul t . igroup s o l u t i o n .  T h i s  is  

because  many n e u t r a l s  o r i g i n a t e  from d i r e c t i o n s  down t h e  

l e n g t h  of  t h e  c y l i n d e r  and from volumes c l o s e  t o  the s u r f a c e  

(.from : f i r s t  g e n e r a t i o n  c h a r g e  exchange)  t h a t  are nut; 

c o n s i d e r e d  e x p 1 i c i t l . y  i n  t h e  2-D d i s k  geometry o f  t h e  'Iliichs 

code. +!rhe a n g u l a r  s p u t t e r i n g  e'ffect is l a r g e r  f o r  t h e  TFTR 

plasma t h a n  f o r  t h e  ST b e c a u s e  t h e  i n c r e a s e d  d e n s i t y  and 

t empera t i i r e  l e a d s  t o  enhanced format  i o n  r a t e s  o f  c h a r g e  

exchange n e u t r a l s  c l o s e r  t o  t h e  . w a l l  s u r f a c e .  Of f i n a l  n o t e  

is  t h e  i n c r e a s e  i n  t h e  s p u t t e r i n g  rates, w i t h  o r  w i t h o u t  t h e  

a n g u l a r  ; t e r m ,  from t h e  ST t o  TFTR machines . '  Al though t h e  



n e u t r a l  o u t f l u x e s  a r e  comparable ,  t h e  h a r d e r  TFTR spec t rum 

is d i s t r i b u t e d  c l o s e r  t o  t h e  s p u t t e r i n g  y i e l d  peak 

( -  4 keV) ,  which a c c o u n t s  f o r  t h e  o r d e r  o f  magnitude 

d i f f e r e n c e .  

6. CONCLUDING REMARKS 

The m u l t i g r o u p  method h a s  been found t o  b e  an 

e f f e c t i v e  way o f  t r e a t i n g  n e G t r a l  atom t r a n s p o r t  i n  tokarnak 

p l a s m a s .  The p r i m a r y  advan tage  o f  t h e  m u l t i g r o u p  method 

( o v e r  o t h e r  n e u t r a l  t r e a t m e n & )  l i e s  i n  t h e  g r e a t e r  accuracy  

o f  t h e  s o l u t i o n s  t h a t  a r e  ' o b t a i n e d .  W e  r e f e r  h e r e  t o  a  

f e w e r  number o f  approximat  i o n s  . . and s i m p l i f i c a t i o n s  used  i n  

all a s p e c t s  of t h e  problem (e .g .  c r o s s  s e c t i o n  b e h a v i o r ,  

a n g u l a r  v a r i a t i o n s ,  problem convergence ,  geometry,  etc.  ) . 
I n  p a r t i c u l a r l w e  d e m o n s t r a t e .  t h i s  t o  be t r u e  i n  t h e  case o f  

t h e  w i d e l y  u s e d  g e n e r a t i o n  method. 

To d e t e r m i n e  t h e  p r a c t i c a l i t y  . o f  u t i l i z i n g  t h e  

m u l t i g r o u p  method as a  n e u t r a l  , t r a n s p o r t  module (.in a l a r g e r  

p lasma  code.) w e  compared o u r  r e s u l t s .  w i t h  t h o s e  o f  t h e  

g e n e r a t i o n  method. T e s t  c a s e s  w i t h  s i g n i f i c a n t l y  d i f f e r e n t  

p lasma  c h a r a c t e r i s t i c s  w e r e  chosen.  Given t h e  g r e a t e r  r i g o r  

o f  t h e  m u l t i g r o u p  method it is p o s s i b l e  t o  check t h e  

a c c u r a c y  o f  t h e  g e n e r a t i o n  t r e a t m e n t .  I n  t h i s  r e g a r d  w e  

c o n c l u d e  t h a t  t h e  g e n e r a t i o n  method is  s u f f i c i e n t  t o  w i t h i n  

a f a c t o r  o f  t h r e e  f o r  t h e  p r e d i c t i o n  o f  n e u t r a l  d e n s i t i e s .  

P a r a m e t e r s  r e l a t i n g  t o  t h e  n e u t r a l  o u t f l u x  a g r e e  t o  w i t h i n  

a b o u t  40% f o r  t h e  t y p e s  o f  p lasmas  w e  have  s t u d i e d .  We f i n d  



t h a t  t h e s e  d i s c r e p a n c i e s  may . b e  o f  s i g n i f i c a n c e  when a  

n e u t r a l  t r a n s p o r t  module is u s e d  i n  c o n j u n c t i o n  w i t h  a 

p lasma s i m u l a t i o n  code.  We a d d i t i o n a l l y  o b s e r v e  t h a t  t h e  

m u l t i g r o u p  r e s u l t s  a r e  more f a v o r a b l e  f o r  tokamak o p e r a t i o n  

s i n c e  t h e  c a l c u l a t e d  n e u t r a l  d e n s i t i e s  are l o w e r ,  as a r e  t h e  

c h a r g e  exchange n e u t r a l  o u t f l u x e s .  

Fron t h e  r e s u l t s  o f  t h e  comparison s t u d y ,  t h e  

d i s a d v a n t a g e  of t h e  m u l t i g r o u p  method a p p e a r s  t o  b e  i n  

e x e c u t i o n  t i m e .  IIowever, i t  was shown t h a t  a  r e l ' a x a t i o n  i n  

o p e r a t i n g  p a r a m e t e r s ,  w i t h  t h e  i n c l u s i o n  o f  s e v e r a l  

supplementary  t i m e  r e d u c t i o n  t e c h n i q u e s ,  c o u l d  lower  t h e  

m u l t i g r o u p  run t i m e s  by o v e r  two o r d e r s  o f  magni tude  t o  a  

l e v e l  cornparable t o  t h a t  o f  t h e  g e n e r a t i o n  method. For  t h i s  

c a s e  t h e  m u l t i g r o u p  r e s u l t s  were a d d i t i o n a l l y  o b s e r v e d  t o  b e  

i n  b e t t e r  agreement  w i t h  t h e  n e u t r a l  benchmark run .  The 

m u l t i g r o d p  method is  t h e r e f o r e  an a t t r a c t i v e  a l t e r n a t i v e  f o r  

a t r a n s p o r t  module a p p l i c a t i o n .  I t  is  r e c . a l l e d  t h a t .  the 

g e n e r a t i o n  method i n  i ts  p r e s e n t  form ( a  r e l a t i v e l y  q u i c k  

p r o c e d u r e )  r e q u i r e s  more t h a n  80% o f  t h e  t o t a l  Dcahs code 

run  t i m e .  To bet ter  t h i s  e x i s t i n g  l e v e l  w i t h  m u l t i g r o u p  

d i s c r e t e  o r d i n a t e s  methods f o r  t h e  g e n e r a l  t r a n s p o r t  problem 

would be d i f f i c u l t .  We have s e e n  though t h a t  t h e  

r e l i a b i l i t y  of  t h e  g e n e r a t i o n  s o l u t i o n  may be q u e s t i o n a b l e  

f o r  p lasma c o n f i g u r a t i o n s  o f  f u t u r e  i n t e r e s t  and  s o  i t  may 

b e  advantageous  t o  adop t  a  m u l t i g r o u p  a n a l y s i s  o r  modify t h e  

p r e s e n t  t r e a t m e n t .  The rep lacement  o f  t h e  e x p o n e n t i a l  

a t t e n u a t f  on f a c t o r  by the 'KT f u n c t i o n  s h o u l d  benef  l t  t h e  
1 

g e n e r a t i o n  method i'f t h e  l a t t e r  c o u r s e  Is chosen ,  I f  t h i s  



is t h e  c a s e ,  mul t ig roup  d i s c r e t e  o r d i n a t e s  methods can 

c o n t i n u e  t o  s e r v e  a s  a benchmark f o r  t h e  normal iza t ion  of 

any such r e v i s e d  procedure .  

T h i s  work is  suppo,r.%ed by t h e  Energy Research and 
- 

Development Admin i s t r a t i on  c o n t r a c t  h ~ - 7 6 - C - 0 2 - 3 0 7 3 .  

The a u t h o r s ' w i s h  t o  thank D r .  D .  E .  Pos t  f o r  p rov id ing  

t h e  r e s u l t s  of t h e  n e u t r a l  t ' ranspor t  c a l c u l a t i o n s  from t h e  

~ u c h s  code. 
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APPENDIX 

To fo l low t h e  approximat ions  i n t r o d u c e d  by t h e  ~ z c h s  

gene ra t ion  method i n  t r e a t i n g  t h e  exac t  n e u t r a l  t r a n s p o r t  

problem w e  s u b s t i t u t e  e q u a t i o n s  ( 3 )  and ( 4 )  i n t o  equa t ion  

( 2 )  and s o l v e  i t e r a t i v e l y  f o r  t h e  angu la r  n e u t r a l  d e n s i i y  of  

t h e  nex t  charge exchange "genera t ion"  ( n g + l )  i n  dE about  E  

and dR - about R as - 

03 s ' 
N .  ( r - s l ' R )  <OV> ( r - s l ' R  , E )  

, n g + l j r . l l , ~ ) d ~ d R  - -- - =/ d s '  erp [pSlt ( 1 -  - C X -  - 
v 

0 

+ N, (K-~"2) <ov>,~ (2-s"C,E) 

v 

whcrc wc havc nogleo ted  i o n  impact i o n i z a t i o n ,  (.a good 

approximation f o r  E < 10 keV) , and .have i d e n t i f i e d  



. . 

The t h i r d  l i n e L  o f  e q u a t i o n  , (Al)  r e p r e s e n t s  th .e  s o u r c e  of  

c h a r g e  exchange n e u t r a l s  f o r  , t h e  g + l  g e n e r a t i o n .  The s o u r c e  

is a f u n c t i o n  o f  t h e  a n g l e  - .  R because  o f  t h e  c o u p l i n g  between 

Q and  R '  i n  the r e l a t i v e  v e l o c i t y  Iv - v t  1 and t h e  g e n e r a l  - - - - 
a n g u l a r  dependence o f  n g ( n t  - ) ( t h e  a n g u l a r  d e n s i t y  o f  t h e  

c u r r e n t  g e n e r a t i o n ) .  A g r e a t  d e a l  o f  s i m p l i f i c a t i o n  can b e  

r e a l i z e d ,  however,  by e f f e c t i v e l y  e l i n i n a t i n g  t h e  

dependence .  There  are s e v e r a l  p h y s i c a l  s i t u a t i o n s  which may 

j u s t i f y  t h i s  a s sumpt ion  ( n o t  ment ioned i n  Ref.  111). The 

f i r s t  h a s  been n o t e d  b e f o r e ,  namely, t h a t  t h e  charge  

exchange  c r o s s  s e c t i o n  can b e  approximated  a s  i n  

e q u a t i o n  ( 7 ) .  A l t e r n a t i v e l y ,  i t  can b e  assumed t h a t  t h e  

e n e r g i e s  o f  t h e  n e u t r a l s  are . & i t h e r  . much g r e a t e r  t h a n  o r  

much less t h a n  t h o s e  o f  t h e  t a r g e t  i o n s  (.which w i l l  o c c u r  i n  

c e r t a i n  r e g i o n s  o f  t h e  p lasma) .  T h i s  p e r m i t s  t h e  f o l l o w i n g :  

. ., 
(Iv-v1 1 ) -, v ' n  (vl) f o r  v ' .  Z '  v I - I - - CX 

A f i n a l  p o s s i b i l i t y  assumes t 'ha t  t h e  a n g u l a r  d e n s i t y  o f  t h e  

p r e v i o u s  g e n e r a t i o n  o f  n e u t r d s  2,s k s o t  rop2c  ( independen t  of  

Q ) .  - T h i s  would b e  t h e  e a s e  i n  an i n f i n i t e  homogeneous 

medium problem. Any o f  t h e  assumpt ions  a l l o w  the ' d e c o u p l i n g  

o f  t h e  a n g u l a r  i n t e g r a l  i n  t h e  s o u r c s  f u n c t i o n , w h i c h  l e a d s  

t o  an  a p p r o x i m a t i o n  f o r  t h e  ,new .. . c h a r g e  exchange s o u r c e  a s  



where n f ( r - s t R , E ' )  - - = [ n g ( r - s ' R , ~ ' , E t ) d ~ ' .  - - - - The D U C ~ S  

t r e a t m e n t  a d d i t i o n a l l y  assumes t h a t  t h e  j u s t  b o r n  n e u t r a l s  

a r e  monoenerge t i c  w i t h  a  k i n e t i c  e n e r g y  r e l a t e d  t o  t h e  l o c a l  

i o n  . t e m p e r a t u r e  a t  t h e  p o i n t  o f  c r e a t i o n .  T h i s  

s p e c i f i c a t i o n  i m p l i e s  t h a t  t h e  i o n  d i s t r i b u t i o n  f u n c t i o n  is 

approximated  as 

The energy  d i s t r i b u t i o n  o f  t h e  c u r r e n t  g e n e r a t i o n  ( n g )  is 

a l s o  s p e c i f i e d ,  assumed monoenerket i c  and r e p r e s e n t e d  by 

The " t empera tu re"  a t  the r a d i a l  pos i ' t i on  ' - r is g i v e n  by 

a v e r a g i n g  o v e r  the'  ternpeFa. t i~res o f  the ' n e u t r a l s  t h a t  r e a c h  

t h e  p o i n t  '.r. i.e. - 



E q u a t i o n s  (A5),  ( A 6 )  and  (A7) a r e  s u b s t i t u t e d  i n t o  

e q u a t i o n  ( A l )  and  t h e  i n t e g r a t i , o n  o v e r  ene rgy  i s  performed 

t o  g i v e  

s ' N .  ( r - s l ' R )  - <ov> (Ti) Ne ( r - s " R )  - - <ov>ei (Ti)  
CX 

x exp [ -  fds" (  
- 

v  + v  o i i 

where 

A t t e n t i o n  is now b r o u g h t  t o  t h e  e v a l u a t i o n  o f  . t h e  

a n g l e  i n t e g r a l s  o f  e q u a t i o n  . ( k g ) .  S i n c e  t h e  c a l c u l a t i o n  

w i l l  be c a r r i e d  o u t  i n  i n f i n i t e  c y l i n d r i c a l  geometry (one 

s p a c e  d imens ion)  t h e  s o l i d  , ang le  is g iven  by 

where 

R W r  - - ~ 1 . a  - 
COS 0 = 7x7 p = 147 = c o s $  . ( A 9 3 1  

The o r i e n t a t i o n  o f  the ang1:es is shown i n  F i g .  A . 1 .  The 
A 

u n i t  v e c t o r '  is assumed t o  l ie!  .in the x-y p l a n e .  When ' t h e  
. , 

i n t e g r a t i o n  over '  - a Is performe@- f o r  e q u a t i o n  (:A9), st. and 

s" r e f e r  t o  l i n e  i n t e g r a l s  - a long  the d i ' r e c t i o n  52. The l 3 n e  



A A 

i n t e g r a l s  can be s i m p l i f i e d  t o  i n -p l ane  d i s t a n c e s  (st  and s" 

i n  t h e  x-y p l a n e  o f  F ig .  A . l ( a ) )  by n o t i c i n g  t h a t  
A 

d s '  = 
d  s '  

'rn 

Using e i u a t i o n s  (A14) and i n t e g r a t i n g  o v e r  - a ,  e q u a t i o n  (A9) 

be comes 

A 

N .  1 -  ( r - s " R )  - < o ~ > ~ ~  (Ti)  Ne (r-S"R) - - <ov>Li ( T ~ )  
+ v - p* i vi 

P'  ( s '  ) 

h h 

where t h e  l i n e  i n t e g r a l s  a r e  now o v e r  s t  and sl '  and t h e  

l i m i t s  a r e  g iven  i n  F ig .  A . 1 .  S i n c e  n g ( r )  - is independent  o f  
. . 

p, t h e  i n t e g r a l  o v e r  t h e  v a r i a b l e  p may b e  b rough t  o u t  o f  

e q u a t i o n  (A15) t o  y i e l d  an i n t e g r a l  of  t h e  form: 



where w e  have i d e n t i f i e d  t h e  o p t i c a l  depth  a s  

P" ( r )  - 
A A A A 

A N .  ( r -S"R~ <av>cx (Ti) 
1 -  - N~ ( r - s I 1 Q )  <ov> (Ti 1 \, 

p ( s l )  =p. ( v + - - ei 
i v i 

P '  ( s ' )  I '  
( A 1 7 1  

To per form t h e  i n t e g r a l  o f  equa t ion  (.A16) w e  i n t roduce  t h e  

conven ien t  change o f   variable,,^, 

P = tanh.: t 

which a l l o w s  equa t ion  (A16) t o  be  w r i t t e n  a s  

where K i l  i s  i d e n t i f i e d  as t h e  f i r s t  r epea t ed  i n t e g r a l  of 

t h e  B e s s e l  f u n c t i o n  [lo]. 

W.ith t h e  r e s u l t s  ( A 9 )  equa t ion  LA151 can be 

s i m p l i f i e d  t o  t h e  form 

o P" ( r )  - 



where w e  have used  t h e  f a c t  t h a t  t h e  s o l u t i o n  w i l l  b e  

symmetric about  8 = ~ .  

The compl i ca t ed  dependence of  i on p can b e  

approximated ( t o  w i t h i n  10%) by t h e  e x p o n e n t i a l  f u n c t i o n  i n  

t h e  range  . 4 < p < l ,  a s  s een  from F ig .  A.2, which c o r r e s p o n d s  

t o  t h e  o p t i c a l  dep th  o f  many plasmas (e .g .  f o r  ST p - .8). 
However, most plasmas o f  f u t u r e  i n t e r e s t  (PLT, TFTR, 

ALCATOR) have o p t i c a l  d e p t h s  p - > 3 .  For  t h i s  r ange  t h e  

exponen t i  a1  approximat i o n  is no l o n g e r  v a l i d .  

Notwi ths tanding  t h i s  r e s t r i c t i o n ,  t h e  e x p o n e n t i a l  

approximat ion a l l o w s  e q u a t i o n  (A20) t o  b e  reduced  t o  

Equat ion  (A21) is  t h e  approximat ion  t o  t h e  i n t e g r a l  

Boltzmmn e q u a t i o n  t h a t  is  s o l v e d  for t h e  n e u t r a l  atom 

d i s t r i b u t i o n  by t h e  g e n e r a t i o n  me.thud. 



TABLE I. Parameters .fqr the fits used to determine 
plasma densit+es and temperatures in 
equation (14). 

r (cm> 0 

To (eV) 

TB (eV) 

C1 

-3 

cN0 (Cm 
~g ( ~ r n - ~ )  

B 

ST 

14 

490 

10  

2 

2 . 7  x 10  13  

3 . 0  x 10  12  

2 

TFTR 

8 5  

9950 

50 

2 

4 . 0  x 10 13 

1 . 0  x 10 13 

3 



TABLE 11. Comparison of Group S t r u c t u r e  ('I'F'I'R Conf i g u r a . t i o n  

S8). . ,  

I t e r a t i o n  
Time* 
( s e c )  

16.08' 

31 5.29 lo3 1854 75.24 

50 5.32 lo3 1836 113.88 

I I 

Avg. Energy 
o f  Outf  l u x  

(ev> 

2185 

Total .  R e l a t i v e  
A t t e n u a t i o n  

11 .4.82 x 10 3 



TABLE 111. Sul~ltilary of parameters for t h e  d i s c r e t e  
o r d i n a t e s  t r a n s p o r t  code ANISN used f o r  
the multigr,gup s o l u t i o n ,  

7 

TFTR 

I n f i n i t e  

Cyl inder  

85 

91) 

99 

9 . 9 9  l o 3  
2 

2 . 4 9  x 10 

Geomet r y  

Minor Radius  (cm) 

S p a t i a l  I n t e s v z l ~  

Temperature  Zones 

Plasma Temp. On a x i s  

Te = Ti ( e V )  ' 

Plasma Dens i ty  On a x i s  3 .00  4 .99  

Ne = N. 1 [ A t  cdge 3.56  x  1012 1 . 1 2  x 10 

Nomj n a l  E n e r g y  nf 
3 3  

Source  N e u t r a l s  (eV) 

Order  of  S c a t t e r i n g  0  0  

Expansion ( I s o t r o p i c )  ( I s o t r o p i c )  

Order  of  Angular 8 8 
Quadra tu re  

Energy Groups 31 31 
---- 

ST 

I n f i n i t e  

Cy l inde r  

14 

00 

99 

4 . 9 9  x  10 2  

1 
2 . 0 8 ~ 1 0  



TABLE I V .  Summary o f  p a r a m e t e r s  f o r  t h e  n e u t r a l  
t r a n s p o r t  module o f  t h e  ~ u c h s  code  
( G e n e r a t i o n  method) .  

TFTR 

P l a n a r  Disk 

85 

99 

99 

9 .99  x  1 0  
3  

2 . 4 9  x 10  
2  

5 . 0 0 ~ 1 0  
1 3  

1 . 1 2 ~ 1 0  1 3  

3  

10  

1Q 

Geometry 

Minor Radius (cm) 

S p a t i a l  T n T e r v a l s  

' remperature Zones 

j ? l  asma Temp. 

[ 
On a x i s  

Tc = Ti (eV) A t  edge 

[ 
Plasma Dens i ty  On a x i s  

- ( ~ r n - ~ )  A t e d g e  Ne - N i  

Nominal Energy o f  

Source Neutralgs 

C h a r g e  Exchange 

Genera t ions  

Repor t ing  E n e r g i e s  
C -- 

ST 

P l a n a r  n i s k  

14 

99 

99 

2 
4 . 9 9  x  10  

1 
2 .08  x 10 

l3 
3 . 0 0  x 10 

3 . 5 6 x 1 0 1 2  

3 

10 

10 



TABLE V.  Comparison of  t h e  Order  of S c a t t e r i n g  Approximation 

.(TFTR C o n f i g u r a t i o n ,  S8, 31 Groups, *IBM 360191). 
. . 

... . .  . . . . - -- . . . 

~ t e r a t i o n  * 
Time ( s e c )  

75.24 

84.84 

143.58 

S c a t t e r i n g  

Approximat i o n  

Po 

P3 

R e l a t i v e  
. .  . - -. + 

' N e u t r a l  Dens i ty  

Atten.uat.ion 

3 5.29 x 1 0  

3 . . 
. 5 .29  x 1 0  

.5.26 x 10 3 

. . 

Average . . Energy + - 
of Outf l u x  

i e v >  

. 1854 

1805 - 

1805 



TABLE VI. summary o f  n e u t r a l  r e s u l t s  f o r  t h e  -- c o m p a r i s o n  s t u d y . .  

+ 

TFTR 

1 x 1o1O 

5.59 x 10 6 

1.93 x lob 

4.53 

3.25 x 1015 

. 1879 

. 1865 
. . 

.. .- 

ST 

10 1 x 1 0 .  

1.57 x 10 8 

.l. 10 x. lo8 

4.10 1015 

. 3 . 1 2  1015 

. 

321 

.302. 

N e u t r a l  D e n s i t y  

a t  ~ d g e  

N e u t r a l  .. . D e n s . i t y .  . .. . , , 

" " 3 ,  -. ' 

on Axis (cm ) . , 

O u t f l u x  of . C h a r g e .  

E x c h a n g e  N e u t r a l s  

(cm-2 - sec-'1 

Average  E n e r g y  

of O u t f l u x  (eV)  

G 

K 

: G  

.M 

. .  

.G 

4 



*Iteration Loop. 

Run 

: Time. 

(sec) 

- 

TABLE VII. Comparison of Code Execution Times on the 

IBM 360191. - -- 

- - 

G . .  

* 
M 

1 

ST 

- 6 
--- . . 

- 120 
1 

TFTR 
- 

- 6 

. - 170' 
9 



* Normalized t o  a n e u t r a l  edge  d e n s i t y  of 1 x 1 0  10 cm-3 

t IBM 360191 

- .  

i 
1 Benchmars 

10  Plasma Zonss  

Re laxed  O p e r a t i n g  
Paramerters 

L i n e  3 w i t h  R e s t a r t  i ~ . n d  L imi t  = 1 
I 

Ger-erat  i o n  

TABLE V I B I .  Comparison o f  t i m e  r e d u c t i o n  runs f o r  t h e  
TFTR Plasma.  

* 
R e l a t i v e  Average Out f l u x  S p u t .  Ra t e  Outf l u x  E x e c u t i o n  * .  * 
I3ensi.t.y. Energy of Cur r en t  Scrixa; I i i ~ .  (k;~; ~ i m e ~  ( s e c )  

A t t e n u a t i o n  -2 -2 .- 1 o u t f l u x  (eV) (cm s e c - l )  (cm s e c  ) 

5 - 1 7  x 1 0  1866 3 . 2 0  x  1 0  l5 ' 6 . 8 2  x  1012 853 1 6 7 . 7  
3  

4 . 9 8  x 1 0  1906 3 . 2 1 x 1 0 1 5  6 . 8 7 x 1 0 1 2  875 9 7 . 9  
3  

4 . 7 8  x  1 0  
3  

2235 3 .27  x  ' 1 0  l5 . 7 . 7 1 ~  1 0  
12 

1054 2 . 2 8  

4 .71  3  2257 3 . 2 7  x  1015 7 . 7 1  x 10  1053 1 . 1 4  12 

1. 79  1879 4 . 5 1 ~ 1 0 ~ '  1 0 . 3 ~ 1 0 ~ ~  1212 .-.. 6  

.I 



Neutral Density 

at Edge. ( c u 3 )  , 

. . . 
Power of . . 

Outfluxed Neutrals 

TFTR 

TABLE IX. The power of outfluxed charge change neutrals 
10 -3  

normalized to a neutral edge density of 1 x 10 cm . 



TABLE X. Charge Exchange Power Loss for the ST 
Tokamak (k'W), with each method normalized 
to an outflux level of 2.4 x 1016 cm-2 sec-1. 

Multigroup 

64.9 

IIinnov 

(Experimental 
0.bse.rvat ion ) 

70 

Generation 

69.6 



TABLE X I .  The t o t a l  s p u t t e r i n g  r a t e s  f o r  n e u t r a l s  i n c i d e n t  on a 
s t a i n l e s s  s t e e l  vacuum w a l l .  

N e u t r a l  D e n s i t y  

a t  Edge 

- 

T o t a i  S p u t t e r i n g  
-2 R a t e ( c m  - s i c - ' )  

Normal I n c i d e n c e  

T o t a l  S p u t t e r i n g .  
-2 . -1 Pa te  (cm - sec . ) 

A n g u l a r  I n c i d e n c e  

(j' 

M 

G .  

M 

. '  ST 

. . 

1.0 x 10 10 

. , 

"114'7 10 12 ---- . . 

:1.04 x 10'' 
. . 

1.73 x 1012' 

1:79 x loLL 

TFTR 

1.0 x 10 10 

1.04 

.69 x lo13 

1.67 x l0l3 

1.49 x 10" 

-- 
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774101 

3 Fig .  1. The charge  exchange r e a c t i o n  ra te  (vocxcrn sec-l) 

vs .  hydrogen atom energy.  



RADIUS (cm) 

774104 

Fig. 2. Plasma temperature (T = Ti = T e ) and density 

(N = Ni = N ) profiles for  he (a) ST and (b) -TFTR ~okamaks. e 
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Fig. 4. Calculated hydrogen atom densities for the (a) 

ST and (b) TFTR tokamaks vs. distance from the cylindrical 

axis. The results are normalized to a neutral edge densi- 



774103 

Fig. 5. The spectrum of outfluxed charge exchange neutrals 

at the outer boundary (r = 14 cm) of the ST tokamak vs. hydro- 

gen atom energy. The total outflux is normalized to unity. 
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Fig. 6. The spectrum of outfluxed charge exchange neutrals 

at the outer boundary (r := 85 cm) of the TFTR tqkamak vs. hy- 

drogen atom energy. The total outflux is nermalized to unity. 



774099 

Fig. A.1, Orientation of vectors for the integration of 

equation (A15) in infinite cylindrical geometry. The vectors 

in (a) lie in the x-y plane. In. (b) the x axis is into the 

paper. 



OPTICAL DEPTH P 

774100 

Fig.' A.2. The ratio of the First Repeated 1r.t.egral of the 

Bessel Function ( K i l )  to the Exponential Functicn (,-P) for 

values of the argument. 




