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ABSTRACT

. It has recently been shown by experiment that a quantity known as the
J Integral may be a useful fracture criterion in the inelastic range. The
mathematical definition of the J Integral is used here to derive a relation-
ship between the.conventional elastic stress concentration factor of a sharp
notch and the elastic stress intensity factor f&f a crack of the same shape.
This relationship has previously been derived only by assuming some partic-
- ular shape of cracked body, but this assumption is shown to be not necessary.
The same assumptions, together with Neuber's equation for the iﬁelastic stress
and strain concentration factors for a sharp notch, are used to derive a
relationship between the J Integral and the parameter KchAof the Equivalent

Energy Method. A graphical procedure for estimating upper and lower bounds

on the full restraint value of the fracture toughness is also discussed.
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Nomenclature

Crack area, in.
Defect size, generally half-length, in.
Plate thickness, in.

Shape factor, dimensionless

Constant, in.”t

Constant, dimensionless

Modulus of elasticity, psi -

Critical elastic strain energy release rate, in.-lb/in.2

Critical elastic stGrain energy re%ease rate measured
with a large specimen, in.-1b/in.

Elastic strain energy Selease rate for plane strain
conditions, in.-1b/in.° ‘

Critical elastic strain énergg release rate for plane
strain conditions, in.-1b/in.

The J Integral, in.-1b/in.°

Critical value of the J Integral, in.-1b/in.>

" Critical value of ths J Integral measured with a small

specimen, in.-1b/in.

Critical value of the J Integsal measured under plane

 strain conditions, in.-lb/in.

Critical value f? the elastic crack tip stress intensity
factor, ksi.in. 2 ‘



Ic

Kch

kl

Critical value of the elastic crack t1p stress 7ntensity
factor estimated from the value of Sf, ksi.in.

1/2

The elastic crack tip stress intensity factor, ksi.in.

Critical value of the elastlc crack tip stre7s intensity
factor for plane strain conditiuns, ksi. in.1

The same as K the subscript 4 indicates the size
(usually thlcﬁness) of the specimen being considered;
in this report, d is sometimes represented vy m, p, t

or «; ksi.in.l/

Elastic stress concentration factor, dimensionless
Actual strain concentration: factor, dimensionless
Actual stress concentration factor, dimensionless
Initial slope of the curve of P/B> versus &/B, ksi
Th;ckpess of a model specimen, in.

Fa;lure load, kips

Pseudo-elastic failure load, kips

Thickness of a prototype, in.

Nominal stress, ksi

Actual nominal stress at fajlure, ksi
Pseudo-elastic nominal stress at failure, ksi

The size effect, also called the volumetric energy ratio,
between the sizes m and t, dimensionless
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Thickness, in.

Nominal strain energy.density, ksi
Total potential energy, in.-kips

Wi@th Qf a Compact Tension Specimen, in.

Strain energy density at the crack tip on the plane of
crack extension, ksi

Strain energy density on the crack tip contour, ksi
Distance in the direction of crack extension, in.

Shape factor for the Compact Tension Specimen; also
sometimes denoted by f(a/W); dimensionless

Distance perpendicular to the plane of crack extension,
in.

The crack tip contour (not an algebraic quantity)

Displacement of the load, in.

Position angle measured at the crack tip, radians
Toéal ;ominal strain, in./in. ) .
Maximum totel strain at the notch tip, in./in.
Poisson's ratio, dimensionless

Notch tip radius of curvature, in.

Maximum stress at the notch tip, ksi



Stress normal to the notech tip surface, ksi
Stress tangential to the notch tip surface, ksi

Yield stress, ksi



Introduction

The need for measured values of the fracture toughness, KI o? for nuclear
pressure vessel steels is the result of the re&uirement that the safety of
nﬁ;:lear power Nplants must be proven in advance, by methods of analysis that
are as quantitative as possible and that agree with experimental data.l
Current testing procedures require thz;t the size of the specimen required to
measure a valid value of KIc must increase with the square of the ratio
K c_/ ;- This results in specimens as thick as twelve inches being required
to measure & valid value of KIc for unirradiated A533-B steel at room tem-
pevrature. Such thickness requirements reduce to .a practical impossibility h
the irradiation of specimens sufficiently thick to measure the higher values
of KIc required to quantitatively demonstrate the safety margins that exist
for irradiated nuclear pressure vessels. Consequently, there is a need for
ingenious alternate approaches to the quantitative determination of high
values of fracture toughness, using smell volumes of irradiated material.

One approach, described by Klausnitzer and Gerscha,3 is to insert, by electron
beam welding, a small irradiated c}ack tip element into a larger unirradiated
épecimen. Another approach is to rely on a theoretical relationship betweeh

the elastic-plastic load-deflection behavior of a small specimen and the .
eiastic fracture toughness that would, or might have been, measured directly,

using a much larger specimen. The latter approach is the one to be discussed

in this paper.



Current frmroaches to the Development of
Elastic-Plastic Fracture Analysis

In order to obtain a measure of fracture toughness from 2 specimen that
has been fractured after gross yielding, it is’first necessary to hypothesize
a fracture criterion that is not based on the assumption of completely elastic
behavior. To do this, it is logical to begin by making the assumption that
the onset-of fracture is caused by a critical condition of stress or strain
being reached at or near the crack tip. If changes in transverse restraint
due to gross section yielding are ignored, at least temporarily, then in
addition it can be assumed that the critical condition remains the same
regardless of whether the specimen fails before or after gross section yield-
ing. Thus if an assumed critical quantity can be calculated, or measured
directly, from inelastic ultimate load data obtained from a small specimen,
and it can be calculated, for elastic conditions, for other geometries, then
it cen be used as a basis for calculating K; . Such a quantity, known as’
the J Integral, was suggested by Rice” as an enalytical deviae for e
the inelastic range. Rice” showed that the J Integral, which for & notch

with a finite root radius no matter how small, has the definition

where I"t is the crack tip contour, Wy is strain energy demsity in ksi,

and y is the distance normal to the crack plane in inches, is also equal to
minus the rate of change of total potential energy with respect to crack
surface area, at constent deflection, assuming nonlinear elastic behavior.

Thus,

J=-S— 5 A =const , (2)



where »V is total potential energy in jtncyfkips s Ac is crack surface area =
in in.a, and A is the displacement of the load, in inches. C(Clearly, Eq. (2)
is a generalization of the equation for Gc’ the elastic strain eneréy release
rate. In addition, if J has a critical value at fracture, which can be
~ denoted by Jc’. then Eq. (1) gives an explicitly stated notch tip condition
at fracture. |
,?‘ollowing the reasoning developed by Rice,4 Begley and La.ndes5 of the
'Westinghouse Research Leboratories showed experimentally, with specimens of
Ni Cr Mo V rotor steel and A533-B steel, that the value of JIc obtained from
small specimens is substantially the same as the value of GIc obtained pre-
viously from much larger specimens. In other wo;'ds 3
2
= F’%" 2 (3)

Jcs = Gc£

where the subscripts s and £ indicate small and large specimen sizes,

respectively. Landes and Begle;v6 also presented evidence indicating

that JIc is independent of geometry.
Another generalization; for inelastic conditions, of the elastic

7

equations used to calculate KIc has been proposed by Witt and Magzer.

For a Compact Tension Specimen which fails after the onset of gross yielding,

a fracture toughness parameter, KIc a’ is defined by the equation -
*
PNY
Klea = £ : ) (4)
: 3N

In Eq. (4), P:. is the load at a point on the extended initial tangent to
the actual load deflection curve which defines a pseudo-elastic load de-
flection curve the area under which is the same as the area under the
actuel load deflection curve at maximum load. Y is the elastically calcu-

lated nondimensional shape factor, sometimes denoted2 by the symbol £(a/W);



B is the specimen thickness, in inches; and W is the specimen width, in
inches. The elastic equation for KIc’ is identical in form to Eq. (4).
The subscript 4 in the term KIc d refers to the thickness of the specimen
tested. The subscript I, as used by Witt and Mager,7 implies the copening
-mode of crack extension, but does not necessarily imply plane strain. Witt .
and Mager7 found that values of KIcl’ obtained with one-inch-thick Compact
Tension Specimens of A533-B, Class 1, steel up to 50°F, match previously ‘

measured values of KIc obtained with specimens up to twelve inches thick,

as shown in Figure 1. Thus, although the parameter KIc g 2 originally
défined;, appears to have no explicit meaning in terms of noteh tip conditions,
it has been shown to have the correct velue wher -the correct value was

already known. Thus, it is of interest to ask the question, "Does Kch have

any explicit meaning in terms of notech tip conditions?" in order to evaluate
its physical significance. The strategy adopted for answering this question
was to begin with the equation for the J Integral, which does have an explicit
meaning in terms of notch tip conditions, as given by Eq. (1), and, by a

series of assumptions. to derive an expression identical to BEq. (%), thus

atiswering the question affirmatively.

Derivation of the Trwin-Neuber Equation

Before epplying the J Integral to an inelastic analysis, it will be
applied first to the derivation of an important existing elastic equation
relating the stress concentration factor of a sharp notch to the stress in-

tensity factor for a crack of the same shape. The derivation to be presented

here is important because it demonstrates the reasonableness of the assumptions
to be used subsequently for an inelastic analysis, and because the elastic

equation being derived has previously been derived only by assuming some

specific overall geometry {see, for instance, ref. 8).
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Since J is a genera.lizza.tion4 of G, it follows that, for plane strain

-~

elastic conditions,

Lim J =0 , (5)
p* o )

where p is the notch root radius in inches. Combining Egs. (1) and (5)
gives
Lin [ r, Y& = Op - (6)

p* o
If the crack tip configuration is assumed to be the arc of a semicircle,
as shown in Fig. 2, and it is assumed that

W, =W cos o, (7)

where Wo is the strain energy density at the point on the erack tip for

which 6 = 0°, then combining Eq. (6) and (7) gives

W
G, = Lim —ofpxdy=Lm‘ W . (8)
I 20 :
pro P =p p o

On the crack tip contour, for elastic plane strain conditionms, ez =0

and g, = 0. where o, is the stress normal to the crack surface. C(Consequently,

207 — 2
Waaeee=oe(1tv) %)

s 2 2E ?
where g and €q are the stress and the strain, respectively, tangential
to the crack tip contour. For & = 0°, Ws =W, and

207 _ v2
o mera - (109
o 25 ’

‘where Kt is the elastic stress concentration factor and S is the nominal

stress. Substituting Eg. {10) into Eq. (8) and rearranging gives



EGI (KtS)2 TP o
= Lim : . (11)
(1 - v3) p* o 4 :
Since -
T EG
I 2
—— = K » (12)
(1-v) 1
substituting Eq. (12) into Eq. (11) and taking the square roots of both
sides gives |
K. = Lim = K.S /7 . - (13)
I 27t

p? o

Equation (13), referred to here as the Irwin-Neuber equation,9’10 has

~already been extremely useful in the field of fracture mechanics. It has
been used to derive stress intensity factor solutions when the corresponding

. . \ 11
stress concentration factor solutions were already known.

It should be
noted that an assumption similar to, but not identical to, Eg. (7) has been

used by Rice12 to estimate the maximum strain at the tip of a notch, but

Eq. (13) did not result.

A Relationship Between the J Integral and

the Parameter Kch

For an inelastic analysis, combining Egs. (1) and (7), and again assuming

a semicircular notch tip configuration, gives

Wp - (14)

J = of

LY E

which is a generalization of Eq. (3) without taking the limit as p approaches

zero. Still assuming plane strain,



max
‘]‘ Tnax dema.x s (15)

. where Cnax and emax are the maximum stress and the maximum strain,
respectively, at the tip of the notch. In order to evaluate the right
hand side of Eq. (15), it will be assumed that both the nominal and the

notich tip sitress-strain curves can be represented by eqﬁations of the

form

stress = constant X (strain)® . (26)

Applying Eq. (16) to Eq. (15) thus gives

(¢} €
W Jmex max (27)

o 1+n

The actual stress and strain concentration factors are defined by the

| equations

Oax = K ‘ (18)
and .

rax = Ke ) N (19)

According to an analysis developed by Neuber,l“’ the quantity (-KcKc)

remains constant even after yielding, and can be estimated from the

equation

(20)
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Neuber's | original a.nza.'l.ysis:!'4 was for in-plane shear loading, but subsequerit
studies by Van Buren,l5 and by Gowda and Topper, 16 have supported the use
of Eq. (20), at least as an é.pproximation, for other modes of loading.
Therefore, substituting Egs. (18) and (19) into Eq. (17), and using Eq (20)
gives

o _ w2 _SA ‘ .
WO - Kt 'l_"+'—n » (21)

From Eq. (16), it also follows that

SA =j‘"s.dx=u , (22)
o

where U is the nominal strain energy density at the location of the flaw,

in ksi. Combining BEgs. (21) and (22) gives

W =x2u , (23)

and combining Egs. (23) and (14) then gives

2
KU

3 ™ . © (24)

J =

Equa'l;.ion (23) e:'@resses the basic physical relationship implied by this
analysis, namely, the proportionality between the maximum strain energy
density at the crack tip and the nominal strain energy density.
The elastic stress concentration factor, Kt’ can te evaluated by recognizing
that Eq. (13) is actually a good approximation whenever the ratio of notch depth

to root radius is large. Thus, combining Eq. (13), without the limit notation,
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with the basic expression for the stress intensity factor, which is

KI=Cst , | (25)
gives -
Kt=20./-a- . (26)
[
Substituting Eq. (26) into Eq. (24) eliminates the unknown root radius
and gives
(27)

J = (2mc2a)y ,

Thus, the value of the J Integral is approximately proportional'fo the
product of the crack size and the nominal strain energy density. If J
has a constant value at fracture, then the product of U times a must be
constant at fracture.

By substitution, Eq. (27) can be rewritten in a form identical to the

equation for X , Eq. (25). Assuming the validity of Eq. (3), then at fracture

Kz
= = _£ = 2
J, =G, =5 (2w c2a)u , (28)
where the subscript I implying plane strain has been set aside pending
experimental verification. The quantity U can be written as
N -
P (5¢)?
= (29)

2E

where S; defines the end point'of a pseudo-elastic stress strain curve,

the area under which is the same as the area .inder the actual S = A curve

at maximum load, as shown in Fig. 3. Substituting Eq. (29) into Eq. (28)

then leads to

K: = cs; /M, (30)
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where K: is an estimate of K, based on S;. Equation (30) is identical in

form to both Eq. (25) f‘or‘KIc , and to Witt and Ma.ger's7 expression for K. .

in terms of the nominal stress.

An e::pregsion applicable to the Compact Tension Specimen, and identical
in form to Eq. {4), can now be derived. The first step is to define a
normalized load-displacement curve that has an initial slope equal to E,

the elastic modulus. The normalized load can be arbitrarily defined by the

equation
p .
S = 'B—2 . (31)
Then, if the initial slope of the curve of P/B? versus &/B is k’, the
normalized displacement will be defined by the equation
_k’7 A -
M=g B\. ’ (32)
Y
It is also necessary to assume that K(_J and Ke remain constant during load-
ing, and that Eq. (23) therefore remains valid.
. For elastic conditions, Eq. (13) can be written, without the limit
notations, as
K. =+K,S,/m (33)
Ic 2°tf : .
It follows from Egs. (30) and (33) that
* ] *
K" == J . 34
c =3 Kts g /TP (34)
For elsastic condi't'.ions,2
PY
_°f
Kpo = . (35)
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Combining Eqs. (31), (33), and (35) gives

2BY
K, = . (36)
L=
Finally, combining Egs. (34) and (36) gives
.
PY :
k= I (37)
B/W
which is identical to Eq. (4).
Noting that
* ,
K, =Kpoq > . (38)

it follows that an espproximate relationship between the J Integral and

the parameter KIc a does exist, subject to the limitations of deformation

theory.

The ebove derivation should not be interpreted as a general proof that
the gross load-deflection curve always controls the fracture process, beyond .
the elastic range. This hypothesis can be disproven by considering an edge
cracked, eccentrically loaded, elastic-ideally plestic tensile bar with the
crack on the side of the minimum strain. Deformation theory definitely does
not apply to this specimen, because shortly after yielding occurs on the
‘side of the maximum strain, the stress and strain on the other side (the

. cracked side) can begin to decrease, before yielding occurs there. A calcu-

lation of KIc 4 for this specimen would be meaningless.
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A Graphical Procedure for Estimating Upper and Lower Bounds
on the Fracture Toughness

In applying Eq. (4), Witt and Mager'7 found that the calculated values
of'Kch, for A533-B steel, either remained constant or increased as the
specimen size inereased as shown in Figure 4. Assuming this to be the case.
Wi_tt and Magerl7 proi)osed a calculational procedure for finding upper and
lower bounds on the fracture toughness that would be obtained from an in-
finitely large specimen. If two geometrically similar specimens are each

tested to their maximum load, then from Egs. (29), (30), and (38),

2

(’ KIct\ e T (39)
SE— E— . ,

\ KI em / amUm m Um

~

where the subscripts m and t denote the model size and some other size,

respectively. Witt and Mager]'.7 used the definition

2 (40)

n. t is termed the size effect, or the volumetric emergy ratio,
td

between the sizes m and t. Combining Eqs. (39) and (40), and inverting,

where 8

glves
Iem m -
\F— / “Spt T (41)
\Kpeg 4/ ™ T
For determining a lower bound, Witt and Magerl7 assumed that
= = A
Ktet KIcp 2P, (42)

where p represents the size of a prototype, and p > m.
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For determining an upper bound, Witt and Mager17 assumed that

Sy, ¢ = 2 +ejt , (43)

where the constants cy and c, are determined bs,r the values of KI em and

K

Icp' For t = n,
e, tem=1 . (44)
For t = p, using Eq. (41),
KiemS .
e, +et=8 = P— =3 . (45)
27" " Byt (\KIcp
_Solving Egs. (44) and (45) for ¢, and c, gives
(B K cm\ -1
e, = SIcp ’ (46)
P-n
and
c2 =] - clm . (47)
Combining Eqs. (41) and (43) gives
f'//x ) 2 -
B (et ()= (@) (@) § (48)

Equation (48) implies that if Eq. (43) is assumed, then the quantity -

2 ;
(KI'cm/KIct) will be a linear function of 1/t. Therefore, on a plot of
( /KI ct) versus 1/t, as shown in Figure 5, the upper bound value of
is determined by the intercept of a straight line through the points

Kiet
corresponding to t = m and t = p with the vertical axis, providing that the
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curve is concave upward. The value of the upper bound is given by

‘Krem\ C(I
{ em) _ cp ’
\¥; ,) " =T _ ) ’ (49)
c ' (\ 1
so that
P
-1
Koo = (50)
{\m ;) =3
/ Icp
In addition, if similitude holds at fracture, for some range of thickness,
then, from Eq. (40),
8 =1, (51)

and substituting Eq. (51) into Eq. (41) gives

k 2
K_Icm = {E . (52)
Ict
According to Eq. (52), the condition of similitude at fracture is represented
by a straight line through the origin, in the type of plot shown in Fig. 5.
2 o o
A plot of (KIcm/KIct) versus 1/t for A533-B steel, at 100°F, 200°F .

and 550°F is shown in Fig. 6. This plot is based on the data shown in Fig. 4.
The curves all show a {tendency to be concave downward instead of concave
upward. Thus, the upper bound values increese instead of decrease as p in-
creases, for a fixed value of m, and the existence of an asymptotic value

of KIct is not clearly established, at least at these temperatures. However,

since KIct does increase as t increases, a value of KIcp is, as assumed, a

lower bound value for all thicknesses equal to or greater than p, for this

material.
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Discussion and Coneclusions

An approximate relationship between the J. Integral and the parameter
ICI cd of the equivalént energy method has been derived. The assumptions of
a semicircular notch tip configuration and the strain energy density on the
notch tip varying with cos 6 were shown to be reasonable assumptions by using
them to derive the Irwin-Neuber equation, Eq. (13). The use of Neuber's
inelastic stress and strain concentrafion factor equation, Eq. (20), may
be Iincompletely justified theoretically, but it has enough e:@erimenta.'l_.'
Justification to warrant its use, at least on an-interim basis. This |
equation should be further investigated theoretically. Existing data are
such that the upper and lower bound values of fracture toughness do not
always converge at the higher temperatures. This phenomenon also needs
further study. | The lower bound hypothesis is thus far confirmed by the

experimental data for A533-B steel.
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Figure Captions

Comparison of Ko and Kro1 Values up to 50°F (longitudinal

direction).

Crack Tip Configuration Assumed for Analysis.

Diagram Defining sf*.

Variation of Kch as a Function of Temperature and Thickness,

for A533-B Steel.

Schematic Example of Graphical Determination of Upper and

Jower Bounds on Fracture Toughness.

Curves for Graphically Determining Bounding Values of Fracture

Toughness for A533-B Steel.
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