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SOLUTIONS OF THE SCALAR HELMHOLTZ EQUATION
IN THE ELLIPTIC CYLINDER COORDINATE SYSTEM

Abstract

In this paper we describe a method for
determining the eigenvalues for the scalar
Helmholtz equation in the elliptic cylinder
coordinate system. Complex expansion
parameters are considered so that numer-

ical results for physical problems involv-

ing energy dissipation as well as energy
flow can be obiained. Sample numerical
results are presented for the eigenvalues,
radial eigenfunctions, and angle eigenfunc-
tions. Applications of these results are

discussed.

Introduction

Elliptic cylinder functions are encoun-
tered in a large number of problems in
mathematical physics.! % Examples of prob-
lems involving elliptic c¢ylinder functions
are solutions of the diffusion equation and
the scalar wave equation in the elliptic
cylinder coordinate system. Problems
in acoustics, thermal flow, gravitation,
electromagnetics, and optics (among
others), can thus involve elliptic cylinder
functions,

The damped scalar wave eguation for
¢ can be expressed as

2

2 1 9% .1 8¢
V% = e o+ = (1)
c2 at2 h2 at

where in electric problems, ¢ represents
the electric potential (volts); in magnetic
problems, ¢ is the magnetic scalar poten-
tial (ampere-turns); i» thermal problems,
¢ represents the temperature (degrees
Kelvin); in gravitation problems, ¢ is the
gravitational potential {joule/kilogram);
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in vibration problems, ¢ repregents the
displacement (meters); and in hydrody-~
namics and acoustics, ¢ is the velocity
potential (meter2/second).

The diffusion equation

2, .1 9%
V¢';2'3T (2)

and the undamped scalar wave equation

2

@
€

2 1
Ve = = (3)
C2

g

are of course special cases of the damped
scalar wave equation {Eq. (1})]. The quan-
tities c::2 and h2 are physical quantities
dependent upon the properties of the
medium,

By assuming ¢ is of the form

¢ = R(spare) T(time), (4)
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substitution of ¢ into Eq, (1) yields

v?R + %R =0, (5)
and
2 2
T
d—~2—+':-§ %'tl+72c2T=0 18)
dt

where -y2 is a separation constant, Using
the general sclution of Eq. (6), we can
express ¢ via Eq. (4) as

2
¢ = R(space) exp |- <t
pace) exp- g

3 1/2
+ ( °—4~ 72c2> t]. @)
4h _

For the special case of the diffusion
equation,

¢ = R(space) exp [--yzhzt] (8)
and for the undamped wave equation, Eq.(3),
¢ = R(space) exp [jyct]. ®

it is thus seen from Egs. {1} through
(9) that solutions of the diffusion, the
undamped scalar wave, and the damped
scalar wave eqguations can be 2xpressed
as a product of a spatial variation
R(space) and a characteristic time varia-
‘tion T(time).

For the transient response, the sepa-
ration constant v is determined by spatial
boundary conditions, For problems
where the interest is directed towards
the steady-state response to a forced
sinugoidal variation of exp [+jwt], the
separation constant v is determined by

the temporal variation, Eg. (6). This
leads to the results

- iy {10)

2=l (1)

(12)

for the undamped scalar wave equation,
From Eqs. (10) through (12), it is seen
that -yz can be either pure real, pure
imaginary, or a complex number, de~
pendent upon the particular problem of
interest,

It is helpful to provide exaraples of the
above equations applied to physical prob-
lems, In heat flow thermal problems,
the diffusion equation is pertinent, and
the parameter h2 is defined as

n?= c—ktg (13)
]
where h? is the diffusivity (m?/sec), k, is
the thermal conductivity (watt/meter/
degree), c_ is the specific heat (joule/kg/
degree), and 6 is the density (kg_/m3) of
the medium,

In acoustical problems, the undamped
scalar wave equation is pertinent, and the
parameter c2 is defined as

2= p ;t- (14)
where c is the velocity of propagation
(m/sec), p is the equilibrium pressure
(newton/mz), 7, is the ratio of the thermi-~
tivity (joule) at constant pressure to the




thermitivity (joule) at constant volume,
and 6 is the equilibrium density (kg/ma)
of the medjun..

In electromagnetic wave propagation
problems, the damped scalar wave equa-
tion is sometimes applicable, The pa-
rameter c? is the % defined as

2=L (15)

ne
where ¢ ie the velocity of propagation
(m/sec), y is the permeability of the
medium (henries/m), and € is the per-
mittivity of the medium (farads/m). The
2

parameter h® is auined via

2_1
h _EE (16)

where h2 is the diffusivity of the medium
(mz/sec), and ¢ is the conductivity of the
medium (mhes/m).

The temporal response of ¢ for both
transient and forced sinusaidal responses
has been discussed above. For those
interested in more detailed examples,
representative references have been
listed. The remainder of this report is
concerned with the spatial response,
R(space}, governed by Eq. (5), This
equation is the scalar Helmholtz equation,

Solutions of the Scalar Helmholtz Equation

This section is concerned with solu-
tions of the scalar Helmholtz equation
[Eq. (5}] in the elliptic coordinate system.
The elliptical coordin~te system consists
of:

e The system of confocal hyperbolas
and ellipses comprising the two-
dimensional elliptic coordinate sys-
tem (see Fig. 1),

¢ T.e cylindrical coordinaie system
obtained by translating the elliptic
coordinate system perpendicular to
its plane of definition,

We assume that the reader is familiar
with this coordinate system; if not, refer
to the list of references.

The spatial variable R in the scalar
Helmbholtz equation [Eq. (5)] can be rep-
resented as

Rispace) = U(E)V(nNZ(z) (17)

where £, n, and z are the elliptic coordi=

nate system coordinates, Substituting
Eq. (17) into Eq. (5) yields

2
——d§+kgz=0 (18)
az

€?- 1):—;‘1+5 ¥
-fo - 22 2)etlu-0 a9

2

2,d°vV dav
(1-n")=—-ngz
dn n

+[b - 12(2- kg)nz]v =0. (20)

The separation constants, k: and b, are
associated with the z and elliptic cylinder
variations, respectively.

The solution of Eq, (18) is

Z(z) = exp [#jk Z]. (21)
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7 = tos v = constant

Y
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Fig. 1. The

s s

scribes the system of confocal hyperbolas.

0sv<2m, £21, uz0,

Solutions of Egs, (19) and (20) are solu-
tions of Mathieu's equation, as they are
both of the form (letting m = § or n and
y=UorV)

2
(a -mz)i-é - m% +[a +2q-4qm2]y =0
dm (22)
where
4q = 2( 2 2
q=27(r" -k, (23)
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£ = cosh u = constant

coordinate system (x = £€n = {coshucos v, y =4 [(52 -1)
= £ sinh u sinv, z = constant, £ = semifocal length).

Note: £ de-
n=cosv, £§ =coshu, -1sns+1,

b =a + 2q. (24)
The quantity a in Eq. (22) is commonly
deroted as the characteristic value (eigen-
value) of differential Eq, (22), and q is
the expangion parameter of this equation,
The gquantity k, in Eq, (21) is determined
by the forcing function governing the Z(z}
variation of the physical phenomena,

The sequence by which we determine
the eigenvalues ana eigenfunctions for a



steady-state problem fthe approach fol-
lowed for a transient problem is not dis-~
cussed further herein) is as follows:
1. determine k, for the Z{(:) variation,
2, determine 72 from Egs. (10)
through (12),
3. determine q from Eq. (23),

4, determine the characteristic value
(eigenvalue) a, as described below,

5, determine b from Eq. (24),

6. generate the eigenfunctions [the
angle function V(1) and the radial
function U(£)] for the values n and
£ of interest.

Determination of Eigenvalues and Eigenfunctions.

The eigenvalue a, the angle eigenfunc-
tion V(n), and the radial eigenfunction
U(€) are intimately connected as can be
seen by examining Egs. (19), (20), (22),
and (24). The angle function V(n), where
n = cos v (see Fig. 1), can be expressed
as the sum of an even function in n as
well as an odd function in n, The vari-
able n (see Fig, 1) satisfies ~1sn< 1,
Because 1 = cos v, the variable v can
have a periodof 0 s vsgror 0 svs 2y,

This means that there are four sets of
solutions to the angle differential equation
[Eq. (20)].

e Even solutions of period 7 in v,

These four solutions are:

¢ Even solutions of period 27 in v,

e Odd solutions of period 7 in v,

e Qdd solutions of period 27 in v,
These four cases each have their own set
of eigenvalues. For each of the four
cases of eigenvalues there are associated
That is, there

are four cases of angle functions and an

angle and radial fun~tions.

associated set of four radial eigen-
functions,

Methods exist for determining the
eigenvalues, but they are complicated
to apply except for small values of
q. If g is small, power series expan-
sions have been determined for the

eigenvalues,

For larger values of q, no simple and
accurate riethod has been available for
determining the eigenvalues.
and accurate (although approximate)
method by which we can determine the

A simple

eigenvalues for larger values of q follows,
Note that the quantity gq is in general com-
plex, as can be seen by referring to

Egs. (10)-(12), and (23).

There is an infinite number of eigen-
values for each of the four angle func-
tions, The sequence of eigenvalues is
denoted by the integer number r, where
r 2 0, The notation used ior the eigen-
values is a, —to represent the even per-
iodic solutions in v (with r =0,1,2,.,..),
and br—to represent the odd periodic
This
notation is consistent with thatf used in
Ref. 7,

For each eigenvalue a, and br' there

solutions in v (withr = 1,2,...),

is an associated angle function Vr(n)'

where

00
1]

Vr(n) = cer(v.q) = z A:n cos mv  (25)
m=0

o0
T
V. =se.tv,g) = ) BL sinmv  (26)
=0

g



for solutions of period 7 in v (r and m

even);

0
V.(n) = cer(v,q) = Z' A;‘ cos mv  (27)
m=1

(L
1
Vr(fl) = Ser(V.q) = Z Brm sin mv (28)
m=1

for solutions of period 27 in v (r and m
odd). The interrelationship between the
eigenvalues a . and expansion coefficients
A;‘, and also the eigenvalues br and ex~-
pansion coefficients Brm, is determined
by substituting Eqs. (25) through (28) into
Eq. (20), The results are:

arAg-qA“=o

r r r\ _
(a, - 4)A7 - q (ZAO +A4) =0
r
Am+2)

=0 forin 24 (29)

2\, r
(ar- m )Am- q(Am__2+

for even solutions of period 7 in v (r and
m even);

(.- 4)B} - g B} =0

2\ pr r r
(br -m )Bm B q(Bm-z * Bm+2)
=0 formz4 (30)

for odd solutions of period 7 in v (r and

m even);
r r r\ _
(a, - DA] - q(A1 +A3) =0

2\,r r r
(ar‘“" )Am q<Am-2+Am+2)

=0 formz=38 (31)

for even solutions of period 27 in v (r and
m odd); and

o r_gar)._
b, - VB +q(Bl 33) 0
2, r r r
(b= m )Bm- q(Bm-Z * Bm+2)
=0 formz23 (32)

for odd solutions of period 27 in v (r and
m odd),

Alternately, Egs. (29) through (32) can
be represented in matrix rorm as infinite
tridiagonal matrices as below:

Even solutions of period 7 (r evenl

' a -g 0 o . . .. /Ao
-2 a-4 -q o AZ
o -q a-16 ~-q A-I
] 0 -q a-i6 \b

(33)
Qdd solutions of period r (r even)

b-4 -q 0 o] . . B2

-q b-16 -q 0 B4

0 -q b-36 -q B6
=0

0 0 -q b-64 BB

/
(34)
Even solutions of perind 2x (r odd)

a-l-q -~q 0 0 Al

-q a-9 -q 0 Ay

0 -q a-25 -q “\5
0 0 -q a-49 A, -0
7 (35)




Qd.d solutiong of period 2%

U-14q -g o o . . . B,
-q b-o -q D By
] ~q  b-=28 -q B5
0 0 -g b-40 B, v

/A

Equations (34) through (36) are infinite,

(36)

symmetric, tridiagonal matirices whereas
Eq. {(33) is an infinite, nonsymmetric, tri-
diagonal matrix, The eigenvalues of
symmetric, tridiagonal, finite matrices
are easy to generate, The eigenvalues of
nonsymmetric, tridiagonal, finite mat-
rices are more complicated to generate,
However, numerical solutions are feasi-
ble? for each of the Eqs. (33) through
(36), as long as one truncates the infinite
matrix to finite order,

The truncation process, of course,
introduces errors into the solutions for
a, and br for infinite matrices. BHowever,
this error can be made very small, It
can be shown that for small q and large r,

ar 9 2
=r°+ Jé +
b, 2{r®-1)

5r2+7)qt
32(r% - 13 (r%-4)

L (37)

Thus, for r2 >>> lql. an approximate
value for a, and br is r°. This is just
the term on the diagonal of Eqs. (33)
through (36) for large r. Thus, for this
large r, one may assume that there is
very little coupling of the diagonal term
of the matrix with any off-diagonal terms,
This means that the higher order
terms are decoupled from the lower
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order terms, and thus one can truncate
the matrices to a large but finite size
without significantly affecting the numer-
ical results for a, and b . The criterion
for generating accurate results for the
lower order a and b - 18 that the finite
matrices include terms up to r2>>> |q|.

After using matrix eigenvalue methods
to evaluate 2, and br' one can determine
the relative values of the expansion pa-
rameters AL, and B;l through the use of
Eqgs. (33) through (36). The normaliza~
tion of the A:n and BT coefficients is
governed by

z(Ag)2 * (A;)z + (A,’;')2 Fo=1,

- <]
" AT>0
8=0
OIf @ oo 3 AT
8=1
(E‘l')z + (B§)2 Fa=1, i' sBS>0
s=1
r 2 r 2 - m' r
@) +(B4) +...=1, Y sBD>0. @389)
e

By using these expansion parameters,
we can now generate the angle functions
of Eqgs. (25} through (28). For each angle
function, there is an associated radial
function U(£) governed by Eq. (19). Ra-
dial functions U!_(E), for the rth eigen-
value, analogous to the angle functions of
Egs. (25) through (28) are



0
U8 =Ce lu,q) = Z' A’; cosk ma  {39)
m=0

- ’?' ro_.
U.(8) = Se (u,q) = 2, By, sinh mu
m=2

40)

for solutions of period r in v (r and m

even);

) = LS ar (a1)
U.¢€ = Ce_(u,q) = z A cosh mu
m=1

. o]
- _ for .
Ur(E) = Se_(u,q) = z B, sinh mu  (42)
m=1

for solutions of period 27 in v (r and m
odd), where £ = cosh uand u = cosh ! § =
Infe + (g2 - n1/7,

A general solution of the scalar Helm~-
holtz equation expressed in terms of the
ce,, Cer' se,, and Se  eigenfunctions is

0
R{space) = Z(z} z' [ErCer(u,q)cer(V.q)
r=0

+ F Se_(u,q)se (v,q)]

wl
+ 'z [GrCer(U.Q)cer(v.q)
r=1

+ HrSer(u,q)ser(v,q)] (¢.)

where the coefficients E. F,, G, and
H_ are determined by the spatial bound-
ary conditions of the physical problem of
interest,

The radial function expansions ex~
pressed in Eqs. (39) through (42) are use-
ful for problems of interest where £ < 5
and q is of small or moderate size (|q|
RS 2). If the physical problem involves
radiation to infinity (§ - «), a choice of
radial eigenfunctions UL(€) other than
Eqgs, (39) through (42) is desired. The
reagon is that the asymptotic expansion
of the Cer and Ser functions do not indi-
vidually follow a radiation field behavior
for & ~ w0 of exp (~jx&)/(x§)}/2,

A set of linearly indaspendent radial
eigenfunctions U (§) that can satisfy the
radiation field behavior for £ - « is the
set UP(E) = Mcr(u,q) associated with even
angle functions, and Ur(g) = Msr(u,q),
agsociated with odd angle functions. By
definition,

<«
U6 = Me) ) = D (-1

k=0
2r (
2k )
X Xz—!‘ [Jk-l("l)zkjﬂ (uz)
2
+ Jk+1(u1)zl((j-)1(u2)] (44)

; - r+k
U € = MsPtug) = Y (1)
k=0
2r
B .
2k )
x % [r-1028),
2

- 3z )] @)

for solutions assvciated with angle varia-
tions of period 7 in v;




= rtk
U € =M, (wq - z -1)

k=0
2r+l
2k+1
x 3t [z, ()
1

. (i)
3y +1(ul)zkJ (uz)] (46)

0
= Ms () - _yrHk
U@ =M e =D (1)
k=0

2r+1
2k+1 ()
__f2r+ K neuz8)) )

: ()
- ]k+1(u1)zk (u2)] 47)

for solutions associated with angle varia~
tions of period 27 in v, where & = cosh u,
uy = ./q exp( (u; uy = /g exp(+u), Zl()() = Jp'
/ (2) _ 3 - 4
; Zp Yp, Z Hp J +3iY,, zp
g = Jp- J P “p
cal Bessel and Neumann functions of

and Yp are cylindri-

order p.

For a time variation of exp (+jwt}, use
of the above radial eigenfunctions with
j = 4 yields a radial variation (as £ -+ )
of exp (~jk&)//KE, which is the required
radiation condition for £ >, A general
solution of the scalar Helmholtz equation
in the elliptic cylinder coordinate system
can thus [in addition to the Eq. (43) expan-
sion] be represented as

©
R(space) = Z(z) 2'
r=0

X [ErMc:_j)(u,q)cer(v,q)

G)
+ FrMBr (u,q)ser(v,q)]

+

Ms

[GrMcS)(u,q)cer(v.q)

n

r=1

+ HrMs:;i)(n.q)ser(v,q)] ,  (48)

where the coefficients Er' Fr, Gr and Hr
are determined by the spatial boundary
conditions of the problem of interest,

Semple Numerical Results

Fror the general expression for
q give. in Eq. (20), it is seen that
physical problems can lead to a wide
variety of q values of interest, The
quantity q can be small, nicderate, or
large in magnitude, and can be a com-
plex number if the raedium is dissipa-
tive, Some sample numerical results
for the eigenvalues a, and br (obtained

using the matrix method described herein)
are given in Table 1, Sample numerical
results for the expansion coefficients

Arm and B;‘n are given in Table 2.
Theee-oimmensional plots of the angle and
radial eigenfunctions are shown in

Fig. 2. These results hava been com-
pared with available tabular and gualita-

tive results. 541,16
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Table 1. Eigenvalue Results.
q=0.1 q=0.1
r ar br r a. br
1 1.0987343130 0.8987655570 0 -0.00499454 38 0.
3 9.0008406853 9.000609%41% 2 %.0041611598 3.9991667028
5 25.0002083348 25.0002083347 4 16.0003333834 16.0003332966
7 49.0001041668 49.0001041668 [ 36.0001428575 36.0001428576
9 81.0000525000 81.0000625000 8 64.0000753651 64.0000793651
11 121.0000%16667 121.0000% 16667 10 106.0000565050 1000000501051
13  169.0000297619 163.0000297618 12 144 . 00L0349650 194.0000349650
15 225.00002232i% 225.0000223214 14 196.0000256410 196.0000256410
17  289.0000173611 289.0000173611 16 256.0000196077 256.0000196078
19  361.0000138889 361.0000138R39 18 324.0000154798 324.0000154799
20 400.0000125312 400,0000125313
q=1.0 q=10
r a, br r a, br
1 1.8591080725 -0.1102488170 0 -0.4551 386041 0.
3 9.0793688472 9.0477392508 2 %.3713009837 3.9170247730
5 25.020854% 3454 25.0208408233 4 16.0338323403 16.0329700814
7 49.010%192504 49.0104182494 [ 35.0142900460 36.0142899106
9 81.0062503266 B! .0062503266 B 64.00793718%2 6%.0079371892
11 121.0041667613 121.00%1667613 10 100.0050506751 100. 0050506752
13  169.0029762245 169.0029762345 12 144, 0034965589 144 . 0034965590
15 225.6022321571 225.0022321571 2] 156, 002564241 166. 002564 1242
17 289.0017361178 2689.0017361178 16 256.0015607937 256.0019607939
i®  361.0013888923 361.00! 3888923 18 324. 0015479922 324.0015479923
20 400.0012531352 4+00.0012531353
q=95 q=95
r ar br r a, br
1 1.8581875415 -5.7900805985 0 ~5.8000460208 .
3 11.5488320363 9.2363277137 2 7.4491097385 2.0994604455
5 25.5499717500 25.5108160463 4 17.0965816843 16.6482:93372
7 49.2614549086 49.26136831113 [ 36.3608999793 36.3508668480
[ 81. 1564649921 81 . 1564549559 8 64. 1988423870 €4. 1988405393
11 121.1042258933 121. 1042258933 10 100. 1263692161 100. 1263692156
13 169.074426049¢ 169. 0744260499 12 144, 0874473134 144 . 0874473135
15  225.05581247€7 225.0558124767 14 196.0641161133 196.0641161135
17 288.0434069445 289.0434069445 16 256. 0490256255 256.0490256258
19 361.03v7243v74 361 .0347243474 18 324.0387026377 32%.0387026379
20 400.0313299792 400.0313289794
q 10 q =10
r ar br r ar br
1 ~2.3991424000 «13.9365524792 [1} -13.9359799566 0.
3 15.5027843687 7.9686068 1447 2 7.7173698%98 ~2.3821582360
5 27.7037687339 26.7664263605 4 21.1046337086 17.3813806766
7 50.0626715473 50.0541572136 6 37.5336063380 37.4198587767
9 81.6283311587 81.6283131844 8 64%.800891010% 64.800%%02930
11 121.4176193567 121.4176193426 10 100.%5067700246 100. 5067694629
13 169.2979505465 169.2979605465 12 144 . 3502080087 144 . 350208008%
15 225.2233569750 225.2233569750 14 196.2866274613 196.2566274615
17  289.1735778363 268.1736778363 16 256. 1961748237 2%6. 1961748240
19 361.13689229098 361. 1389229098 18 324, 1548459537 2y, 15484SISH0
20 400. 12533682311 400. 1253382313
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Table 1,

(Continued)

o1

~1 G -

a

13
15
17
19

q =20

a
r

- 14.4913014&52
15. 3958109128
36.64498973y)
53.0644587232
83.3602284647

122.6822608110

170. 1959983656

225.8951334162

289.6955157232

361.5%61010752

b
r

-31.3133861669
1.1607056792
2B8.468221325)
53.1064751360
83.5521975422
122.6822337507
170. ;959583252
22%.8951534162
289.6955157232
361.35561010752

3

Lo O

10

14
16
18

20

q = 20

a
r

~31.3133900703
1.15%2028852
27.5945781546
4. 0629486460
67.345087524 1%
102.0489160243
145.4076588968
197.0291432766
2%56.7858628380
324.6199521768
400.5016530065

b
r

0.
-1%.4%910632560
15.4939775770
490.5896640505
67.2522407940
102. 9483928609
145.4076577532
197.0291432775
256.7858628382
324.6199521770
400.50)6530068
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Table 2. Expansion Coefficient Results.

cmowmne I3

—-Dmwe

-

g
B B

_—smpwe 3

=

omamLvo

v

SO W e

q=0.1
m =0 m =2 m =4 m =6 m =8 m =10
b, 9957550068 D.J249B53683 0.0C20520838 o 34 a. -9,
-0.0498832563 0.9996535808 0.0083335763 0.0000156250 €.0000000122 -0.0000001 157
0.000331678% -D.00B333553 0.9999527737 0 00~9935%78 L 0pBD0O?3135 -0.000ii(0%i8
-Q. 7 0. S -0. 3 7.9989981 1225 U D03571w0d1 0.00000% 16608
0.000000001% ~0.00000004 3% 9.000010%166 -0.0035713993 0 .999983 764 D.0027777675
-0. D. -0 1ew @ 0GQQ0S5S8CE 0 gJ27771est C 9999935532
q=0.1
m =1 m =3 m=25 m =7 m =9 m =11
0.9999199100 0.0126559404 0.0000261500 0. 37 -0 3 ~0.0000029189
-0.0126556567 0.5999003790 0.0062v499057 0.003010%15} -0.0009018562 -0.003+352333
0.0000529%10 -0.0062%97253 0.5999717882 0.00+41666355 0.0000055770 -0.0000036u 14
-D.N0ODDOI J 05 0.0000156246 -0D.0p4 1665163 D.99938E%357 £2.0031249963 £2.000002467
0.0000000001 -0.0000000217 0.0000074404 -0.003124381% €.9995319922 0.0024999775
-0. 0. -0. ] .0000043403 -0.0024399310 0.9999889825
q=0.1
m =0 m =2 m =4 m =8 m =8 m = 10
0. 0. 0. Ta. a. 0.
0. 0.9999652823 0.0093327084 0.00001562%8 0. 12w -0.
D. -0.008332682% 0.9999527823 0.0045939%80 0.0000074379 -0.0000020766
o 0. 391 -0. 00" 3 0.999901 1225 0.70357 14085 0.000a043370
0. -0.00000004 3% 0.0000( 04166 -0.0035713991 0.999989764 0.0027777689
0. 0.00€0000000 ~0.0000000| 24 0.00000550803 -0.0027777651 0.9999935593
q =0.1
m =1 m =3 m =35 m =9 m =11
£.9959238149 0.0123+35686 0.00002%49330 a. -0. 3 -D. 136
-D.012343+896 0,99990%2838 0.006P590% 0. -0.0000018562 ~0.0034992393
D.0DODSI2156 -0.0062497375 0.5399717802 D.00% 1661355 0.0000055770 -0.DD000364 14
-0.00000C106S 0.00001S624. ~0.00+16661G3 0.9939564367 0.00312%9863 0.0000034671
0. ¥ -G. 17 0.0000074404 -0.003124981u 0.9999913922 0.00249999775
-0. 0. -Q. 78 0.0000043403 -0.002+939910 0.99945885825
q=1.0
m =0 m =2 m =4 m =6 m =8 m = 10
0.3096735393 0.2222195229 0.00%2120752 0.0000433396Y 0.0000001937 0.0000000005
=~0.N1v1185726 0.9713884187 0.0835635398 0.001562832¢ d.0000(24009 0.0000000523
0.02%52085608 -0.083761571 3 0.9952376807 0,0%994R097.; 0.0007437625 G- 0000050236
-0.0096917993 0.0026496827 ~0.0v98983199 0.g9u2! ] 0.03569v 1822 ©.000+339200
0.000010734S =0.0000%4 @ 0.00104053993 ~-0.03569,0t6C 0.9989766513 a.027768B04 T2
-0.0000901069 0.00900046%8 ~0.0000123935 0.0005577836 -0.027765115% 0.999356024%
q-=1.0
m=1 m =3 m=5 m =7 m =9 m =11
0.9902020594 0.138615654%6 Q.0027110963 0.0000221476 0. 1 ~0. 2l
-0.1395114768 0.998251 1001 0.062%1175e% 0.00104) 1684 0.0000077473 ~D.00DD0023%S
0.0060343187 ~0.052167555 0.9971784386 0.0416354746 0.0005578674 0.0000036) 36
~0.0001280%0% 0.001557?7825 -0.0415616247S 0.9986%32892 0.0312363120 0.0003471529
0.00000J61C1 -0.0000216621 0.0007435625 -0.0312313515 £.9931993551 0.0249928331
-0.0000000) 36 0.0000001936 -0.0000077477 0.0004339418 -D.0249909837 0.9934705498
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Table 2, (Continued)
q=1.0
r m =0 m =2 m =4 m =6 m=3§8 m = 10
0 o . 0. a. 0. 0.
2 0. 0.9955719156 0.0827162783 0.0015601770 2.00001334y 0.0000000538
3 0. -0.0826907809 0.5953225020 0. 0439479581 0.0007%3 640 0.00000516%1
6 o 0.0025787%18 -0.045300% vy 0.9981127370 0.035694 1921 0.0004339222
8 o -0.0000429271 0.0010405640 -0.0456850163 0.93897¢6513 0.02776804 72
10 0. 0.0CH0DD4MER -u.000012393? 0.0CL0%577036 -0.0277851155 0.9993560249
g=1.0
r m =1 m =3 m =95 m =7 m=9 m = 11
1 0.9939679614 0. 1096424733 0 002993854 0.000021243% 0.00000903856 -0.00000060619
3 -n.i095837919 0.9920165102 u. 6523993320 0.00104 ! 1467 0.0000077473 -0.0000002345
T 5  0.0043676409 0.0622843394 0.9971793039 0.0% 16354736 6.00058786T 0.00000; 5135
7 -0.0000889579 0.0015595117 -0.0416162827 0.9986+37893 0.03:2263120 D.0003471523
a 0.0000010969 0.0000216769 0.00074 35630 -0.031231 5615 ©.999199355) 0.9249928231
11 0.0000000091 0.0000001936 0.00000% 7477 0.000%3303140 -0.02493909857 0.99%4705438
q=35
r m =0 m = 2 m =4 m =6 m =8 m =10
0 0.6%26133230 0.4682368471 0.1243133178 0.0054072967 0.000t207521 0.0000015788
2 7454373703 0.7273859705 0.4250667636 0.0393220351 00018504784 0.0000336194
4 0. 175837953 0.47470680870 0.664 7575626 0.243685073+ 0.01842529%6 0.0006429250
6 .021215%710 0.0844473289 ~0.235%113027 0.39%0261927 D 173065)465 0.01070%B072
8 0.001524905 -0.0075023969 D.0252501037 -0. 1 7430044FY 6.9745413710 0.1376'51206
10 .DODO721 785 0.0004D61161 0.0015269176 0.01379:9529 -D. 1373091204 0.993%556403
q=95
r m =1 m =3 m =35 m =7 m=9 m = 11
1 . 7624636873 0.6423435017 0.0776857977 0.0029772523 0.00006% 1247 0.060000087+3
3 .6315963198 0.7126512402 0.3037510302 0.0257600531 0.0009538771 0.0000201277
5 a .2 1 0.9277203962 0.2044501910 0.0138458660 0.0004504179
7 .0149155962 0.0376052556 -0.2017061483 0.9662917648 0. 1545430732 0.008637284%
9 0.0009448418 0.0u27162626 0.018274575% -0.1539218460 0.98006560998 0.12%1065237
11 .0000397019 ©.0001242660 -0.0009530377 0.0107593250 -3.1238758%18 0.9868019260
q=35
r m =0 m =2 m =4 m =8 m=8 m =10
L) 0. D. 0. 0. 0.
2 a. 0.9334234415 0. 3567820584 0.0375931646 0.0015301923 0.00003344%3
4 0. 0.3548039150 0.9025315914 0.2432332734 0.018%231607 0.0006429762
6 0. 0.0529637294 0.2397742651 0.9531987773 0.17606%d049 0.01076848065
8 0. ~0.0042958855 0.02548017:2 -G. 1749189852 D0.9745% (5108 0.1376751205
10 0. 0.0002197364 0.0015320845 0.013793014+ ¢. 1373091330 0.98395564%0%
a=5
r m =1 m =3 m =& m =7 m =9 m =11
1 9400190217 0.3373722391 0.0503824F20 0.002411525" a. 35 a. 3
3 . 3365419626 0.8931139037 0.2973655134 0.0256688236 0.J00096334368 a.00go201248
9 . 0554775287 -0.2951587257 0.9315€69962 0.204%4372579 0.0138458185 0.0004504177
7 . 0050895533 0.0374431813 -D.2021936395 2.9662978916 D. 1545430664 0.0086372844
D .000293B790 -0.0026169523 0.018305722) -0.1539224680 0.99006561!25 0.1241065237
11 .0000116023 ©.0001172335 0.0009502770 0.01075935"7 -0 0.9868019280
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Table 2. (Continued)
q=10
r m =0 m =2 m =4 m =8 m =8 m =10
[} 0.5587543702 0.4%88731290 D.31937%3530 0.042635306! 0.001915936! 0.000053427)
2 ~0.7787348569 0.3464118952 0,6740270896S 0. 1600256796 0.012%154365 0.0005369783
Ar 4 D.2793063957 -D.768972107 0.51%1513002 0.%513532021 0.07:16550883 0.005075350%
m &8 -0.057«24 1400 0.2904931609 ~0.4%1 15724907 +.B81190053727 0.3372677788 0.0423531673
8 0.D07452%172 -0.05263592853 0.0988010007 -0.3268396210 0.8997061E57 0.2681312525
10 -0.0006577487 0.0057486706 -0.0126669723 0.0531260697 -0.2652111208 0,936507+239
q =10
T m =1 m =3 m=>5 m =7 m=9 m =11
1 0.5693674530 0.7552688875 0.3236196051 V.025667)596 0.0010762912 0.00002089359
3 -2.7629035580 0.340068)12942 0.54056670%1 C.10D0262782% 0.0076016653 0.0003195032
Ar 5 0.30027717G6 -0.534121355¢ 0.6874438568 0.3860386105 0 05%1333351 0.0035628433
m 7 ~0.0598301340 0.1871852740 ~0.354697783« 0.8672531076 0.29894€3772 0.0340325633
it 0.0072w4EBu | -0.0259027624 0.0679287438 -0.2938780903 02.9212788043 0.2%28930233
11 -0.0005838837 G.0024 706074 ~0.0073368313 0.0419271930 -0 2410595593 0.3476831925
q =10
r m=10 m =2 m =4 m =86 m = 8§ m = 10
[t o D. 0. 0. Q. 0.
2 0. 0.8339073560 0.5354554495 0.1332191982 0.01!7623066 0.0005257660
Br 4 0. -0.53221287C0 0.7165133206 0.4452166791 0.0715153422 0.0050739979
m [} Q. 0. 1444147632 ~D. 436977683 0.8204286409 0.3372357122 0.042352959! 1
hi C. -0.0220821%92 0.0961478631 -0.3287273385 0.8997383572 0.269131207
10 a. 0.0021713753 -0.0117503789 0.0533334266 -0.2652170288 0.9365074665
q =10
r m=1 m =3 m=25 m =7 m =9 m =11
1 0.8902865333 0.4323950133 0.5419460131 0.0165053111) 0.0008350136 0.0000244677
r 3 -0.%394945193 0. 7344891595 0.5076901625 0.0979%31569 0.00756750871 0.0903191020
B 5 0.1177626067 ~0.50686%.1077 0.7600379755 0.3855120652 0.0541270950 0 0035628010
m 7 -0.019032372y 0.1273076300 -0.373%350510 0.8679248320 0.2989450215 0.0340325773
a 0.0020205830 ~0.01773436186 0.0702415951 -0.2940191430 0.9212600835 0.2v28930221
11 -0.0001503537 0.001577515% -D.00751022:2 0.0419%2185% -0.2410597792 0.9476831934
q =20
r m =0 m =2 m =4 m =86 m =8 m = 10
[} §.%940158162 4. 3691324076 -0. 3843275020 0.2396717615 0.029668469! 0.0016730519
2 =-0.7734654976 0.0213045650 -0.€3026 78749 0.5280322260 0.0839024509 0.0085366569
Ar L] 0.3776520089 -0.7+13101535 Q.143082823) 0.5783828747 D.2570834714 {.0305043937
m 6 -0.1199362352 0.5289594767 0.6132171237 0.2835242194 0.5601063415 @ 157126410}
8 0.0260129203 =0.1 -0. 535 -0.46' 136 0.6207677038 0.4803970%46
10 -D.0040327457 0.03755a4040 8.1163479515 0.17909%9312 -0.4562557770 0.756B029588
q =20
r m =1 m =3 m =5 m =7 m =9 m =11
1 0.427739G31y -0.5791210090 0.6584943820 Q.2184031892 0.0185045833 0.0D0975934Y
3 ~0.7590507447 0.1622751820 0.51510608924 0.3588851298 0.05 0. 9620659
Ar 5 0.4638154606 0.631015078C 0.0535) 18555 0.5866561655 0.1972822868 0.0272289490
m 7 -0.1567830634 -0.4652945803 -0.4839496420 0.4877305038 0.5197622207 0.1280271992
9 0.0339025763 0.1507772882 0.24544+02842 -0.4680143269 0.7008727680 0.444437725)
11 -0. 30 -g.02 1 -0.0603934163 6.1472005005 -0.4300425002 0.7982312593



T'able 2, (Continued)
q =20
r m =0 m =2 m = 4 m =6 m=8 m = 10
o a. a 0. 0. 0. a.
LR 0.7010847403 6.8214050277 03407965465 0.0780448220 9.0076174893
BI‘ 4 1] -0 64813%E408 0.3571207727 0.6234815574 €.2493555834 0.0363246130
m 6 0 0.2070909763 -0.6304%D5B36 0.4257635553 0.560156798) 0.1570710783
a4 u. -0.07664179)1% D.28927CEGHS -0.5257759732 0.6259521735 0.4803900015
1Q 0. 0.0136938087 -0 0711278833 0. 1896660530 -0.4583694368% 0.7568322868
q =20
r m =1 m =3 m =25 m =7 m=9 m =11
1 0.8329837530 0.4 755658677 0.2692495399 0.085800081 | D.0108495553 0.0006931470
3 -p.S128425347 0.4793871745 0.6390398375 0.3033370706 0.0556322918 0.0048103311
BT 5  0.200737)883 -0.6634BBT2SS 03527985057 0.5353003095 D. 196525924 0.0272177234
7 -0.0523670336 0.31 14441364 -0.5778506024 0.52870915889 0.519718%448 0.1260240638
9 0.0095514815 -0.0B14946599 D 24pu263839 -0.4879168873 0.7013456562 0.uww 372483
11 -D.0012709838 .013879570% -0.D53EM06928 0.1515650350 -p.#392203118 b.786232793%
Remarks

While this technique of generating
Mathieu eigenvalues was being
implemented, the authors became
aware (through R. L. Pexton) of two
reports concerning elliptic cylinder
One
presents an eigenvalue deter-

eigenfunctions and eigenvalues.
of these

17~

mination procedure based upon similar
The other
pre3ents another method of
This method
It is
especially useful for large values of

q (i.e., g> 104).

ideas as discussed herein.
report‘a
generating eipenvalues.
is valid for all values of q.
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Appendix A

Useful Representations

Because many problems concern either plane wave excitations or line source
excitations, it may be helpiul to present the elliptic cylinder coordinate system repre-

sentation of the fields of a plane wave and of a line source.

Plane Wave Representation

-]
exp[+jl_f- pl = 2 emjm [cem(v,q)cem(v',q)Mcg)(u,q)
m=0

+se  (v,qlse (v'.q)Msg)(u.q)]

with

1 if m=0
€m~

2 if ma21,

The wave is assumed to be incident from the angle ¢' (with v' = cos '),

Line Source Representation

The solution of the equation
v2a + k%G = -5(|p - p'])

is
(1), 4)
@ . Me tulq) Me, (u,q)
G = -7 Hy k|p - o' D= -3 z cem(v,q)cem(v',q)
m Mcx(:)(u'.q) Mcg)(u.q)

Msg)(u',q) Msg)(u.q) uzu'
+2 sem(v.q)sem(v'.q) for .
m Ms::)(u',q) Ms:)(u,q) usu'

The sour~e location is at §' = cosh u' and v!. The observation location is at £ = cosh v

and v,
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