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SOLUTIONS OF THE SCALAR HELMHOLTZ EQUATION 
IN THE ELLIPTIC CYLINDER COORDINATE SYSTEM 

Abstract 

In this paper we descr ibe a method for 
determining the eigenvalues for the scalar 
Helmholtz equation in the elliptic cylinder 
coordinate sys tem. Complex expansion 
pa rame te r s a r e considered so that numer
ical resul ts for physical problems involv

ing energy dissipation as well as energy 
flow can be obtained. Sample numerical 
resu l t s a r e presented for the eigenvalues, 
radial eigenfunctions, and angle eigenfunc-
tions. Applications of these resu l t s a r e 
discussed. 

Introduction 

Elliptic cylinder functions a r e encoun
tered in a la rge number of problems in 

l—l fi 

mathematical physics. Examples of prob
lems involving elliptic cylinder functions 
a r e solutions of the diffusion equation and 
the sca la r wave equation in the elliptic 
cylinder coordinate sys tem. P rob lems 
in acoust ics , thermal flow, gravitation, 
e lectromagnet ics , and optics (among 
others) , can thus involve elliptic cylinder 
functions. 

The damped sca la r wave equation for 
<t> can be expressed as 

* c 2 at 2 

3$ 
at (i) 

where in e lectr ic problems, <t> represen t s 
the electr ic potential (volts); in magnetic 
problems, <t> is the magnetic sca la r poten
tial (ampere- turns) ; '-71 thermal problems, 
<t> represen ts the tempera ture (degrees 
Kelvin); in gravitation problems, <t> is the 
gravitational potential (joule /ki logram); 

in vibration problems, <J> represen t s the 
displacement (meters); and in hydrody
namics and acoust ics , <f> is the velocity 
potential (meter /second). 

The diffusion equation 

? 
30 
at 

(2) 

and the undamped sca la r wave equation 

c2 i F 
(3) 

a r e of course special cases of the damped 
sca la r wave equation [Eq. (I)]. The quan-
ti t les c' J and h a r e physical quantities 
dependent upon the propert ies of the 
medium. 

By assuming <(> is of the form 

<|> = Rfspa'-e) Tftime), (4) 
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substitution of $ into Eq. (1) yields 

V 2 R + 7

2 R = 0, (5) 

and 

d f r + 4 d r + 7 V > T = o ( 6 ) 

d r \i m 

where y i s a separation constant. Using 
the general solution of Eq. (6), we can 
express <t> via Eq. (4) as 

r c 2 

$ = R(space) e x p j - ~x-t 

d^r (!) 

For the special case of the diffusion 
equation, 

<j) *= R(space) exp [ -y 2 h 2 t ] (B) 

and for the undamped wave equation, Eq.(3), 

<)> * R(space) exp [±jyct]. (9) 

ft i s thus Been irorn EqB. il) tnrcragh 
(9) that solutions of the diffusion, the 
undamped scalar wave, and the damped 
scalar wave equations can be axpressed 
as a product of a spatial variation 
R(space) and a characteristic time varia
tion T(time). 

For the transient response, the sepa
ration constant y i s determined by spatial 
boundary conditions. For problems 
where the interest i s directed towards 
the steady-state response to a forced 
sinusoidal variation of exp [+jwt], the 
separation constant y i s determined by 

the temporal variation, Eq. (6). This 
leads to the results 

.2 u) V ^ c h 

for the damped scalar wave equation, 

(10) 

y2--K 

for the diffusion equation, and 

(11) 

(12) 

for the undamped scalar wave equation. 
From Eqs. (10) through (12), it is seen 

o 
that y can be either pure real, pure 
imaginary, or a comple* number, de
pendent upon the particular problem of 
interest. 

It is helpful to provide examples of the 
above equations applied to physical prob
lems . In heat flow thermal problems, 
the diffusion equation is pertinent, and 

2 
the parameter h is defined as 

" • * 
(13) 

2 2 
where h is the diffusivity (m / sec ) , k. is 
(he thermal conductivity (watt/meter/ 
degree), c is the specific heat (joule/kg/ 
degree), and 6 is the density (kg/m ) of 
the medium. 

In acoustical problems, the undamped 
scalar wave equation is pertinent, and the 

2 parameter c i s defined as 

c ^ p - ^ - (14) 

where c i s the velocity of propagation 
(m/sec) , p i s the equilibrium pressure 
(newton/m ), y is the ratio of the thermi-
tivity (joule) at constant pressure to the 



thermitivity (joule) at constant volume, 
q 

and 6 is the equilibrium density (kg/m ) 
of the mediun.. 

In electromagnetic wave propagation 
problems, the damped sca la r wave equa
tion is somet imes applicable. The pa-

2 r a m e t e r c is tht i defined as 

c =-±r (15) 

where c is the velocity of propagation 
(m/sec) , /u i s the permeabil i ty of the 
medium (henries /m) , and e is the p e r 
mittivity of the medium ( fa raJs /m) . The 

2 paramete r h is a l i n e d via 

h 2 = i no (16) 

where h is the diffusivity of the medium 
o 

(m / sec ) , and <j is the conductivity of the 
medium (mha/m), 

The temporal response of •(> for both 
t ransient and forced sinusoidal responses 
has been discussed above. For those 
interested in more detailed examples, 
representa t ive references have been 
l isted. The remainder of this report is 
concerned with the spatial response, 
R (space), governed by Eq. (S). This 
equation is the sca la r Helmholtz equation. 

Solutions of the Scalar Helmholtz Equation 

This section is concerned with solu
tions of the sca la r Helmholtz equation 
[Eq. (5)] in the elliptic coordinate sys tem. 
The elliptical coordinate system consists 
of: 

» The system of coni'ocal hyperbolas 
and el l ipses comprising the two-
dimensional elliptic coordinate s y s 
tem (see Fig. 1), 

• T».e cylindrical coordinate system 
obtained by translat ing the elliptic 
coordinate system perpendicular to 
i ts plane of definition. 

We assume that the reader is familiar 
with this coordinate system; if not, refer 
to the l is t of re fe rences . 

The spatial variable R in the sca la r 
Helmholtz equation [Eq. (5)] can be r e p 
resented as 

R(space) = U(€)V(rj)Z(z) (17) 

where 5, 1, and z a r e the elliptic coordi

nate system coordinates. Substituting 
Eq. (17) into Eq. (5) yields 

, .2 . . d ^ U . - d U (C - 1) —g" + 5 gp-

n »2\ d v r, d V 

(18) 

• [b - £2(r2- *?)?2Ju = o a&y 

[b -X 2 (T 2 -k^D 2 Jv =0. (20) 

The separation constants, k and b, a re 
associated with the z and elliptic cylinder 
variat ions, respectively. 

The solution of Eq. (18) is 

Z(z) = exp [±jk, Z]. (21) 
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r) = cos v = constant 

f = cosh u = constant 

Fig. 1. The elliptic coordinate sys tem (x = ifjtj = A cosh u cos v, y = S. [ ( | - 1) 
(1 - n 2 ) ] V 2 = SL sinh u sinv, z = constant, i = semifocal length). Note: f de 
scr ibes the system of confocal hyperbolas. r\ = cosv, I = cosh u, -1 s r\ s +1, 
0 S v s 2 i , € * ! , u a 0. 

Solutions of Eqs. (19) and (20) a r e solu
tions of Mathieu's equation, a s they a r e 
both of the form (letting m = ? or IJ and 
y = U or V) 

(1-mVq-
dm 

m ^ £ + [a + 2 q - 4 q m 2 ] y = 0 
(22) 

where 

4q P-*Z 2) 
, 2 / 2 I IT (23) 

b = a + 2q. (24) 

The quantity a in Eq. (22) i s commonly 
denoted as the charac ter i s t ic value (eigen
value) of differential Eq. (22), and q is 
the expansion pa rame te r of this equation. 
The quantity k in Eq. (21) is determined 
by the forcing function governing the Z(z) 
variation of the physical phenomena. 

The sequence by which we determine 
the eigenvalues ana eigenfunctions for a 
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s teady-s ta te problem (the approach fol
lowed for a transient problem is not d i s 
cussed further herein) is as follows: 

1. determine k z for the Z(:;) variat ion, 
2. determine y2 from Eqs. (10) 

through (12), 
3. determine q from Eq. (23), 

4. determine the character is t ic value 
(eigenvalue) a, as described below, 

5. determine b from Eq. (24), 
6. generate the eigenfunctions [tfca 

angle function V(n) and the radial 
function U(§)] for the values n and 
5 of in teres t . 

Determination of Eigenvalues and Eigenfunctions 

The eigenvalue a, the angle eigenfunc-
tion v"(n), and the radial eigenfunction 
U(§) a r e intimately connected as can be 
seen by examining Eqs. (19), (20), (22), 
and (24). The angle function V(n), where 
n = cos v (see Fig. 1), can be expressed 
as the sum of an even function in n as 
well as an odd function in n. The va r i 
able n (see Fig. 1) satisfies - l s i i s l , 
Because n = cos v, the variable v can 
have a period o f O s v s j r o r O s v S 2jr. 

This means that there are four sets of 
solutions to the angle differential equation 
[Eq. (20)]. These four solutions a re : 

• Even solutions of period n in v, 
• Even solutions of period 2?r in v, 
• Odd solutions of period n in v, 
• Odd solutions of period 2?r in v. 

These four cases each have their own set 
of eigenvalues. For each of the four 
cases of eigenvalues there are associated 
angle and radial functions. That is , there 
are four cases of angle functions and an 
associated set of four radial eigen
functions. 

Methods exist for determining the 
eigenvalues, but they a r e complicated 
to apply e x c e p t for smal l values of 
q. If q is small , power s e r i e s expan
sions have been d e t e r m i n e d for the 
eigenvalues. 

For l a rge r values of q, no simple and 
accurate ne thod has been available for 
determining the eigenvalues. A simple 
and accurate (although approximate) 
method by which we can determine the 
eigenvalues for l a rge r values of q follows. 
Note that the quantity q is in general com
plex, as can be seen by referr ing to 
Eqs. (10)-(12), and (23). 

There is an infinite number of eigen
values for each of the four angle func
tions. The sequence of eigenvalues is 
denoted by the integer number r f where 
r a 0. The notation used for the eigen
values is a —to represen t the even p e r 
iodic solutions in v (with r = 0 , 1 , 2 , . . . ) , 
and b —to represent the odd periodic 
solutions in v (with r = 1 ,2 , . . . ). This 
notation is consistent with that used in 
Ref. 7. 

For each eigenvalue a and b , there 
is an associated angle function V (n), 
where 

V r(n) = ce r (v ,q) = £ A ^ cos tnv 
m=0 

V r(n) = se r (v ,q) = £ B ^ sin mv 

(25) 

(26) 

m=0 



for solutions of period w in v (r and m 
even); 

Vr(rj) = ce r(v,q) = £ A^ cos mv (27) 
m = l 

00 

Vr(iT) = se r(v,q) = £ ' B£ sin mv (28) 
m=l 

for solutions of period lit in v (r and m 
odd). The interrelationship between the 
eigenvalues a and expansion coefficients 
A , and also the eigenvalues b and ex-

m r 
pansion coefficients B , is determined 

m 
by substituting Eqs. (25) through (28) into 
Eq. (20). The results are: 
a ^ - q A ^ O 

( a r - 4 ) A ^ - q ( 2 A ^ + A ^ ) = 0 

< a r - m 2 > A m - < A

m - 2 + A m + 2 ) 

= 0 for m 2 4 (29) 

for even solutions of period w in v (r and 
m even); 

( b r - 4 )B^ - q B j =0 

( b r - m 2 K - < B m - 2 + B m + 2 ) 

= 0 for m a 4 (30) 

for odd solutions of period it in v (r and 
m even); 

<a r - 1)A[- <\(A\ + A 3 ) = 0 

( a r - - 2 K ^ ( A m - 2 + A

m + 2 ) 
= 0 for m a 3 (31) 

for even solutions of period 2n in v (r and 
m odd); and 

<b r - 1)B![ + q(B^ - B£) =0 

< b r - m 2 » B m - < B m - 2 + B

m + 2 ) 

= 0 for m 2 3 (32) 

for odd solutions of period 2ir in v (r and 
m odd). 

Alternately, Eqs. (29) through (32) can 
be represented in matrix rorm as infinite 
tridiagonal matrices as below: 

Kvon solutions of period r, (r evon) 

' a -q 0 0 . . . . \ /A„> 

-2q 0-4 -q 0 \ / A 2 

0 -q a-IS -q \ / A-l 

0 0 -q a-Uli I J :\„ 

(33) 

Odd s o l u t i o n s of p e r i o d IT (r even) 

b - 4 -q 0 0 . . \ / B „ 

q b - 1 6 -q 0 \ / B, 

0 - q b - 3 6 - q 

0 0 -q b -64 

\ : \ 
(34) 

Kvon sohiiions of porind IJ.T (r odd) 

/ a - l - q -q 0 

-q a-9 -q \ / " 3 

-q a-25 -q 1 / A 

0 0 -q a-4!> 

(35) 
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(36) 

Equations (34) through (36) a re infinite, 
symmetr ic , tridiagonal ma t r i ces whereas 
Eq. (33) i s an infinite, nonsymmetr ic , t r i 
diagonal matr ix . The eigenvalues of 
symmet r ic , tridiagonal, finite ma t r i c e s 
a re easy to generate. The eigenvalues of 
nonsymmetric , tridiagonal, finite ma t 
r ices a r e more complicated to generate . 
However, numerical solutions a r e feasi 
ble for each of the Eqs . (33) through 
(36), as long as one t runcates the infinite 
matr ix to finite o rder . 

The truncation p rocess , of course , 
introduces e r r o r s into the solutions for 
a„ and b for infinite mat r i ces . However, r r ' 
this e r r o r can be made very smal l . It 
can be shown that for smal l q and large r. 

order t e r m s , and thus one can truncate 
the matrices to a large but finite s ize 
without significantly affecting the numer
ical results for a and b . The criterion 

r r 
for generating accurate results for the 
lower order a and b_ is that the finite 

2 i matrices include terms up to r > » |q| . 
After using matrix eigenvalue methods 

to evaluate a and b_, one can determine r r 
the relative values of the expansion pa
rameters A _ and B!L through the use of 
Eqs. (33) through (36), The normalisa
tion of the A"L and B r coefficients is 

m 
governed by 

2 ( A o ) + ( A 2 ) + ( A 4 r ) + ' - - = 1 ' 

oo 

s=0 

8 = 1 

= r 2

+ - (5y + 7)q* 
2(r - 1) 32(r D 3 (r 3 - 4) 

( Bi) +( B3 r) +—-i. r < > ° 
s=l 

+ . . (37) 

Thus, for r > » | q |, an approximate 
9 value for a and b is r" . This i s just r r J 

the t e rm on the diagonal of Eqs. (33) 
through (36) for la rge r . Thus, for this 
large r , one may assume that there i s 
very l i t t le coupling of the diagonal t e r m 
of the matr ix with any off-diagonal t e r m s . 

This means that the higher order 
t e rms a r e decoupled from the lower 

tif+frf '•I s B s>° (38) 

3=2 

By using these expansion parameters, 
we can now generate the angle functions 
of Eqs. (25) through (28). For each angle 
function, there i s an associated radial 
function U(?) governed by Eq. (19). Ra
dial functions V K), for the rth eigen
value, analogous to the angle functions of 
Eqs. (25) through (28) are 
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Vr(?) = Cer(u,q) = £ A^coshmu (39) 
m=0 

U r (€) = Se r (u,q) = 2 ' B m s i n h m u ( 4 0 ) 

m=2 

for solutions of period w in v (r and m 
even); 

U r (5) = Ce r (u ,q) = £ ' A ^ c o s h mu (41) 
m=l 

U (?) = Se (u,q) = V ' B r sinh mu (42) r r L^ m 
m=l 

for solutions of period 2w in v (r and m 
odd), where § = cosh u and iu = cosh f = 
ln [? + (f 2 - l ) 1 / 2 ] . 

A general solution of the sca l a r Helm-
holtz equation expressed in t e r m s of the 
c e r < Ce se , and Se eigenfunctions is 

R(space) = Z(zi | S [E r Ce r (u ,q)ce r (v ,q) 
r=0 

+ F r S e r ( u , q ) s e r ( v , q ) ] 

+ 2 ' f G

r

C e

r < u ' q , c e r ( v ' q ) 

r= l 

+ H r Se r (u .q ) se r (v .q ) ] J ( O 

where the coefficients E , F , G . and r r r 
H f a r e determined by the spatial bound
ary conditions of the physical problem of 
in teres t . 

The radial function expansions ex
pressed in Eqs. (39) through (42) a r e use 
ful for problems of in teres t where 5 £ 5 
and q is of small or moderate s ize ( | q | 
~ 2). If the physical problem involves 
radiation to infinity (? — «>), a choice of 
radial eigenfunctions Up<5) other than 
Eqs. (39) through (42) is desired. The 
reason is that the asymptotic expansion 
of the C e p and S e r functions do not indi
vidually follow a radiation field behavior 
for S - « of exp (- j icO/dc?) 1 / 2 . 

A set of l inear ly independent radial 
eigenfunctions U r (5) that can satisfy the 
radiation field behavior for 5 -* a. is the 
set U r (5) - Mc r (u,q) associated with even 
angle functions, and U (5) = Ms (u,q), 
associated with odd angle functions. By 
definition. 

.r-Hc U r (? ) = McW (u.q) = £ ( - 1 ' ' 
k=0 

A 2 r 

xril-WVZkVv 
A2 

+ J k + 1 ( u 1 ) Z « . )

1 ( u 2 ) ] (44) 

r+k 
U r (§) = M s ^ ( u . q ) = £ (-1) 

k=0 

B 2 r 

B 2 

" J k + l ( u l ) Z k J - l ( u 2 > ] ( 4 5 > 

for solutions associated with angle var ia 
tions of period IT in v; 
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U r(f) = M c g + 1 

, 2 r + l 

(u.q) = J (-1) r+k 

k=0 

x 7 § £ [ W Z k J W 

< u l) Z k J ) ( u 2>] + J k + l < U 
(46) 

For a time variation of exp (+ju>t), use 
of the above radial eigenfunctions with 
j = 4 yields a radial variation (as € -» ») 
of exp (-JKS)A/K?'» which is the required 
radiation condition for 5 •* » . A general 
solution of the scalar Helmholtz equation 
in the elliptic cylinder coordinate system 
can thus [in addition to the Eq. (43) expan
sion] be represented as 

Ur(5) = M3W+ 1(u,q> = J (-1) r+k 

k=0 

2r+l 

- W V ^ M (47> 

for solutions associated with angle varia
tions of period 2ir in v, where ? = cosh u. 
ui = v'q" exp(-u), u„ = Jq exp(+u), Z 
A2)_ ,(3) '(1) 

<D. 
'(4) - Yp. Z ^ ' - H p 1 ' - J p + j Y p i Z{ 

= K p

2 ) = J p - jY p . J p and Y p are cylindri
cal Besse l and Neumann functions of 
order p. 

R(space) - Z(z) T 
r=0 

X [E rMc|? )(u,q)ce r(v,q) 

+ F r Ms^ | , (u .q)se r (v ,q)] 

r=l 
Y [ G

r

M c r > ( u ' c " ) c e r ( v ' ( ' ) 

+ H rMs|i i )(u.q)se r(v,q)j (48) 

where the coefficients E , F , G and H. 
are determined by the spatial boundary 
conditions of the problem of interest. 

Sample Numerical Results 

Fror the g e n e r a l expression for 
q given in Eq. (20), it is seen that 
physical problems can lead to a wide 
variety of q values of interest. The 
quantity q can be small, moderate, or 
large in magnitude, and can be a com
plex number if the medium is dissipa-
tive. Some sample numerical results 
for the eigenvalues a and b (obtained 

using the matrix method described herein) 
are given in Table 1. Sample numerical 
results for the expansion coefficients 
Af_ and B r are given in Table 2. m r.i 
Thic-s-dimensional plots of the angle and 
radial eigenfunctions are shown in 
Fig. 2. These results hav.3 been com
pared with available tabular and qualita
tive results. 3 ' 4 ' 7 ' 1 6 
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5.57 

0.19 

20 15 10 5 0 - . - t o * 0 * 5 

1.32 -1.32 

3.14 

20 15 10 5 6 0 - 1 8 , _ ,o<K° n 5 

Fig. 2. Thre^-dimensional plots of angle and radial eigenfunctions. 
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0.17 0.20 

20 15 10 5 0 , , , a < » a n S 

1.16 
0 z - t a * o ° s 

0.0001-, 0.52-
0.003 

3.14 

,x0&** 

Fig. 2 (continued) 
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Table 1. Eigenvalue Results. 

q «0 .1 
b r 

1 1.09873*3130 0.8967655570 
3 9.0006106853 9.000609**1* 
5 25.0002083318 35.00030833*7 
7 19.0001011668 *9.00010*1668 
9 81.0000635000 91.0000635000 
11 121.0000*16667 131.0000*16667 
13 169.0000397619 169.0000397619 
15 335.000033331* 335.000033331* 
17 389.0000173611 389.0000173611 
19 361.0000138889 361.00001381339 

q = 1.0 
b 

r 1 1 .8591080725 -0. .1103*88170 
3 9 .0783688*73 9, ,0*77393508 
5 35 .03085*3*5* 35. .0306*08333 
7 *9 .010*18350* 19 .010*183*9* 
9 81 .0063503366 8< .0063503366 
11 131 .00*1667613 131 .00*1667613 
13 169 .0039763315 169 .00397633*5 
15 335 .0033331571 335. .0033331571 
17 389 .0017361178 389 .0017361178 
19 361 .0013888933 361 .00I3B88933 

q = 5 
r a r b r 
1 1. .8581875*15 -5. .7900805986 
3 II .5*88330363 9. .3363377137 
5 35, .5*99717500 35. .5108160*63 
7 *9 .361*5*9086 *9. .3613831113 
9 81 .156*5*9931 81 .156*5*9559 
11 131 .10*3358933 131 .10*3358933 
13 169 .071126019' 169. .07**360*99 
15 335. .055813*767 335. .055813*767 
17 389 .0*3*069**5 389. .0*3*069**5 
19 361. .03*73*3*7* 361. .03*7313*7* 

q = 10 
r ar br 
1 -3.3991*3*000 -13 .936553*793 
3 15.50378*3697 7 .9860691**7 
5 37.7037687339 26 .766*363605 
7 50.0636715*73 50 .05*1573136 
9 81.6383311587 81 .63831316*1 
11 131.1176193567 131 .*176193*36 
13 169.3979605*65 169 .2979605165 
15 335.3333569750 335 .3333569750 
17 389.1736778363 389 .1736778363 
19 361.1389339098 361 .1369339098 

q = 0.1 

0 -0 .00*99*5*38 0 
2 * .00*1611598 3 .9991667038 
4 16 .000333383* 16 .0003333966 
6 36 .0001*38575 36. .0001*38576 
8 61 .0000793651 6*. .0000793651 
10 100 .0000505050 100. 0OO0SOi\O5l 
12 1**. .00l>03*9650 1**, .00003*9650 
14 196 .0000356*10 196. .0000356*10 
16 356 .0000196077 256 .0000196078 
18 33*. .000015*798 33*. .000015*799 
20 100 .0000125313 100 .0000135313 

q = 1.0 
b r 

0 -0 .1551386011 0 
2 * .3713009837 3 .91703*7730 
4 16 .0338333*03 16 .0339700811 
6 36 .01*3900*60 36 .01*3899106 
8 6* .0079371893 6*. .0079371893 
10 100. .0050506751 100. .0050506752 
12 1**, ,003*965589 1**. .003*965590 
14 196. ,00356*13*1 196. .00256*1312 
16 356, .0019607937 356. .0019607939 
18 33*. .0015*79932 33*. .0015*79933 
20 100 .0013531352 100 .0013531353 

q = 5 
r ar b r 
0 -S. .8000*60308 0. 
2 7, .1*91097395 3. .099*60**55 
4 17. .09658168*3 16. .6183.99373 
G 36. .3608999793 36. .3588668*60 
8 6*. .1988*33870 6*. .1998*05393 
10 100. .1363693161 100. .1363693156 
12 1**. .087**7313* 1**. .097**73135 
14 196. .06*1161133 196. .06*1161135 
16 356. .0*90356355 356. .0*90356358 
18 33*. .0387036377 33*. .0387036379 
20 100 .0313298793 100. .031339879* 

q = 10 
r a r b 

r 0 -13.9369799566 0 
2 7.7173698*98 -3 .3831583360 
4 31.10*6337086 17. .3813806786 
6 37.5336063380 37. .*199587767 
8 6*.800891010* 6*. .800**03930 
10 100.50677003*6 100. .506769*639 
12 1**.3503080097 1**, .3502080085 
14 196.356637*613 196. .356637*615 
16 356.19617*8337 356. .19617*82*0 
18 33*. 16*8*59537 321, 15*8*595*0 
20 100.1353382311 100. 1353393313 

12-



Table 1. (Continued) 

q = 20 
r a r b r 
1 -11.1913011353 -31.3133861669 
3 15.3958109126 1.1607056793 
!i 36.61498973m 38.1683313251 
7 53.861158733? S3.10617513C8 
<) 83.3602881617 83.553197513? 
11 183.6833608110 133.6833337507 
13 170.1959983656 170.1959983353 
IS 335.895153m 63 335.9951531163 
17 389.6955157333 389.6955157333 
1!1 361.5561010753 361.5561010753 

q = 20 
r a r b r 
0 -31.3133900703 0 
2 1.1513838853 -11 .1910633560 
4 37.5915781516 15 .1939775770 
G 11.0639186160 10 .5896610505 
H 67.3158753111 67 .3533107910 
10 103.0189160313 103 .0183938609 
12 115.1076588968 115, .1076577533 
14 197.0391133786 197, .0391133775 
IS 356.7858638380 356, .7858638383 
li! 331.6199931768 331, .6199531770 
20 100.5016530065 100. .5016530068 

-13-



Table 2. Expansion Coefficient Resul ts . 

m = 0 
0.1 

m = 2 m = 6 

0.1 

10 
0 U .9987550068 0 .0249653683 0 .OC?OS?O038 0 0000000434 0 .oooooooaoo •0 .oooooaooai 
2 -0 .0498938563 0 .9996535806 0. .0083335763 0 .0D00156550 0 oooooooi^a -0 0000001157 4 0 ,00031)670** -0 . 00B333553'* 0 .9999527737 0 00-»9999*78 U 0000073335 -0 .0001 1 I0>* 16 
6 -0. .0000009667 0 .0000260X59 -0 . 0049998993 0 .9999811225 u 0035?1408l 0 00000', 1668 
8 0. 00000000 m -0 .0000000*3** 0 .0000 10** 166 -0 00357f3993 0 3999B976W* 0 D0?7777675 
0 -0. 0000000000 0 0000000000 -0 0000000 !£"* 0 000005580- •0 005?-'T?65, 0 999993S532 

m = 1 
0.9999)99100 
-0.0126558567 
0.0000529blQ 
-0.0D0DD01 J05 
0.000000000] 
-0.0000000000 

m = 3 
0.0126559404 
0.9999003790 

-0.00B2497253 
0.0000156246 

-0.0000000217 
0.0000000000 

m = 5 
0.0000261500 
0.0062499057 
0.999971788? 

-0.0041666163 
0.0000074404 

-0.0000000078 

m = 7 
0.0000000517 
0.0000104)51 
0.00'* I 666355 
0.9999864367 

-0. 00315 49B|4 
0.00000434D3 

m = 9 
-o 0000000023 
-0.000001856? 
0. 0000055770 
0.0031249863 
C9999311952 
-0-0024999910 

m = U 
-0.0000029185 
-0.0034992393 
-0.00000364 14 
0.0000034671 
0. 0Q24999775 
0.9999885825 

q = 0.1 

0.9999652823 
-0.008332682'' 
U.00P02B039I 

-0.0000000434 
0.0000000000 

0.0093327084 
0.9999527023 

-0 .0049998993 
0.0000104166 

-0.0000000124 

0 . 
0.0000 I 5624B 
0.0049999480 
0.9999811225 

-0 .0035713993 
0.0000065803 

0. 0000000124 
0. 0000074379 
0.0035714085 
0.9399097644 

-0.0027777651 

m = 10 
-O.OOGO00CQ22 
-0.0000020766 
0.000004 3370 
0.0027777600 
0.9999935593 

m = 0 

q - 0.1 
m = 5 m = 9 

q = 1.0 
m = 6 m = 8 

m * 11 
I C.9999238149 0.01234 35686 0, .0000259330 a .00000002!7 -0 2000000023 -0 .0000029136 
3 -0.012343^896 0.9999042839 0. .0062^99044 a, .OOOOIOMi-.i -0 .0000018562 -0 .0034992393 
5 D.00005I2IS6 -0.006£"*97J76 0 .9999717382 0 .004 1661.355 0 .0000055770 -0 .00000364 14 
7 -0.0000001065 0.OO0OIS624J -0 00<*l 666IG3 0 .9999864 367 0 .0031249863 0 .0000034671 
!t 0.000000000) -0.0000000217 0. .0000074404 -0 .0Q3l2498t>* 0 .9999919922 0 . 0024999775 
I -0.0000000000 0.0000000000 -0 .0(100000070 0 .000004 3403 -0 .0024999910 0 .999SBB5B25 

m = 10 
0 0. .9096735393 0 .2222195229 0 .0052120752 0 .0000433964 0 .0000001937 o. .0000000005 
2 -0 .4141105726 0 97(3884187 o. .0835695398 0 .001562892; 0 .0000124009 o. .0000000523 
4 0 .0262065608 -o • 083761*713 0 .99S2376807 0 .04994R095.J 0 .0007437625 o. 0000050236 6 -0. .0006917899 0 .0026496827 -0 .0498983199 0, ,95iS! ..1'7.-5I 0 .035694182? o. .0004339200 8 a .0000107345 -0 .0000444442 0 0010405399 -0 0 3 5 6 1 ' J O I G C 0 .9989766513 0 .02776804 72 
10 -0. .0000001069 0 .0000004648 '0 .0000123935 0. . 0005577836 -0 .0277651155 0 999356024E, 

q = 1.0 
m = l 

0.9902020594 
-0.1395114768 

0.0060343187 
-0.0001280404 
O.0000OJ6ICI 

-0.0000000136 

m = 3 
0.1396156546 
0.9BB25I1001 

-0.0621675551 
0.0016577825 

-0.0000216621 
0.0000001936 

m 
0.0027110963 
0.0624 117524 
0.9971784986 

-0.0416162475 
0.0007435625 

-0.0000077477 

m = 7 
0.0000221476 
0.0010411694 
0.0416354746 
0.9986439892 

-0.0312313515 
0.0004331818 

m = 9 
0-0000000981 
0-0000077473 
0.0005578674 
0.0312363120 
0.9991993551 

-0.0249909897 

m = 11 
-0.0000000020 
-0.0000002345 

0.0000036136 
0.0003471529 
0.0249g2B391 
0.9994705*98 
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T a b l e 2 . (Con t inued ) 

q = 1.0 

m = 0 

2 
4 
G 
8 

10 

0.9965719156 
-0.0926907009 
0.0025767'* IB 
-0.0000429271 
O.0C1000446B 

m = 4 
0.0527162783 
0.9953525050 
-0.0*99004144 
0.0010405649 
-0.0000133937 

m = 6 
o. 
0.0015601770 
0.04994795B1 
D.99BI127370 

-0.OJ56B50I63 
O.DC05-577035 

0.0<1D0123944 
D.DD074 3-640 
0.0356941923 
0.9S897fc6513 

-0.0277651 153 

m = 10 
o. 
O.G00000D53B 
0.D00DD5I641 
0.0004339232 
0.0277680472 
0.9993560249 

1.0 

q = 5 

m = 6 

m - 7 m = 9 

m = 11 
1 0 993967961** 0 10964 24733 0 D02493B544 0 0000212434 0 D000000996 -0 0000000019 
3 -o 1095837919 0 9920165102 0 C653903320 0 00 104 I | 467 0 0000077473 -0 0000005345 
5 0 00436764Q9 -0 062284339V 0 9911799039 0 041635**736 t 0005370674 0 00000. -136 
7 -0 0000889579 0 00155951)7 -0 0416162827 0 9986*31893 0 Q3'.2363t20 0 0003471523 
n 0 0000010969 -0 0000216769 0 00074S5630 -0 031231.-515 0 9991993551 0 0249928191 
i -0 0000000091 0 0000001936 -0 0000077477 0 0D04339318 -0 0249909897 0 9994705498 

m = 10 
0 0 6426133238 0 4682366471 0 124 3133778 0 0054072967 0 OOC1207521 0-00000IS788 
2 - 0 7454373703 0 7273859705 0 4260667636 0 0393228351 0 0016504284 0.0000336194 
4 a 1758374594 - 0 4 747068670 0 8647575626 0 2436898734 0 0IBN252946 0.0006429350 
G -D D212I55710 0 0844473289 - 0 2354113027 0 35*0261927 0 I7I5065I4B9 0.1)107048072 
8 0 00)52490^ - 0 0075023969 0 0252581037 - 0 I7490044P9 c 97454137 ID 0.1376751206 
0 - 0 OOD072179B 0 0004061161 - 0 0015269176 0 01379I9UTO - 0 137309I2D4 0.983r,55B4D3 

m = 11 
1 0 7624636B73 0 6423435017 0 0776657977 0 0029772523 0 0000541241 0 0000008743 
3 - 0 63159B3I9B 0 7128512402 0 30375)0302 0 0257600531 0 00Q963B77I 0 0000201277 
5 0 139BB4805B - 0 2789558861 0 92772B3962 0 2044501910 0 0I3B4SB660 0 0004504179 
7 - 0 0149155962 0 0376052556 - 0 20170614631 0 9662917646 0 1545430732 0 0086372644 
9 0 0009448418 - 0 0U27162626 0 01BE745792 - 0 153921B460 a 9B00556098 0 1241065237 

1 1 - 0 0000397019 0 0001242660 - 0 0009590377 0 0107593250 -a 123B75B4|B 0 9868019280 

m = 2 

0.9334294415 
-0.3548039150 
0.0529637294 
-0.0042958855 

0.0002197964 

m = 4 

0.3567820594 
0.9C25315914 

-0.2397742651 
0.02548017*2 

-0 .0015320645 

0.0375931648 
0.24 32332734 
0.9531967779 

-0.1749IB9B52 
0.0137930144 

0.0015301953 
0.0164231607 
0. I 76064,3049 
0.9745415108 

-C.1373091330 

m = 10 
0. 
0.0000334443 
0.0006429762 
0.0107648065 
0.1376751205 
0.9839556404 

m = 1 
G.9400I902I7 

-0.3365419656 
0.0554775287 
-D.DD5DB95*33 
0.000293B790 
-0.0000116023 

m = 3 
0.3373722391 
0.8931139037 
-0.2951587257 
0.037443IBI3 
-0 0026169523 
C.0001172395 

m = 5 
0.0503B24f20 
0.2973655134 
0.9315669962 

-0.2021936390 
0.0IB3O5722) 

-0.0009602770 

m = 7 
0.0024 11525L. 
0. 02568823b' 
0.2044372579 
0.96BE97B9IC 
-0.I53922458D 
0.01075935^7 

m = y 
.0000565635 
.0009633498 
.0136458165 

'. 1545430664 
.9900556)55 
.1238753420 

m = 11 
0.0000008043 
0.0000201248 
0.0004504 177 
0.D086372B44 
0.124 1065237 
0.98680 I92B0 
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Table 2. (Continued) 

m = 1 

q = 10 

m - 8 

10 

m = 5 m = 7 m = 9 

10 

10 
0 0 .55875S3785 0 .4488731590 0 .3193743630 0 .0426353061 0 .00191593b! 0 .000053457] 
2 -0 .77B7348569 0 3464119955 0 .6740570965 0. .1600256796 0 .0154 154365 0 .0005369763 
4 0 .5793063957 -0 7689751074 0. ,5141513005 0. .4513535051 0 .0716550893 a .0050753501 fi -0 .0574241400 0 .2904991609 -0 .4 115754907 ,_ .8119005377 0 .3375677788 0 .0453531673 
8 D . 0074524 1 72 -0 .0526359555 0 .0989010005 -0 .3568396510 0 .099706IE57 0 -56BI3I5525 
0 -0 .0006577487 o. .0057496706 -0 . 0156669753 0. .0531560697 -0 .5655111508 0 .9365074239 

m = 11 
1 0 .5693674530 0 .75556S8B75 0 .3536196051 0 .0556671596 0 .0010765912 0 . 0000569359 
3 -3 .7659035580 0 .3400815942 0 .5405667041 0 .1005657B54 0 .0076016653 0 .0003195035 
5 0 .30057717G6 -0 .5341513551 0 .6874438568 0 .3860386105 0 0541333351 0 .003562S433 
7 -0 .0598301340 0 . 1671855740 -0 .3546977834 0 .867553)076 0 .59894f3775 0 .0340355833 
;: 0. .0075446841 •Q. .0559027524 0 . 0679287«* 38 -0 .5938780903 3 92I57BS043 0 .5458930533 
.1 -0 .0005B9B897 a .0054706074 -0 .0073368313 0. .0419271930 -0 5410595593 0 .9476931925 

m = 0 m = 2 m = 4 m = 8 10 

0.6339073560 
-0.5355158700 

0. 1444147635 
-0 .0550851595 
0 0051713753 

0.5354554495 
0.7165133206 

-0 .43647765 19 
0 .096147863! 

-0 .0117503789 

0. I 335191995 
0.4455166791 
0.8204566409 

-0 .3587573985 
0.0533334266 

0.01 17653066 
0.0715153422 
0.3375357155 
0.8997383572 
- 0.5655170298 

0.0005257660 
Q.005Q739979 
0.04235295!I 
0.5691315074 
0.9365074665 

q = 10 

m = l 
0.89G586S333 

-0.4.3S494&193 
0. II77626067 
-0.0190353724 
0.0020505938 
-0.0001503537 

m = 3 
0.4 323950133 
0.7344691595 

~0 50686^.1077 
0.1279076300 

-0.0177343616 
0.0015779154 

m = 5 
0. 14 19460131 
0.5076901655 
0.7600379755 
-0.3734350510 
0.07054 15951 
-0.00751025:5 

m = 7 
0.01658531 II 
0.09794 31669 
0.3055150655 
0.8679248350 
-0.2940191430 
0.0419451854 

m * 9 
0.0008350136 
0.0075675971 
0.0541570950 
0.2989450215 
0.9515800835 
-0.54 10597792 

m 11 
0.0000544677 
0.0303191050 
0 0035658010 
0.0340325773 
0.5428930221 
0.9476831934 

q = 20 
m = 6 m = 8 

q = 20 

10 
0 0 .1:940158162 0 .3691394076 -D. . 304 3275R20 0 .5396717615 0 .0596684691 0 .0016730519 
2 -p .7734654976 a .0513045650 -0, f305678749 0. .5280355260 0 .0999054509 0 .0005366569 
4 0 .3776528089 -a 7413101535 0. 1430B28231 0 .57838287^7 D .2570834714 0 .0305043937 
6 -0 .1199365355 0 .5589594767 0, .6135171237 0 .2835545194 0. .5601063415 0 1571564101 
8 0 .0560159503 -D . 19028B4609 -0. 4008005535 -0. .4640808136 0. 650767703B 0. .48039700*6 
10 -0 .0040327457 0. .0375584040 0. . 1163479515 0 . 1790959312 -0 . 4562557770 0. .756B0595e8 

m = 1 m = 3 11 
1 0 .4577390314 -0 .5791210090 0 .65B494382Q 0.2164031892 0 -0195045B99 0 .O0D9759944 
3 -0 .7590507447 0 • 1655751820 0 .5151068951; 0.3598851298 0 .057BB25685 0. .0049620659 
5 0 .463B154606 0 .63I0I507BC 0 .0535118555 0.5866561655 0 .1972852868 0. . 02755B9490 
7 -0 . 1567810634 -0 .4652945893 -0 4839496450 0.4B77905038 0 .5197622207 0. .128027199? 
f) 0 .0339055763 0 .1507772085 a .24544B2B42 -0.4680143269 0. .7008727680 0, .4444377551 
.1 -0 . 0050869930 -0 .0595864981 -0. .0603934163 0.1472006005 -0. .4300425002 0. 79853)2593 
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Table 2. (Continued) 

20 

m = 0 m = 4- m = 6 m = 8 m = 10 

0.701024 7403 
-o 648i3464oe 

0-2070909763 

0.0136939087 

0.62l40502-'7 
0.3571507727 
-0.63D4405B36 
0.28927C6645 
-D D711276933 

0.3407965465 
0.623481557* 
0.4207635553 
-0.5257759735 
0 . 1896660530 

0.078844B220 
C.5493555934 
0.560156799) 
0.6559521735 
-0.4593694 394 

0.0079174993 
0.0363546130 
0.J5707J0783 
0.4803900015 
0.756B352968 

20 
m = 1 

0.8329837590 
-0.5128425347 
0.2007371983 
-0.0553670336 
0.0095514915 
-0.0013709838 

m = 3 
0.4 755658677 
0.479387I7M5 
-0.6634687255 
0.3114441364 
-0.0614946599 
0.0138796704 

m = 5 
0.56924 95399 
0.639039B375 
0.3527989097 
-0.5778606024 

0 2404563999 
-O.D536*06926 

m = 7 
0.085800091I 
0.3093370706 
0.5963993096 
0 5287015689 
-0.4876)68873 
0.1515650350 

m = y 
0.0108495563 
0.05563529)6 
D.1965539241 
0.6197189448 
0.7013456582 
-0. «* 302203115 

m = 11 
0.0006931470 
0.0049103311 
0.027217723*4 
0.1260240698 
0.4444372M93 
D.7962327939 

Remarks 

While this technique of generating 
Mathieu e i g e n v a l u e s was being 
implemented, the authors became 
aware (through R. L. Pexton) of two 
repor t s concerning elliptic cylinder 
eigenfunctions and eigenvalues. One 

g 
of these presen ts an eigenvalue deter

mination procedure based upon similar 
ideas as discussed herein. The other 
report presents another method of 
generating eigenvalues. This method 
is valid for all values of q. It i s 
especially useful for large values of 
q (i. e . , q> 10 4K 
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Appendix A 
Useful Representations 

Because many problems concern ei ther plane wave excitations or line source 
excitations, it may be helpful to present the elliptic cylinder coordinate system r e p r e 
sentation of the F ields of a plane wave and of a line source . 

Plane Wave Representation 

00 

e x p [ + j k - ? ] = £ e m j m [ ce m (v ,q)ce m (v , ,q )Mc^ ) (u .q) 

1 (v,q)se l n (v' .q)Ms^ ) (u.q)] 

m=0 

+ se_ 

with 

1 if m = 0 

" ' ( 2 i f m s l , 

The wave is assumed to be incident from the angle <t>' (with v' = cos <t>'). 

Line Source Representation 

The solution of the equation 

V 2 G+k 2 G = -6(]p - p'\) 

G = - i H < 2 ) ( k | p - ? | > = - ^ £ cem(v.q)cem(v'.q> 
LMc^Nu'.q) Mc^u.q) 

+ 2 . Bemlv.q)aem(v',q) 

m Ms!: 

m 

„<4) 
m 

(u'.q) Ms^Nu.q) pi a u' "1 
- for I I 

(u'.q) M s ^ u . q ) Lu s u 1 J 

The sour-e location is at £' = cosh u' and v 1 . The observation location is at ? = cosh « 
and v. 
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