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IMHERENT REACTOR STABILITY 

J.N. Qrace, M. A. Schultz, T. B. Fair^ 

Abstract 

This paper concerns the natural stabilljby of thermal nuclear reactors. Of 
primary interest is the reactivity feedbaol; effected by changes in xenon concentration 
and Qoolattt temperature. A mathematical study is presented, based on̂  the frequency 
response method of stability analysis, and is supplemented by results of analog 
computer tests of a bare hypothetical reactor. 

It is shown that even with a negative temperature coefficient of reftctivity 
a reactor may be unstable, resulting in continuous oscillations of power about some 
average value. The minimum yalue qf the negative tenqperature coefficient required 
for stability is determined as a function of design parameters and the flTjx level. 
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INHEBEMT RMCTOR STABILITY 

J,. N. Grace, M. A. Schultz, T. lo Fairey 

Introduction 

A power producing reactor with a negative tenperature coefficient of re>-
activity has many advantages from a control and safety point of view. The idea of 
designing nuclear power plants to adjust naturally to changes in load is becoming 
quite popular» In fact, there is considerable interest in ccsuplete elimination of 
control systems, except for start-up and shut-down requirements. Hence, a thorough 
uwierstanding of factors affectipg inherent stability is more important now than in 
the days of fast automatic reactor control systems. 

The prpblem of analyzing a reactor apd plant for stability m*y be divided 
into sub-problems quite naturally on a time scale, or from a stability awlyst's 
point of viewj> on a freqtiency spectrum. A very long range view (low frequency) ehovs 
that a reactor tends gradually to shut itself off as its fuQl is being depleted. 
Reactivity cqntrol, e.g. through burnable poispn or rod motion, is required to cc»-
pensate fpr depletion. Transients in xenon concentration suggest enother frequency 
range of interest, determined primarily by the iodine and xenon decay constants. 
The immediate response of a plant to changes in steam l,oad concerns still higher 
frequencies (shorter time intervalSt), In conventional two-loop plants the priaaiy 
loop recirculation time determines the upper cut-off frequency for power control. 
Where fast reactivity accidents are possible still higher frequenci-es a.v of inter­
est. This spectrum is shown in Fig, 1. 

One usually thinks of natural stability in terms of the immediate response 
to changes' in load. A negative temperature coefficient may result in what appears 
to be satia;factory performance, in the ?hort run. However, before all automatic and 
manual reactivity control devices are eliminated, /stability throughout the complete 
frequency spectrum must be established. 

The purpose of this paper is to present an analysis of the effect of xenon 
reactivity feedback op inherent stability. The frequency range of intei-est lies l?elow 
one cycle per hour. Thermal reactors with negative temperature coefficients of re­
activity are considered, resulting in absolute stability at zero frequency and at 
frequencies above the xenon range. A list of definitions of terras is given on page 111. 

Inherent Feedb̂ tck Loops-̂  

Excluding ail external sources of reactivity adjustment, the inherent con­
tribution to reactivity variation is primarily a function of the state of the coplant. 

J, N. Qrace, M. A» Sc;hultz and T, E, Fairey are with the Westinghouse Atomic Power 
Division, P, 0, Box 11468, Pittsburgh 30, Pennsylvania. 
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assumed to be water, and. the variable concentration 6f neutron absorbing fission frag­
ments (poisons). Since the state of the coplant i s defined uniquely by the tei^erature 
and pressure, i t i s convenient to use two coefficients of reactivity? 

Pressure coefficient s ( ^£^ )-
oBc '•a. 

Tei^erature coefficient s ( 22!£ ) , 9 

Any nuclear dependence on temperature may be added to the coolant temperature coef­
ficient. The variable reactivity of poison is assumed to depend almost entirely on 
xenon concentration. ' Proof that samarium poisoning may be neglected is given in the 
Appendix. Thus, the reactors considered here have three inherent reactivity feed­
back loops, which may be referred to as pressure feedback, t4iiVBmture feedback, and 
xenon feedback (Fig. 2a). 

The pressure feedback loop usually can be assumed to be unimportant for two 
reasons: (1) The "incompressibility" of water results in a very small pressure coef­
ficient, and (2) proper pressurizer design permits essentially no pressure variations. 
The behavior of this loop must be examined when designing a pressurizing system. How­
ever, the dynamics of the temperature and xenon loops may be studied assuming constant 
pressure, as will be done here. 

Stability 

Any active system with feedback, such as a, reactor with its inherent re­
activity feedback loops, is capable of being unstable. The frequency response method 
is a convenient means of analyzing such a system for stability. This Aethod ia 
derived from general stability considerations for linear systems which require that 
the Laplace transformation of the output of a system have no poles with positive real 
parts, for all input functions which jreraain finite. For details pf the development of 
the method the reader is refered to any text on feedback theoiy,'^ To clarify the sig­
nificance of frequency response and stability a brief qualitative application to the 
reactor stability problem will be described, following which we will retxirn to the 
details of the analysis. 

The effects of both temperatiire and xenon feedback are degenerative; that 
is, arqr tendency for the flux level to change is opposed by the reactivity feedback 
of the resulting changes in temperature and xenon concentration. Thus, the overall 
system appears to be stable. However, if one postulates a small sinusoidal oscil­
lation pf reactivity as being inserted into the reactor, operating at a given average 
power level, the resulting sinusoidal reactivity feedback of temperature and xenon 
lags behind the disturbance. If this phase lag at some frequency is equal to 360° 
the loop, in effect, becomes regenerative. Oscillations at this critical frequency 
are reenforced by the feedback. In particular, if the magnitude of the reactivity 
fed back is greal̂ er than the magnitude of the hypothetical disturbance causing it, 
the system is capable of sustaining the oscillation. Such an unstable condition 
results in oscillations of reactivity and flux which build up in amplitude until 
limited by the nonlinearities of the system. 

The ratio of the magnitude of feedback reactivity to that of input re­
activity together with the loop phase shift form a complex function of frequency 

.i'/S ' J 1 
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called the cpmplex l̂ oop gain; the loop frequency response function, or the loop trans­
fer function. The criterion for stability then is that the magnitude of the loop gain 
must be l^sa than unity at all ft'equencies where the argument (phase shift),is iv or 
an integral multiple thereof. We return now to the particulars of the problem, 

, The two reactivity feedback loops, temperature and xenon, may be rediic«d to 
one by consideiing the reactor, with temperature feedback, as a part of the xenon loop 
(Fig. 2b). Thus, the xenon loop gain is the product of two transfer functional th»t 
which descrijbes the response of xenon reactivity to oscillations of flux and that of 
the reactor with temperature feedback, identified respectively by the expresaiona 

ax and 

where - Oj; SX represents the reactivity feedback of xenon. The product of these 
functions is the dimenslonlese, complex loop g»in which must satisfy the stability 
criterion. Theî e transfer functions are derived below, 

lenon Transfer: Functioq 

The following is a derivation of the xenon transfer function, describing 
the response of xenon concentration to oscillations of flux. Xenon 13^ la fozned 
directly frô m fission and from the decay of iodine 135* which is not a poison. The 
applicable equations are^s 

dx -7 - Yx 2f n + Xi i - or̂^ nx - X^ x 
dt 

and di 
dt 

Yi 2f n - Xi 1 

The steady state solutions at any fliac level n^ are 

jr « Sf(rx ^ Yl)"n 

and 

Xx •̂ '̂ x'̂ o 

SfYi no 
Xi ° • 

Since deviations from average values are of interest, the steady state solutions are 
subtracted, and the equations become; 

dAx 
d t 

S f Y x ^ + X i A l - cTxi^o^ * Xo^n + ,AxAn) - Xx Ax , 

4'i3 ' 'J5 
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and ^ Ai - SfTl An - \±fii , 
dt 

The aaaun^tion necessary to obtain a î ransfer function is that the cross-product , 
Ax An la small conqpared with npAx and XQ An ,' That this assumption is Juat̂ -fiad 
becomes apparent later. For sinusoidal de'̂ dationa, expressed in complex form, the 
time derivative operations are replaced by Jo), and the xenon transfer function la 
obtainedt 

The magnitude and phase of this complex fiuiction of frequency are plotted in Flga, 3a 
and 3b for various values of n© , 

The reactivity feedback of xenon is the above function multiplied by - % , 
The negative sign introduces 180° phase shift, since 

177-

Thus, the reactivity feedback of xenon is in-phase ŵ ith the oscillation of flux at a 
frequency where the phase lag of the xenon transfejr function above is 180°, in the 
neighborhood of one cycle per day (Fig, 3b), Whether or not instability will occur 
cannot be deter:̂ ined until the reactor transfer function is included, completing the 
xenon loop gain. 

Reactor Transfer Function 

The transfer function of the reactor^ with temperature feedback only, ia 
aimply a positive, real constant for frequencies sufficiently close to zero. The 
plauaibllity of this statement is explained before the detailed treatment ia pre-
aa&ted. 

Consider a typical plant operating at a given power level. The plant 
conaiats of a primary coolant loop and a secondary steam plant. Now if one should 
lilcreaae the reactivity, e.g. through manipulation of control rods, the average 
coolant temperature in the reactor would increase to a new steady state value, 9uoh 
that th* reactivity of the temperature inerease just offsets the reactivity diatur-
banee, not including xenon. The increase in coolant tenperature increases the steam 
twaqpeWiture and pressure in the secondary loop. Increased pressure restilts in in-; 
crtaaad tt̂ eam flow, for a fixed throttle setting. Therefore, the reactor is returned 
to the critical condition, but at a higher power level, for the load on the plant has 
increaaad. These changes in the steady state values of the plant variablea are ap­
proximately directly proportional to the amowit of the reactivity disturjpance, Thus, 
the change of flux level is directly proportional to the disturbance, in the steady 

A > 9 
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state} that is, the transfer function of the reactpr with temperature feedback is a 
positive real constant, at zero frequency. 

It follows that if the frequency is low enough the plant variables will 
follow directly an oscillating reactivity disturbance, as they woujd in the steady 
state. Therefore, the transfer function of the reactor with temperature feedback 
remains a positive real constant up tp a frequency where the time lags in the plant 
bagin td have an effect. Me rett^n now to a mathjBroatlcal justification of the above 
statements, and the dsirivation 'of an expression for the constant. 

The overall, frequency response of a system with feedback is of the fonPj 

where G represents the transfer function without feedback and H is the feedback 
function. The product QH is tjhe dimenslonless compl€pc loop gain, Vote that If 

GH»1 , 

the overall transfer function becomes simply 

Q _ 1 
1-GH H 

For this derivation of reactor response with tempejrature- feedback the reactor 
transfer function (without feedback) is G, and the ten5)erature reactivity feedback 
function is H. Based on certain justifiable assumptions, it will be shown that the 
loop gain is much greater than unity throughput the frequency range of interest, such 
that the overall transfer function is simply the negative reciprocal of H. It will 
be shown further that H is constant throughout the frequency range of Interest. An 
approximate method of evaluating this constant is derived. 

The ftanillar bare reactor transfer function G is derived from a linear 
approximation of the elementary reactor kinetic equations, 1̂ *5 Curves of the magnitude 
and phase of G are given in Figs, lia and Ub for various values Qf ̂ *, the mean 
neutron lifetime. 

The feedback function H depends on the frequency response of average 
coolant temperature in the core; 

H - M— - - or |Ta_ ^ 
on/no •̂  8n/no 

The value of this function at zerc frequency- (steady state gain) is readily 

^•i-s -37 
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computed. I f the reactor i n l e t temperature T i s constant the temperature gain i s 
simply 

gfa « n ( i ^ ) =̂  i AT 
W^ % ^ an ^T^ - 2 ^ ^R 

assuming T S 75- (T, + T ) . 
a ^ n c 

However, with rec i rcu la t ing coolant, TQ in general w i l l change with power l eve l . 
The rec i rcu la t ion introduces regenerative feedback which af fec ts the overal l response 
of average temperature: 

5Ta - , ( g a , 1:1K^ 
5n/no ~ 0 ^ dn T̂ 1-K 

c "•c 

where Kc i s the loop gain (zero frequency) of the primary coolant loop. The value 
of Kc i s equal to the b9 i l e r gain dTc/dTh assuming the boi ler to be the only 
rec ipient of reac tor power. The value of the bo i le r gain (and Kc) i s always l ess than 
unity, and may be approximated using the following propor t iona l i t i es for the bo i le r : 

at a 

Power 

Power 

cc 

a; 

» h -

» a -

constant coolant flow 

Power oc P 

^c) 

V 
rate, and 

a t a constant steam t h r o t t l e s e t t i ng . This l a s t propor t ional i ty i s based on the a s ­
sumption that the power delivered i s porportional to the steam flow r a t e , which i s 
t rue i f the enthalpy r i s e through the steam generator i s independent of load. As­
suming tha t the steam generator furnishes dry and saturated steam and the average 
coolant temperature i s approximately equal to 

^a ^ 1 (^h-^^c^^ 

the p ropor t iona l i t i es combine t o jfive 

' ° "•> ' ( § « Po * M:f) > ^ • 

The constants ATR , ATf and PQ are design parameters and dTs/dP̂ ^ is deteimined 
from saturated steam tables. 

^A'Ci' f':8 
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The feedback function i s a function of frequency, jus t as the reactor 
t ransfer function depends on frequency. However, i t may be assumed t ha t the feedback 
function i s constant from zero frequency to beyond the highest frequency of i n t e r e s t , 
one cycle per hour. This i s reasonable because the*time delays which affect the tem­
perature response are usually small compared with one hour. 

The loop gain GH of the reactor with temperature feedback becon^s un­
bounded as f—0, because'the reactor t ransfe r function G i s unbounded and H 
i s constant. Therefore', there ex i s t s a frequency fo below which GH >10. Then 
a t frequencies below fo the overal l gain of the reactor with temperattire feedback 
i s approximately equal to -l /H, a constant. I t i s assumed that f©>1 cycle per 
hour; tha t i s , GH >10 and the overal l gain i s constant throughout the frequency 
range of i n t e r e s t . Subst i tut ion of typ ica l numbers shows tha t th is assumption usually 
i s s a t i s f i e d . Summarizing, 

V^P _ _ 1 , 
^ c H ' 

KQ 

1-Kc 

(g^ PQ * 'Tf) - ^ 

(§* Po * -a )̂ * ̂  • 

Xenon Î oop Stability 

Since the reactor transfer function is constant, the curves of Fig. 3a 
multiplied by 

X 6k 

represent the magnitude of the xenon loop gain. The curves of Fig. 3b, minus 180 , 
•show that the total phase lag is 360 at a frequency in the neighborhood of one to 
two cycles per day^ depending on the flux level. Oscillation occurs if the magnitude 
of the loop gain exceeds unity at this critical frequency. The magnitude of the xenon 
transfer function at the critical frequency is, plotted in Fig. 5 as a function of flux 
level. Note that instability cannot exist below a flux level of ii x 10 cm'̂ sec"-̂ . 
The loop gain requirement places an upper limit on -the constant 

6n/no 
X ok 

'A 
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Thus, the reciprocal of t h i s constant must exceed the value given by the curve of 
Fig . 5 for s t a b i l i t y , A method of evaluating the constant has been given in the p re -
ceeding sect ion. 

Sample Calculation 

The order of magnitude of the temperature coefficient required for s t a b i l i t y 
may be determined by considering a hypothetical p lan t with the following character­
i s t i c s : 

,„1U -2 -1 n " 1 0 cm sec o 

AT„ = 50°F 

AT^ » 100°F 

P = 500 psi 
0 

a " 0 . 6 
X 

Subst i tut ing i n the above equations: 

K̂  - 0,78 
n dT^ . 202°F. 

o dn 

From Fig, 5 the "critical gain" is 

dTa 

1 — — " 6,32 X 10 

and the minimum negative temperatur.e coeff icient i s 

oj « 1,9 X 10 per °F , 

Simula t ion 

To substantiate the ana lys is , the xenon feedback problem has been simulated 
on an analog computer. The nonlinear term (nx), which i s l inear ized in the ana lys is , 
was accurately simulated t o determine the effect on s t a b i l i t y . 

A typ ica l analog response curve i s given in Fig. 6, In t h i s example the 
parameter values a r e : 

T-lii -2 - 1 n " 10 cm sec o 

critical frequency - 1,3 cpd (from Fig, 3b) 



critical g#in - 15.8 

actual gain uaad - 17.li 

11 - lttPD-T-188 

^ S ^ > from Fig. 5 

Note that following the Initial disturbance the oscillation builds up rapidly in 
amplitude, even though the gain exceeds the critical gain by only lOJt. the fraqtwnoy 
observed la approximately 1.2 cycles per day. 

The results of the analog tests eonfini the critical gains and fraquenclea 
of oscillation within reaaonable limits of accuracy. In addition they show that the 
nonlinear term, neglected in the analysis, do^a not limit the amplitude. 

Oonciualon 

The analysis indicates that with no external control a reactor may ba un­
stable because of xenon feadback if the negative temperature coefficient la not large 
enough. Such a condition results in an oscillation of flux which builds up in ai^li-
tude until limited by plant saturation effects, such aa the boiling of the coolant. 

Fortunately, the frequency of sucl̂  oscillations is very low, ia the neighbor­
hood of one to two cycle,s per day. Therefore, a very slow control system, manual or 
automatic, would ba sufficient to offset the instability. 

Although instability in this low frequency range may appear not to be 
serious, it must be concluded that such an unstable plant could not be left unattended 
without an external control system. Periodic reactivity adjustments, manual or auto­
matic, are required unless the magnitude of the negative temperature coefficient 
exceeds the critical value. 

4 "J '.I-l 
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Appendix 

The samarium t ransfe r function i s derived from the differential equatlona of 
aamarlun and promethlum:^ 

d s V 
dt -̂ P B CTg nS 

dt Yp ^ f n *= Xp p 

The steady state solutions at any flux level np aĴ ei 

Tprf , independent of the flux level, 

and Po " ^^f ^c 

Subtracting the steady state .solutions, and neglecting the cross-product AnAa, the 
transfer function Is obtained; 

SS ^ 

(1 *5?^){1 +ft 
"a"o ^p 

Substitution of the proper values for the parameters yields the following 
results; Ihe magnitude of this function cannot exceed Yp» which equals O.Olit, For 
frequencies above 0,5 cycles per day, 

SS 
Sn/n© 

For any flux level 

~Yr 

1 + 
Cs"^ 

8x 
sn5;^P> 

SS 
5n/no 

at the critical frequency where the xenon loop phase lag is 360°, and at all higher 
frequencies. Therefore, samarium has a negligible effect on the instability of the 
xenon loop. At lower frequencies the magnitudes are comparable. However, it can be 
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shown that the phase lag of the aum of the samarium and xenon reactivity transfer 
functions never reaches 180°, and that instabi l i ty cannot exist below the c r i t i ca l 
frequency of the xenon loop. Furthermore, other causes of reactivi ty feedback, such 
as fuel depletion, would have to be Included in a s tabi l i ty study at such low 
frequencies. 

q,'/,\* ' '13 
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Nomenclature and Parameter Values 

n • average flux l eve l , 

Sk - r e a c t i v i t y . 

Th • hot leg coolant temperature, reac tor ou t le t to bo i le r i n l e t . 

Tc • cold leg coolant temperature, bo i le r out le t to r eac to r i n l e t . 
n© • ateady s t a t e average flux l eve l . 

ATR • steady s ta te difference between T^ and TQ a t flux level np . 

T^ * apace average of coolant teaqperature in reactor , assumed equal to the 
space average of coolant temperature in b o i l e r . 

Ts " steam temperature (secondary loop sa tura t ion temperature) . 

ATf • steady s t a t e difference between T^ and Tj (average boi le r film drop), 
a t flux ^evel n©, 

P • steam pressure . 

PQ - steady s ta te steam pressure, 

Pp « primary coolant pressure , 

KQ • coolant loop gain, at constant coolant flow and constant t h r o t t l e s e t t i n g . 

Yf " macroscopic f i s s ipn cross sect ion, 

5;^ • t o t a l macroscopic cross sect ion (excluding xenon), 

^ - I f « 
csf « negative temperature coeff ic ient of r e a c t i v i t y . 

Op » pressure coefficient of reactivity, 

X » xenon concentration. 

1 " iodine concentration. 

8 - samarium concentration. 

p " promethium concentration, 

Yjj • 0,0036 « fission yield of xenon, 

Yi • 0,068l « fission yield of iodine. 
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Yp = O.Olii « f i s s ion yield of promethium. 

Xjj » 2 .1 X 10~5 sec"-'- • xenon decay, constant, 

XjL " 2.9 X 10~5 sec"-^ • iodine decay constant . 

Xp " U.l X lO"" sec'-^ • promethium decay constant, 

cTx = 3>5 X 10"-^" cm^ " j^icroscofiic xenon c r o s s s e c t i o n . ' 

o"s " ^o3 X 1Q"20 cm^ • microscopic samarixim cr9s.s s e c t i o n . 

X 
Sf 

2f Tf 
f " frequency. 

(^ " angular frequency, 

j = v=r' 
A is used as a prefix to denote a real deviation of a variable from equilibrium. 

8 is ̂ sed as ,a prefix to denote a sinusoidal deviation, in complex fonn, of«a 
variable from equilibrium. 
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