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1. Introduction 

The t ransport  equation ( t ransfer  equation, l i nea r  

Boltzmann equation) governs the  d i s t r ibu t ion  of neutrons 

i n  a nuclear reactor  o r  of radiat ion i n  a s t e l l a r  o r  

planetary atmosphere. I t  is  an integro-different ia l  

equation of some complexity i n  i ts  more general  forms. 

Primary independent var iables  are  posit ion and d i rec t ion ,  
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speed (a l te rna t ive ly  energy, frequency o r  wavelength), 
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plus possibly t i m e .  The d i f f e r en t i a l  operator i n  t h e  
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equation describes attenuation due t o  both absorption hnd 

sca t t e r ing  away from a pa r t i cu la r  direction.  The in te-  

g r a l  operator describes sca t t e r ing  into a par t i cu la r  

d i rec t ion  from other  d i rec t ions  and production by f i s s ion .  

Source terms may be present. On any boundary surface 

, the re  a re  boundary conditions corresponding t o  incoming . 

direct ions.  For time-dependent problems the re  are  

i n i t i a l  conditions. 
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Since  t h e  t r a n s p o r t  equat ion  can be  so lved  e x p l i c i t l y  

only  i n  a few very s p e c i a l  cases , '  approximation methods 

are commonly used. The d i s c r e t e  o r d i n a t e s  method invo lves  

t h e  replacement of t h e  i n t e g r a l  o p e r a t o r  by a numerical  

i n t e g r a l  o p e r a t o r  i n  o r d e r  t o  o b t a i n  d i f f e r e n t i a l  equa t ions  

f o r  approximate s o l u t i o n s .  Empir ica l ly ,  t h i s  method, y i e l d s  

very  s a t i s f a c t o r y  r e s u l t s  f o r  a  l a r g e  c l a s s  of t r a n s p o r t  

problems. However, a complete and r igorous,  convergence 

and e r r o r  a n a l y s i s  i s  p r e s e n t l y  a v a i l a b l e . o n l y  i n  some 

r a t h e r  i d e a l i z e d  cases, 

The d i s c r e t e  o r d i n a t e s  method was f i r s t , a p p l i e d  by 

Wick [18]'. and by Chandrasekhar [ 7 ,  81 t o ,  p a r t i c u l a r  

s t e a d y - s t a t e  problems from a s t r o p h y s i c s  w i t h  homogeneous 

media bounded by s i n g l e  p lanes  o r  p a r a l l e l  p l anes  ( h a l f -  

spaces  o r  s l a b s ) , ' u s u a l l y  under cond i t ions  of i s o t r o p i c  

s c a t t e r i n g  and i s o t r o p i c  sources ,  Convergence theorems 

f o r  t h e  appro.ximations w e r e  ob ta ined  f o r  v a r i o u s  problems 

of t h i s  t y p e  wi th  i s o t r o p i c  s c a t t e r i n g  by Anselone [ l -51,  

Kofink [13] ,  K e l l e r  [ L O ,  1 1 1  and Wendroff 1171. Subse- 

quen t ly ,  convergence theorems have been ob ta ined  f o r  

. c e r t a i n  t r a n s p o r t  problems invo lv ing  a n i s o t r o p i c  

s c a t t e r i n g ,  o t h e r  geometr ies ,  and time-dependence, by 

K e l l e r  [12] ,  N e s t e l l  [16] ,  Madsen [14] and Wilson [20] ,  

W e  s h a l l  survey t h e s e  c o n t r i b u t i o n s  from an a b s t r a c t  

and un i fy ing  p o i n t  of view i n  o r d e r  t o  i s o l a t e  what i s  

e s s e n t i a l  t o  t h e  convergence o f  t h e  d i s c r e t e  o r d i n a t e s  

, approximations.  I n  t h e  p rocess ,  methods o f  a n a l y s i s  



will be developed which appear to be applicable to very 

general transport problems and to other integro- 

differential equations. The discussion is in terms of 

a sequence of model problems of increasing complexity. 

All functions considered will be real. For mathematical 

convenience and physical relevence specified functions 
. . 

are continuous and usually nonnegative. .We remark that 

the problems surveyed here involve discrete ordinates 

approximations only for the angular integrals, and thus 

do not represent the most general case of discretization 

as practiced, say, in many nuclear reactor applications 

today, where the spatial variable is also discretized. 

However, as noted below, the powerful analytical tools 

developed in applications to angular discrete ordinates 

approximations also show' promise for investigations of 

the more general case. 

2a. An Isotropic Transport 'problem in a Finite Slab . 

Consider the problem for $(x, p) with a - <  - x - < b, 

-1 '< p < 1, given by - - 

.(2.1) 

$(a, p) = 0 fox p 0, d(b, u )  - 0 for v < 0, 
Y 

where $ (x, p) is the one-speed angular flux at depth 

x in a homogeneous slab in a direction making an angle 
- 

0 = cos ip with the positive x-axis. The positive 



number c  is of o rde r  1 and represen t s  t h e  mean number 

of secondary neutrons pe r  c o l l i s i o n .  I n  t h e  abbve equa t ion ,  

d i s t a n c e  has been measured i n  u n i t s  of neutron mean f r e e  

pa th s ,  i . e . ,  x = o r ,  where o i s  t h e  t o t a l  c ro s s  s e c t i o n  

and i s  t h e  a c t u a l  d i s t ance .  

The boundary cond i t ions  correspond t o  a  s i t u a t i o n  

wi th  no r e f l e c t i o n  of neutrons a t  t h e  su r f ace  and no 

i n c i d e n t  neutrons.  Ac tua l ly ,  a  no?-zero i n c i d e n t  f l u x  
, . 

bound%ry condi t ion  could have been assumed. However, 

such a problem can be reduced t o  ( 2  -1) f o r  $1 = '$ - $0 , 
where O O  s a t i s f i e s  t h e  homogeneous equat ion 

and t h e  given.boundary.conditions. I f  t h i s  r educ t ion  i s  

n o t  made, then an unnecessary approximation i s  in t roduced 

f o r  + 0 ,  which can be found e x p l i c i t l y .  For  t h e  same 

reason,  zero boundary cond i t ions  can and should be  assumed 

a l s o  i n  app l i ca t i ons  of t h e  d i s c r e t e  o rd ina t e s  method t o  

more genera l  t r a n s p o r t  problems. . . 

To proceed, assume a numerical i n t e g r a t i o n  r u l e  such 

t h a t ,  f o r  any continuous func t ion  h ( p )  , -1 - < p - < 1, . 
' 

+-n 
P w n j h ( u n j )  -+ /-: h ( v ) d ~ ,  n + = I  

j=+l  

< 1. "nn - 



The Gauss quadrature' formula is an example. The symmetry 

conditions on the w and Pnj are a convenience rather . 
nj 

than a necessity. 

Discrete brdinates approximations @n (x , p) , 
n = 1, 2, ,.., satisfy 

$n(a, p) = 0 for p > 0, $,(b, p) = '0 . for . p 4 0. . . 

. . 

For p = pnit i = ? I t  *.., kn, this is a system of 

ordinary differential equations for On (x, pni) . Then 
. . 

(2.2) yields $n (x , y) . 
The problems for 4 'and $n have equivalent integral 

equation formulations which are more convenient for the 
. . 

convergence analysis. Let 
. . 

From (2.1) and (2.3) , it follows that 

The equations for +n in terms of fn are identical. 

From (2'.3) and ( 2 . 5 )  t 
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These a r e  bounded l i n e a r  ope ra to r s  on C[a, b] and f o r  

c n o t  t oo  l a r g e  ( t he  ca se .o f  a s u b c r i t i c a l  medium, 

.assumed here )  w e  have 

Hence, ( I -  K ) - l  e x i s t s ,  

and f and a r e  uniquely determined.. 

From '(2.10) , 

Thus, w e  a r e  i n  t h e  realm.of  s tandard  ope ra to r  approxi- 
. . 

n a t i o n  theory .  For n s u f f i c i e n t l y  l a r g e ,  11 Kn]1 < 1, 
. . 

(I - K )  e x i s t s  and is bounded uniformly i n  n ,  and 

(2.13) 11 (1-K,) - (I-K)-'I( 5 11  ( I - K  In )-I 
/' 

(2.16) 11 (I-K,)-' - ( I - K ) - ~  11 + 0 as n + m. 

The e r r o r  bound i n  ( 2 . 1 4 )  i s  " t h e o r e t i c a l "  i n  t h e  s ense  



. . 

t h a t  it involves (I - K ) - l ,  whereas (2.15) i s  "pract ica l ,"  

because it depends on ( I  - K ~ )  -I, and can t h u s  be computed.. 

The bound (2.13) i s  of mixed type. It .  follows from (2 .16)  

and (2.5) f f  t h a t  f, -+ f  and Qn -+ + ,  uniformly a s  

n -+ a ,  

This  i s  e s s e n t i a l l y  t h e  path followed by Anselone 

14, 51 and by Kel le r  I 1 1 1  , although K e l l e r ' s  ana lys i s  

was less a b s t r a c t  and he def ined t h e  d i s c r e t e  o rd ina tes  

approximations only a t  t h e  quadrature po in t s .  Previously ,  

. . K e l l e r  [ l o ]  and Wendroff [17] t r e a t e d  t h e  d i f f e r e n t i a l  

opera tors  d i r e c t l y  without i nve r t i ng  them. The r e s u l t s  

w e r e  less s a t i s f a c t o r y  : L* convergence on quadrature  

po in t s ,  and uniform convergence on quadrature po in t s  

under a  r e s t r i c t i v e  assumption. Kofink 1131 e s t ab l i shed  

L~ convergence on quadrature po in t s  by e x p l o i t i n g . a n  

equivalence between t h e  d i s c r e t e  o rd ina tes  method and t h e  

sphe r i ca l  hbrrnonics method. 
! 

- 

2b. An I s o t r o p i c  Transport Problem',in a Half Space 
/ 

Anselone [1 - l l - a i so  derived uniform convergence 

theorems f o r  i s o t r o p i c  t r a n s p o r t  problems i n  t h e  case  

of semi- in f in i te  s l a b s  (0 - < x - < a ) .  I n  p a r t i c u l a r ,  

t h e  c l a s s i c a l  Milne .problem leads  t o  t h e  homogeneous 

equation (I - K ) f  = 0 ,  where K i s  t h e  same i n t e g r a l  

opera tor  a s  above. The Wiener-Hopf method, based on 
I 

Fourier  t ransforms,  was devised o r i g i n a l l y  t o  so lve  

t h i s  equation. ' 



A more direct method, which anticipated later 

theories of positive and monotone operators,was given 

by Hopf [9] for the case c = 1. It involves a change , 

of variable f (x) = x + q (x) . Then q satisfies the 

inhomogeneous equation (I - K)q = E3, where E3 is 

the exponential integral function. of order 3, 

A nonnegative solution q is sought in the space of. . . 

bounded continuous functions on [0, -) . Although now 
1 1 ~ 1 1  = 1, monotonicity considerations yield a unique 

solution q given by the uniformly convergent Newnann 

series 

The discrete ordinates approximation problem can be 

recastpin the form (I - K,) f, = 0. Let fn (x) = x + qn (x) . 
Then ( T  - K L i ) q , =  En3. where Ei13 is a numerical 

integration appro%imation.to E3, and is given by 4, 

A detailed tern1 by term analysis yields q, + q uniformly 

as n + . It follows that fn + f and $n + $ ' uniformly. 

3a. ' ~ n '  Anisotropic Transport problem in a Finite Slab 

Consider the .problem for Q(x, p) with a - < x - <: b, 

-1 < < 1, given by - - 



$ ( a ,  p) = o f o r  p > 0, $ ( b ,  1.1) = O  f o r ,  IJ < 0 -  

H e r e ,  x r e p r e s e n t s  t h e  o p t i c a l  depth measured from t h e  

p lane  of t h e  o r i g i n ,  i . e . ,  

w i t h  a ( ~ )  the t o t a l  c r o s s  s e c t i o n  a t  p o s i t i o n  T ,  

and T t h e  d i s t a n c e  measured from 0. The d i f f e r e n t i a l  

k e r n e l  ( x  1.1, ' 1 . 1  r e p r e s e n t s  t h e  average number of .  

neu t rons  emerging wi th  d i r e c t i o n  cos ines  i n  dp,  fo l lowing 

a c o l l i s i o n  by a neut ron  w i t h  d i r e c t i o n ,  c o s i n e  ' a t  

p o s i t i o n  x. The f u n c t i o n  g  r e p r e s e n t s  sources  w i t h i n  

t h e  slab. W e  assume here t h a t  both p  and g a re  

cont inuous f u n c t i o n s ' o f  x and .p. 

L e t  

- 
Then t h e  problem i s  expressed  i n  o p e r a t o r  form as 

where f , g  E C (X)  w i t h  X = [a ,  bl X 1-1 11 . Under 
-I 

reasonable  cond i t ions  on 4 , M = D e x i s t s  a s  an 

-1 o p e r a t o r  on C(X), and $ = Mf = D f i s  g iven  by' 



( 3 - 4 )  
x z = a for u > 0, 

- X)/L' f(xt, p ) d ~ ' ~  
z = b for p < 0. 

Therefore, an equivalent forinulation of the problem is 

(3 - 5) 0 = Mi, (1 - K)f =, g ,  K = LM. 

It can be.shown that K is a bounded integral operator 

which maps C (XI into C (X) . Since . K has a non- 

negative kernel 

If p is not too large, then 11 K I I  < 1, which we assume : 

. in what follows. Then (I - K )  exists as a bounded 

operator on C(X) , and f, 4 'are uniquely determined. 

Assume a convergent, positive quadrature rule: 

In particular, for h = e r 1, 

Hence, there exists B < - such that 



The d i s c r e t e  o rd ina tes  approximations Qn s a t i s f y  

( 3 - 6 )  

$,(a, v )  = 0 f o r  v  > 0; bn(b, v )  = 0 f o r  p < 0. 
. . 

Equivalent  formulations a r e  

. . 

where Kn i s  a bounded l i n e a r  opera tor  on C(X). 

Since t h e  "kernel"  of 
Kn i s  p o s i t i v e ,  ' 11 ~ ~ 1 1  = 11 K n e l l  , 

where e E 1. 

It fol lows from (3.5) t h a t  Kn + K ,  i .e. ,  

l l~,h - Khll + 0 as  n +.a f o r  each h f C ( X ) .  Horuever, 

( I K ,  - Kll tf 0 i n  t h e  an i so t rop ic  case ,  s o  t h e  s t a n d a r d  

opera tor  approximation theory used i n  Sec t ion '2  above is  

n o t  appl icable .  An a l t e r n a t i v e  course o f  ac t i on  i s  

pursued here.  . . 

~t ~ O ~ ~ O W S  from K~ + K ,  I I K I I  '= I I K ~ I I  and I I K ~ I I , =  I I K ~ ~ I I  
t h a t  IIK, I (  + I I K I I  . Recall  t h a t  I I K I I  < 1. Hence., f o r  n 

s u f f i c i e n t l y  l a rge ,  1 K < 1 , (1 - K )  e x i s t s  arid i s  
\ 

bounded uniformly i n  n ,  and 



It fo l lows t h a t ,  f n  -+ f  and bn -+ Q uniformly as 

n -t a. The e r r o r  bound i n  (3.11) i s  of mixed type ,  . 

n e i t h e r  pure ly  t h e o r e t i c a l  nor  pure ly  p r a c t i c a l .  

The f a c t '  t h a t  K and K n  are p o s i t i v e  o p e r a t o r s  ' 

. . ' 

is  e s s e n t i a l  t o  t h e  f o r e g o i n g a n a l y s i s ,  which i s  an 
. . 

a b s t r a c t  v e r s i o n  of t h a t  c a r r i e d  o u t  by K e l l e r  [12] i n  

a more c l a s s i c a l  s p i r i t ,  . . 

3b. An Aniso t rop ic  Transpor t  Problem i n  a Half Space 

W e  remark t h a t  t h e  c a s e  o f  a n i s o t r o p i c  s c a t t e r i n g  

problems i n  a  ha l f -space  w a s  t r e a t e d  by N e s t e l l  [16] by 

an a d a p t a t i o n  of t h e  p o s i t i v e  o p e r a t o r  t h e o r y  o f  Hopf. 

That  work i s  an ex tens ion  of t h e  i s o t r o p i c  s c a t t e r i n g '  

problem d i scussed  i n  S e c t i o n  2b above. 

4.  C o l l e c t i v e l y  compact Operator  Approximation Theory 

We s h a l l  cons ide r  t h e  same proh1.e.m , as i n  3 i r o n  

another  p o i n t  of  view, which y i e l d s b o t h  t h e o r e t i c a l  and 

p r a c t i c a l  (computs.ble) e r r o r  bound's . The a n a l y s i s  i s  .. 

based on c o l l e c t i v e l y  compact o p e r a t o r  approximation 
7 

theory  (cf  . Anselorle [61) . 
It can be  shown t h a t  t h e  o p e r a t o r  K i n  ( 3 . 4 )  is 

compact: { ~ h  : Ilhll 2 11 i s  r e l a t i v e l y  compact o r ,  
- 
e q u i v a l e n t l y ,  bounded and equicont inuous.  The sequence 

{Kn : n > 1 i s  c o l l e c t i v e l y  compact: {K h : 11  hll c 1, n > 11 
n - - - 

i s  r e l a t i v e l y  compact. Thus, we have 



Kn + K ,  K compact, Kn c o l l e c t i v e l y  compact. 
. . 

These a r e  t h e  hypotheses f o r  a g e n e r a l  o p e r a t o r  

approximation theory  i n  a Banach space s e t t i n g .  Some 

of  t h e  main conclus ions  of  t h e  t h e o r y , a r e  as f o l l o w s ,  

The o p e r a t o r  1 - K e x i s t s . i f f  f o r  n ' ' 

s u f f i c i e n t l y  l a r g e  (I - Kn) -' e x i s t s  'and i s  bounded 

I 

uniformly i n  n ,  I n  which c a s e  

Let f . = '(1 - K )  -Ig and fn = (i - Kn) -Ig. ' Then 

I n  - £ 1  + 0 L e t  

. . 
Then 

-+ 0 ,  A" =,. o as n -+ =,- 

I I  (I - K ) - ~ I I  l l~,g - Kgll + ~ , l l f l l  
I I f n  - f l l  - < f o r  An < 1, 

1 - A n  

-1 
II(1 - KI1) I I  llKng - W l l +  ' ~ " l l f , l l  

II f n  - f 1.1 5 f o r  < 1. 
1 - 

-1 
Moreover, (1 - K )  e x i s t s  whenever (I - K e x i s t s  

-1 
and An < 1. Thus t h e  e x i s t e n c e  of f  = (I - K) g 

can be i n f e r r e d , f r o m  approximations.  

,..' 



The convergence of t h e  d i s c r e t e  o rd ina t e s  approxi- 

mations was e s t a b l i s h e d  by means of t h e  c o l l e c t i v e l y  

compact theory by N e s t e l l  [16] f o r  an a n i s o t r o p i c  

t r a n s p o r t  problem i n  a  f i n i t e  s l a b  wi th  p  = p ( ~ ,  p l )  

and by Nelson 1151 i n  g r e a t e r  gene ra l i t y .  Both au thors  

worked d i r e c t l y  wi th  e x p l i c i t  r ep re sen t a t i ons  of K a n d  

Kn* Since  K i s  an i n t e g r a l  opera to r  on func t ions  of 

two v a r i a b l e s ,  its ke rne l  involves  fo'ur va r i ab l e s .  The 

ke rne l  has a  weak s i n g u 1 a r i . t ~ .  The d e f i n i t i o n  of Kn i s  
. . 

s i m i l a r ,  wi th  t h e  p - in tegra l  replaced by a  sum. The 

complicat ions of K and Kn ,  p a r t i c u l a r l y  t h e  s i n g u l a r i t y ,  

make it d i f f i c u l t  ' t o  see what makes t h e  a n a l y s i s  go 

through. W e  propose a  d i f f e r e n t  approach h e r e ,  which i s  

more t r anspa ren t  and extends more r e a d i l y t o  a  l a r g e r  

c l a s s  of  t r a n s p o r t  problems. By (3.5) and (3.7) , 

K = LM, Kn = \M 

where M i E  def incd i n  (3.1) and 

The b a s i s  of t h e  ana ly s i s  i s  t o  t a k e  advantage of t h e  

f a c t  t h a t  only L ,  which has a  c o n t i n u o u s k e r n e l ,  i s  

approzimated i n  o rde r  t o  de f ine  Kn = LnM. The singu- 

l a r i t y  comes from IY, which can be t r e a t e d  s e p a r a t e l y .  



* Consider $ = Mf f o r  f C C (x) . ' ,From ( 3 . 4 )  , 

z = a f o r  p > 0 ,  
) ( x ,  p )  = j eLt f ( x  - t p , , p ) d t ,  

0 
. . 

z = b f o r  p < 0.  

It fol lows t h a t  4 is  continuous except  perhaps a t  

(a, 0 )  and (b, 0) . The boundary cond i t ions  

1. 
$(a t  1.1). = 0 . f o r  p > 0, 4 (b ,  p)' = 0 f o r  p < 0 ,  

. . 
, ' 
are s a t i s f i e d  and 

. . 

Thus, R(M), t h e  range of M,  c o n s i s t s  of bounded 

func t ions  which a r e  continuous except  a t  'two ' 

po in t s .  By r o u t i n e  arguments, L and Ln map R(M) i n t o  

C (x) . ~ e f  ine'  t h e  domains of L and Ln by D (L)  = D (Ln) = R(EI)  . 
Then t h e  ope ra to r s  K = LM and Kn = L r? M map C ( X )  i n t o  C (x) . . 

It fol lows e a s i l y  from Kn - K =  (Ln - L)  M . and t h e  

p r o p e r t i e s  of R(M) t h a t  Kn + K .  To prove t h a t  K i s  

compact and { K n }  i s  c o l l e c t i v e l y  compact, cons ider  

~f = U4f and Knf = L Mf f o r  11 f 11 5 1. A s  above, l e t  n 

4 = Mf. Then f o r  any E > 0 and any v > 0 t h e r e  



e x i s t s  6 = 6 (e ,  . v )  independent of f  such t h a t  

I$(xf  1-11 - $ ( x t r  P I ]  < E f o r  Ix - x t l  <. 6 ,  I p I  > V .  

T h i s  i s  an e q u i c o n t i n u i t y  p roper ty  i n  x ,  . uniform f o r  

1 ~ 1  > V .  E s s e n t i a l l y r  M i s  a compact o p e r a t o r  w i t h  

r e s p e c t  t o  x,  uniformly f o r  each u > 0. ' S i m i l a r l y ,  

t h e  o p e r a t o r  L i s  compact wi th  r e s p e c t  t o  1-1. uniformly 

f o r  . a  - < x - < b./ ~ x a m i n a t i o n  of (L$)(x,, P )  - (L$)(x ,  1-I') 

and/ (L$) (x,  P )  - ( $ 1  x , 1-11 r e v e a l s  t h a t  t h e  sets 

{ ~ f  = L M ~  : llfll 5 11, { K n f  = LnMf : Ilfll = < 1, n - > 1 )  

are bounded and equicont inuous.  Therefore ,  K' i s  compact 

and 'K; i s  c o l l e c t i v e l y  compact. 

The e r r o r  bounds i n  t h e  ~ o l l e c t i v e l ~  compact t h e o r y  

depend p a r t i c u l a r l y  on 

C a l c u l a t i o n s  based on t h e s e  equat ions  should  y i e l d  

s h a r p e r  bounds than  would be ob ta ined  o therwise .  

5. A Three-Dimensional Aniso t rop ic  Transpor t  Problem / 

L e t  l? be a  domain i n  R~ wi th  boundary 3I' which, 

a t  l e a s t  piece-wise,  hks a ~ r e l l = d e f i n e d  t a n y e i ~ t  plalle at 

each p o i n t .  D i rec t ions  w i l l  be  denoted b y '  S l  f 8 ,  t h e  



3 u n i t  sphere i n  R . Consider t h e  problem f o r  $(x, n ) ,  
. . 

x e r ,  . ~ e  s: 

with  $I (x, Q) = 0 f o r  x € al" . and !2 an incoming 

d i r e c t i o n .  The g rad i en t  opera tor  V a c t s  w i th  r e spec t  

t o  x. Assume khat  f, g  and p  a r e  continuous and. 

and t h a t  p  is nonnegative. I n  opera tor  form (5.1) 

becomes 

Motivated by t h e  f a c t  t h a t  'C V i s  t h e  d i r e c t i o n a l  

d e r i v a t i v e i n  . . t h e  d i r e c t i o n  Q, w e  in t roduce a d d i t i o n a l  
. . 

no ta t ion  a s  i l l u s t r a t e d  i n  t h e  following diagram., ' 

. .. . 

The ray through x i n  t h e  d i r e c t i o n  -n i s  given by 

x - sQ, s - > 0 .  L e t  d  (x, Q) = '11 x - y  ll', , t h e  Euclidean 

d i s t ance  from x t o  ar along t h e  ray.  



An equivalent formulation of D$ = f is 

Solve (5.3) t o  obtain 

Thus, M = D exists as an operator on C ( X )  , where 
- x = r x 8,  and 4 = Mf is given by (5.4) . The original . . 

problem now becomes 

(5 - 5) $ = Mf, (I - K)f = g, K =, LM f 

where L is the integral operator in (4.1)- 

Discrete ordinates approximations ,.$, (x, Q) 

satisfy 

. . 

where Ln is a numerical integration -approximation to 

L defined in terms. of a positive convesgent quadrature 

rule- Now-familiar reasoning yields the equivalent 

formulation of (5.6) , 

The tasks are the same as .before, namely to prove 

that (I - K )  exists, (I - Kn) exists for n' 

sufficiently large, and 



which impl ies  t h a t  f n  + f and +n + + uniformly.  

I f  I ( K I I  < 1 and Kn + K, t hen  t h e s e  conclus ions  fo l low 

a s  i n  S e c t i o n  3 .  I f  a l s o  K i s c o m p a c t  and K i s  . 

c o l l e c t i v e l y  compact, t h e n  t h e  e r r o r  bounds of S e c t i o n  4 

are obta ined .  This  p r o g r a m w i l l  be  undertaken i n  'a 

forthcoming sequel .  

The c o l l e c t i v e l y  compact o p e r a t o r  approximation 

theory  may a l s o  be a p p l i c a b l e  t o  t h e  c a s e  where t h e  

approximations a r e  made w i t h  respect t o  t h e  s p a t i a l  

v a r i a b l e ,  e i t h e r  by approximating t h e  d e t a i l e d  v a r i a t i o n  

of. a (x, 5 2 )  and p (x ,  R , '  52 ! ) w i t h  r e s p e c t  t o  p o s i t i o n  

x b y  a p p r o p r i a t e  smoothed f u n c t i o n s ,  and/or by c a r r y i n g  

o u t  t h e  s p a t i a l  i n t e g r a t i o n s  by some quadra tu re  approxi-  

mation. I n  t h i s  more g e n e r a l  s e t t i n g ,  w e  have M , . . 
. . 

approximated by M as w e l l  as L approximated by Ln. 
j 

Thus, it w i l l  be  neces&ary  t o  c0nside.r L n  M j + LM i n  an 

a p p r o p r i a t e  sense .  . . 

6. A p o s i t i v e  . . Operator  Approach ' ' 

E x p l i c i t  r e s u l t s  f o r  the t h r e e  dimensional  problem 

can be  obta ined  r a t h e r  e a s i l y  i f  an a d d i t i o n a l  assumption 

is made. Consider t h e  problem of Sec t ion  5 i n  t h e  form 

. . 
under t h e  r e s t r i c t i o n  



Phys ica l ly ,  . t h i s  requirement  means t h a t  absorpt ion  

dominates product ion by f i s s i o n ,  i.e., t h a t  oa > (v  - l ) o f ,  

where oa and of a r e  t h e  absorpt ion  and f i s s i o n  c ro s s  

s e c t i o n s ,  and ' v  i s ' t h e  mean number of neut rons  produced 

produced pe r  f i s s i o n .  This  i n e q u a l i t y  .is always s a t i s f i e d  

i n  a  non-multiplying medium (of = 0) a s  long a s  some 

absorpt ion  i s  p re sen t  (oa > 0) ; however, it may n o t  be 
\ 

s a t i s f i e d  i n  some nuc lea r  r e a c t o r  app l i ca t i ons .  

Suppose t h a t  f o r  each g f C ( X )  t h e  equationi ' '  

-1 
Tr$ = g has a unique s o l u t i o n  4 = T g such . , t ha t  

$ 2 0  i f  g - > 0. Then T-l i s  a p o s i t i v e  ope ra to r  

from C ( X )  t o  an appropr ia te  s o l u t i o n  space. L e t  

e (x, R )  . 1 on X .  Then ( 6 . 2 )  i s  equ iva len t  t o  

-1 
. - By an elementary argument, 4 = T g i s  bounded f o r  

each g € C ( X )  and II$II < c-l i l g l l  i n  terms o f  t h e  sup 
t -1 

norm, Thus, T maps , C ( X )  on to  a  subspace of t h e  

bounded func t ions  on , X ,  T-' 5. s bounded, and 

I I T - ~ ~ ~  = I I T - ~ ~ I ~  < l/c. 

.The d i s c r e t e  o rd ina t e s  approximations $n . s a t i s f y  

(6.4) TnQn = gt  Tn = D - Ln' 

A s  above, suppose t h a t  Tn e x i s t s  and i s  a p o s i t i v e  

ope ra to r  on C ( X )  . ' Since  L n  y'  L ,  w e  have Tn + T and, 

in pa.rL.cular , Tn" + T e .  Therefore, for  n s u f f i c i e n t l y  

l a r g e ,  



-' is bounded and 11 Tnm111 < l/c. Now, Tn 

-1 - - Let 4 = T g and $n - Tn lg. Then 

. . 

The error bound for 11 On -$]I is of mixed type, neither 

purely theoretical nor purely practical. 

A special casO of this scheme was carried out by 

Madsen [14] in a classical analysis setting. 

7. A Time-Dependent Transport' Problem 

Wilson [20] investigated the discrete ordinates 

.method for a generalized txansport equation in several 

space dimensions: 

Independent variables are time ;t € (0, T)., position 

x € I', a rectangle in and velocity v f 8 ,  a ball 

in R". The gradient acts with respect to x. An 



i n i t i a l  cond i t ion  s p e c i f i e s  $(O, x, v ) .  P a r t i a l  . . 

specu l a r  r e f l e c t i o n  on aI', ranging from f u l l  r e f l e c t i o n  

t o  an e x t e r i o r  vacuum, was assumed by .\Vilson. 

I n  ope ra to r  form (7.1) becomes D@ = L@ +, g. 

D i sc r e t e  o r d i n a t e s  approximations % s a t i s f y  equa t ions  

- DOn - LnOn + ,  9 I where Ln i s  a numerical i n t e g r a t i o n  

approximation t o  L wi th  a convergent p o s i t i v e  quadra tu re  
. . 

' r u l e .  

Wilson [19] obta ined ex i s t ence  and uniqueness 

theorems f o r  weak and s t r o n g  s o l u t i o n s  of a gene ra l  

problem which inc ludes  both D@ = L@ + g and DOn = L,% + g 

as s p e c i a l  c a se s -  The . ana lys i s  involves  an equ iva l en t  

formula t ion  of t h e  problem a s  an i n t e g r a l  equa t ion  which 

i s  of V o l t e r r a  type  i n  to  Di rec t  i t e r a t i o n  y i e l d s  t h e  

e x i s t e n c e  and uniqueness of Q and On,  p l u s  i n e q u a l i t i e s  
. . 

o f  t h e  form . , .  

wi th  max norms on the 9,unctions over  undksplayed 

arguments. ' , 

Since  D (4, - 4)  = L ~ ( @ ~  - @) + Ln$ - Lg wi th  ze ro  

i n i t i a l  and boundary cond i t ions ,  (7.2) inpbies. . 

The e r r o r  bound i n  (7.3) i s  of 'mixed type.  



. . 
4 

. : 

8, Conclusions . 
I .  

I n  the preceding, we have attempted to survey develop- 

ments in the investigation of convergence properties and 

error bounds for the discrete ordinates approximations to the 

transport' equation. This summary has been carried out in an 

abstract setting which, we believe, serves to unify and 

clarify much previous work in this area. The direction of 

future investigations is also clearly indicated. 

While the first studies of convergence properties of 

: thediscrete ordinates methods were carried out nearly fifteen 

years ago, in an astrophysical setting, they have generally 

not come to the attention of workers interested in practical 

applications of the method to nuclear reactor computational 

problems. In fact, as recently as 1968, a standard work on 

reactor computing methods refers to the convergence of the 

discrete ordinates method as an unsolved problem, 

A number ,of practical implications follow from the 

results surveyed above.   or ' example, the equivalence of the 

spherical harmonics ( P N ]  and Gauss-quadrature methods for 

slab geometry transport problems (in the sense that-the 

solutions agree at ,the quadrature points) establishes the 

convergence of, and provides error bounds for, the PN 

solu~kirsns at thc quadrature p0int .s .  

Hopefully, future extensions of the results surveyed here 

to include three-dimensional systems and discretization of the 

spatial variable will provide convergence proofs and practical 

error estimates which will be oE use even in the mostcomplicated 

practical applications of discrete ordinates methods. 
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