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ABS TRAC T 

The work of D.R. Miller* on t h e  hydrau l i c  c o l l a p s e  o r  i n s t a b -  ; 

i l i t y  of f l a t  p l a t e s  h a s  been extended by cons ide r ing  flow red is -  

t r i b u t i o n  and t h e  e f f e c t  of unequal f r i c t i o n  drops i n  t h e  d e f l e c t e d  

r eg ion  of t h e  channe l so  A g e n e r a l  formula f o r  t h e  p r e s s u r e  d i s t r i b -  

u t i o n  over  a p l a t e  as a f u n c t i o n  of t h e  p l a t e  d e f l e c t i o n  i s  de r ived .  

From t h i s  g e n e r a l  formula,  l i n e a r i z e d  formulas  f o r  small d e f l e c t i o n s  

( l e s s  than  about  30% channel area change, and less than about  one- 

h a l f  t h e  p l a t e  t h i c k n e s 3  are derived f o r  the p r e s s u r e  d i s t r i b u t i o n  

and t h e  c r i t i c a l  v e l o c i t y .  Graphs  of p r e s s u r e  d i s t r i b u t i o n  f o r  

4 v a r i o u s  assumed d e f l e c t i o n  curves  are presented. Formulas and 
';F 

a curves  are g iven  f o r  t h e  magn i f i ca t ion  of i n i t i a l  d e f l e c t i o n s  as 

a f u n c t i o n  of approach t o  t h e  c r i t i c a l  v e l o c i t y  

* C r i t i c a l  Flow Veloci t ies  f o r  Collapse of Reac tor  P a r a l l e l - P l a t e  
m Fue l  Assemblies, t o  be publ i shed  i n  an  ASME Journa l .  
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I. INTRODUCTION 

I n  Miller 's  o r i g i n a l  work on t h e  i n s t a b i l i t y  problem, i t  i s  

assumed t h a t  (1) t h e  l e n g t h  of the  plates  is  l a r g e  compared t o  

t h e  l e n g t h  of t h e  d e f l e c t e d  reg ion ,  ( 2 )  t h a t  the  f r i c t i o n  drop 

i n  t he  d e f l e c t e d  reg ion  is  small, ana (3)  t h e  p l a t e  s t i f f n e s s  i s  

equal  t o  t h a t  of a wide beam s u b j e c t  t o  a uniform load .  

I 

I n  mariy r e a c t o r  p l a t e  des igns  the  l eng th  of t h e  p la tes  is of 

t h e  o rde r  of 6 t c .  15 times t h e  p l a t e  width.  

of t h e  p l a t e s  rnus'c extei-id over a l eng th  of t h e  o r d e r  of a p l a t e  

width o r  more, o r  there would be a large i n c r e a s e  i n  t h e  s t i f fnes s  

of t h e  p l a t e s  for t h l s  deformation because of ax ia l  bending. 

Any l o c a l  d e f l e c t i o n  

fk 

a Therefore, .  i n  many cases  t h e  d e f l e c t e d  reg ion  i s  an apprec i ab le  

p o r t i o n  of t h e  t o t a l  l eng th ,  and some r e d i s t r i b u t i o n  of f low i s  

t o  be expected.  

a 

A s  a l o c a l  reg ion  d e f l e c t s ,  t h e  f r i c t i o n  drop i n  t h e  con- 

s t r i c t e d  channel  w i l l  be more r a p i d  than i n  t h e  expanded channel.  

T h i s  causes a pressure  d i f f e r e n c e  over t h e  d e f l e c t e d  reg ion  which  

is i n  a d d i t i o n  t o  t h e  Ventur i  effect  considered by Miller. T h i s  

p re s su re  d i f f e r e n c e  adds t o  t h e  Ventur i  e f f e c t  f o r  d e f l e c t i o n s  

nea r  t h e  i n l e t ,  and s u b t r a c t s  f o r  d e f l e c t i o n s  nea r  t h e  e x i t .  

If t h e  d e f l e c t e d  reg ion  extends over  an  a x i a l  l e n g t h  less 

t h a n  about  three p la te  spans,  axial  bending stresses are no t  neg- 

l i g i b l e  compared t o  t h e  t r a n s v e r s e  bending; stresses.  This i n c r e a s e s  

t h e  s t i f f n e s s  of t h e  p l a t e .  
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In the analysis presented here these effects are considered. 

A general expression for the pressure distribution caused by an 

arbitrary plate deflection is obtained. This expression is linear- 

ized by considering deflections corresponding to about 30$ chan- 

nel area change or less. Using this linearized expression, crit- I 

ical velwities can be found for various assumed positions of a 

deflected region. 

In the design of plate fuel assemblies, large def1ection.s 

are to be avoided. Large deflections will cause flow redistribu- 

tion, resulting in o-erheating and/or departure from nucleate 

boiling in the adjacent plates. The exact limitation on deflection 

w i l l  depend on the particular design, but deflections equal to 30$ 

of the channel thickness o r  channel area changes of 30$ would be 

excessive. If the discussion is limited to such deflections, the 

linearized theory presented here w i l l  be reasonably accurate. In 

addition, with the linearized theory, magnification of initial 

deflections by the hydraulic forces becomes a simple function of 

the approach to the critical velscity. Then one can design with 

respect to the critical velocity by setting some limit on permis- 

sible deflection, estimating the expected initial deflections, 

and calculating the factor by which these deflections are multiplied 

as a function of the velocity. 
# 

The problem of large deflections is much more complex, and 

will not be considered. Such factors enter as: (1) stiffening 

of the plates by membrane stresses; (2) variation of flow across 
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1 

i. 

t h e  span of t h e  p l a t e s ,  ( a t  t h e  mid-span where t h e  plates  n e a r l y  

touch, flow mab be choked o f f ) ;  (3) t h e  p r e s s u r e  as  a f,unctbon 

of d e f l e c t i o n  becomes h igh ly  non-linear.  

i n t e r p r e t a t i o n  of exper imenta l  data very  d i f f i c u l t  a t  v e l o c i t i e s  

Such e f f e c t s  make 

n e a r  and above t h e  c r i t i c a l .  

Assumptions 

1. T h e  p r e s s u r e  d r o p s  t h r u  a l l  channels  a r e  equa l .  That i s ,  the  

SUM of t h e  e x i t  and e x t r a n c e  l o s s  p lus  t h e  i n t e g r a l  of t h e  l o c a l  

friction drop over  t h e  l e n g t h  of channe1, is  t h e  same for a l l  

channels .  

2 .  The  s t a t i c  pyessure d i s t r i b u t i o n  a c r o s s  the s p a n  of' a p l a t e  i s  

unirorrn a l  each a x i a l  l o c a t i o n .  

3 .  Small  deflection e l a s t i c  theory  holds  for t h e  p la tes ;  membrane 

stresses a r e  n e g l i g i b l e .  

4.  The water  i s  incornpressik.;e ar?d no vo ia s  o r  b u b b l e s e x i s t .  
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11. NOMENCLATURE 

d i s t a n c e  a long  p la te  l e n g t h  - i n ,  

p l a t e  l e n g t h  - i n ,  

d imens ionless  d i s t a n c e  a long  p la te .  

channel area f o r  unde f l ec t ed  p la tes  - i n .  

change i n  channel area as  a f u n c t i o n  of d i s t a n c e  a long  
channel  - iri.2. 

2 

- dimens ionless  channel  area change. 

s t a t i c  p r e s s u r e  - p s i .  

dynamic p r e s s u r e  - p s i .  

t o t a l  p r e s s u r e  - p s i ,  

p r e s s u r e  drop a c r o s s  f u e l  assembly. 

I t 

b I 

l o c a l  v e l o c i t y  i n  channel - in . /sec.  

average v e l o c i t y  t h r u  channels ,  based on o r i g i n a l  area. 

c r i t i c a l  v e l o c i t y .  

c r i t i c a l  v e l o c i t y  as der ived by Miller. 

f l o w  r a t e  0 in ,3/sec.  

f l u i d  mass d e n s i t y  - l b .  s e c e 2  i n , - 4  

f r i c t i o n  f a c t o r .  

channel  t h i c k n e s s  - i n .  

p l a t e  t h i c k n e s s  - i n .  

p l a t e  span = i n .  

i n l e t  loss c o e f f i c i e n t .  

d - 

e x i t  l o s s  c o e f f i c i e n t .  

s t i f f n e s s  of plate considered as a wide beam s u b j e c t  
t o  uniform p r e s s u r e  = psi./in. of d e f l e c t i o n  a t  midspan, 

parameter  which c o r r e c t s  
t h e  p la tes  ( " s h o r t  p l a t e  

f o r  axial  bending 
e f f e c t s " )  . s t i f f n e s s  of 



n ... 

E - 
9 -  

mid-span d e f l e c t i o n  of p l a t e .  

r a t i o  of p l a t e  d e f l e c t i o n  averagedover span of p l a t e  
t o  mid-span d e f l e c t i o n .  

number of p l a t e s  d e f l e c t i n g  i n t o  a channel.  

a x i a l  l eng th  of d e f l e c t e d  reg ion .  

axial  d i s t a n c e  from i n l e t  t o  s t a r t  of d e f l e c t e d  r eg ion .  

a x i a l  d i s t a n c e  from i n l e t  t o  middle of d e f l e c t e d  reg ion .  

modulus of e l a s t i c i t y  - p s i .  

Poi s son ' s  r a t i o .  

- .  



111. REsuLIp;s - 
Pressu re  D i s t r i b u t i o n s  

The g e n e r a l  express ion  f o r  a x i a l  v a r i a t i o n  Qf t h e  s t a t i c  

p re s su re  a c t i n g  on t h e  plates,  as a f u n c t i o n  of t h e  d e f l e c t i o n  

curve g ( z )  i s  

The p re s su re  i s  assumed t o  be uniform over t h e  plate w i d t h .  

For  small  d e f l e c t i o n s  t h i s  reduces t o  

where 

F i g u r e s  I t h r u  IV gihow p l o t s  of t h i s  r e l a t i o n  f o r  va r ious  assumed 

d e f l e c t i o n s .  The d e f l e c t i o n s  are assumed t o  be unmodified by the 

p r e s s u r e  d i s t r i b u t i o n .  I n  F igure  I a 

w i t h  an  i n t e g r a l  number of waves over. 

was assumed, so t h a t  t h e  two channels  

t o  t o t a l  f r i c t i o n  drop. I n  t h i s  case 

t i o n .  

s i n u s o i d a l  d e f l e c t i o n  curve 

t h e  f u l l  l e n g t h  of t h e  p la te  

are’ i d e n t i c a l  - w i t h  r e s p e c t  

there is no flow r e d i s t r l b u -  



The fo l lowing  parameters  were used i n  t h e  c a l c u l a t i o n s  for 

. .  Figures  I t h r u  I V :  

k j  = O , ~ O  ) e c  -0.36 J4 = 2.0 

iL 2 3 3  ah 

I n  F igu re  I1 a d e f l e c t i o n  curve of t h e  form a =  ”9 7 

was used, and Lwas taken as two p la te  spans.  

j u s t  beyond t h e  i n l e t ,  

The d e f l e c t i o n  s tar ts  

F igure  111 shows t h e  r e s u l t s  f o r  the same 

d e f l e c t i o n  curve,  bu t  s t a r t i n g  nea r  t h e  middle of t h e  p la te  l e n g t h .  

F igu re  I V  cons ide r s  a d e f l e c t i o n  s t a r t i n g  a t  t h e  i n l e t .  

Plate S t - l f f n e a s  
I 

If a uniform p res su re  a c t s  over  l e n g t h  of t h e  plate which is 
. l a r g e  compared t o  t h e  p l a t e  span, t h e  p l a t e  a c t s  as a wide beam 

and i t s  s t i f f n e s s  i s  given by 

for a clamped beam. ( 4 )  

f o r  a simply supported 
beam. (5)  

where D i s  t h e  f l e x u r a l  r i g i d i t y  of t h e  p l a t e .  If t h e  p r o p e r t i e s  

of t h e  p la te  are homogeneous and i s o t r o p i c  throughout  t h e  t h i ckness ,  

D = ,- 
r i g i d i t y  of t h e  p l a t e  must be eva lua ted  on t h e  b a s i s  of t h e  spec-  

i f i c  materials used and s e r v i c e  environment.  T h e r e  i s  some 

experimental  evidence which i n d i c a t e s  t h a t  f u e l  may e x h i b i t  very 

low creep  s t r e n g t h  dur ing  I r r a d i a t i o n .  

Et ’  . ’ If t h e s e  assumptions do n o t  apply,  t h e  f l e x u &  
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If the deflected region I s  not long, there I s  an additional 

stiffness due to axial bending. This is accounted for in an 

approximate manner by defining a parameter OC. 

ness of a deflectjed region of length ( k )  is approximately 
The local stiff- , 

where &has the values listed below 

* 

In deriving the values ford, it was assumed that the central 

deflection over the length (1) varied in smooth manner, being zero 
at each end. It was also assumed that the local pressure was 

approximately proportional to the deflection. The values of OC 

were found by analogy to the problem of' determining the natural 

frequencies of plates. 

Critical Velocity 

The condition for instability is the following: at the criti- 

cal velwity, the pressure caused by a small plate deflection is 

just equal to the restoring force of the plate at that deflection. 

*The local stiffness is defined as the maximum A p  divided by max- 
imum deflection. 



. .. 

_I. 

A d e f l e c t e d  r e g i o n  of l e n g t h  (J ! ) ,  a t  a d i s t a n c e  from t h e  i n l e t  

having t h e  shape  shown on F igures  I1 and I11 was assumed. A p p l i -  

cation of t h e  i n s t a b i l i t y  c r i t e r i o n  g ives :  

For a clamped p l a t e ,  C = 8/15; f o r  a simply-supported plate 

C = 16/25. I f  only  one p l a t e  d e f l e c t s  i n t o  a channel ,  n = 1. If 

an  assembly of p l a t e s  d e f l e c t s  such t h a t  a l t e r n a t e  channels  are 

opened and c losed  a t  t h e  same axial  p o s i t i o n ,  then n = 2.  T h i s  is  

t h e  lowes t  mode of i n s t a b i l i t y .  

The c r i t i c a l  v e l o c i t y  found by Miller i s  

c 

. -  

for fixed edges 

for simply suppor ted  ( 9 )  
edges 

The r a t i o  of t h i s  c r i t i c a l  v e l o c i t y  t o  t h e  one found by Mi l le r  

i s  



T h i s  r a t i o  i s  independent of t h e  p l a t e  edge cond i t ions  and 

t h e  mode of i n s t a b i l i t y .  

The  above r e l a t i o n s  f o r  c r i t i c a l  v e l o c i t y  apply f o r  i n s t a b -  

n 

i l l t y  downstream of t h e  en t rance .  A r e l a t i o n  f o r  en t r ance  

i n s t a b i l i t y  was obta ined  us ing  t h e  d e f l e c t i o n  curve of F igure  I V .  

The r e s u l t  i s  

The c r i t i c a l  v e l o c i t y  r a t i o s  a r e  p l o t t e d  on F igure  V as a 

f u n c t i o n  of t h e  d i s t a n c e  of t h e  middle  of t h e  d e f l e c t e d  r eg ion  t o  

t h e  i n l e t .  t Curves a r e  given f o r  s e v e r a l  va lues  of t h e  r a t i o  ( /b) .  

If  one assumes a s i n u s o i d a l  d e f l e c t i o n  curve over  t h e  f u l l  

l e n g t h  of t h e  p l a t e ,  as i n  F igure  I, a s l i g h t l y  d i f f e r e n t  c r i t i c a l  

v e l o c i t y  is obta ined .  

c r i t i c a l  v e l o c i t y  i s  the  same a8 Miller’s c r i t i c a l  v e l o c i t y ,  

There  i s  no f low r e d i s t r i b u t i o n  and t h e  

except f o r  ax ia l  bending e f f e c t s  

E f f e c t  of Flow on I n i t i a l  Def l ec t ions  

If i n i t i a l  d e f l e c t i o n s  extending over  an ax,al d i s t a n - e  of 

about  1/3 t h e  p l a t e  l e n g t h  or less are p r e s e n t ,  they are magnified 

by t h e  h y d r a u l i c  f o r c e s .  

If a l l  the plates In an assembly have i n i t i a l  d e f l e c t i o n s  

a t  t h e  same axial  l o c a t i o n ,  such t h a t  a l t e r n a t e  channels  are 

increased and decreased I n  area, 



TMS relation w88 g5ven by Miller in 

XS 'two adjacent plate8 are deflected 

the satme axla l  location, 

t@ 

Reference (1) I 
towr$a eash other  a t  I 

I 

(14) 

If 0- plate  in an ase~errrbly hap an inftfal deflection 

t5 J 

.x = '- e+)@pP ( 2 6 )  . .  

If a alngAe plate centerid i& a rigid duct has an ln l t ia l  . 

d e f l e c t  ion , equatl (13) applies, T~X critical veaaoity is, 

however, GtimeB the critical velocity for an assembly o f  plates 

These relations aphly a t  any axial lacatam, aM for any length 

of deflected region (up t o  about 1/3 the plate length),* 

over the fi;111 plate l ength .  

t h e  f u l l  p l a t e  lengthr the hydratrlfc Tome! ten 

deflect ion,  

These  relatibrat3 are  given In graphical  form' on Pigure VXe 

I These relations a180 Wplg t o  %L slnusol8a;l . r' initial-deflect1 

If a &nlfom defleetlon e%liats, 6 
awP=sa thfa -I 

, 
J .. 

*The eifsot of alrial posit&& and'length cxf detlebtal region are 
taken Into account by selecting the oppraOrSate orit3cal k l o c i t y ,  
using equation (10) or (11). 

., . . . . . . . .  
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I E f f e c t  of In-Plane Compressive Loads. 

I f  t h e  p la tes  are  s u b j e c t  t o  an  in-plane compressive load ,  

t h e  c r i t i c a l  v e l o c i t y  is  reduced. 

r e s i d u a l  stresses a s s o c i a t e d  w i t h  welding of p la te  assemblies, 

Such load ing  could resu l t  from 

d i f f e r e n c e s  i n  average  temperatures  of a d j a c e n t  plates,  and 

d i f f e r e n t i a l  i r r a d i a t i o n  growth of f u e l  p l a t e s  r e l a t i v e  t o  each 

o t h e r  and t o  poison and non-fuel b e a r i n g  p la tes .  

f o r  i n s t a b i l i t y  i s  

The c o n d i t i o n  

wherePcr is  t h e  c r i t i c a l  l oad  f o r  column buckl ing  a l o n e ,  and Vcr 

i s  t h e  c r i t i c a l  v e l o c i t y  f o r  f low w i t h  no compressive load .  

r e l a t i o n  i s  p l o t t e d  on F ig .  V I 1  f o r  t h e  fo l lowing  cases :  

p l a t e s  i n  an assembly under compression; ( b )  one p l a t e  i n  an  

assembly unaer  compression; ( c )  one p la te  b i s e c t i n g  a r i g i d  duct .  

T h i s  

( a )  a l l  

, 

The above r e l a t i o n  and Fig .  V I 1  were p resen ted  by Miller i n  

Reference (1). They are  inc luded  here f o r  completeness.  

I 

i 



IV. D I S C U S S I O N  

P r e s s u r e  D i s t r i b u t i o n s  

F i g u r e s  I t h r u  I V  were de r ived  by cons ide r ing  an i n i t i a l  

d e f l e c t i o n  and c a l c u l a t i n g  t h e  p r e s s u r e  d i s t r i b u t i o n  caused by 

t h i s  d e f l e c t i o n .  I f  t h e  plates  were r i g i d ,  t h i s  would be t h e  

f i n a l  p r e s s u r e  d i s t r i b u t i o n .  W i t h  non-r ig id  p l a t e s ,  t h i s  pres- 

sure w i l l  cause a f u r t h e r  d e f l e c t i o n ,  a n d > t h i s  d e f l e c t i o n  w i l l  

g e n e r a t e  an  increment of p r e s s u r e .  

c r i t i c a l  t h i s  p rocess  converges,  and i f  t h e  v e l o c i t y  is  a t  o r  

I f  t h e  v e l o c i t y  i s  below t h e  
t 

above t h e  c r i t i c a l  t h e  process d i v e r g e s  t o  large d e f l e c t i o n s .  

Examination of F i g u r e s  I t h r u  V p o i n t s  o u t  s e v e r a l  i n t e r e s t -  

i n g  e f f e c t s .  : T h e  p r e s s u r e  d i s t r i b u t i o n  of F igu re  I can be thought  

of as  a s i n u s o i d a l  d i s t r i b u t i o n  p l u s  a uniform d i s t r i b u t i o n .  The 

uniform p r e s s u r e  tends  t o  bias  t h e  e n t i r e  p l a t e  t o  one s i d e .  How- 

e v e r ,  as soon as t h e  uniform d e f l e c t i o n  beg ins ,  t h e  f low redis- 

t r i b u t e s  and s t a b i l i z e s  t h i s  component of t h e  d e f l e c t i o n ,  The  

sinusoida.1 component of t h e  p r e s s u r e ,  however, w i l l  magnify the 

s i n u s o i d a l  d e f l e c t i o n  shape.  

I n  F i g u r e  I1 t h e  p r e s s u r e  ove r  t h e  e n t i r e  p l a t e  i s  i n  t h e  

same d i r e c t i o n  as  t h e  d e f l e c t i o n  excep t  a t  t h e  very  end. Thus, 

t h e r e  i s  a tendency t o  spread the  def lected regLon downstream. 

Such a motion would cause f u r t h e r  flow r e d i s t r i b u t i o n ,  and a 

dec rease  i n  t h e  p r e s s u r e .  T h i s  e f f e c t  was n o t  cons idered  i n  

t h e  a n a l y s i s .  I n  F i g u r e  I11 t h e  p r e s s u r e  upstream of t h e  deflec- 
\ 

t i o n  a c t s  i n  t h e  oppos i t e  d i r e c t i o n  t o  t h e  d e f l e c t i o n .  I n  t h e  

d e f l e c t e d  region,and downstream i t  a c t s  i n  t h e  same d i r e c t i o n .  
4. 

'. 
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Again there is  a tendency t o  spread t h e  d e f l e c t e d  r eg ion  down- 

stream, and p e r h a p s  t o  move t h e  d e f l e c t e d  r eg ion  downstream, 

C r i t i c a l  V e l o c i t i e s  

F i g h e  V shows t h a t  t h e  c r i t i c a l  v e l o c i t y  i s  lowes t  a t  t h e  

i n l e t .  The d i f f e r e n t  r a t e s  of f r i c t i o n  p r e s s u r e  drop i n  t h e  

d e f l e c t e d  and opened channels  causes  t h e  c r i t i c a l  v e l o c i t y  t o  

I 
0 

i n c r e a s e  w i t h  d i s t a n c e  from t h e  i n l e t .  Comparing F i g u r e s  I1 and 

111, i t  i s  seen  t h a t  a d e f l e c t i o n  nea r  t h e  i n l e t  g e n e r a t e s  a 

la rger  p r e s s u r e  d i f f e r e n c e  than  one downstream. A t  t h e  i n l e t  

t he re  i s  a f u r t h e r  r e d u c t i o n  i n  c r i t i c a l  v e l o c i t y  because of t h e  

- reduced p l a t e  s t i f f n e s s  with r e s p e c t  t o  a p r e s s u r e  l o a d  a t  t h e  

i n l e t .  

E f f e c t  of I n l e t  Support  Comb i -  

The a d d i t i o n  of a suppor t  comb a t  t h e  i n l e t  w i l l  g r ea t ly  

i n c r e a s e  t h e  l o c a l  s t i f f n e s s  there,  and r a i se  t h e  local.  c r i t i c a l  

v e l o c i t y  by a f a c t o r  of three t o  four. Then t h e  most c r i t i c a l  

r eg ion  moves t o  about  one o r  two spans beyond t h e  i n l e t .  For t h e  

p a r t i c u l a r  geometry used i n  t h e  c a l c u l a t i o n s ,  t h e  a d d i t i o n  of a n  

' i n l e t  suppor t  comb raises t h e  minimum c r i t i c a l  v e l o c i t y  by approx- 

ima te ly  20%. Without t h e  suppor t  comb t h e  minimum c r i t i c a l  ve l -  

and w i t h  o c i t y  for t h i s  geometry i s  about  8@ of Miller's va lue ,  1 
t h e  suppor t  comb it I s  approximately equa l  t o  Miller 's  va lue .  , 

Two o t h e r  f a c t o r s  c o n t r i b u t e  t making the  i n l e t  t h e  most 

c r i t i c a l  reg ion:  ( 1 )  l a c k  o f ' p e r f e c t  flow d i s t r i b u t i o n  imposes 

p r e s s u r e  loads a t  t h e  i n l e t ;  (2 )  t h e  vena c o n t r a c t a  between t h e  



% 

p la t e s  a t  t h e  i n l e t  causes  t h e  channel  t h i c k n e s s  t o  be e f f e c t i v e l y  

smaller,  T h i s  lowers  t h e  c r i t i c a l  v e l o c i t y .  S t r e a m l i n i n g  of t h e  
. '  l e a d i n g  edges minimizes t h i s  e f f e c t .  

E x i t  Plenum 

1 -12 t h e  c a l c u l a t i o n s  for t h e  f i g u r e s ,  an e x i t  l o s s  c o e f f i c i e n t  

of bc-Q36 was used. This i s  based on flow d i scha rge  from t h e  

plates  t o  a d u c t  of t h e  same dimensions as t h e  p l a t e  assembly. 

t h e  d i scha rge  is t o  atmosphere, as m i g h t  occur i n  some exper imenta l  

work on p l a t e  i n s t a b i l i t y ,  then  there  can be no s t a t i c  p r e s s u r e  

d i f f e r e n c e s  between t h e  channels  a t  t h e  ex i t .  T h f s  effect  can be 

accounted for by s e t t i n g  he= 1 . The q u a n t i t y  f ? =  -&!- 
l a rger .  Examination of t h e  o r i t i c a l  v e l o c i t y  formulas  then  shows 

t h a t  t h e  c r i t i c a l  v e l o c i t y  i s  i n c r e a s e d  by t h e  l a c k  of an e x i t  

plenum. 

Experimental  I n v e s t i g a t i o n s  

I f  

/ 

-2 becomes 

% 

It i s  recommended - t h a t  f u t u r e  experimental work be d i r e c t e d  

toward de termining  t h e  d e f l e c t i o n  of plates  as a f u n c t i o n  of t h e  

r a t i o  Both t h e  p l a t e  d e f l e c t i o n  and t h e  s t a t i c  p r e s s u r e  

d i f f e r e n c e  should be measured a long  t h e  p l a t e  length .  A knowledge 

of t h e  i n i t i a l  d e f l e c t i o n  ( d e v i a t i o n s  from f l a t n e s s )  of t h e  p la tes  

as  assembled i n  t h e  t es t  f i x t u r e  is necessa ry  t o  i n t e r p r e t  t h e  da ta .  

I n v e s t i g a t i o n s  should c o n c e n t r a t e  on d e f l e c t i o n s  l e s s  than  

' a b o u t  one-half t h e  p l a t e  t h i c k n e s s  and c h a n n e l ' a r e a  changes of l e s s  

than about  30$ t o  40$, f o r  the fo l lowing  reasons:  (1) heat t r a n s f e r  

c o n s i d e r a t i o n s  r e q u i r e  t h a t  d e f l e c t i o n s  of r e a c t o r  f u e l  p l a t e s  be 

l i m i t e d ;  ( 2 )  t h e  a d d i t i o n a l  compl ica t ions  which occur  w i t h  large 

d e f l e c t i o n s  ( a s  d i scussed  i n  t h e  I n t r o d u c t i o n )  will make i n t e r p r e -  

$ 8  
t a t i o n  of data extremely d i f f i c u l t .  

. , -* w & 

k, c 



APPENDIX I 

Der iva t ion  of S t a t i c  Pressure  Act ing on t h e  
Plate a s  a Funct ion of t h  e P l a t e  Def ' lection 

Consider  a s i n g l e  p l a t e  i n  t h e  middle of a channel bounded 

by two rigid p l a t e s ,  Let  t he  p la te  have an a r b i t r a r y  d e f l e c t i o n  

shape. Let t he  change i n  c r o s s - s e c t i o n a l  a r e a  of Channel 1 a s  a 

f u n c t i o n  of d i s t a n c e  from t h e  i n l e t  be expressed as 

. z r 3?' 

I n  Channel 2, t h e  change i n  a r e a  is then 

A t  any 

sure a c t i n g  

P S  

The dynamic 

where 

po in t  a long t h e  l e n g t h  of t h e  p l a t e ,  

a c r o s s  t h e  p la te  i s  given by 

pres su res  are simply 
a 

told = 'hpK pad = ' / a p e  
and are t h e  l o c a l  velocities. 

be w r i t t e n  a8 

, 

1 

t h e  s t a t i c  pres- 

Then (20) can 

bit and bast are equal  upstream of t h e  plate and downstream 

of t h e  p l a t e ,  They are not equal a long  the plate, except In t h e  

case  of no p l a t e  def lec t ion ' .  A t  any p o i n t  along the plate, t h e  

t o t a l  p re s su re  I s  equal  t o  the total pres su re  j u s t  ahead of the 

c. pla te ,  minus t h e  losses up t o  t h e  p o i n t  cons idered  . In Channel 1 Y 



5. 

The second term on t h e  r i g h t  is  t h e  i n l e t  loss. The i n t e g r a l  

r e p r e s e n t s  t h e  f r i c t i o n  drop. The f a c t o r  ('4 J2) -1 c o r r e c t s  

t h e  h y d r a u l i c  diameter from t h e  undeformed channel t o  t h e  

deformed channel .  I n  Channel 2 ,  

S u b s t i t u t i n g  (22)  and (23) i n t o  (21) g i v e s  
i + = k, (d- $- 1 8 %y %)-/./. 

t h 

- j -4 f ($  0 (/+ %)-A!* - yp (f f kc) (24 )  
L 

The l o c a l  v e l o c i t i e s  can be expressed  i n  terms of t h e  flow t h r u  

each channel  and t h e  l o c a l  area- change. 

S u b s t i t u t i n g  these expres s ions  i n t o  (24)  g i v e s  



Let Qo be the flow thru each channel with an undeflected 

plate. Multiply thru b-y &>= 5 

Now we determine the ratios of the & I s  by imposing the 

condition that the pressure drops thru the two channels must be 

e. equal. Let be the pressure drop thru the channels. For 

Channel 1 

Substituting f o r  V1 in terms of Q1 and multiplying by &r& 
gives 

z 
Solving for gives 

In order to simplify the analysis,'we will neglect the 

of area changes a t  t h e  exit and i n l e t  on the exit and inlet 
A. 

effect 

losses 

_ .  

. . .  I .  . .. 
-.> .. . . . . . .  



T h a t  i s ,  w e  se t  bi$&=kSA,,=o However, d e f l e c t i o n s  a t  t h e  i n l e t  

and e x i t  are s t i l l  accounted f o r  i n  t h e  f r i c t i o n  drop terms. 

S i m i l a r l y ,  t h e  f low i n  Channel 2 i s  

S u b s t i t u t e  f o r  Q1 and Q2 from (26)  and (27)  i n t o  ( 2 5 ) .  I n  

( 2 5 )  se t  SA,; = $/?=I' = 0 

T h i s  exp res s ion  g i v e s  t h e  p r e s s u r e  d i s t r i b u t i o n  over  t h e  p l a t e  

as a f u n c t i o n  of t h e  channel  area change, and as a f u n c t i o n  of t h e  

p r e s s u r e  drop  thru t h e  channels .  If t h e  t o t a l  f low is fixed, 

r a t h e r  t han  t h e  p r e s s u r e - d r o p ,  t hen  i t  is  necessa ry  t p  determine 

d,bL I n  terms of t h e  t o t a l  flow, o r  average v e l o c i t y .  The t o t a l  



f low is simply Q1 + Q2 . From (26) and (27) 
.&$ 

When dA,=O, (12) reduces to 

In many cases it may be sufficiently accurate to use the 

expression and neglect the increase in pressure drop due to the 

deflection. 



APPENDIX I1 

I 

Plate  S t i f f n e s s  - E f f e c t  of L e n g t h  of Def l ec t ed  Region 

It i s  assumed t h a t  t h e  p r e s s u r e  d i s t r i b u t i o n  is uniform over 

t h e  span of t h e  p l a t e  a t  any a x i a l  p o s i t i o n .  If t h e  d e f l e c t e d  

r eg ion  i s  long  compared t o  t h e  p l a t e  span and i f  t h e  t r a n s i t i o n  
I 

from t h e  d e f l e c t e d  r eg ion  t o  t h e  unde f l ec t ed  r eg ion  i s  smooth, 

a x i a l  bending can be neg lec t ed .  Then t h e  d e f l e c t i o n  a t  any ax ia l  

p o s i t i o n  i s  re la ted  t o  t h e  p r e s s u r e  a c t i n g  a t  t h a t  p o s i t i o n  by 

where &(l) i s  t h e  i n i t i a l  d e f l e c t i o n  of t h e  p l a t e .  L e t  

Then (18) can be w r i t t e n  as 

N o w  w e  cons ide r  how K must be modified to account  for a x i a l  

bending i n  t h e  case of short d e f l e c t e d  r e g i o n s .  If t h e  p r e s s u r e  

a c t i n g  on t h e  p l a t e  were p r o p o r t i o n a l  t o  t h e  p l a t e  d e f l e c t i o n ,  t h e  

mod i f i ca t ion  could be made very  e a s i l y  by an analogy t o  t h e  prob- 

lem of de te rmining  f r e q u e n c i e s  of p l a t e s .  

W i t h  small f r i c t i o n  drops p e r  inch ,  and small d e f l e c t e d  

r e g i o n s  ( o r  a p l a t e  d e f l e c t i o n  curve having n e a r l y  equal d e f l e c t i o n s  

i n  each d i r e c t i o n ,  such t h a t  Ji()dz d <  1 ), Equat ion (16) becomes 
d 

4 .  

I 



Then the  p re s su re  becomes very n e a r l y  p ropor t iona l  t o  the  

d 

curve of p re s su re  versus  l e n g t h  has n e a r l y  /? d e f l e c t i o n ;  t h e  

the  same shape as t h e  curve of d e f l e c t i o n  versus  l e n g t h .  

I n  the  a c t u a l  case t h e  f r i c t i o n  drop i n  t h e  d e f l e c t e d  reg ion  

s h i f t s  t h e  p re s su re  curve downstream s l i g h t l y ,  and causes  a pres-. 

s u r e  i n  t h e  oppos i t e  d i r e c t i p n  upstream, and i n  t h e  same d i r e c t i o n  

downstream. Also the  f r i c t i o n  drop and t h e  f low r e d i s t r i b u t i o n  

a f f e c t  t h e  average p res su re  over t h e  d e f l e c t e d  r eg ion ,  i n c r e a s i n g  

t h e  p re s su re  f o r  a d e f l e c t i o n  nea r  t h e  i n l e t  and dec reas ing  t h e  

p r e s s u r e  f o r  d e f l e c t i o n s  away from t h e  i n l e t .  

To a f i rs t  approximation w e  n e g l e c t  t h e  s h i f t  of t h e  curve 

downstream. The h i g h e r  p re s su re  downstream of t h e  middle of t he  

d e f l e c t e d  r e g i o n  compensates f o r  t he  lower p re s su re  upstream. Then 

t h e  p r e s s u r e  a t  each po in t  is  considered t o  be p ropor t iona l  t o  t h e  

d e f l e c t i o n .  

T h i s  loading  i s  t h e  same as t h e  i n e r t i a  l oad ing  i n  a v ib ra -  

t i o n  problem, The p l a t e  s t i f fness  i n  t h e  p re s su re  load ing  problem 

i s  modif ied by ax ia l  bending i n  p r e c i s e l y  t h e  same way as  i t  is  

i n  t h e  v i b r a t i o n  problem. We cons ider  a deformation shape of 

t h e  form 

T h i s  i s  t h e  d e f l e c t i o n c u r v e u s e d  i n  o b t a i n i n g  F igu res  I t h r u  111. 

The def lected reg ion  is considered as a plate  clamped on a l l  f o u r  

4 '  edges,  of span  (b) and l e n g t h l .  Then t h e  r a t i o  of t h e  stiffness 

' 



of t h i s  p l a t e  t o  one of i n f i n i t e  l eng th  i s  given by 

I I 

where u J =  angu la r  f requency of p la te  of l eng th  

and CC, 
l 

I 
E angu la r  f requency of p la te  of i n f i n i t e  l e n g t h ,  

We in t roduce  a parameter  d ,  def ined  by 

&)r d,(I+<). 

I 
* Using va lues  of (g-1 f o r  va r ious  va lues  of /b,* t h e  t a b l e  

of d v e r s u s  l/b 4.n-the R e s u l t s  s e c t i o n  I s  der ived .  

Now (33) can be modified t o  account  f o r  a x i a l  bending by 

s u b s t i t u t i n g  K f o r  K, 

I f  t h e  d e f l e c t i o n  occurs  a t  t h e  i n l e t ,  and no i n l e t  comb i s  

p r e s e n t ,  t h e  change i n  s t i f f n e s s  is  somewhat d i f f e r e n t .  Here w e  

must cons ide r  a plate  clamped on three sides and free on t h e  f o u r t h  

s ide.  Frequency c a l c u l a t i o n s  foE t h e  combination are n o t  r e a d i l y  
e a v a i l a b l e .  However, f o r  t h e  same /b, t h e  s t i f f e n i n g  e f f e c t  must 

be smaller than f o r  t h e  fully clamped plate.  

conse rva t ive  we take no c r e d i t  f o r  i nc reased  s t i f f n e s s ,  and use 

Therefore ,  t o  be 

en t r ance  d e f l e c t i o n .  

Dana, "Vibra t ion  OF Rectangular  Plates by t h e  R i t z  Method", 
Jou rna l  of Applied Mechanics, Vol. 73, June, 1951, p. 229. 
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F i n a l l y  we i n t roduce  a cons t an t  C which g i v e s  t h e  average 

d e f l e c t i o n  over  t h e  span i n  t e r m  of t h e  d e f l e c t i o n  a t  mid-span 

The change i n  channel  area caused by plate deflection id then 

n = 1 for a s i n g l e  p la te  

n = 2 f o r  two plates  d e f l e c t i n g  I toward each o t h e r  

S u b s t i t u t i n g  i n  (34) f o r  d g i v e s  



APPENDIX 111 

C- Magni f ica t ion  of I n i t i a l  D e f l e c t i o n s  as a Fun 
t i o n  of t h e  Approach t o  t h e  C r i t i c a l  V e l o c i t y  

Cons ider  p l o t s  of A b s  ver sus  channel  area change. P l o t  t h e  

h y d r a u l i c  f o r c e  curve and t h e  p l a t e  s t i f f n e s s  curve on t h e  same 

g raph ,  Allow some I n i t i a l  channel  a r e a  change. The p l a t e  s t i f f -  

n e s s  curve  then  starts a t  &)o , whereas t h e  h y d r a u l i c  f o r c e  curve 

s t a r t s  a t  t h e  o r i g i n ,  These  curves  are  approximately s t r a i g h t  

I lbles tor t h e  range of i n t e r -  

- 
f 
4 
P 

est * 

The p la te  w i l l  r each  equ i -  

l i b r i u m  a t  t h e  p o i n t  where 

t h e  t w 6  l i n e s  i n t e r s e c t .  

The p la te  s t i f f n e s s  l i n e  is g iven  by 

A t  t h e  c r i t i c a l  v e l o c i t y  t h e  s l o p e s  of' t h e  two l i n e s  are e q u a l ,  

Then a t  a v e l o c i t y  V, t h e  h y d r a u l i c  f o r c e  l i n e  i s  

S e t t i n g  t h e  pressure equal' gives 



Divide  t h r u  by 6 A o  

The above d e r i v a t i o n  a p p l i e s  t o  e i t h e r  a s i n g l e  p l a t e  b i s e c t i n g  

a r i g i d  d u c t ,  o r  t o  an assembly of p l a t e s  i n  which a l l  t h e  p l a t e s  

a t  an  a x i a l  p o s i t i o n  are  . d e f l e c t e d  s o  a s  t o  g i v e  a l t e r n a t e l y  opened 

and c l o s e d  channels .  - If on ly  one p l a t e  i n  an assembly h a s  an  i n i t i a l  d e f l e c t i o n ,  

t h e  s i t u a t i o n  i s  somewhat d i f f e r e n t  and must be cons idered  i n  more 

d e t a i l .  Cons ider  a m u l t i p l e  p l a t e  assembly w i t h  one p l a t e  i n i t i a l l y  

d e f l e c t e d .  A p o r t i o n  of such 

an assembly i s  shown i n  t h e  

f i g u r e .  P l a t e  #1 h a s  an  

"' i n i t i a l  d e f l e c t i o n  & . T h i s  

(- I )  I-- - -  
d c-t)  

0 ) 
\ --- Q )  

- _  / -  - __g 

P (4 -- 

d e f l e c t i o n  causes  t h e  o t h e r  

p l a t e s  t o  d e f l e c t  a s  shown 

----I (3) 

(4 J 
+ (3) 

- e - _  

by t h e  dashed l i n e s .  The  

p r e s s u r e  a c t i n g  on p l a t e  #1 i s  

. I n  t h e  f o l l o w i n g  d e r i v a t i o n  w e  go back t o  t h e  assumptions of no 



’@ f low d i s t r i b u t i o n ‘ a n d  small f r i c t i o n  drop. Then t h e  v e l o c i t i e s  

a r e  re la ted  t o  t h e  v e l o c i t y  f o r  t h e  undeformed channel  by 

S u b s t i t u t i n g  i n t o  ‘ ( 2 5 )  and us ing  t h e  s e r i e s  approximation 

g i v e s  

The p l a t e  s t i f f n e s s  provides  a r e s t c r - ig  f o r c e  

Ab,, = K ( 4  - s‘) 

S e t t i n g  ’these pressures  equa l  and c o l l e c t i n g  terms g i v e s  

Now w e  c o n s i d e r  t h e  p r e s s u r e  on p l a t e  #2. Proceeding i n  t h e  

same manner, w e  o b t a i n  

* e  - abs1 = 16eC r / a d ; + 4 4  4241 

The p l a t e  s t i f f n e s s  provides  a r e s t o r i n g  f o r c e  

A b S A  /-tJa 

S e t t i n g  t h e  p r e s s u r e s  equa l  gives 



b 

$0 Applying t h e  same procedure t o  t h e  o t h e r  plates  w e  o b t a i n  

t h e  g e n e r a l  r e l a t i o n  

The lowes t  mode of c o l l a p s e  f o r  t h e  assembly occurs  when a l l  

t h e  p la tes  d e f l e c t  an  equa l  magnitude ( b u t  a l t e r n a t e  i n  d i r e c t i o n s ) .  

I n  t h i s  c a s e  sa= 4 i n  (39) .  S u b s t i t u t i n g  I & = &  and s e t t i n g  t h e  

h y d r a u l i c  f o r c e  e q u a l  t o  t h e  p l a t e  r e s t o r i n g  f o r c e  w i t h  no i n i t i a l  

d e f l e c t i o n  g i v e s  t h e  c r i t i c a l  v e l o c i t y  
I 

1 

Using t h i s  r e l a t i o n ,  we write (42) i n  terms of t h e  r a t i o  of 

t h e  v e l o c i t y  t o  t h e  c r i t i c a l  v e l o c i t y .  

A ' g e n e r a l  s o l u t i o n  of t h e  se t  of d i f f e r e n c e  e q u a t i o n s  i s  

sj = b p i  (44)  

2 
S u b s t i t u t i n g  i n t o  (33) and m u l t i p l y i n g '  by (H g i v e s  

. 



‘Q 
A s  i becomes large ( t h e  p l a t e  cons idered  i s  f a r  from t h e  

1 i n i t i a l l y  d e f l e c t e d  p l a t e ) ,  t h e  d e f l e c t t o n  kp must .become small. 

Then 6 must be less than one. 

s i g n  i n  f r o n t  of t h e  square  r o o t .  

T h i s  r e q u i r e s  t h a t  we use  t h e  minus 

When (ir)+o , 690 . T h i s  means t h a t  t h e  - 2  p l a t e  w i t h  t h e  

i n i t i a l  d e f l e c t i o n  causes  ve ry  small d e f l e c t i o n s  of t h e  o t h e r  

p l a t e s  a t  low f low.  When&)41, 6-1. Thus, a t  t h e  c r i t i c a l  

v e l o c i t y ,  a l l  t h e  p la tes  de f l ec t  e q u a l l y .  

is  approached, t h e  i n i t i a l  d e f l e c t i o n  of t h e  one p l a t e  a f f e c t s  

p l a t e s  f u r t h e r  away. 

As t h e  c r i t i c a l  v e l o c i t y  

“I 

Wri t ing  (40) i n  terms of t h e  c r i t i c a l  v e l o c i t y  g i v e s  

From our  s o l u t i o n  (44) 

4 = kp s, = Bp” 

Then 

S u b s t i t u t i n g  f o r   in^ (46) and s o l v i n g  f o r  %$-- g i v e s  

, 



Next we cons ider  t h e  case of two adJacent  plates  d e f l e c t i n g  

towards each o t h e r .  For t h i s  case  

I - - - -  - 

S e t t i n g  t h i s  equa l  t o  t h e  p l a t e  r e s t o r i n g  p m s s u r e  g i v e s  

The r e l a t i o n s  f o r  t h e  o t h e r  plates  a r e  the  same as i n  t he  

3 3  



previous  case. Then we aga in  o b t a i n  
. 

S u b s t i t u t i n g  t h e  l a t t e r  r e l a t i o n  I n t o  (49) g i v e s  

I n  terms of t h e  c r i t i c a l  v e l o c i t y  t h i s  becomes 
I 

i 



2.c 

1.5 

I .o 

m a 
4 

Q * a 0.5 

PERIOD OF DEFLECTION CURVE =2 b 
Aps SHOWN FOR AXIAL LENGTH, y=2b 
CURVE REPEATS FOR y>2b 

FIGURE I Aps GENERATED BY A SINUSOIDAL 
DEFLECTION CURVE 

KS-26379 
UNCLAS SI FIE0 



c3 z a 

I .o 

0.5 

0 
- 
L 

FIGURE IK fips GENERATED BY A DEFLECTION 
NEAR THE INLET 

K S  - 26380 
UNC LASS1 FIE0 

, 



'W 

8 E. 

.4 

v) 
Q. a 

"71 \L 
0.8 I .o - 

Oo4 I Oo6 L 

-1.0 I 
FIGURE III Aps GENERATED BY A DEFLECTION 

NEAR THE MIDDLE OF THE PLATE 
LENGTH ~ 

KS-26381 
U NCL ASS1 FIE D 



UJ 
m a 

I .o I 
I 

I 
I 
1 I 

4 4 
0.2 0.4 0.6 0.8 1.0 

I t Q 

- 0.5 

L - 
L 

- 1.0 1 
FIGURE 19: Aps GENERATED BY A.OEFLECTlON 

A T  THE INLET 
KS- 26382 

UNCLASSIFIED 

A 



R2 =DISTANCE TO MIDDLE OF 
DEFLECTED REGION 

I I I 1 - 2  
0.2 0.4 0.6 0.8 1.0 0.61 0 

f* /L 
FIGURE 4 RATIO OF CRITICALIELOCITY TO 

MILLER CRITICAL VELOCITY AS 
FUNCTION OF POSITION OF DE- 
FLECTED REGION FOR SEVERAL 
VALUES OF LI I  AND Qlb  

KS-26383 
UNCLASSIFIED 

'. 



.-- ir 

5.0- 
( I  ) MULTIPLE PLATE ASSEMBLY 

INITIAL DEFLECTION OF ALL 
- AT ONE AXIAL LOCATION 

4.0- (2) MULTIPLE PLATE ASSEMBLY 
INITIAL DEFLECTION OF TWO 
ADJACENT PLATES 

t (3) MULTIPLE PLATE ASSEMBLY - 8 ONE PLATE INITIALLY DEFLEC- 
80 3.0- TED 

I 

LJ <a 

a 

I 

OO L 0.2 0.4 0.6 - - t  0.8 1.0 1.2 

vm 
w 
4 
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