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FOREWORD . . 

This report cons i s t s  of the lecture 'notes fo r  the course C703: 

Numerical Solution of Ordinary Differential Equations, taught in the 

winter quarter of 1973. The course was part  of the Continuing Education 

Program a t  LLL. I t  met three times a week for  eleven weeks, and the 

lectures ( f i f t y  minutes each) were videotaped. The tapes can be viewed 

b y  arrangement with the Instructional Television Center,Bldg. 131 , Rm. 1267. 

The timetable in Appendix I gives the correlation between the topics and 
. .  . 

the 1 ecture numbers. 

The t ex t  used for  the course was Numerical In i t i a l  ' Value Problems i n  

Ordinary Differential Equations, by C.W. Gear. The book was not followed 

closely; about ha1 f .of the course. matertal .was':drarirn' froln:other. sources. 

These notes are self-contained and do.not require the tex t . .  However, as a 

convenience to  readers of Gear's book, a l i s t  of e r ra ta  .found in i t  i s  

provided in Appendix 11. . . .. . 

The course was divided into three (unequal ) , p a r t s ,  as are these notes. 

Part I i s  an introduction to ,  ,and a survey of ,  the subject. I t  provides 

a complete short  course in i t s e l f ,  a1 though the only methods . . discussed 

there i n  great detai l  are the Euler methods. Part I1 consists of a rather 

thorough study of Runge-Kutta methods and of 1 inear mu1 t i s t e p  methods, 

with a short  chapter on extrapolation. I t  i s  largely self-contained, and 

"ould be used as a short  course fo r  audiences already somewhat familiar 

with the subject. Part I11 deals with the class of s t i f f  problems and 

various approaches to  the i r  sol ution. 



The course inc luded t h r e e  guest l ec tu res  -- by Bob Pexton o f  

. Computation Department,. J u l  i u s  Chang o f  T-Div is ion,  and Ralph Willoughby 

o f  I.B.M. I am very g r a t e f u l  f o r  t h e i r  ass is tance i n  t h i s  course. 

The notes i n r l  ude a few . . simp1 e  exerc i  s e i  sca t te red  throughout, 

which were assigned as homework f o r  t h e  course. 
. . 

Por t ions  o f  t h e  t e x t  have been reproduced here,,by permission of 

Prent ice-Ha l l  , , Inc. ,  'Englewood C l i f f s ,  t4.J. 
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NUMERICAL SOLUTION OF ORDINARY D l  FFERENTIAL EQUATIONS : LECTURE NOTES 

P a r t  I: Survey 

1. The problem; ex is tence 

The o b j e c t  o f  i n t e r e s t  here i s  t he  f i r s t - o r d e r  o rd ina ry  d i f f e r e n t i a l  

equat ion (ODE) : 

y = f cr,t, 
Here t i s  the  independent var iab le ,  which may o r  may n o t  be  time, and 3. 
( o r  any symbol, w i t h  a d o t  over i t )  means t h e  d e r i v a t i v e  w i t h  respect  t o  t. 

The q u a n t i t i e s  y ,  f ,  and are  t o  be vectors o f  l eng th  N. The case N=l 

i s  s imply t h a t  o f  a s c a l a r  ODE. Since most o f  t h e  sub jec t  general izes 

immediately t o  t h e  case o f  ODE systems ( N 7  I ) ,  and v i r t u a l l y  a1 1 appl i- 

cat ions  o f  t he  sub jec t  are t o  systems, we w i l l  assume a general N here, 

unless s t a t e d  otherwise. 

I n  many a p p l i c a t i o n s  t h e  ODE'S o f  i n t e r e s t  a re  o f  h ighe r  o rde r  than 

the  f i r s t ,  e.g. . . 
. u = j(u, C , t ) .  

The most common'.practice then i s  t o  reduce such an equat ion t o  a f i r s t -  

order  sys tem: 

and apply t h e  methods f o r  f i r s t - o r d e r  ODE'S. bccas ibna l ly ,  spec ia l  methods 

Y 
f o r  h igher-order  equat ions a r e  used instead.  



In any case, the right-hand s ide  function f ( y , t )  must be a known 

vector function of the vector y and the scalar  t. Problems in which i ( t )  

involves past values of y ( r ) ,  by way of i n  ,an integral o r  some other 

mathematical re lat ion,  do not f a l l  under the present subject,  but 

instead are  integro-differential  equations, functional -different ial  

eql~iltions, or something else .  In the case of a system, the function 

f (y  , t )  includes the coup1 i n q  of the various components, In thdt the i t h  

coinponefit o f  i, ,lai&ly ji:, will i n  general depend on other $A as well as 
. , i 

on y .. 
The general solution a n  ODE system of s i z e  N ( l i k e  tha t  of an I@! 

order sca lar  ODE) will  in general have N f ree  parameters i n  i t ,  which 

must be specified on the basis of other information about the problem. 

Here we will  assume tha t  that  information consists of y( to1)  = yo, the 

vector of values of y a t  to ,  . the i n i t i a l  value of t. Hence, we are 
. . 

solving an i n i t i a l  value problem on an interval to r_ t f T ,  in which y ( t )  

i s  to  be determined from yo and the ODE. The f inal  val.ue T may be-, or 

i t  may not be known a t  the s t a r t  of the problem. 

Typical of t h e  areas in whlch these problems a r i s e  are:  chemistry, 

where the ODE .may represent the kinetis of a system of species undergoing 
. . .  

chemical reactions ; electronics , where i t  may represent the response ( i n  

time) of a c i r cu i t ;  par t ic le  physics, where i t  may represent the 

equations of motion of particles under various forces;  astronomy, where i t  
0 

may represent the time evolution of a s t a r ,  galaxy, o'r the whole universe; L' 
. . 

and pa r t i a l  d i f fe rent ia l  .equations in space and time; where the spatial  

derivatives have been, treated by f i n i t e  differencing o r  other techniques, 

resulting in an ODE system in time. 



I t  w i l l  seldom be necessary t o  draw from t h e  theory o f  ODE'S here, 

as opposed t o  numerical methods. However, t he re  i s  one theorem f rom ODE 

theory t h a t  prov ides the  r i go rous  mathematical foundat ion f o r  a1 1  t h a t  

fo l lows.  I t  i s  t he  fundamental ex is tence theorem, and i t  i s  roughly 

s t a t e d  as fo l l ows :  

Theorem: I f  f ( y , t )  s a t i s f i e s  a L i p s c h i t z  conai-Lion i n  y arid i s  c o i ~ t i r ~ u o u s  

i n  t f o r  tost - LT, then the  i n i t i a l  va lue problem );=f(y,t) , y( t i ) = y o  has a  

unique s o l u t i o n .  . . 

The meaning o f  t he  L ipsch i t z  c o n d i t i o n  i s  t h a t  f o r  any two vectors 

y  and 7. , we have 

where L  i s  a  constant ,  t he  L ipsch i  t z  constant.  I f  the  problem i s  a  

s c a l a r  one, then t h e  q u a n t i t i e s  above a re  j u s t  absolute values. I n  t h e  

vec tor  case, they a r e  norms, which genera l i ze  t h e  concept o f  absolute 

value t o  vectors'. Many k inds o f  norms a re  used: e.g. t h e  Eucl idean 

norm (lvl = {m) , o r  t h e  maximum norm (j V J  : max I V ;  I ) . 
Any such norm ' i s  acceptable f o r  t h e  present  purposes. 

The L ipsch i  tz c o n d i t i o n  s imply quarantees t h a t  f i s  n o t  too  w i l d l y  

behaved as a . f u n c t i o n  o f  y. I n  p a r t i c u l a r  i t  i s  continuous i n  y .  

The necess i ty  f o r  such a  c o n d i t i o n  i n  t he  ex is tence and uniqueness theorem 

above can be seen f rom the  f o l l o w i n g  s imple example. The s c a l a r  problem 

has t h e  t r i v i a l  s o l u t i o n  y  = 0, b u t  a l so  the  s o l u t i o n  y  = ( t / 3 )3 .  

Uniqueness o f  t he  s o l u t i o n ,  as guaranteed i n  the  theorem, does n o t  h o l d  



here,  s ince  y2/3 does not s a t i s f y  a Lipschifz condition. 

In app l ica t ions ,  a  problem i n  which a Lipschi t condition i s  absent 

wi l l  a lso  cause numerical methods t o - f a i l  . The f a u l t  i s  not w i t h  t he  

methods b u t  with t h e  i l l -posed nature of t h e  problem i t s e l f .  . . A problem 

tha t  i s  we1 l-pdsed on physical grounds should lead t o  one t h a t  i s  a l so  

we1 1 -posed mathematical ly  . 1 f  i t  does' not ,  the  mathematical model being 

used i s  probably a poor one. 
, . 



2. D i s c r e t i z a t i o n  

Numerical methods f o r  ODE'S tend t o  fad:] i n t o  two broad 

categor ies : d i s c r e t e  and non-discrete. These descr ip t ions  r e f e r  t o  

t h e  s e t  o f  po in ts  a t  which a numerical s o l u t i o n  i s  produced by t h e  

method. . The d i s c r e t e  methods produce approximate values o f  y ( t )  a t  

d i s c r e t e  values o f  t, i .e.  a t  a s e t  o f  mesh po in ts  on t h e  t ax is .  These 

po in ts  may o r  may n o t  be equa l ly  spaced, b u t  always form a f i n i t e  sequence. 

The non-discrete methods produce approximations t o  y ( t )  on e n t i r e  

i n t e r v a l s  o f  t he  t axis.  That i s  they produce e n t i r e  curves, o r  pieces 

o f  curves which are  f i t t e d  together  t o  form the. approximate- so lu t i on .  

The c l i s t i n c t i o n  . between d i s c r e t e  and non-discrete methods becomes 

somewhat b l u r r e d  i n  t h e i r  implementations. D isc re te  methods a re  o f t e n  

accompanied by i n t e r p o l  a t i o n  formulas t h a t  a1 lows one t o  ca l  cu l  a te  t h e  

approximate y ( t )  a t  a r b i t r a r y  non-mesh values. A t  t h e  same time, 

non-discrete methods usua l l y  u t i l i z e  an under ly ing  mesh on which t h e  

s o l u t i o n  curve i s  constructed i n  pieces. Nevertheless, t h e  bas ic  d i s -  

creteness o r  non-discreteness o f  a g iven method i s  usua l l y  apparent on 

c lose examination. 

The c lass o f  non-discrete methods i s  t h e  smal le r  and l e s s  commonly 

used o f  t h e  two. It inc ludes t h e  Tay lor  se r ies  methods, t h e  s p l i n e  

methods, and t h e  L i e  ser ies  methods. Some mention o f  these w i l l  be made 

l a t e r  (Chapter 5) The d i s c r e t e  methods inc lude  t h e  Runge-Kutta and 
. .  . 

1 inear  mu1 t i s t e p  methods, and i t  i s  . the d i ~ c r e t e  . c lass  that ' .we ' w i l l  pay 
. . 

v i r t u a l l y  a l l  o f  our a t t e n t i o n  t o  here. 



, . . .  

3. Basic concepts ; e x p l i c i t  Eu ler  method 

The method o f  Eu le r  i s  probably t h e  s imples t  and o l d e s t  ( d a t i n g  t o  

the  1700's) o f  a l l  numerical methods f o r  ODE'S. Yet desp i te  t h i s ,  and t h e  
. . 

f a c t  t h a t  i t  i s  r a r e l y  used today, i t  serves t o  i l l u s t r a t e  many o f  t he  

bas ic  concepts t h a t  a re  important  f o r  a l l  methods. 

The Eu le r  method., o r  t h e  expl  i c i t  Eu ler  method ( t o '  d i s l l ~ i g u i s h  i t  

from c c r t a i n  v a r i a n t s  n f  i t )  . cons is ts  o f  d i v i d i n g  the  i n t e r v a l  to ,5 t 5 T 

i n t o  equal pa r t s  o f  l eng th  h, t h e  stepsize,  and app ly ing  t h e  formula 

Yn + I = Yh + h y h  
successively f o r  n=O, 1, 2, --- . Here in stands f o r  f (yn ,tn) , and 

t n = t o  +nh. We assume f s a t i s f i e s  the  c o n t i n u i t y  and L ipsch i t z  cond i t i on  

necessary f o r  t h e  ex is tence theorem t o  apply. Then t h e  method produces 

y l ,  Yp., --- from yo and the  g iven ODE, yll being an approximation t o  y(t,). 

~ r a ~ h i c a l  l y  (see f i g u r e )  t h i s  method cons is ts ,  a t  t h e  tdl po in t ,  o f  

drawing t h e  tangent a t  t, t o  t h e  curve which represents t h a t  s o l u t i o n  o f  

t h e  ODE t h a t  has t h e  va lue yn a t  tn, then extending t h a t  tangent 1  i n e  

frucn Cn t o  t n + l  = tn+h, and t a k i n g  JI,,,~ t o  be t h e  value o f  y on t h a t  

1  i n e  a t  t= tn+ l .  Thus ' y l  requ i res  t h e  tangent t o  t h e  cur.ve o f  t he  

s o l u t i o n  y ( t )  f o r  which y ( b ) =  yo. But  y2 requ i res  t h e  tangent t o  a  

curve z ( t )  , which i s  i n  general - n o t  t h e  same as y ( t )  , t h a t  i s  a  s o l u t i o n  

o f  t h e  ODF for which r (  tl)=yl. 





This process i s  continued until t n Z T .  The t o t a l i t y  of l i n e  segments 

produced is a broken 1 ine or polygon approximating the . desired . t rue  

solution y ( t )  ; the method i s  a1 ternatively called the polygon method. 

If  the problem i s  a system, th i s  construction must be done for  each of 

the N components separately. 

3 .  ( a )  Expl,! cj_t vs i mpl i ci t 

The most obvious property of the above Eul e r  method i s  t h a t  i t  i s  

explicit. This  means tha t  yn+-, i s  given by a closed-form formula in 

terms of values of y , ); , and t a t  the & or  earl i e r  points. By contrast ,  

imp1 i c i  t methods involve a formula f o r  yn+] tha t  i s  imp1 i c i  t and 

requires the solution of a n  equation or system of equations, generally by 

some i t e ra t ive  process. These will  be i l l u s t r a t ed  l a t e r .  

3.(b) Truncation er ror ,  order, convergence 

I t  i s  not su f f i c i en t  t o  take a reasonable-looking method and apply 

i t  on more o r  less  blind f a i th .  One must (o r  should) give some fore- 

thought t~ t h e  sources of error  tha t  the method'contains and t o  the 

control of thos'e errors  by way of choosing the stepsize h .  

To begin  with, consider the n t h  s tep  taken with the expl ic i t  Euler 
. . : 

. . 

method, and suppose tha t  a t  4, we s t a r t  from the t rue solution curve 

y ( t )  that  solves the given prob.lem. The s tep produces. 'the vector 

and th i s  i s  in error  by the amo'unt 

d m  = y I t d  +1,f (.y (tht) t,) - y kit+.l) 
This i s  called the local truncation error--"localu because i t  does not 

involve errors '  ar is ing on any other s teps , '  and "truncation" because i t  i s  



i t  i s  the renlaindrr a f t e r  truncating the Taylor s e r i e s  f o r  ~ ( t , + ~ ) ,  

expanded about tn,  t o  two terms. 
. . 

, The global - 1Lruncation - e r ro r  i s  the vector 
. . 

e,= ,y,; - y (t,), . . 

which measures the e f f ec t  of a l l  tne  local truncation e r rors  a r i s ing  

.in s teps  0, 1 ,  --- , n-1 , on the calculated quanti ty yn a f t e r  n s teps .  

(Here y ( t )  i s  a  solution of the or iginal  problem with i = f ( y , t )  and y ( to )=yo . )  

To see  how t h i s  e f f ec t  occurs,, we wr i te  
- 

%+I  - y,+\ - y(til+~) = Y~ 4- h f CL , -t,) - Y(-t-H+I) 
and sub t rac t  e, from t h i s  t o  get  

%w-, -en hf(yh,th) + y l tk)  - y ( t M t r )  

A t  this p o i w  the  Lipschitz condition, together w i t h  the  t r i ang l e  . . 

inequal i ty ,  becomes very useful ,  s ince  i t  allows us t o  wr i te  

I le,i t ~ d , )  + h L / y v - y ( t ~ , l l  

= le,l ( l+ -kL )  t i(jJ j 
where L is the  Lipschitz constant f o r  f .  This recursive inequali ty on 

the  global e r ro rs  shows t ha t  the  global e r ro r  a t  tn+l is bounded by the  

local e r r o r  committed on the  s t e p  plus the  global e r ro r .  a1 ready present 

a t  tn, magnified by the  fac tor  1+hL. 

Return for  a moment t o  the  local e r ro r  d n  i t s e l f .  By writ ing the  

Taylor s e r i e s  

2 
we conclude t h a t  

- o ( h L ) .  d, - a 
That i s  



where D(h)/hz i s  bounded as h varies. More precisely, D/h2 i s  bounded 

by the maximum of);(t) 1 /2.  The . . h 2  behavior of t h e  local error  means 

tha t  the method i s  of order 1 ,  the order being one less  th'an the 

exponent on h .  

We need now to accumulate the local errors by the recursive inequality 

l u  yet a bound on ths ,global Prrnr. Letting K= l+hL we have 

h L 
Using the relat ion.  1+h15ehL, we have 

where b i s  the length of the in te rva l ,  b=T-to. Thus 

Recalling t h a t  D/h i s  O(h) and so tends to  zero as h+o, we conclude 

tha t  i f  le$-t0 and h 3 0 ,  a1 1 (en\, tend . . t o  0. That i s ,  'the . method . 

i s  convergent in ' the-sense tha t  a small enough s tepsize and a small 
. . 

enough i n l t i a l  e r ror  . . eo= yo-y(t,) ( i f  any) will lead to  an a rb i t r a r i ly  

small global truncation error  fo r  a1 1 cal cul ated points. 



It should be noted t h ~ t  b  i s  assumed t.o be f i n i t e  here, and i s  kept  
. . .  

f i xed .  Thus t h i s  r e s u l t  must be g iven a  spec ia l  i n t e r p r e t a t i o n  i n  t h e  

case o f  an i n f i n i t e  i n t e r v a l  : we have on l y  proved convergence on any 

f i n i t e  p a r t  o f  t h a t  i n t e r v a l  . 
On the  o the r  hand, t h e  bound on1e.h 1 i s  somewhat pess im is t i c  i n  t h a t  

i t  represents t h e  accumulation of many inequal i t i e s .  It i s  u n l i k e l y  t h a t  

a l l  o f  t h e  re levan t  i n e q u a l i t i e s  ( i n c l u d i n g  those f rom the  L i p s c h i t z  
. . 

cond i t i on )  were c lose  t o  be ing  e q u a l i t i e s ,  and so i t  i s .  u n l i k e l y  t h a t  l e n l  

w i l l  be near i t s  bound. 

3. ( c )  E r r o r  es t ima t ion  

The pessimism i n  the  g loba l  e r r o r  bound can be l a r g e l y  e l im ina ted  

by the  use o f  an a u x i l i a r y  ODE t o  est imate en. Return t o  the  

re1  a t i  ons 

en+- \  =e,+ d h  + L  [~ ( r , , t , )  - f(~(t,), tH)], 

and assume t h a t  e0=o, o r  t h a t  t h e  exact  i n i t i a l  va lue i s  used.' We may  

rep lace the  d i f f e rence  between t h e  two f values above b y  
. . 

fy (y(t,,) ,h.)(y,-y(h.))  + 0(h2),  where fy i s  t h e  m a t r i x  o f  p a r t i a l  

d e r i v a t i v e s  o f  f w i t h  respect  t o  y .  (Th i s  uses a  s l i g h t l y  general ized 

mean value theorem.) Then we end up w i t h  . . 

L h L $  jt,) + hFy eq + 0(h3) ' . , e n t i  = e, 4 '  
If we now s e t  dn = e  ,/h, t h i s  becomes .. 

Except f o r  t he  f i n a l  e r r o r  term, t h i s  can be recognized as t h e  appl i c a t i o n  

of Eu ler . ' s  method t o  t h e  ODE 



I n  f ac t ,  t he  same convergence p r o o f  as used e a r l i e r  can be app l i ed  here 

t o  show t h a t  as h-70, 6 n  converges t o  6 ( t n )  where & ( t )  i s  t h e  
. . 

s o l u t i o n  t o  t h e  above ODE w i t h  t h e  i n i t i a l  va lue d ( t 0 ) = 0 .  I f  y E c3 
* 

(y  has 3 cont inuous d e r i v a t i v e s )  then one can show t h e  s l i g h t l y  s t ronger  
. . 

r e s u l t  t h a t  

&, - S f t i , )  = ~ ( h )  
o r  t h a t  

as h  0 An example i n  t h e  t e x t *  shows t h a t  t h e  est imate h d (t,,) 
can be a  much more accurate estimaltt o r  tl-lt g loba l  c r r o r  than t h ~  hn~rnd 

d 'er i  ved ear.1 i e r  . 
The a u x i l i a r y  ODE can be used as a  means o f  es t ima t ing  t h e  g loba l  

e r r o r s  i n  p r a c t i c e .  However, i t  requ i res  a knowledge of  fy and i, which 

were n o t  needed t o  so l ve  the  o r i g i n a l  problem, and may .be expensive t o  

compute. We do have, f rom $ = f, t h e  re1  a t i o n  

so t h a t  now fy and ft a r e  requ i red .  I f  i t  happens t h a t  these p a r t i a l  
. . . 

d e r i v a t i v e s  a r e  easy t o  come by, and one i s  w i l l  i n g  t o  i n t e g r a t e  a  second 

ODE system o f  s i z e  N as w e l l  as t h e  o r i g i n a l  problem, then t h i s  approach 

y i e l d s  a  more accurate est imate o f  e n  than any other ,  when the  exact 

s o l u t i o n  i s  n o t  known i n  advance. 

For t h e  vas t  m a j o r i t y  o f  r e a l i s t i c  ODE problems, i.t i s  imprac t i ca l  t o '  
1 

. . 

a t tempt  t o  es t imate  g loba l  e r r o r s  accurate ly ,  and one m u s t , s e t t l e  f o r  
b 

est imates o f  l o c a l  e r r o r  only .  This  i s  n e a r l y  always a  r e l a t i v e l y  

*References t o  t h e t e x t  i n  these notes a r e  references t o  C.W. Gear's book, Ref. 1. 



inexpensive byproduct of the calculation of the solution i t s e l f ,  and i s  

especially so for  the Euler method. Recall that  

- h2 ( (approximate equal i ty )  . . dh .  - 
& 

B u t  since i s  not generally available,  we use a numerical approximation t o  

t h i s  derivative by using a mean value theorem in the form 

The ; terms above are approximated by the in and tha t  a r i se  in the 

method, and so  we may write 

This i s  in f ac t  an estimate of the local truncation error  tha t  i s  

accurate t o  within o(h3). Moreover, i t  requires only that  ; be saved 

from the previous s tep;  almost no extra calculation i s  necessary. 

Beyond simply estimating the 1 ocal e r ror ,  there are  several important 

things one can (and should) do. One i s  to  t e s t  tha t  estimate against 

some parameter that  specifies how much local error i s  t o  be tolerated. 

If the t e s t  f a i l s ,  h should be reduced t o  a point where- i t  will pass. 

Furthermore, i f  the t e s t  passes the f i r s t  time, one should consider 

increasing h t o  a value which., while not causing th'e t e s t  to  f a i l ,  will 
. . 

s t i l l  improve the eff ic iency of the calculatibn by causing, larger s teps 

to  be taken. In the case o f . e i t h e r  a decrease or increase .in h ,  the f ac t  

that  dn behaves l ike  h 2  ( a t  l eas t  asymptotically, i n  the l imi t  of small h )  
. . 

. gives a means of choosing the new value of h ,  according . t o , t h e  resul ts  
. . 

of the t e s t  on the error  estimate. More will be said on error  control 
. . 

1 a ter .  



I n  , the expl i c i t  Euler method, t h e  global e r ro r  obeys U. 

61 rc, = e2 - ebL-I D K1-  - P L ha 
i f mach ink  roundoff  i s  f gnored. However, because the machi ne can only rep- 

. . 

resent rea l  numbers t o  f i n i t e  precision, there i s  a contr ibut ion t o  the local  

e r ro r  OF 

. . 
u = u n i t  .roundoff 

. 2-48 10- l4 on CDC nachfnes. , 

. . 

a r i s i ng  'from t h e  representation o f  yn as yn. f r,, i n  the machine. I f  A = 

I max l y  1 , then 1 rn 1 s 2 Au, and the effect on ten 1 i s  t o  replace D (the bound 
1 on Idn 1 ) by D + p Au. The resu l t ing  bound i s  

. . 

. . 

Thfs bound does not vanish as h gets smaller, and instead becomes i n f i -  % 

n l t e .  This' re f l ec ts  t h e  f a i t  t ha t  i f  an er ro r  o f  b constant magnitude i s  
'd 

Introduced . a t  each, o f  the ,n steps, and n becomes in f i n i t e ,  then the t o t a l  

e r ro r  does also., However., f n most appl'f c?tlons, the range of values o f  h 
. , 

w a c t u a l l y  used i s  such tha t  the roundoff term above f s  negli&bl.e compared . . 
. . 

t o  the truncat ion term. .; . . . . ' . ' 

. . 



To i l l u s t r a t e  t h i s ,  consider '  t he  case b = 1 and K2 = Kj. Our bound 

on }enl , as a func t i on  o f  h, has' a  minimum a t  h = 1 0  I t  i s  

u n l i k e l y  t h a t  as many as steps w i l l  b e  taken, and s o  i t  i s  u n l i k e l y  

t h a t  t he  roundof f  term i s  s i g n i f i c a n t .  

The worst-case ana lys is  above i s  q u i t e  p e s s i m i s t i c  i n  t h a t  t h e  rn 

are o f  somewhat random signs, so t h a t  t h e i r  cumulat ive e f f e c t  i s  

approximately t h e  sum o f  n random numbers r n j d i s t r i b u t e d  i n  t h e  i n t e r v a l  

1 1 'nlcl Au. I f  the  d i s t r i b u t i o n  i s  uniform, t h e  expected magnitude o f  

. t h i s  sum i s  about 

This  makes the  roundoff term p ropo r t i ona l  t o  I/ 4 h. For t h e  example 

above, t he  m3nimum o f . t h e  bound i s  then a t  

I t  i s  h i g h l y  u n l i k e l y  t h a t  we w i l l  want t o  t ake  7 b i l l  Son steps t o  

complete the  problem, and i t  becomes a l l  t h e  more v a l i d  t o  i gno re  

roundof f .  
Assuming a simple form f o r  t he  c o n t r i b u t i o n  o f  roundof f  e r r o r ,  such 

as one o f  the  two above, we can p l o t  t he  f i n a l  t o t a l  e r r o r  as a f u n c t i o n  

o f  h . .  TO the  r i g h t  o f  the' minimum p o i n t  ho, 

the  curve would approxinlate t h a t  g iven by  

the. trunc'at ion. e r r o r  terms above, and t o  

the  l e f t  o f  h o ,  i t  would c l imb t o  i n f i n i t y  +--..UMC..,,w.--.̂ +-- ,, > I , .  . 
' 

as h 3 0 ,  because o f  t h e  roundoff  'term. The j u s t i f i c a t i o n  f o r  i g n o r i n g  
. . . . 

roundof f  i s  that, say on a machine w i t h  14 decimal places, t he  reg ion  o f  

ac tua l  values o f  h used i s  u s u a l l y  f a r  t o  the  r i g h t  o f  ho. 



3. (e)  s t a b i l i t y  

The s u b j e c t  o f  s t a b i l i t y  i s  i n  general the  s tady  o f  t h e  e f f e c t s  o f  
.. 

pe r tu rba t i ons  i n  t he  values a t  one p o i n t  on t h e  c a l c u l a t e d  values 1  a t e r .  
j. 

I f  the  e f fec ts  a re  smal l  , we regard  the  c a l c u l a t i o n  process as a  s t a b l e  one. 

There are severa l  w e l l - d e f i n e d  p rope r t i es  i n  p a r t i c u l a r  t h a t  we l ook  f o r  

as i n d i c a t o r s  o f  s t a b i l i t y  i n  ODE methods. I n  i l l u s t r a t i n g  these, we 

w i  11 ignore  the  c o n t r i b u t i o n  o f  roundof f .  

Thc for s t l d y i n g  the  numerical e f f e c t s  o f  per tu rba t ions  i s  

n o t  t h a t  we . a n t i c i p a t e  making such pe r tu rba t i ons  consciously ,  b u t  t h a t  

they w i l l  i n e v i t a b l y  be made dur ing  the  numerical s o l u t i o n  anyway. Each 

source o f  e r r o r  -- t runca t i on ,  roundof f ,  e tc . ,  t h a t  occurs on every s tep,  

ac ts  as a  p e r t u r b a t i o n  on the  values used i n  per forming t h e  subsequent 

steps. Thus i f  a  t o t a l  e r r o r  o f  e,, has been generated i n  n  s teps 

(even though the re  was none i n i t i a l l y ) ,  we can regard en as a  pe r tu rba t i on  

i n  yn and study i t s  e f f e c t s  on the  ca l cu la ted  values ym f o r  any m 7 n. 

and consider  a  p e r t u r b a t i o n  e, i n  the  i n i t i a l  va lue  yo. Thus we s tar t  

a t  yo + eo and use t h e  method t o  generate a  sequence o f  ca l cu la ted  

values Z1 , Z2 , Zj, - -  , Zn, --- . If we w r i t e  zn = y n  + 'en  and s u b t r a c t  
. . 

t he  formulas 
4 

we ae t  



using the L i  pschi t z condition. We may accumulate these inequal i t i e s  as 

before t o  get  

le,\ L_ (MLL) '  1 %  1 L ebL / e 0 / .  

This says t h a t  the change e n  in any calculated value ( i n  t he  f i n i t e  t 

in terval  of length b) i s  bounded by a mu1 t ip1 e of the norm of the  i n i t i a l  

perturbation eo. When t h i s  happens f o r  a given numerical method, we 

say simply t h a t  the  method i s  s t ab l e .  In t h i s  case,  the  s t a b i l i t y  

r e s u l t  i s  independent of h ,  b u t  more often i t  wil l  only hold (and will  

only be required) fo r  a l l  su f f i c i en t l y  small values of h,. 

This par t i cu la r  property of s t a b i l i t y  i s  not of s u f f i c i e n t  value . % 

. h 

when bL can be l a rge ,  and especja l ly  when b can be i n f i n i t e .  In such cases ,  

i t  would be -desirable t o  have, f o r  example, the property t h a t  

1 en+l ( L -. 1 en ) f o r  the  perturbations. This property, however, may 

o r  may not hol'd, depending on the  problem being solved, as well as on t he  

method used. 

In order t o  r e s t r i c t  the  c lass  of problems enough t o  study t h i s  

kind of s t a b i l i t y ,  we consider the  case of a l i n e a r ,  constant-coeff ic ient ,  
. . 

homogeneous ODE: ; = W ,  where A i s  a constant N x N matrix. We. 
. . 

j u s t i f y  this (seemingly g rea t )  reduction in  generali ty by performing 
f . . 

a local analysis  of the  general ODE y = f .  If we work i n  a small 

neighborhood of a point(yo, to), we can approximate t h i s  ODE by the  
. .  . 1 i neari zed ODE 

y = -f (YO., t o )  f fy (Y,, , t o )  (Y -yo) .K*:t(yo,t,) ( t-  6,). . 



This has t h e  form = Ay + b ( t ) ,  and the  inhomogeneous term b ( t )  can 

be transfdrmed away by a  change o f  va r i ab les  t o  z = y - a ( t )  f o r  some a ( t ) .  
- 

Now f rom the  ODE j, = Ay, we s i m p l i f y  f u r t h e r  by d iagbna l i z i ng  t h e  
A 

m a t r i x  A, i .e. ' by  w r i t i n g  A = PDP-1 , where P i s  some. q the r  m a t r i x  and D 

i s  a  diagonal m a t r i x  w i t h  diagonal elements )L1, ---, A n ,  which a re  t h e  

eigenvalues --. o f  A. Th is  diagonal i z a t i o n  can be performed f o r  l a r g e  classes 

o f  mat r ices  A ( f o r  example when t h e  eigenvalues u f  A are 591 d i s t i n c t ) ,  

and we w i l l  assume i t  can be d ~ n e  here. Then t h e  change o f  va r i ab les  t o  

= ? - ly  leads t o  2 = Dz, which i s  an uncoupled s e t  of s c a l a r  ODE'S, 

each o f  t h e  form ); = 1 y. Here X i s  any of the  eigenvalues, and as such can 

be a  complex number. 

What i s  o f t e n  done, there fore ,  i n  t h e  study o f  s t a b i l i t y  p rope r t i es  

o f  ODE s o l u t i o n  methods, i s  t o  consider  on l y  t h i s  simple' , " t e s t  equat ion"  

w i t h  an a r b i t r a r y  complex constant  A. The above d ig ress jons  i n t o  ODE . . 

t rans format ions  and 1  i n e a r  a lgebra are  needed on l y  t o  mot iva te  t h e  study 

o f  t h i s  ODE, n o t  t o  ca r r y ,  o u t  t h a t  study. 

For ) = hy, , t h e  r e s u l t s  o f  t he  e x p l i c i t  Eu ler  method a re  t r i v i a l  

t o  w r i t e  down: Y,+, = y, + h  X Y n  = ( l + h h  ) yn. Moreover, t h e  equat ion 

f o r  t he  p e r t u r b a t i o r ~ s  i s  t h e  same: en+l = ( l + h ) \ )  en. Now we can e a s i l y  

say t h a t  t h e  proper ty  1 en+l Is  1 en ] w i  11 h o l d  if and on ly  i f  h  and are  

such t h a t  ~ l + h h )  ( 1. Note t h a t  t h i s  p roper ty  depends on l y  on t h e  

product  hh, and t h i s  w i l l  be t r u e  f o r  most methods genera l l y .  We can 

d,raw t h e  complex h h  p lane and i n  i t  t h e  reg ion  



which i s  c a l l e d  the  absolute s t a b i l   it.^ req ion  f o r  t h i s  method. It i s  

s imply the  d i s k  o f  rad ius  1  about t he  p o i n t  -1. 

When the  method possesses absolute s t a b i l i t y  f o r  t h e  t e s t  

equation, i n  t he  sense t h a t  t he  pe r tu rba t i ons  decrease i n  magnitude 

from s tep  t o  s tep.  (The term "absolute"  i s  used t o  d i s t i n g u i s h  f rom 

r e l a t i v e  s t a b i l i t y ,  i n  which pe r tu rba t i ons  a re  s tud ied  r e l a t i v e  t o  t h e  

s o l u t i o n  i t s e l f  o r  r e l a t i v e  t o  some approximation t o  the  s o l u t i o n .  The 

l a t t e r  does n o t  a r i s e  u n t i  1  we discuss mu1 t i s t e p  methods. ) The absolute 

s t a b i  1  i t y  proper ty  i s  of i n t e r e s t  on ly  when Ke(h)<O, i .e. when y (  t )  i s  decaying. 

As shown i n  t h e  t e x t  (p.17), t he  problem j=2 t -1000(y- tz ) ,  yo=O, where 

h = -1000, and inhomogeneous terms are s t i l l  present,  can n o t  be solved 

accura te ly  by the  e x p l i c i t  Eu ler  method when h  h f S,, i .e. when h  7 ,002. 

This i l l u s t r a t e s  the  usefulness o f  t h e  absolute s t a b i l  i t y  reg ion ,  and 

a l s o  the  f a c t  t h a t  t h e  presence absolute s t a b i l i t y  i s  o f t e n  c o r r e l a t e d  

w i t h  the absence o f  l a r g e  e r ro rs .  

For the  problem ; = y , y (0)  = yo ,  we can study t h e  growth o f  
>r t 

e r r o r s  more deeply, because we know both  the  t r u e  s o l u t i o n ,  y ( t )  = e yes, 

and t h e  ca l cu la ted  s o l u t i o n ,  yn = ( l + h  h )nyO. Since tn = nh, we have 

X t ,  
. . 

( I:+ L A )  ' Ihh  J h41y0 - Y, = - t.2. yo 1 

Thus the  g loba l  e r r o r  i n  yn  i s  measured by the  accuracy w i t h  which 

a  = ( l + h  ) 'Ih! approximates the  constant  6 .  It i s  we1 1  known t h a t  

a  + e as h 90, v e r i f y i n g  a g a i n  t h a t  t h e  method i s  convergent here. 



. . .  

3. ( f )  E f f i c i e n c y  
. . 

The e f f i c i e n c y  of t h e  expl i c i t  Eul e r  method i s  r a t h e r .  t ransparent .  

The pr imary c o s t  o f  t a k i n g  a  s tep  i s  t h a t  o f  one eva lua t i on  of t h e  f u n c t i o n  

f.- . The remainder o f  t h e  cost ,  which i s  t he  overhead, cons is ts  o f  a  

m u l t i p l i c a t i o n  ( o f  f by h  ) and an a d d i t i o n  ( t o  yn) .  Since every s tep  

b 
e n t a i l s  the  same cos t ,  t h e  t o t a l  cos t  i s  s imply r; (= the  number o f  s teps)  

. . 

tiilies t h e  c o s t  .per s tep.  

I n  s tudy ing  .o ther  methods, w i l l  we usua l i y  consider t h e  t o t a l  number 

o f  eva lua t ions  o f  f a s  t h e  pr imary measure o f  e f f i c i e n c y .  This  w i l l  a l l o w  
. . 

us t o  compare d i f f e r e n t  methods, assuming t h a t  t he  overhead costs a r e  

e i t h e r  n e g l i g i b l e  o r  a re  a t  l e a s t  nea r l y  equal f o r  t h e  methods be ing  
. . 

compared. 



4. The 'imp1 i c i  t Eul e r  method 
. . 

The simplest of the imp1 i c i  t methods i s  the backward form of the 

Euler method, namely the imp1 i c i t  Euler method, given by yntl= yn+ h i n + ,  . 
The graphical representation here (see figure) i s  gotten from tha t  of 

the expl ic i t  Eul.er method by turning i t  upside down (or  backwards). Thus 
. . 

a t  each s tep ,  t h e  1 ine drawn from one calculated point to  the next i s  

tangent t b  a solution curve a t  the forward point. 





- As - f ( ~ , + ~  , t n + l ) ,  t he  equat ion f o r  yn+] must b e  solved by some 
. . 

means. One w a y  o f .  doing t h i s  i s  t o  approximate yn+l say by the  exp l i c i t  
9 

Euler formula, evaluate f a t  t ha t  approximation, giving a second approxi- 

mation t o  yn+l from the  above formula, and repeat  t h i s  process. Another 

way i s  t o  apply the  generalization of Newton's method t o  the problem of 

f inding the  (vec tor )  roo t  of a vector-valued function of N variables.  More 

wi l l  be sa id  of t h i s  problem l a t e r .  

In any case,  s ince  f i s  generally qu i t e  nonlinear,  the  calculation 

of yn+l wil l  require some i t e r a t i v e  process. Hence there  i s  another 

source of e r ro r  introduced a t  every s tep :  the  i t e r a t i on  e r ror .  This 

i s  the  di f ference between the  t r u e  solut ion yn+l of the  impl i c i t  formula 

and the  r e s u l t  of a f i n i t e  number of i t e r a t i ons  in approximating t h a t  

so lu t i6n .  

I t e ra t ion  e r r o r  can be viewed in  e i t h e r  of two ways. . F i r s t , .  i f  . ' . 

only one o r  two i t e r a t i o n s  a re  t o  b e  performed, then the '  i t e r a t i on  

formulas themse'l ves .can be combined with the  formula fo r  the  i n i t i a l  

guess, giving an e x p l i c i t  method, which can be analyzed as such. An 

example would be the  pa i r  of formulas 

which can be .combined t o  

On the  other hand, i f '  we are  wi l l ing t o  perform' i  t e ra i ions  unt i l  the  
. . 

i t e r a t i on  e r ro r  i s  much smaller t h a t  the  local truncation e r r o r  associated 

with the  method, then a1 1 propert ies of the  or iginal  impl i c i t  method a r e  



valid, and the iteration error can be ignored for a l l  practical purposes. 

This l a t t e r  view will be taken here. 

The local truncation error for the imp1 i c i t  Euler meth0.d i s  defined 

By expanding this in a Taylor series about  tn+l , we get (much as before) 
- .  

'Hence, the order of the method i s  again 1.  

The actual error committed in a single step i s  not d n ,  as i t  was for 

the explicit  method. Instead i t  i s  the difference . . 

obtained when yn = y ( t n )  i s  exact, and th is  differs sl ightly from dn .  

From the relations 

= Y + I \  F (  y,,, t,,,) - Ykf, ) 

we have 



This equation could i n  p r i n c i p l e  be solved f o r  en, a1 though t h i s  cannot be 

done i n  closed form because o f  the i m p l i c i t  occurrence of f n  i n  the argu- 

ment o f  the f i r s t  f. I f  t h a t  were done, the r e s u l t  would be t h a t e n  i s  

equal t o  dn w i t h i n  h igher order terms (which are 0(h3)), and so i n  p a r t i -  

cu l a r  en=0(h2). Using t h i s  f a c t  and expanding a Taylor ser ies above, we 

can w r i t e  

)3-'4, +o[hgj = dd, + m3). 
Here I i s  the N x N i d e n t i t y  matr ix. This-shows more e x p l i c i t l y  the agree- 

ment between en and d,. Thus t o  the order o f  the leading term i n  these 

quan t i t i es ,  d, i s  an equal ly  good approximation t o  the e r r o r  i n  yn+l corres- 

ponding t o  l oca l  t runca t ion  error .  The reason f o r  p re fe r r i ng  dn t o  En  i s  

t h a t  d, i s  defined e x p l i c i t l y  f o r  a given s o l u t i o n y ( t ) ,  w h i l e e n  i s  not. 

Hence dn i s  the eas ier  quan t i t y  t o  work wiEh i n  pract ice.  : 

The global e r ro r s  en = yn-y( b n )  can be analyzed much as before. Here 

y ( t )  represents the f i x e d  t r u e  so lu t i on  o f  the o r i g i n a l  i n i t i a l  value problem. 

By w r i t i n g  the various de f in ing  equations t o r  en, en+l, and dn, we obta in  

provided Idn\ L D and hL< 1. This recursive i nequa l i t y  has the same form as 
, . 

before, and we can combine these t o  get  

Now use the f a c t  t h a t  (I - h ~ ) - l .  _L e2hL when hihi: f o r  some constant ho. 

Hence 
: a h h L  

I%I 4.. .-e 2 k h ~ :  - 1 ) .  



2 
I f  131 C, then we can use D = .Ch /2,  and the f a c t  t ha t  nh r b, t o  get  

This proves t h a t  the method i s  convergent. 

The r e s t r i c t i o n  hL c 1 . i s  essent ia l  f o r  t h i s  e r r o r  bound. For example, 

the method f a i l s  f o r  the problem j. = Xy w i t h  hX = 1 ,  because the formula re -  

duces t o  an absurdity. Likewise, i f  hA > 1 , the method produces osci  11 a t i ng  

answers t h a t  become increas ing ly  inaccurate. However, i f  X '< 0 the method 

works we l l ,  despi te the f a c t  t h a t  hL = h l X l  may be l a rge r ' t han  1. 

To show t h a t  the  i m p l i c i t  Euler  method i s  stable,  w e  consider a per tur -  

ba t ion  eo i n  yo, and look a t  the r e s u l t i n g  perturbat ions en.  i n  yn. We ge t  

. . 

f o r  h s u f f i c i e n t l y .  small. ' . , 

. , 



Thc absolute s t a b i l i t y  region i s  given by lookfng a t  the equatfon y = Ay, 

for  kh ich the perturbations sa t i s f y  . 
: :,,, : 

e h  ebl t I J * . . r - b ?  
~. .. ' .: :. . . . .  ... . .- Hence 

Thus we have much be t te r  s t a b i l  i t y  propertfes here than i n  the e x p l f c f t  case. 

If, f o r  arb1 t r a r y  h and A w i  t h  Re(A) < O, a method appl led t o  ); =A y 

gives answers tha t  s a t i s f y  yn 4: 0 as n + , the method i s  ca l led A-stable. 

Thus we .see tha t  the i m p l i c i t '  Euler method i s  A-stable, while the e x p l i c i t  

one i s  not. . . . . . . .  . . 

The, question o f  e f f i c iency  i s  more complicated here 'than i n  the e x p l i c i t '  . 

. . 

'bd case. Generally, i n  solv ing f o r  yn+l by an i t e r a t i v e  method, one evaluation 

o f  f i s  required a t  each i te ra t ion ,  and so t h e  number o f  f evaluations per 

step i s  j u s t  the number o f  i t e ra t i ons  per step. The overhead, which includes 
I . . ,  . 

a1 1 other costs, i s  considerably higher than w i t h  the expl . ic i  t method, be- . 
, , , ' . 

cause o f  the i t e ra t i on .  , For example, i f  Newton's method i s  used, the, over- . . ,. 

I 

head includes the so lu t ion  o f  an N x N l i n e a r  system each ( te ra t l on .  
. . 

. . . 8 . . ,  



. . 

Exercise 4.1 

Prove tha t  the global errors fo r  the implicit  Euler method , . sa t i s fy  

i f  1 dnl <'D and hL < 1. . .  . 

Exercise 4.2 

Use the implicit Euler method, f i r s t  witha.h=l , then.with h=1/2, t o  

What are the errors a t  t = I? 

, . 



5. Survey o f  method classes 

This b r i e f  d e s c r i p t i o n  o f  t h e  general classes o f  ODE methods i s  
. . .  

in tended t o  g i v e  a frame of reference from which more d e t a i l e d  d iscussions 
. . .  

can f o l l o w  l a t e r .  
. . 

5. (a) D isc re te  vs nondiscrete 
. . 

. . 

As mentioned e a r l  .ier, d i s c r e t e  methods' a.rc! Ltiuse whose cnd resu l  t i s  
. . . . . .  . 

a sequence YO ,Y,', . . . ,yn, . . . , where yn approximates y ( t n )  a n d  i tn{ i s  a 

mesh o f  values o f  t.. By contrast, nondiscrete methods have' an end r e s u l t  
. . 

which i s  a complete curve o r  system o f  curves represent ing '  t h e  approxi-  

mate s o l u t i o n .  , The boundary between these classes i s  :blurred somewhat 
. . . . 

i n  t h e  implementat ion o f  t h e  var ious methods. Nondiscrete methods genera l ly  

use a mesh, and they' o f t e n  use data a t  d i sc re te .  p o i n t s  t o  determine the  

curves. D isc re te  methods o f t e n  i n v o l v e  i n t e r p o l a t i n g  func t i ons  f o r  t he  

eva l  u a t i  on o f  approximate "a1 i e s  of y ( t )  f o r  arb1 t r a r y  t. 

' . .  

5. (b)  One-step vs mu1 t i s t e p  

A second dichotomy, w i t h i n  t h e  c lass  o f  d i s c r e t e  methods, i s  made 

between one-step .and mu1 t i s t e p  methods. I n  general , i f  cal  cul 'ated values 

up t o  and i n c l u d i n g  t h e  n g  mesh'point  have been obtained, . . then t h e  next  

one i s  g iven by 
. . . . 

where 9 i s  some f u n c t i o n  i n v o l v i n g  f, poss ib l y  on ly  imp1 i c i t l y  def ined.  
- 

Here k i s  t h e  number o f  steps i h v o l  ved, and t h e  method i s  c a l l e d  a k - s t 9  
. . 

method. . 



When k > 1, we have a  m u l t i s t e p  method, and i t  i s  necessary t o  s t a r t  up t h e  
w 

c a l c u l a t i o n  by some spec ia l  technique, because t h e  requ i red  past  h i s t o r y  i s  

n o t  i n i t i a l l y  ava i l ab le .  One-step methods do n o t  s u f f e r  f rom t h i s  d i f f i c u l t y .  
. . 

5, (c). Runge-Kutta 

W i t h i n  t h e  c lass  o f  d i s c r e t e  one-step methods, those o f  Runge-Kutta type 

a re  charac ter ized by t h e  f a c t  t h a t  they i n v o l v e  eva luat ions  of f a t  i n t e r -  

mediate values of t, r a t h e r  than j u s t  a t  t h e  mesh p o i n t s  tn. These i n t e r -  

mediate values are  a u x i l i a r y  on ly ,  n o t  in tended f o r  use as approximate so lu-  

t i o n  values. The c l a s s i c a l  Runge-Kutta method i s  g iven by t h e  formulas 

ko = hf (yn,tn) 

Note the  in termedia te  t values i n  kl and k,. 
L 

Runge-Kutta methods can be e i t h e r  e x p l i c i t  o r  i m p l i c i t .  E x p l i c i t  ones, 

t y p i f i e d  by t h e  aboue, a re  those where yn+l = can be w r i t t e n  i n  c l o s e d  form. 

I m p l i c i t  ones r e q u i r e  the  s o l u t i o n  o f  an a lgebra i c  equat ion o r  system o f  

equations i n  t h e  c a l c u l a t i o n  o f  Y,+~, as would occur, f o r  example i f  the  

f o m u i a  f o r  k2 above were replaced by 

1  1  1' 
k p  = h f ( y n  + F kl + k2, t,, + h) .  

5. ( d )  L inear mu1 t i s t e p  
This class- o f  d i s c r e t e  methods i s  a l s o .  r e f e r r e d  t o  as the  f i n i t e  d i f f e r -  

. . . . 

ence methods. These a re  based on formulas o f  the  form - 



where ik = f (yk , t k ) .  I f  K = max ( K ~  ,KZ), then t h i s  formula represents a  

K-step method. I t  i s  e x p l i c i t  i f  BO = 0, and i m p l i c i t  otherwise. 

The c o e f f i c i e n t s  ai and Bi are usua l l y  constants associated w i t h  the 

method. i h e y  arechosen so as t o  a t t a i n  desired proper t ies ,  such as order 

and s t a b i l  i ty .    in ear mu1 ti p o i n t  formulas can o f t en  be obtained from numeri- 

ca l  quadrature formulas, i n  which j ( t )  i s  a  known intcgrand a n d  y ( t n )  is 

t o  bc approximatsrl by a l i n e a r  combination o f  values o f  9 hnd known prevlous 

values o f  y. 

If h i s  assumed constant, Ll~an the ai and Bi are constant. But i f  the 

past  mesh po in ts  tn-i 'are - n o t  equal ly  spaced, and t h i s  'spacing i s  taken i n t o  

account i n  the method, then the ai and Bi are funct ions o f  the step sizes 
w 

- 
hj  - tj+l - tj. The formula i n  t h a t  i s  ca l led  a  var iable-step formula. 

I n  recent years the c lass o f  1  inear  mu1 t i s t e p  methods has been expanded 

i n  several  ways. One way i s  the development of composite 1  inear  mu1 t i s t e p  

methads , where several d i f f e r e n t  1  i near mu1 t i step methods are used on succes- 

s i v e  steps, i n  a  c y c l i c  fashion. Another i s  the genera l iza t ion t o  mu1 t i v a l u e  

methods, which r e s u l t  from re formulat ing the  mu1 t i s t e p  methods i n  terms o f  . . 

vectors conta in ing the' past  values and matr ices t h a t  t ransform these vectors. 

A t h i r d  development i s  the use o f  . intermediate values o f  t, as i n  the Runge- 
. . 

Kut ta  methods, bu t  i n  the mu l t i s tep  context. These are ca l l ed  hybr id  methods, 

mu1 t i  p o i n t  Runqe-Kutta. methods, or .  modi f ied mu1 t i s , tep  methods. O f  these 

var ious developments, only the mu1 t i v a l u e  methods w i l l '  be discussed f u r t h e r  - 
here (Chapter 9). 



5 .  (e) Extrapol  a t i o n  
w 

The e x t r a p o l a t i o n  methods are  based on . the idea t h a t  approximations 

based on var ious s tep  s izes  h can be used t o  e x t r a p o l a t e t o  t h e  l i m i t  h  = 0, 

and thereby ga in  accuracy w i thou t  t o o  much e x t r a  e f f o r t .  S p e c i f i c a l l y ,  sup- 

pose we s t a r t  w i t h  a d i s c r e t e  method w i t h  s tep  s i z e  h  t o  i n t e g r a t e  t o  t h e  

problem from t = 0 t o  t = T  (a m u l t i p l e  o f  h )  and g e t  an approximation t o  

y (T )  denoted by y(Y ,h). We proceed on t h e  assumption t h a t  y ( T y h )  has a  

power s e r i e s  i n  h: 

I f  we compute y(T,h) f o r  several  hi (each an i n t e g e r  submu l t i p le  o f  T) , we 

can use these t o  es t imate  the  f i l i s t  few ri, i n c l u d i n g  rO = y (T ) ,  i f  we ignore  

the  remaining terms i n  the  power se r ies .  Th is  would be polynomial  ex t rapo la-  

t i o n .  A1 t e r n a t i v e l y  we could approximate y(T,h) by a  r a t i o n a l  f u n c t i o n  o f  h  - 
( t h e  quotent  o f  two polynomials)  and g e t  a  r a t i o n a l  e x t r a p o l a t i o n  method. 

Here we would eva luate  y(T,hi) as many times as the re  a re  unknown c o e f f i c i e n t s  

i n  the  r a t i o n a l  f u n c t i o n  and use these t o  g e t  the  value o f  t h a t  f u n c t i o n  a t  

h  = 0. 

This process y i e l d s  an approximation t o  y (T )  g iven y ( 0 ) .  We can then 

repeat  the  process on t h e  i n t e r v a l  [T,ZT], and cont inue u n t i l  t he  p'roblem. i s  

completed. 

5. ( f )  Spl ines 

The use of s p l i n e  funct ions i n  ODE'S i s  a  r e l a t i v e l y  new c o n t r i b u t i o n  

t o  t h e  c lass  o f  nond iscre te  methods. The bas ic  i dea  here i s  t h a t  on a  t y p i -  

c a l  sub in te rva l  [tn,tn+h], a  polynomial p ( t )  i s  f i t t e d  t o  y ( t ) ,  and on suc- 

cessive fn te rva l s .  t h e  'p 's  a re  s p l i c e d  - toge the r  a t  t he  mesh po in ts .  The 



f i t t i n g  i s  done by making p s a t i s f y  m + 1  condi t ions,  where m i s  the  degree 
w 

of p, and hence p has m + 1  unknown coe f f i c i en t s .  Conditions t h a t  a re  used, 

and names associated w i t h  the  r e s u l t i n g  methods, are as fo l lows:  
\ 

I - co l l oca t i on  

etc .  

j [ i ( t )  - f ( p ( t ) , t ) ~ @ ~ ( t )  d t  = 0 - Gal e r k i  n  

I n  the  c o l l o c a t i o n  and Hermite methods, pointwise condi t ions on p  are forrnu- 

l a t e d  which are automat ica l ly  s a t i s f i e d  by the t r u e  s o l u t i o n  y ( t ) ,  and the 

po in ts  -ri used are chosen i n  the i n t e r v a l  [ tn, t i+h] .  I n  the Galerk in methods, 

the expression fi - f (p, t ) ,  which vanishes i d e n t i c a l l y  when p  i s  replaced by 

y,  i s  made t o  be orthogonal ( i n  the sense o f  the  i n teg ra l  i nne r  product) t o  

c e r t a i n  basis funct ions Qi ( t )  . 

5 .  ( g )  Series 

Also i n  the  nondiscrete category are  the ser ies methods, . , which compute 

the s o l u t i o n  curve i n  pieces each o f  which i s  by a' t runcated ser ies  o f  . . 

some type.  The s implest  such method i s  t h e  Taylor  ser ies 'method, where 'one 

w r i t es  



etc .  

The above would represent  an e x p l i c i t  method o f  o rde r  r. The L i e  s e r i e s  

methods genera l i ze  t h i s  i dea  t o  t h e  s i t u a t i o n  where y ( t )  i s  regarded as a  

p e r t u r b a t i o n  o f  a  known f u n c t i o n  B ( t )  and a  se r ies  f o r  t h e d i f f e r e n c e  y - B 

i s  developed. This  approach seems t o  be used only  i n  t h e  case 5: = f ( y ) ,  

where t h e  ODE has no e x p l i c i t  t dependence. 

The s e r i e s  methods a r e  genera l l y  regarded as being of p r a c t i c a l  va lue 

o n l y  when f ( y , t )  i s  o f  a  r e l a t i v e l y  s imple form. The reason f o r  t h i s  i s  t h e  

r a t h e r  complex expressions f o r  t h e  d e r i v a t i v e s  o f  y t h a t  occur.  Moreover, 

t h e i r  complexi ty  grows r a p i d l y  as the  o r d e r  increases and as t h e  complexi ty  

o f  f increases.  The i nc reas ing  use o f  symbol ic man ipu la t ion  on computers, 

and symbol ic d i f f e r e n t i a t i o n  i n  p a r t i c u l a r ,  may increase the  range o f  p r a c t i -  

c a l i  ty o f  se r i es  methods, and f o r  problems i n  t h a t  range, these methods seem 

t o  be con ipe t i t i ve  w i t h  o thers .  However, i t  seems q u i t e  u n l i k e l y  t h a t  t h e  

general problem w i l l  ever  be so l vab le  by s e r i e s  methods. 



5. ( h )  List of methods 

The following is a brief structured l i s t  of methods for the 

numerical solution of first-order ODE'S  (including ODE systems). 
. . . .  

Incl uded in parentheses are names associated with prominent exampl es : 
. . . .  

Nei ther the  1 i's t nor the exampl es namd are intended t o  be exhaus t i  ve. 
. . 

. . .  

The l i s t  is  intendid only for pu'rposes of quick reference. 
. . . I .  



I. Discrete Methods 

A. Runge-Kutta Methods 

1. ' E x p l i c i t  (c lassical ,  G i  11 , Heun, Ralston, Lomax, England, 

Fehl berg, Luther, Merson) 

2. Semi-impl i c i  t (Rosenbrock, Calahan) 

3.  Impl i c i  t (Butcher, ~eschino-~untzman) 

0. .Linear Mult istep and Mult ivalue Methods 

. . 1. . E x p l i c i t  (Euler, midpoint, Adams-Bashforth) 

2 .  Impl i c i  t (Euler, trapezoid, Adams-Moul ton, M i  lne, Hamming, 

Gear, L in iger-Ni l  loughby) 
'% 

, 3. Composite (BickarLBurgess-~1oat) 

C. Hybrid Methods o 

. . 
1 . ~ u l  ti s tip ~ u n ~ e - ~ u t t a  (Byrne-Lambert) 

2. Mod1 f 1 ed mu 1 ti step (Butcher) '. 
. . 

' D. ~ a t r a p o l a t i o n  Methods. . 

1. Polynomial extrapolat ion   evil le)." 

2. Rational extrapolat ion ( ~ u l  i rsch-~ ' toer)  

E. Others (Treanor, hawson) . 

XI. Non-Di screte Methods 
. . 

A. Series methbds, . . 

1. f a y l o r s e r i e s  . , b 

2. ' L l e  serles , , ' ( ~ n a ~ ~ - ~ a n n e r )  I . . 

0. spl  l n e f u n c t l o n  methods (Loscalzq ~ulmej  
. , 



6. Analys is  o f  one-step methods 

6. (a) Stabi  1  i ty , cons i s  tency , converqence, and order  

The general form of a  one-step method f o r  y = f ( y  , t )  can be w r i t t e n  

y,+, = Yh + h Y ~ Y ,  1 t i  I,)4 
T h e  method i s  g iven e n t i r e l y  by t h e  f u n c t i o t i y .  I n  computing Y,+~, i t  

Invo lves  f, t h e  c u r r e n t  q u a n t i t i e s  yn and t,, b u t  - n o t  any - o f  t he  

q u a n t i t i e s  e x i s t i n g  p r i o r  t o  t,, . The f u n c t i o n  y i s  given expl i c i  t l y  i f  
. . 

t h e  method i s  an e x p l i c i t  one. E.S. Y(y,,t,,h) = f(yn,tn) f o r  t h e  

e x p l i c i t  Euler  method. B u t  i f  the  method i s  i m p l i c i t , Y  w i l l  be def ined 

by an i m p l i c i t .  equation, and i t s  ex is tence i s  on l y  t h e o r e t i c a l .  The 

Runge-Kutta methods, whether expl i c i  t o r  imp1 i c i  t , a1 1  fa1 1  under t h i s  

category o f  methods. 

Recal l  t h e  d e f i n i t i o n . o f  s t a b i l i t y  g iven e a r l i e r :  A  method i s  s t a b l e  

i f  a pe r tu rba t ion  i n  the  i n i t i a l  value causes per turbat ions  i n  l a t e r  

values t h a t  a re  bounded by a  mu1 t i p l e  o f  t h e  i n i t i a l  per tu rbat ion ,  regard- 

l ess  o f  how small  h  i s .  (Of ,  course i t  i s  always assumedthat  f s a t i s f i e s  .: .: 

a L i p s c h i t z  cond i t i on  i n  such discussions.) For the  general one-step 

method considered here, a statement o f  s t a b i l  i t y  t h a t  d i r e c t l y  mimics 
. . 

t h a t  given f o r  t h e  expl i c i  t Eul e r  method can be given: I f  Y (y ,t ,h) 

s a t i s f i e s  a-  L i p s c h i t z  cond i t i on  i n  y ,  then the  method i s  s tab le .  For 
. .  . 

if y, and zn are two sequences o f  ca l cu la ted  values us ing  different 
. . .  

i n i t i a l  values, and we w r i t e  en=zn-Yn, then.  



h 
leh 1 L_ [ I+  h ~ ]  leal e bL/e,( (L= L ipsch i t z  constant,)  

i f  nh=tn=b i s  h e l d  f i x e d .  C lea r l y ,  regardless o f  h  ,fen 1 i s  a  bounded 

mu1 ti p l  e  o f  t h e  i n i  t i  a1 pe r tu rba t i on  leoJ. 

Recal l  a l so  the  concept o f  convergence: The method i s  convergent 

i f ,  as we f i x  t=nh b u t  l e t  h-0,  n-t-, and yo-9y(0), t h e  computed values 

yn converge t o  y ( t )  , t h e  t r u e  s o l u t i o n  value. We can show t h a t  t h i s  

p roper ty  holds if y s a t i s f i e s  a  simp1 e  and reasonable condi- t ion,  g iven 

i n  t he  f o l l o w i n g  d e f i n i t i o n .  We say the  method def ined by y i s  cons i s ten t  

i f V ( y  ,t,o) = f ( y , t ) .  

Theorem: ~ e t y b e  continuous i n  y ,  t, h  f o r  o  5 t~ b, 05 h  tho and 

a1 1  y ,  and L ipsch i  t z  i n  y .  Then the  one-step method y,+l=yn+h~(yn,tn,h) 

i s  convergent i f  and on ly  i f  i t  i s  cons is ten t .  . 

Proof: Let g(y . t )  =Y(y , t .o ) ,  and so lve  t h e  i n i t i a l  va lue problem 

2 = y ( p , t ) )  Z I d )  = y(b) 1 

Because o f  t h e  L ipsch i  t z  c o n d i t i o n  o n y ( a n d  hence g) t h i s  problem has 

a  unique s o l u t i o n .  We w i l l  show t h a t  t he  c a l c u l a t e d  values yn converge t o  

z ( tn )  as h+O, w i t h  t =nh f ixed.  L e t  en=yn-z(tn), and w r i t e  
n  

sctq+l) ='  t (t,)+ jl i(t,) t +'cc, , IC,.,~ 5 C  = M O . K I E I .  
( I t  i s  n o t  essen t i a l  t o  assume t h a t  z ( t )  have a  bounded second d e r i v a t i v e ,  

b u t  i t  makes the  p roo f  much eas ier ,  and so w i l l  be assumed.) Also, assume 

t h a t Y /  i s  L i p s c h i t z  i n  h, so t h a t  



(Th i s  assumptian i s  a l s o  n o t  essen t i a l ,  b u t  s i m p l i f i e s  t h e  proof . )  
. . 

Then we have 

Accumulating these i n e q u a l i t i e s ,  as done i n  an e a r l  i e r  . ca l cu la t i on ,  we 

f i n d  

led [ l + h ~ ) ' / c , ~  + h't, ( I C ~ L ) ~  - L 

Since eo=O, we get ,  f o r  nh 5 b, I., L 

h h ~  W,I L_ h[(, - 1 )  
I, 
4 hL, (,bL - / )  -0 - T 4s h -9'3. . . 

Th is  proves t h e  asser t lo t i ,  y n - z ( t  ) -7 0 f o r  f i x e d  nh. ' , n 
Now if we have consistency, the'n g ~ f ,  and so z ( t )  E y ( t ) ,  and the  

above r e s u l t  says t h a t  t h e  .method i s  convergent: yn-y(t,,) -7 0. 
. . 

Conversely, i f w e  have convergence, then f o r  any f i x e d  t=tn=nh, 
. . 

we have yn -y ( t )  and yn -z ( t )  both 9 0 as h 9 0 ,  atid hence y ( t )  = z ( t )  . 



Since th i s  holds for  any t ,  we have also ; ( t )  = ; ( t ) ,  which a t  t = O  says 

g(yo,O) = f (yo,O) . B u t  we can carry out this argument s t a r t ing  a t  any 

to in (o ,b ) ,  i .e .  s ta r t ing  a t  any (yo, to)  as the i n i t i a l  point, and so 

get g(yo , to)  = f (yo , to) .  Hence, gzf, or we have consistency. Q E D  

In order to  discuss one-step methods in more meaningful terms, 

we need to  know more about the errors than jus t  convergence. 

Definition. The local truncation er ror  of the general. one-step method 

Yn+1 'yn +hy(y n' t. n ,h) i s  

d d h )  = yk,) t 1, i j . l~  1 ,  h - y [ r h + , ) ,  
where y ( t )  i s  9 t rue solbtion of the ODE. 

In other words, dn(h)  i s  the error  in yn+l resulting from one s tep 
. .. 

of the method s ta r t ing  with the correct value y ( t n ) .  Note. that  t h i s  

agrees with the definit ion given e a r l i e r  f o r  the expl ic i t  Euler method. 

However, i t  d i f fe rs  s l igh t ly  from the definit ion given fo r  the implicit  

Euler method. That difference i s  .not important here. 

Def lni  t l o n .  Ihe order of the general one-step method i s  the largest  
. . 

integer r for  which 

This concept i s  in agreement with the discussion on the Euler 
. . 

methods, where the order was 1 and the local error went l i k e  hZ.  A 
. . 

fac t  that  i s  easy to  see (and i s  l e f t  as an exercise) i s  t ha t  the 
. . 

condition of consistency i s  equivalent to  the condition . that the order 

i s  a t  leas t  '1. 

The next theorem t e l l s  u s  tha t  the, global . errors sa t i s fy  a bound with 
.. . 

one lower power of h than in the local errors.' 1.e. the convergence of 



the method i s  displayed in a more expl ic i t  way than in the previous theorem. 

The proof i s  a d i r e c t .  imitation of what was done in Section 3(b) .  

Theorem (convergence) : For a consistent general one-s tep method 

of order r ,  with idn(h)l  L ....) ~ h ~ " ,  the global errors eh sa t i s fy  

Proof: From 

and 

we get 

- 
7 y h . - Y [ t h ) +  h YI[yh,tn,,h) & yl t , )  --y{t: 6a1 \ 1 

. . = 
+ d h  + h i ~ l y , , t , , , L )  -V(yi t , ) ; t , ,  h)] 

+ / % I +   id,^ c 4 L l eq i  

L- ( ~ , + h L ) t e * \  - e ~ h ~ + ' .  
The r e s t  o f  the p r ~ b f  i s  a matter o f  accumulating these inequal i t ies ,  

exactly as done before. QED 

To determine the order of a given method, we generally inser t  an 
. . . . .  . . . .  . 

appropriate ,Taylor ser ies  into the formul a defining the method, and 

determine the behavior of dn as h + 0. For the imp1 i c i t  case ,  t h i s  can 

mean a considerable amount of wo,rk. In any case, i f  the functions 

involved are  a l l  suf f ic ien t ly  smooth, we end u p  with a r e su l t  of the 

form 
7.e '8. 



The func t i on  [P , which invo lves  f ,y, and t h e i r  de r i va t i ves ,  b u t  
. . 

n o t  h, i s  c a l l e d t h e  p r i n c i p a l  e r r o r  func t ion .  We can then w r i t e  e,,=hrAn 
. . 

f o r  t he  g loba l  e r ro rs ,  w r i t e  a  d i f f e r e n c e  equation f o r  Jn, and so show 

t h a t  An= I ;tn 6 ( t  ) , where 6( t )  i s  a  . f u n c t i o n  def ined b y i t h e  ODE 
h+o . n 

&it) '=fy [ y  l t ) ,  t) 6 (t) t p ( y ( t ) , t ) ,  
w i t h  i n i t i a l  value 

This general i zes  t h e  r e s u l t  der ived f o r  t h e  expl i c i t  Eu ler  method, 

where r = l  and 9 = -y/a. 
So f a r ,  we have assumed whatever smoothness we needed t o  ge t  . . 

r e s u l t s  convenient ly .  Consider now the  p o s s i b i l i t y  t h a t .  such smoothness 

i s  lack ing .  We s t i l l  assume f i s ' l i p s c h i t z  i n  y and continuous' i n  t, 

so t h a t  t he  bas ic  ex is tence theorem app l ies ,  and so t h a t  3 e x i s t s  and i s  
. . 

continuous. Now . l ook  . a t t h e  r e s u l t  o f  d i f f e r e n t i a t i n g  i.'= f once, 

I f  5 , ft e x i s t  and are  continuous, then t h e  same i s  t r u e  f o r  y. ' We can 

cont inue t h i s  reasoning,, . . ,  and'say t h a t  i f  f has continuous p a r t i a l  
. . 

de r i va t i ves  up t o  order  q, then y  ( ) i s  continuous .. 
Now suppose, we have 'a one-step method o f  order  r, where we know 

. , 

r + l  '. 
d;.=t( h ) and en=O,(hr) f o r  smooth problems. I f  we have q=r above ( i  .e. 

f has continuous p a r t i a l  de r i va t i ves  up t o  order  r ) ,  and  i f b v / d  h r  i s  
. , 

a l so  continuous, then t h e  d e f i n i t i o n  o f  dn(h) can be expanded i n  a  
. . 

T a y l o r  s e r i e s  far enough t o  ge t  dn=O (hrtl) , and t h e  convergence . . theorem 



applies,  giving $,=O(hr). B u t  i f  the maximal order q of continuous 

derivatives of f i s  less  than r ,  then dnwil l generally be O(hr+') , 

b u t  only O(hq+') , and we can only prove tha t  en=O(hq). Thus in general, 

the maximum order. of continuous partial  derivatives of f and y i s  the 

maximum actual order. attainable.  This i s  only a general' h.euristic 
. . 

statement, t o  which there arb exceptions. The texl ( p .  0 )  gives an 

example where q=l , b u t  when a method of order r=2 i s  used,, the global . 

e r r o n  a r e  c,- 0(h2)., 

The re su l t  which re la tes  en to  an ODE in b ( t )  requires one further 
. . . . 

continuous derivative of f and t o  e x l s l ,  bribusc thc  ser ies  fo r  d n ( h )  
. . 

, i s  being carried one term further there. 

So f a r ,  the s t ep  s i z e  h has been assumed to~b ' e  constant throughout 
the problem. In practice,  t h i s  i s  rarely true.  Either the user changes 

h ,  or h i s  changed by a program with an automatic mechanism for doing 

. th is .  1.t is therefore important t;o know .l t~dt a l l  o f  thc resul ts  in 
, , 

t h i s  section ca'n be obtained I n  Ltlr case of'v..clr\ying. h as wcll . I t  i s  .just. 

somewhat harder and more involved. 

Consider for  example the convergence theorem, and write 

tn+\ = tq+h, h =  ax h ,  . 
In the recursive inequal i t i e s  for  en ,  we simply rep1 ace' h by h n .  Then 

in accumulati,ng these, we will ,  bet bounds l i ke  . . 

. . 

(which reduces to  the correct formul a i f  a1 1 h;h) . Then the inequa l i ty 

gives the same bound for  en as in the ea r l i e r  convergence theorem. 



6. . , (b) An example' 

. . 

We consider the problem 

2 I t  can be seen by inspection tha t  the t rue solution i s  y = t . In f a c t ,  i f  we 

define z = y - t 2 ,  the ODE becomes i = -1000z, for  which the general solution 

2 i s  z = zoe -looot, or y = t + z,e -looot. The particular sol " t i  on sought has 

We c o ~ s i d e r  here the numerical solutions obtained by the exp l i c i t  and i m -  
. . 

pl ic i  t Euler methods'. The t ex t  (p. 17) gives the numerical resu l t s  of the ex- 
'w p l i c i t  method, and shows - that  reasonable accuracy i s  not obtained until  the 

stepsize h i s  about .001 or  less .  When i t  i s ,  the e r rors  a t  t = 1 are  about 

- 6 e % -10 (h = n . . 
. . 

o r ,  general ly  3 , en 5 h 3 f o r  any h - < 10' . 
1n the case of the implicit  Euler method, we must. solve the implicit  equa- : 

~ e c a u s e  f  i s  l inear  i n ' y  here, t h i s  ' i s  e a . s i . 1 ~  done:. . , .  



For a g i v e n  h (=  a submultiple of 1 )  we take l / h  steps t o  get t o  t = 1 .  For 
w example, for h = 1,  we get, using yo = 0, t l  = 1,  

For h = 1 /2 ,  we find 

T h u s ,  the actual errors a t  t = 1 are 

el a lo..' . ( h  = ' I) 

'.kid 
or, generalizing to arbitrary h ,  

Ttlesti clctual errors i l lustrate  the f a c t  t h a t  the theoretical error bounds 

obtained ea.i.lier are not always useful. For tilt! expl icSi 1 case, the bound of 

i s  useless since bL = L = 1000. here. Also, the similar bound for the implicit 

111elhod cannot even be applied here, since i t  requires hl. < l ' ,  and this  i s  far 

from the case for the: values of h used above. Thus, these .theoretical .bounds 
. . ,  

are far  more pessimistic t h a n  'actual practice here. 

Consider, however, the more sophisticated error estimates based on an auxi 1 - 
i ary ODE'. Here we .wri te , for. order 1 , 

. . . . 



Here f = -1000 a.nd the prinicpal e r ror  function + i s  ?j;(t) /2 = *1 (-1 for  the 
Y 

expl ic i t  case, + 1 for  the impl ic i t ) .  The solution i s  seen t o  be 

Hence d(1)  2 and the estimate of . ' 

i s  in complete agreement with the calculated resu l t s .  

Suppose, instead of solving f o r  the implicit  Euler solution exactly,  we 

had t r i ed  an i tera ' t ive method. 1f we consider functional i t e ra t ion ,  we predict 

Yn+I (0)  fo r  the value o f  yn+l and use 

w This leads to  badly divergent answers f o r  h = 1 o r  h = 1/2. The reason can be 

seen by looking a t . .  

- 
(m) - Yn+l (m) - Yn+l 

and subtracting the relat ion 
. . 

. . 

to  get 

for  t h i s  case. Thus, i f  h > ,001 and yn+l(o)  i s  a t  a l l  i n  e r ror  ( i . e . ,  q 0 )  # 01, 

then diverges as rn + -. This divergence i s  worse the larger h i s .  This 

behavior i s  a resu l t  of the use of t h e  e x p l i c i t  Euler method t o  get yn+l (o ) .  

Even i f  t h e  true eolution i s  takpn as the predicted value, the method diverges, 

as long as h > .'001. conversely, i f  h c ,001, t h i s  i te ra t ion  method wi 11 converge 

. . 
. . 



t o  the desired so lu t i on  regardless o f  the pred ic t ion.  (It i s  t rue,  however, t ha t  

t h i s  convergence f a i l u r e  and the i n s t a b i l i t y  o f  the e x p l i c i t  Euler  method both 

have the same cause - the la rge  s ize  o f  fy .) 

We might  a1 t e r n a t i  ve ly  have chosen Newton's method instead of funct ional  

i t e r a t i o n .  Here, because the equation i n  yn+l t o  be solved i s  l i nea r ,  a n d  Newton's 

method is based on l i n e a r i z i n g  t h a t  equation, we would get  the co r rec t  yn+l i n  

one i t e r a t i o n .  

I n  s!!url, Ll~e i i i l p l l c i t  Culer mcthod i s  q u i t e  s u c c e r z f ~ ~ l  f n r  t h i s  prpblem, 

b u t  i t s  success r e l i e s  on the  use o f  a s u f f i c i e n t l y  good method of so lv ing the 

r e s u l t i n g  i m p l i c i t  equation. The f a c t  t h a t  funct ional  i t e r a t i o n  i s  a bad choice 

i s  due t o  the problem, and should not  be blamed on the basic method ( i m p l i c i t  

Eu le r ) .  It i s  a matter  o f  t he  implementation o f  the method. Some problems w i l l  

r equ i re  a more powerful Implementation o f  a given method than othe,rs, and t h i s  

w2 example i s  one t h a t  requ i res  something more powerful than func t iona l  i . t e r a t i  on 

f o r  the i m p l i c i t  Eu ler  method. 

Knowing the r e s u l t s  of ,  the numerical ~ 0 1 u t i o n s  frqu111 l he  two methods, wc can 

compare them, and ask,  "Whichmethod i s  be t te r? "  The f a c t  t h a t  a one-step solu- 

t i o n  gives a good answer w i t h  the lmpl, ic i L ~ ~ ~ e l l ~ u d ,  and not  w i t h  the e x p l i c i t  ,one, 

suggests t h a t  the imp1 i c i  t one i s  be t t e r .  I f  we w i l l  accept i n  e r r o r  of 

i t  i s .  I n  f ac t ,  i f  we requ i re  less than s i x  decimal places o f  accuracy a t  t = 1, 

then we can ob ta in  the desired accuracy w i t h  the i m p l i c i t  method w i t h  many fewer . 

step5 than the e x p l i c i t  one. The l a t t e r  requires about lflflfl steps before even 

one decinial place i s  obtained, and the former requires as l i t t l e  as one step. 

But t o  say t h a t  the i m p l i c i t  method i s  always the b e t t e r  one for  t h i s  prob- 
. . 

lem would be a mistake. '  We know.that a t  t = 1, , lenl  i s  a s y m ~ t ~ t i c a l l y  about 1 0 - ~ h  

f o r  e i t h e r  method, and .so the asymptotic e r ro r s  g ive no bas.i,s f o r  a choice. The 

W h i t c h  i s  t h a t  t h e ' a c t u a l l e n l  agree f o r  t h e  two methods o n l y  when h i s  about .00'1 



o r  less,  and then we get  a t  l e a s t  s i x  places of accuracy. Hence, if the desired 

accuracy i s  s i x  o r  more places, e i t h e r  method su f f i ces ,  and we must use consider- 

a t ions other than the number of steps ( i  .e. , the s i z e  o f  h)  t o  make a choice. 

The on ly  remaining c r i t e r i o n  i s  the e f f ic iency of performing each step. I n  t h i s  
. . 

respect, the e x p l i c i t  method i s  somewhat be t te r ,  as i t  requires 4 m u l t i p l i e s  per 

step, vs. 5 mu1 ti p l i e s  and a d i v i de  (which. could be el iminated, however) f o r  the 

i m p l i c i t  method. Th is  d i f ference i s  not  great, but  if t o t a l  computational cost  

were o f  paramount importance, the e x p l i c i t  method would be the b e t t e r  choice, 

f o r  6-place accuracy o r  be t te r .  

The r e l a t i v e  i n f e r i o r i t y  o f  the e x p l i c i t  method under l o w  accuracy require-  
. . 

ments can be i l l u s t r a t e d  graphica l ly .  We f i r s t  draw the curves f o r  various par-. 

2 t i c u l a r  so lu t ions (various z o )  These approach the curve .y = t very rap id ly ,  

and then beco'me (g raph ica l l y )  i d e n t i c a l  t o  t h a t  curve. I f  the e x p l i c i t E u l e r  . . 

w ' 

method has been appl ied up t o  a ce r t a i n  po in t  (t,, y,), where yn has on ly  a 

small error, the next  step,. taken according t o  . . 

c a r r i e s  the s o l u t i o n  t o  (tn+l, yn+l ) along a l i n e  tangent . t o  a so lu t i on  curve a t .  , 

(5,s Yn ) ' This tangent  i s  so steep, f o r  a1 1 bu t  very sha l l  e r r o r s  i n  y,, t h a t .  
I 

: 

J'n+l i s  then qu i t e  inaccurate, fo r  a l l  but  very small values o f  h. . . 



I n  the implici t  case, however, the next point i s  on a l ine  tha t  i s  tan- 

gent to  a solution curve a t  tntl .  Even fo r  large h and/or sizable errors in y n '  
the resul t ing yn+l will not be dras t ica l ly  i n  e r ro r ,  by the nature of tha t  tan- 

g ~ n t .  An in5pect.inn nf the graphical c ~ n s t r u c t i o n  will reveal that  a large e r ror  

i n  yn+l would correspond t o  a steep tangent l ine  t h a t  could not possibly pdhs 

through' (t,. y i )  because I t  slopes the wrolig way. 

This example may appear quite contrived, and carefully designed t o  produce 

the behavior j u s t  discussed. I t  - i s  an a r t i f i c i a l  problem, of course, contrived 

t o  make the numerical solution rather simple t o  obtain and analyze. However, 
/ 

the resul t ing behavior i s  not contrived, b u t  typical of l'arge classes of problems 

This i s  a simple exampieof a s t i f f  problem, and s t i f fness  i s  a rethercommon 

property of O D E ' S  t ha t  a r i se  in  many areas of applications. Qual i ta t ive ly ,  s t i f f  

problems are  characterized by the presence of rapid t ransient  solutions (given 

by 1L1r foe -''Oat term here), together w i t h  re la t ive ly  smooth long-range nr equi- 
2 l i  brium solutions (given by y = t here). In numerical solutions,  the main symp- 

tom of s t i f fness  i s  t ha t  some methods require very much smaller values of h than 

others ,  fo r  a given accuracy. In t h i s  example, i f  we were to  change the ODE t o  

i t  would be even s t l f f e r ,  and would require an h o f  about 10-6 or l e s i  for  the 
. , 

expl ic i t  ~ u l e r  method, while the implicit  one gives 6-place accuracy with only 

h = 1. The f a c t  t ha t  the problem i s  contrived t o  be l inear  and very simple has 

nothing t o  do w i t h  t h i s , .  but simply makes the d i f f i c u l t i e s  of numerical solution 



more transparent. The use of these two p a r t i c u l a r  so ' lut ion methods here i s  
w 

also not  cont r ived t o  produce these resu l t s .  There are la rge  . classes . ofmethods, 

i n  common usage, which w i l l  have  the same d i f f i c u l t y  on t h i s  problem as the ex- 

p l i c i t  Euler  method. And there are classes o f  methods which overcome tha t  d i f -  

f i c u l  ty i n  the same way t h a t  the i m p l i c i t  Euler  method does. 

The problem o f  s t i f f ness ,  and the explanat ion of i t s  e f fec ts  o n  d i f fe ren t  
. . 

methods, w i l l  be covered more f u l l y  l a t e r  'Part 111); 



Exerc ise 6.1 

Consider t h e  t r a ~ e z o i d  r u l ~  a  one-step i m p l i c i t  method: 

( a )  Using Tay lo r  se r i es  , determine t h e  order  o f  t he  method, and 

the  1  eading term i n  the  l o c a l  e r r o r  

(D is regard  t h e  discrepancay between t h i s  dn and t h a t  o f  the  general 

d e f i n i t i o n . )  

(b) What i s  t h e  absolute s t a b i l i t y  region, 

& = [ L A :  i Y h + ,  L- /yn i Fop ) ; ' = h Y j  7 '  
2  

( c )  For the  problem ): = 2t -1000(y- t  ) , y ( ~ ) = ~ ,  O 5 t 5 1 ,  h  a r b i t r a r y ,  

what i s  the g loba l  e r r o r  en ( i g n o r i n g  roundoff  and i t e r a t i o n  e r r o r ) ?  

Exerc ise  6.2 -- c- .. 

Given a  general one-step method wci  111 1  ocal t r u n c a t i o n  c r r o r  

show t h a t  t h e  method i s  cons l s ten t  i'f and o n l y  i f  the  order  r i s  3 I .  



, . 
7. Implementat ion 

This  s e c t i o n  covers a number o f  t o p i c s  r e l a t e d  t o  the  implementat ion 

o f  t y p i c a l  ODE methods i n t o  p r a c t i c a l  'a1 g o r i  thms and com,puter programs. I n  

t he  course of dea j i ng  w i t h  these t o p i c s ,  i t  w i l l  become c l e a r  t h a t  some 

methods are caster t o  implement than o thers ,  ' i n  var ious respects.  . Consider- 
. . 

a t i o n s  o f  t h i s '  k ind,  toge ther  w i t h  cons idera t ions  re1 ated t o  t he  theore-  

t i c a l  p r o p e r t i e s .  0. f .  t he  methods, must be used i f  the  b e s t  a v a i l a b l e  

method i s  t o  be chosen f o r  a g iven problem. That bes t  method depends on 

the  problem as w e l l .  No one method o r  no one implementat ion o f  a  method 

i s  bes t  f o r  a l l  problems. Proper t ies  o f  t h e  problem must be known, 

e i t h e r  i n  advance of a  numerical s o l u t i o n ,  o r  as a r e s u l t  o f  t r y i n g  such 

a so lut ion. .  

The var ious  cons idera t ions ,  re1 a t i v e  t o  both t h e o r e t i c a l  p rope r t i es  

and m a t t e r s  o f  imp1 ementation, cannot be g iven  'completely p r i o r  t o  a more 

d e t a i l e d  d iscussfon o f  t h e  methods under considerat i .on. I n  p a r t i c u l a r ,  
. , 

the Runge-Kutta methods and the  1 i nea r  mu1 t i s t e p  methods w i l l  b e  s t u d i e d  

more c l  miy 1 a t e r ;  For  t he  present ,  however, a  number o f  p r a c t i c a l  
. . . . . . 

mat te rs  .are covered i n  a general sett \ ing, i n  what f o l l o w s .  ., 
. . 

7. (a )  H i s t o r y  vec tor ;  s to rage 

For any method, some in fo rma t i on  must be saved from s t e p  t o  s t e p  t o  

implement t he  method meaningful l y .  This  f a c t  i s  p a r t i c u l a r l y  ev iden t  f o r  

t he  mu1 t i s t e p  methods, t y p i f i e d  by t h e  l i n e a r  m u l t i s t e p  . . methods: 



I n  going from yn-l t o  yn, one niust have, i n  sollie form, the  d a t a  

Th is  comprises L = K1 + K2 p ieces of data, which can be s imply p u t  together  

t o  make up a  h i s t o r y  vec to r  o f  l e n g t h  L, w i t h  vec tors  o f  l e n g t h  N as compo- 

nents.  Th is  i s  then r e a l l y  a  h i s t o r y  a r ray ,  o f  s i z e  LN. Rather than s t o r c  

t h i s  da ta  as w r i t t e n  above, i t  i s  o f t e n  d e s i r a b l e  t o  s t o r e  surlle s e t ' o f  1  i nea r  

combinat ions o f  1 t. .. But  any such a1 t e r n a t i v e  h i s t o r y  vec to r  must s t i l l  con- 

t a i n  t h e  same number o f  q u a n t l t i e s ,  LN. 

Th i s  s to rage problem i s  o f t e n  regarded as a drawback of L l ~ e  iuul t i s t e p  

methods, e s p e c i a l l y  when N i s  l a rge .  L can a l s o  be l a rge ;  some h lgher  urder. 

methods i n  use r e q u i r e  values of L up t o  20. Thus f o r  a  l a r g e  system, say 

w i t h  N = 1000, a  s to rage requirement o f  20,000 l o c a t i o n s  might  be t o o  much 

o f  a  drawback f o r  t he  use o f  t he  method i n  quest ion.  It might  even be pro-  

h i b i  t ive, i f  t h e  core rne~iory a v a i l a b l e  i s  i n s u f f i c i e n t .  

Or! t h e  o t h e r  -hand; t h e r e  may we1 1  have been a  s t rong reason fo,r  choosing 

t h e  method w i t h  l a r g e  L, and i t  may be imposs ib le  o r  undes i rab le  t o  reduce N. 

Hence r a t h e r  than s a c r i f i c e  t h e  s i z e  of t h e  problem o r  t he  o rde r  o f  the  method, 

t h e  user  may be f o r c e d ' t o  deal  w i t h  t h e  problem o f  s t o r i n g  the h i s t v r y  drqr..ay 

d i r e c t l y ,  such as by way o f  extended s torage devices.  

7. (b) S o l u t i o n  o f  t h e  i m p l  i c i t  equat ion 

Any i m p l i c i t  method i s  more d i f f i c u l t  t o  implement than a  s i m i l a r  ex- 
. . 

p l  i c i  t one, because i t  r e q u i  re,s an accompanying method f o r  t h e  s o l  u t i o n  o f  
. . .  

n o n l i n e a r  systems o f  a l g e b r a i c  equat ions. That problem, w h i l e  on a  lower 

w mathematical l e v e l  than t h e  ODE problem, i s  s t i l l  n o t  an easy one. Presum- 



ab ly ,  t h e  use r  has a  s t rong  m o t i v a t i o n  t o  use an i m p l i c i t  method i n  the  ' f i r s t  - 2 place,  counterbalancing t h i s  e x t r a  d i f f i c u l t y .  The example: jl = 2 t  - 1000(y - t ) ,  

y ( 0 )  = 0, as solved by the e x p l i c i t  and i m p l i c i t  Eu le r  methods, i l l u s L r a t e s  

such a  m o t i v a t i o n . ,  

'To be s p e c i f i c ,  consider  t h e  i m p l i c i t  l i n e a r  m u l t i s t e p  methods. Here 

the i m p l i c i t  equat,ion f o r  y, i s  

where BO + 0 and an i s  a  known vec to r  con ta in ing  pas t  h i s t o r y .  (For  t h e  i m -  

p l i c i t  Runge-Kutta methods, the  o the r  bas ic  method c lass  i n  which t h e  i m p l i c i t  

equat ion problem occurs, t h e  equat ion  w i l l  have much t h e  same form, i n  terms 
' 

o f  t h e  unknown in te rmed ia te  va lue  o r  values. ) Usua l l y  'h i s .  smal l  , and we ' 

can o f t e n  take  advantage o f .  the  smal l  ness o f  h  and o f  t h e  p a r t i c u l a r  form 
w 

o f  the equat ion.  

As we a r e '  - n o t  assuming any spec ia l  form o f  f o r  any i n f o r m a t i o n  about 

i t  o the r  than t h e  L i p s c h i t z  cond i t i on ,  we must use i t e r a t i v e  methods t o  so lve  

t h e  equat ion. No d i r e c t  method i s  a v a i l a b l e  except i n  ve ry  spec ia l  cases. 

When we use an i n d i r e c t  o r  i t e r a t i v e  method, we must s t a r t  w i t h  a guess or  
. . 

p r e d i c t i o n ,  yn (0 ) ,  and then i t e r a t e  by soole r u l e  t o  g e t  c o r r e c t i o n s  y 
n (m 

(m = 1,2,. . . ) which hopefu l  l y  converge t o  the  t r u e  s o l u t i o n  yn o f  . t h e  . equat ion. 

The term p r e d i c t o r - c o r r e c t o r  method i s  o f t e n  a p p l i e d  t o  t h i s  process, espe- 

c i a l l y  i n  t h e  l i n e a r  m u l t i s t e p  contex t .  An implementat ion o f  t h e  method w i l l  

r e q u i r e  some r u l e  f o r  Stopping t h e  i t e r a t i o n s ,  and accept ing  t h e  l a s t  i t e r a t e  

as yn.  Such r u l e s  a r e  u s u a l i y  based on a  t e s t  o f  t he  suc tess ive  i t e r a t e  d i f -  

fer''''', Yn(rn+1) - Y ~ ( A ) *  
. . 

The s, implest o f  the i t e r a t i v e  methods . i s  f u n c t i o n a l  i t e r a t i o n ,  i n  which 
, . .  . . 

t h e  func t i on  of yn  on t h e  r i g h t  . above .. i s  i t e r a t i v e l y  . . .  evaluated. Dr'opping 



t h e  s u b s c r i p t  n, which i s  f i x e d  throughout t h i s  d iscuss ion ,  t he  i t e r a t e s  y 
(11) 

a r e  then g iven by 

Th is  mettiod was i l l ' u s t r a t e d  f o r  a s imple example e a r l i e r ,  and we can analyze 

t h e  convergence i n  'general almost as e a s i l y .  .Consider t he .  i t e r a t i o n  e r r o r ,  

A s u b t r a c t i o n  then g i v e s  

If L i s  n o t  unusua l ly  l a rge ,  i t  i s  reasonable t o  expect t h a t  1 %  I hL < 1 

f o r  t he  values o f  h be ing  used. I f  so, then we can conclude t h a t  

o r  t h a t  we have converqence o f  the  c o r r e c t o r s .  I. e., t he  i t e r a t i o n  e r r o r  

can be made a r b i t r a r i l y  smal i by t a k i n g  enough i t e r a t i o n s .  Moreover, t h e  
. . 

cons tan t  1 sol hL i s  a measure o f  the  r a p i d i t y  o f  convergence - t h e  sma l l e r  

i t  i s ,  t h e  fewer i t e r a t i o n s  are  needed. (Th is  convergence must be d i s t i n -  

guished f rom convergence of t he  b a s i c  method, which deals w i t h  the  t o t a l  

numerical  s o l u t i o n  as  h + 0. Here o n l y  one s tep  i s  be ing  discussed and h . 
i s  f i x e d . )  

' 

There a re  f r e q u e n t l y  prohlems w h e r e L  i s  so l a r g e  t h a t  tt!e requi renlent  

h < 1/ 1f301 L makes t h i s  process t o o  c o s t l y .  This  does n o t  mean t h a t  t h e  - 
choice o f  the i m p l i c i t  method was bad, o n l y  t h a t  t he  choice o f  c o r r e c t o r  

I t e r a t i o n  method used t o  implement i t  was a poor one. 



Another l o g i c a l  choice o f  s o l u t i o n  method f o r  t he  i m p l i c i t  equat.ion i s  

Newton's method. Here we do n o t  r e a l l y  take  advantage o f  t h e  known form - 
o f  the  equat ion,  b u t  s imply w r i t e  i t  as 

To apply Newton's method i n  the  s c a l a r  (N  = 1)  case, we guess y and use 
(0) 

t o  i t e r a t e .  Graph ica l l y ,  t h i s  corresponds t o  drawing a tangent  t o  t h e  curve 

F(y)  a t  y(,) and f o l l o w i n g  A 

i t  down t o  the  y a x i s  a t  

Y(m+l). R e p e t i t i o n  o f  t h e  
v 

process, under s u i t a b l e  con- > Y  
d i t i o n s ,  w i l l  l e a d  t o  the  

des i red  r o o t  yn. 

The g e n e r a l i z a t i o n  o f  t h i s  t o  the vec to r  case N > 1, where F(y)  i s  a 

vector-valued f u n c t i o n  o f  a vec tor ,  i s  g iven by t h e  formula.  
. . 

Here Fy i s  t he  N x  N ~ a c o b i a n  m a t r i x  o f  F: 
. 

1 - The n o t a t i o n  here i s  t o  w r i t e  y a s  the  vec to r  . . . . 



and s i m i l a r l y  f o r  F, w i t h  components 

We then form a  m a t r i x  o f  p a r t i a l  d e r i v a t i v e s  

where pi i s  t h e  element of P i n  row i and column j. We e v a l u a t e  P ( i  .e., 

t h e  p .  .) a t  t he  vec to r  y 
1 J (m> ' and then we want t h e  vec to r  

Here P-I i s  another N x N ma t r i x ,  w i t h  the  p rope r t y  t h a t  



. . . . 

where we do the  standard mu1 t i p 1  i c a t i o n  o f  mat r ices  and I i s  t h e  standard 

k& N x  N. i d e n t i t y  m a t r i x  

Then P-'F i s  t h e  usual product  o f  a  m a t r i x  a n d  a  vec to r .  . , ,  

There i s  an a l t e r n a t e  way t o  view these r e l a t i o n s ,  which i s  a c t u a l l y  

p r e f e r r e d  f o r  p r a c t i c a l  reasons. That i s  t o  w r i t e  the  i t e r a t i o n  formula as 

This i s  t o  say t h a t  t he  vec to r  

i s  the  s o l u t i o n  o f . -  t he  system. o f  l i n e a r  equat ions,  

The i n d i v i d u a l  equat ions are 

I n  p r a c t i c e  we can - t h u s  c a l l  upon a 1  i n e a r  system so l ve r ,  ' f o r  which nunjet.- 

ous techniques and computer subrout ines e x i s t ,  a p p l y  i t  f o r g i v e n  c o e f f i  - 
c i e n t  m a t r i x  P and r igh t -hand s i d e  vec to r  -F(y ) ,  and g e t  a  r e s u l t  x, f o r  

. . .(m) 
. : which 

I : . . .  
. . 

. . . . 
t X .  y i m + l ,  ' '1 Y ( w l  :. . . 



i s  t h e  nex t  c o r r e c t o r  i t e r a t e .  I n  doing so, the  m a t r i x  P" never appears as 

such a t  a l l .  

R e c a l l i n g  what f ( y )  was, we may w r i t e  i t s  Jacobian by d i f f e r e n t i a t i n g  

each term separa te ly .  The Jacobian ( w i t h  respect  t o  y) o f  y  i s  I, and t h a t  

of a  cons tant  i s  t h e , z e r o  m a t r i x .  Hence 

where 

i s  t h e  Jacobian o f  t he  r i gh t -hand  s i d e  o f  t he  g i ven  ODE system. J i s  o f t e n  

r e f e r r e d  t o  s imply as - t h e  Jacobian o f  the  problem. 

J  can be r a t h e r  c o s t l y  t o  eva lua te  and manipulate, e s p e c i a l l y  i f  N i s  

l a r g e .  I f  we take.Newtonls method i n  i t s  s t r i c t  form, a  g rea t  deal o f  e f -  

f o r t  w i l l  go toward s imp ly  eva lua t i ng  P = F~(Y(,)) , w h i c h  mus't be done a t  

every i t e r a t i o n  on every s tep .  For e f f i c i e n c y ' s  sake i t  would be much b e t t e r  

n o t  t o  have t o  spend t h a t  much e f f o r t ,  and f o r t u n a t e l y ,  i t  i s  n o t  necessary 

t o .  W e  can , : fo r  example, s imp ly  use P = ,  F ( y  ) ,  which ' i s  t h e  same f o r  a l l  
Y  (0) 

m, and hence e1Sminate cons lderab?e,work .  I n  t h e  s c a l d r  u s e ,  t h i s  would 

mean us ing  the  s lope  o f  t he  tangen 

a t  y ( o )  aga in  a t  Y ( ~ ) ,  e t c .  i n -  

s tead o f  recomputi.ng t h e  slopes. 

For. a l l  b i t .  t he  f i r s t  s tep ,  t h e  

1 i n e  used i s  thus n o t  'a ' . tangent 

t o  t h e  curve, b u t  'a -chord 

through i t .  Hence t h i s  v a r i a t i o n  o f  Newton's method, o f t e n  c a l l e d  a  quasi -  



Newton method, i s  a l s o  c a l l e d  a chord method. 

There a r e  even f u r t h e r  departures from Newton's method which a l s o  work 

q u i t e  w e l l  i n  p r a c t i c e .  We might ,  f o r  example, use a ' m a t r i x  P on s tep  n 

t h a t  was evaluated a t  some e a r l i e r  s tep ,  say s tep  n '  ( n '  .< n ) :  

This  would save us t h e  e f f o r t  n o t  o n l y  o f  r e c a l c u l a t i n g  ,F a t  every i t e r a t i o n ,  
Y 

b u t  a l s o  o f  r e c a l c u l a t i n g  i.t a t  each s tep .  Other p o s s i b i 1 , i t i e s  a r i s e  i f  we 
. . 

o n l y  approximate F i n  .some way, such as by us ing  f i n i t e  d i f f e r e n c e s  i n  p lace  
Y 

of the p a r t i a l  d e r i v a t i v e s ,  o r  ,by us ing  some even more crude approximation. 

The success o f  Newton's method w i l l  n a t u r a l l y  be somewhat impaired by 

sw i t ch ing  t o  a chord method. However, under s u i t a b l e  cond i t i ons  on F, i t  i s  

poss ib le  t o  p rove t h a t  t he  i t e r a t e s  y s t i l l  converge t o  yn, though poss ib l y  
(m) 

n o t  as r a p i d l y .  Such a p r o o f  i s  beyond ou r  scope here. 

The f a c t  t h a t  F i s  o n l y  be ing  approximated, p o s s i b l y  w i t h  very  l i t t l e  
Y 

accuracy, does n o t  mean we a re  s a c r i f i c i n g  any accuracy i n  t he  f i n a l  c o r r e c t o r  - 
approximat ion t o  yn. That i s ,  if we s top  the  i t e r a t i o n s  a t  y and accept 

(M) 
t h i s  as our  approximat ion t o  7,. we can s t i l l  make t h e  i t e r a t i o n  e r r o r  y - 

( M I  
yn a5 smal l  as we 1 ike, by proper  choice o f  M. The inaccuracy i n  P a f f e c t s  

on l y  t h e  r a t e  of convergence t o  yn, n o t  t he  f i n a l  answer. 

The cho ice  o f  t h e  i n i t i a l  p r e d i c t i o n  y i s  u s u a l l y  a c r u c i a l  d e t a i l  
(0 )  

here, regard less  o f  c a r r e c t o r  method. For a g iven method, y must n o t  be 
(0 

t o o  d i s t a n t  f rom yn, o r  t he  i t e r a t e s  w i l l  f a i  1 t o  converge. The chord methods 

a re  e s p e c i a l l y  s e n s i t i v e  t o  the  accuracy o f  y , al though they  make up f o r  
(0 )  

t h a t  b i  be ing  mole r a p i d l y  convergent i n  genera1 than f u n c t i o n a l  ' i t e r a t i o n .  

For a 1 i n e a r  mu1 t i s t e p  method, one must use the  a v a i l a b l e  hist .ory i n -  
. . 

. . 
formation, w i t h  d a t a  a t  tn,, ,tn - , . . . t o e x t r a p o l a t e  t o  tn, i n  o rde r  t o  ge t  



an accurate p r e d i c t i o n .  This u s u a l l y  amounts t o  us ing  the  appropr ia te  

e x p l i c i t  method based on the  same h i s t o r y  vec tor .  

7. (c )  E r r o r  es t ima t ion  and choice o f  s t e p  s i z e  and order  

This  s e c t i o n  deals w i t h  t h e  d i f f i c u l t  b u t  very p r a c t i c a l  mat te r  o f  

e, r ror  c o n t r o l .  The c o n t r o l  o f  e r r o r s  invo lves  f i r s t  t he  es t ima t ion  o f  

e r r o r s ,  t o  some ex ten t ,  and then the  p r a c t i c a l  s e l e c t i o n  o f  s tep  s izes  h, 

and ( i t  methods o f  severa l  orders dr-e provided)  o f  t h e  order  r as w e l l .  

To begin w i t h ,  cons ider  t h e  numerical  s o l u t i o n  o f  a  y iven problem 

over a given f i n i t e  i n t e r v a l ,  w i t h  a  f i x e d  method and t i x e d  h. I t  would 

be na tu ra l  t o  r e q u i r e  o f  t he  c a l c u l a t i o n  t h a t  the  g loba l  e r r o r  en a t  the  

end o f  the  problem be bounded by some constant  E, which t h e  user s p e c i f i e s .  

I f  the  method se lec ted .  has order  r, then we know f rom the  appropr ia te  

convergence theorem t h a t  

f o r  some constant  K, prov ided h  i s  s u f f i c i e n t l y  smal l .  By d e f i n i t i o n  o f  r, 

t h e r e  i s  no l 'arger  i n t e g e r  f o r  which t h a t  bound.holds i n  general.  I f  t h e  

problem i s  s u f f i c i e n t l y  smooth, we can be more p rec i se  b y  d e r i v i n g  an 
, . 

auxi  1  i ary  ODE f o r  a  f u n c t i o n  & ( t )  f o r  which, when h i s  s u f f i c i e n t l y  s ~ n a l l  , 

I n  any case, we can e x p e c t  t h a t  1 e n l w i l  1  go roughly 1  i ke h', as we vary h  , 

w i t h i n  bounds t h a t  produce reasonably accurate answers a t  a1 1. 

I t  fo l l ows  tha, t  i f  'we consider  d i f f e r e n t  values o f  t h e  e r r o r  bound 

E and corresponding yalues o f  acceptable s t e p  s izes  h  ,, h  w i l l  be roughly 

p ropo r t i ona l  t o  E'". To make p r a c t i c a l  use o f  t h i s  f a c t ,  we might ,  f o r  

examp15 make one run  w i t h  some value o f  h  wh,ich seems reasonable, g e t t i n g  
. . 



a final answer Y A  , end then make a second run with s t ep ' s i ze  h / 2 ,  gett ing 
. . 

an answer YB.  Then, on the hssumption tha t  the t rue final answery 
' . G r  ti;. 

' ea t isf ies  

we obtain I Y A  - Y B l  z (1  - 2 - ' ) ~ h ~ .  Hence, the e r ror  in the (presumably 

more accurate) answer Y B  can be estimated as 

. .  oreo over, i f  th i s  e r ror  i s  not acceptable, any fur ther  runs', with s tepsize h '  

- and answer Y C  ,will have a predictable f inal  e r ror  of . 

rV 

As we want E C  to  be roughly equal to  a given bound E ,  we could even deter- 

mine thc correct value o f  h ' ; .  , 

. . 

Suppose now tha t  several  d i f fe rent  orders a re  available.  For example, 

a program mightcontain t h e e x p l i c i t  Adams methods of orders 1 t o  4 ,  and 
. , 

any r in tha t  range could be selected. For each r ,  there will be a Constant 

Kr  for  which the f inal  . e r r o r  . i s  roughly ~~h~ for  small enough h. The values 

of the K r  might even be known from theoretical properties of the methods and the 

probl em. 



The s e l e c t i o n  o f  t h e  b e s t  o rder  w i  11 have t o  i n v o l v e  e f f i c i e n c y  cons i d e r a -  

t i o n s  a l s o .  We can u a u a l l y  ass ign  a  cos t  per  s tep  kr t o  t he  method o f  o rde r  

r. T h i s  m igh t  s imp ly  be t h e  number o f  f eva lua t ions ,  f o r  a  crude approx i -  

mat ion.  Then i f  t h e  r t h  o rde r  method i s  u s e d w i t h  s teps i ze  hr, and the  i n -  - 

t e r v a l  l e n g t h  i s  6, t h e  t o t a l  numbers o f  steps i s  

and t h e  t o t e l  work f o r  the  prob:em i s  t h e  sum o f  t he  cos ts  per  s tep,  

The norm o f  f i n a l  error ,  e,can then be p l o t t e d  as a  f u n c t i o n  o f  WF' accord ing 

(See tne  accompallyirlg graph, and a l so  p. 75 i n  t he  t e x t ,  whereya 

g e n e r a l i z a t i o n  t o  v a r i a b l e  s t e p  s izes  i s  discussed.) 

We a r e  i n t e r e s t e d  i n  ach iev ing  e. = E, and we o f  sourse,,want t o  m i n i -  

mize Wr. Thus t h e  r i g h t  cho ice  i.s t h e  r f o r  which w;' i s  l a r g e s t  a long the  

1  i n e  e  = E. For  d i f f e r e n t  values o f  E he can g e t  d i f f e r e n t  o p t i m a l  orders.  
w~ 

I f  E i s  q u i t e  smal l ,  c l e a r l y  the  curves f o r  d i f f e r e n t  r descend v e r t i c a l l y  





as r increases,  so t h a t  t h e  maximum r i s  the  opt imal  choice. However, f o r  
-w' 

l a r g e r  E, lower  orders  may be opt imal .  No general statement can be made ex- 

cept  i n  t h e  l i m i t  o f  smal l  E. The h igher  order  methods are - n o t  i n v a r i a b l y  

t h e  most e f f i c i e n t  f o r  g i ven  accuracy. For a  g iven h, o r  a  g iven t o t a l  work 

W ,  a  h i g h e r  o rde r  does - n o t  i n v a r i a b l y  g i v e  b e t t e r  accuracy. The absence o f  

general r u l e s  he re  i s  a l l  t h e  more assured by the  f a c t  t h a t  these simple 
. . 

curves themselves do n o t  app ly  above c e r t a i n  l e v e l s  i n  E o r  h. 

The goal  . o f  bounding t h e  f i n a l  g loba l  e r r o r ,  w h i l e  a .na tu ra l  and de- 

s i r a b l e  goa l ,  i s  n o t  a  p r a c t i c a l  one. When we must s e l e c t  h and poss ib l y  

a l s o  r a t  t h e  beg inn ing o f  t h e  problem, and poss ib l y  a l s o  du r ing  t h e ,  s o l u t i o n  

of t he  problem, t h e  in'formation we would need f o r  those se lec t i ons ,  i f  a  

f i n a l  e r r o r  bound i s  t o  be met, i s  s imply  n o t  a v a i l a b l e  i n  most cases. That 

i n f o r m a t i o n  i nvo lves  t h e  unknown s o l u t i o n  a t  f u t u r e  values of t, and i t  may 

w d  a l s o  i n v o l v e  dec is ions  about h  and r t h a t  a re  t o  be made i n  t h e  f u t u r e .  

An a l t e r n a t i v e  t h a t  i s  q u i t e  f e a s i b l e  i s  t o  bound t h e  norm o f  t h e  l o c a l  

e r r o r  on l y .  That  i s  we can make se lec t i ons  o f  h  and r which s a t i s f y  l dn l  

5 E,  where E i s  a  p resc r ibed  to le rance.  This s t r a t e g y  - .  i s  a t  t he  o the r  ex- 
. . 

treme f rom the  e a r l i e r  one, and t h e r e  a re  in termedia te  choices. For example 

a  bound ~ ( h , t )  on idn 1 m igh t  be devised t h a t  va r ies  du r ing  t h e  problem, i n  

an a t tempt  t o  achieve a  g loba l  e r r o r  bound. As t h i s  wou ld 'compl ica te  the  

problem o f  e r r o r  c o n t r o l  cons iderab ly ,  we w i l l  consider  on ly  case o f  constant  

c ,  which i t s e l f  can be r a t h e r  complicated. 

The f i r s t  and most d i f f i c u l t  t ask  i n  c o n t r o l l i n g  l o c a l  e r r o r  i s  s imply 

t o  es t imate  i t .  O f  'course we need n o t  es t imate  e r r o r s  as accura te ly  as we 

es t imate  t h e  so lu t i on . : va lues  t o  the  o r i g i n a l  problem, b u t  some k i n d  o f  an 

es t imate  i s  necessary. 
'W 

. . . . 



A standard method o f  es t ima t ing  dn, used f o r  one-stcp metl~ods, i s  t he  

method o f  s tep  doubl ing.  Here we use the  f a c t  t h a t  dn(h) 2 hrcl+(tn) where 

+ i s  a f u n c t i o n  ( u s u a l l y  a combinat ion of d e r i v a t i v e s  o f  f )  which i s  n o t  

known i n  advance b u t  i s  independent o f  h. Consider t a k i n g  two successive 

steps o f  s i z e  h, from t t o  tntl t o  tn t2  If yn was considered exact ,  then 
n 

the  c a l c u l a t e d  values yntl and y w i l l  have e r r o r s  ( r e s p e c t i v e l y )  of n+2 

Here ent2 i s  approximated by a s imple accumulat ion o f  t he  l o c a l .  e r r o r s ,  d i s -  

r+2  
card ing  terms t h a t  a re  O(h . ) t h a t  were kept  i n  t he  r i go rous  g loba l  ana lys j s .  

On the  o the r  hand, we may consider  doub l ing  h and t a k i n g  a s i n g l e  s t e p  from t, . 

t o  tn+2. We ' then ge t  a c a l c u l a t e d  value Gt2 which has' an e r r o r  

I t  f o l l o w s  t h a t  

r+2) and hence that,. wi'thin an e r r o r  o f  O(h , 

and so the  l o c a l  e r r o r s  i n  yntq and Ynt2 may be est imated:  



1  The one-step l o c a l  e r r o r  dn(h) would then be est imated a s  T6/(2r - 1 ) .  

'M' I n  t h e  case o f  m u l t i s t e p  methods, s t e p  doub l ing  i s  genera l l y  n o t  used, 

because much l e s s  expensive e r r o r  est imates are  a v a i l a b l e ,  us jng  the  more 

ex tens i ve  h i s t o r y .  o f  t h e  c a l c u l a t i o n .  

For t h e  general  . l i n e a r  mu1 t i s t e p  method, 

t h e  l o c a l  t r u n c a t i o n  e r r o r  d,, = dn(h) i s  de f i ned  as t h e  d i f f e r e n c e  between 

t h e  l e f t  and r i g h t  s ides  o f  t he  above equat ion when yk i s  rep laced by y ( t k )  

and jk by i ( t k )  for a t r u e  s o l u t l o n  y ( t )  o f  t he  ODE. (A mope detailed dis- 

cussion o f  t h i s  w i l l  be g i ven  l a t e r . )  We w i l l  see l a t e r  t h a t  i f  t h e  method 

i s  o f  o r d e r -  r, then  we have an asymptot ic  formula ( f o r  s m a l l  enough h )  

f o r  some constant  C. So we es t imate  dm by es t ima t ing  t h e  c u r r e n t  va lue  o f  
I I 

y ( r + l  
by use o f  a' l i n e a r  combi'tiation o f  the  h i s t o r y  data.  For example, i n  

1  t h e  e x p l i c i t  E u l e r  method, where r = 1 and C. = - 2, we can take 

For  t h e  i m p l i c i t  1  i n e a r  mu1 t i s t e p  methods, a  general technique f o r  
. . .  

e r r o r  e s t i m a t i o n  i s  t h e  use o f  t he  . p r e d i c t o r - c o r r e c t o r  .-.*-.---- d i f f e r e n c e .  By t h i s  . , 

i s  meant t h e  d i f f e r e n c e  between a  p r e d i c t o r  y 
4 0 )  

t h a t  i s  a l s o  o f  o rder  r 

and t h e  f i n a l  c o r r e c t e d  s o l u t i o n  yn o f  t h e  imp1 i c i  t equat ion.  Because the  

p r e d i c t o r  has o r d e r  r, we can w r i t e  



w h i l e  the  e r r o r  i n y n  i s  

Hence t h e  d i f f e r e n c e  i s  

By i g n o r i n g  a l l  0'(hr+2) terms,'we a r r i v e  a t  an es t imate  f o r  dn i n  t h e  form 

There i s  some t h e o r e t i c a l  doubt as t o  what cond i t i ons  a re  necessary t o  g i v e  
. . 

t h i s  es t imate  a  r i go rous  foundat ion  - as t o  whether t h e  s o l u t i o n  curve y ( t )  

w must go through Y,-, , Y ~ - ~ ~ .  . . ,Y,-~ ( f o r  a k-step method), o r  whether t he  pre- 

d i c t o r  and c o r r e c t o r  formulas ( i  e .  , t h e  e x p l i c i t  formula f o r  y n(0) and the  

g iven i m p l i c i t  formula f o r  yn)  must s a t i s f y  c e r t a i n  c o e f f i c i e n t  cond i t i ons .  

Bu t  t he  idea seems t o  work we1 1  i n  p r a c t i c e .  It i s  easy. t o  use as bo th  yn 

and yn(0) must eventual l y  be a v a i l a b l e  anyway, and the  constant  C ,  
, 

C-C, . i s  , 

known i n  advance f rom the  formulas used. There i s  very l i t t l e  e x t r a  expense 

i nvo l ved  - no e x t r a  f u n c t i o n  eva lua t ions ,  f o r  example, as the re  i s  f o r  t h e  

s t e p  doubl i n g  method.. 

Now suppose t h a t ,  by whatever method i s  appropr ia te ,  a n  es t imate  o f  dn 

i s  computed du r ing  the  numerical s o l u t i o n .  L e t  us c a l l  t h a t  es t imate  dn 

a l so ,  and assume t h a t  we wish our  choice o f  h  and r t o  s a t i s f y  t h e  t e s t  

I dn ]  i. E f o r  a  p rescr ibed to le rance  IZ. We now consider  how t o  achieve t h a t  

c o n t r o l  . 
'- 



Take f i r s t  t h e  case i n  which t h e  o rde r  r i s  f i x e d ,  and the  choice of h  

i s  t h e  o n l y  d e c i s i o n  t o  be made. We can f i r s t  of a l l  compute l d n l ,  niake the  

t e s t  aga ins t  E,  and, i f  i t  i s  passed, do no th ing  t o  h  and proceed. I f  i t  

f a i l s ,  we want t o  choose a  sma l l e r  va lue  o f  h, say h '  , f o r  which the  t e s t  

w i l l  be passed. R e c a l l i n g  t o  t h e  statement t h a t  dn i s  rough ly  p r o p o r t i o n a l  

t o  hrtl , we have 

We know dn = dn(h) f o r  t h e  s teps i ze  h  c u r r e n t l y  be ing  used,, and we want 

I dn (h l )  1 5 E.  Hence we conclude t h a t  we should make 

I 
. - , I  - 5  ' L  ( , ; q , ) p t /  , 

w 
If t h e  approximations used are  good, then any h '  s a t i s f y i n g  t h i s  i n e q u a l i t y ,  

w i l l  l e a d  t o  an acceptable l o c a l  e r r o r .  But  we may as w e l l  maximize h ' ,  

i . e . ,  maximize the  e f f i c i e n c y  o f  t h e  c a l c u l a t i o n ,  w i t h i n  t h e  l i m i t s  imposed 

hy t h e  Inca1 ~ r r n r t e s t .  Hence we wnuld want t o  choose h '  about  equal t o  

t h e  above bound, p o s s i b l y  s l i g h t l y  l e s s  t o  a l l o w  f o r  e r r o r s  i n  estimates 

used : , . . .  

The reasoning above suggests ' t h a t ' w e  might  a l t e r  h  even when t h e  error 
. . 

t e s t  i s  passed, f o r  a  cons iderab ly  l a r g e r  (and hence p r e f e r r a b l e )  s teps i ze  

.might  a l s o  pass the  t e s t .  I t  f o l l o w s  t h a t  t h e  above formula f o r  s e l e c t i o n  

o f  h "  c o u l d  be used'. gene ra l l y ,  regard less  o f  t he  outcome o f  t h e  t e s t .  

%d I f  t h e  e r r o r  ' t e s t  f a i l s  a t  any t ime,  and t h e  new s teps i ze  h '  i s  chosen 

accord ing ly ,  t h e r e  i s  s t i l l  another dec i s ion  one must make. E i t h e r  t h e  



current s tep (taken with stepsize h) i s  repeated with h"  before proceeding, 

or  i t  i s  accepted and only the subsequent steps are taken with h ' .  The 

l a t t e r  s t ra tegy  i s  obviously l e s s  c o s t l y  in the,  short run, b u t  possibly more 

damaging in the long run, especially' i f  the s tep i s  very much larger than 

i s  indicated by the. error  cdntrol . 
The control of errors i s  complicated s l igh t ly  i f  we must also se lec t  

from a group of methods of several different  orders. If  the calculation i s  

currently proceeding with the order r method and a stepsize of h ,  we will 

then wish, a t  l eas t '  occasionally, t o  choose a (possibly) 'new order r '  as well 

as a new steps i ze h ' . 
Here the local truncation er ror  dn  i s  a function of both the s tepsize and 

f 

order. A t  the current s tepsize h b u t  arbi t rary order q,  we have a function 

What was discuss,ed e a r l i e r  was the estimation of th i s  quantity whcn'q = r .  

When q , r ,  i t  i s  equally easy. t o  estimate because the order o f  the derivative 

i s  lower and so 1css infarn~at iot~ wuuld be needed t o  approximate i t .  When 

q > r ,  more information would be required than i s  normally. saved to  perform 

the rth - ordcr method. Hence some extra quantit ies must be saved to  do th i s .  

For th i s  reason, variable order codes usual ly r e s t r i c t  consideration to  

order r + 1 i f  the current order i s  r .    his will be discussed a t  greater 
. . 

length later ' .  In any case, assume tha t  we have es t imatorsof  dn(h,q) f o r  

the various valu'es of q 'under consideration, . . Then an approx'imatk new step- 

s i ze  tha t  would be optimal a t  order q would be , '  



on t h e  b a s i s  o f  t h e  l o c a l  e r r o r  t e s t .  Th i s  i s  a r r i v e d  a t  e x a c t l y  as be fo re .  
w 

Now we s f n ~ p l y  want  t o  t ake  t h e  l a r g e s t  s t e p  p o s s i b l e  w i t h i n  t h e '  l i m i t a t i o n s  

o f  t h e  e r r o r  t e s t .  So we compute 

t h e  l a r g e s t  o f  t h e  . d i f f e r e n t  a l lowed s t e p s i z e s .  I f  t h i s  maximum occurs a t  

q = r '  and we s w i t c h  t o  t h e  method of o r d e r  r '  , then  h '  i s  t h e  op t ima l  s tep-  

s i z e  we wou ld  use. 
. '. 
l h e r e  may Be o t h e r  c o n s l d e r a t  i ons  L t i dL  eliler; i n t o  t h i s  s e l e c t i o n  o l go -  

r i  thm. We m u s t  s t i 1 1  'dec ide whether o r  n o t  t o  redo  t h e  c u r r e n t  s t e p  i f  i t  . '  

f a i l e d  t h e  t e s t .  Cons ide ra t i ons  o f  overhead cos t s  may be used t o  b i a s  t h e  

s e l e c t i o n  i n  c e r t a i n  ways. F i n a l l y ,  s t a b i l i t y  c o n s i d e r a t i o n s  may d i c t a t e  

t h a t  we n o t  a l i o w  changes of h o r  r t o o  f r e q u e n t l y ,  o r  t o o  d r a s t i c a l l y .  



Exercise 7.1 . . 

Consider the second-order equat ion ;' =-u, on 0  c_ t5n/4 w i t h  i n i t i a l  

cond i t i on  uo=O, b0=1 ( s o l u t i o n  i s  u = s i n  t )  . 

(a )  Convert t h i s  problem t o  one f o r  a  f i r s t - o r d e r .  system i n  a  

vec tor  y  6;). .' 

(b )  Using t h e  maximum norm on vec tors ( Iv1  = max(v i , , )  what i s  t h e  

bes t  Lai pschi tz constant  L? 

( c )  Among t h e  e x p l i c i t  Euler ,  impl i c i t  Eu ler ,  and t rapezo id  r u l e  

5 methods, whi ch woul d  you chocse and why? For a  maximum e r r o r  o f  + lo -  , 
what h  would you use? US; l o c a l  and g lobal  e r r o r  est imates,  the '  L  

from ( b )  , and i n i t i a l  ' e r r o r  eo=O, a n d  assume ( u l  C_ 1, 1 ; 151, e tc . ,  f o r  

a1 1  ca l cu la ted  so lu t i ons .  

(d') Perform one s tep  o f  the  t rapezo id  r u l e  w i t h  n= V/4, s o l v i n g  

the  impl i c i  t .equation, exac t ly .  What i s  t h e  resu l  t i n g  est imate , o f  u ( T / 4 ) ?  

Exerc ise 7.2 . . 

Cons.ider a  chord method f o r  c o r r e c t o r  i t e r a t i o n  i n  an i m p l i c i t  

l i n e a r  mu1 t i s t e p  method. What happens i f  t h e  P m a t r i x  ( t h e  c o e f f i c i e n t  

m a t r i x  i n  the  l i n e a r  systeera) i s  taken t o  be the  i d e n t i t y  m a t r i x  I? What 

i s  the approximation t o  t i le  Jacobian J  t h a t  .corresponds t o  t h i s  choice 

o f  P? 

Exercise 7.3 
. . 

Wr i t e  the  imp1 i c i  t Eu ler  method, as yn=yn-l + h i n  , and consider  t h e  
. . 

e x p l i c i t  ~ u l e r  methbd as a  p r e d i c t o r .  I f  y,,: ii t h e '  t r u e  s o l u t i o n  o f  t h e  . ' 

imp1 i c i  t equation, show t h a t  6 5 yn-yn (o), i s  0(h2). ' Ca lcu la te  i t s  

lead ing  te rm'  a n d d e r i v e  an ;, est imate o f  t he  l o c a l  e r r o r  dn based on 5 .  
. . 



Part 11: Study of Discrete Metilods 

8. Kunge Kutta  neth hods - - 

The Kunge-Kutta ~netilods for  $ = f ( y , t )  consti tute a large class of 

cunimonly used melhods. Tney are  one-step discrete  methods, a,id so are 

subject t o  t h e  analysis of general one-step methods done in Chapter 6 ,  

where the general ,forni 

was assu~r~ed. For t h e  Rungc Y,utta m o t i i o c i r , ~ l ~ a s  a particular s t ruc ture ,  

which i s  characteki zed by tne use o f  i ntermrdiate t values ( i  . e .  inter-  

mediatebetween t ,  and t n+l =t,+h) in the required evaluat lor~s  uT T. 

The Inore, commo~lly used Runge-Kutta methods are expl i ci t , b u t  a subcl ass 

of imp1 i c i t  ones also ex is t s .  

3. ( a )  t x p l i c i t  2-stage 

To show how one Cdrl at-rive a t  Ruiigc-Kutta methods i n  il logical ariu 

s i  tiipl r-mi nded way, we return momentari ly to  the Euler methods. There 
. , 

we write 

b yh = Y (t,*,j - Y[&) - 
and we' replace the integral  by e i ther  hj, or. tiin+l. I n  t h i s  scnser 

, . .  

the Euler methods cal.1 be regarded as aris.iny frorn quadrature meiiiods , 

i . e.  ~neti~ods of approxilniting defini te  integrals in one dinimsion. Maily 

( b u t  not a l l )  discrete  OUE methods (and some nondiscrete ones) car1 b e  

derived from quadrature' liirttlods in .this way. 

Grapni cal l y ,  i n  the case of a scalar  

O D E ,  the i r ea  under the gra 

betwe.en t=t,atid t = t n t h  i s  being 



approximated by t h e  area o f  a  r ec ta r i g l e  o f  w i d t h  h  and h e i g h t  jn o r  

311+1 . It i s  i n t u i t i v e l y  c l e a r  t h a t  a  niucn b e t t e r  app rox i~ i l a t i on  i s  

h  
ob ta ined  i f  we use a  h e i g h t  o f  );(t,-), i .e. t h e  h e i g h t  . . a t  t h e  rnidp0in.t 

o f  -the i n t e r v a l .  The quadrature r i~ethod a r i s i n g  f ror r~ t t l - is  cho ice  i s  
. . 

t i l e  In idpo in t  r u l e .  A ? p l y i n g  i t  t o  t h e  i n t e g r a l  f o r  A yn y i e l d s  t h e  forrnul a  

Y,.+ , .I ~n + I, F ( y l t U + u 2 ) ,  & h + ~ / z )  . 
The t r o u b l e  i s  t h a t  t h e  va lue  o f  y( tn+i1/2) r e q u i r e d  i s  n o t  known. However, 

we car1 c e r t a i n l y  approx in~a te  i t  w i t h ,  f o r  example, t h e  e x p l i c i t  Eu le r  

method: 

I f  we do t h i s ,  we end up w i t h  t h e  f o l l o w i n g '  a l g o r i  thrn f o r  ODE s o l u t i o n ,  
. .  . 

which i s  a l s o  c a l l e d  t h e  i ~ i i d p o i n t  r u l e :  

. i, ' I , . =  Y,+ $C, (yn , tn )  . . 

yr?+, = + L -fQl rh+ k la )  . 
y o t i  ce t h a t  t h i s  i s  an e x p l i c i t  one-step n~ethod, and t h a t  i t  invo l ves  

t h e  e v a l u a t i o n  o f  f a t  an i n te rmed ia te  va lue  of  t, namely tn+h/2. 

I n  o r d e r  t o  .conform t o  a  s tandard n o t a t i o n  t o  be used . . l a t e r ,  . . we 
, . 

r e w r i t e  t h i s  a1 g a r i  thm a s  f o l  1  ows : 



This ~iiethod i s .  an example of ar.1 expl i,ci t 2-stage Runge-Kutta riethod. 

The iiu~nber of stages i s  the  number of f ' s  that  appear. The metiiod 

will  turn out to be of order 2 ,  jus t  as the midpoint rule for  quadrature 

i s .  However, t h i s  will not be proved until l a t e r .  

Another we1 1-known quadrature method i s  the trapezoid rule.  Here 

the required area under ; ( t)  Is approxi~iiated by t h a t  o f  the trapezoid 

whose t w o  h ~ q g h t r  are J(f . , , )  ilnd 4 ( t , l + l )  jirld wi!o:c width i s  h .  Thus the 

. . ' 

associated ODE method would be 

(Y* + in+,) 1 Y M + ,  z yb, j- 4 
This i s  an imp1 i c i  t niethod, as 9n+l=f(y( tn+l  ) ) i s  not expl ic i t ly  

available.  tlowever, as with the niibpoint ru le ,  we mdy choose to  

, approxi~\iate required advanced values o f  y by use of the ;xpl ic i t  Euler 

111e t hod : 

I f  so,  we are  led to  the algorithm 

We r e w r i t e  t r ~ i s  in the s.candard notation as 



This method does riot invo1,ve i nterrnediate t values , ,and so i s  not,  

s t r i c t l y  speaking, a '  t rue Kunge-Kutta method. Despite. t h i s ,  i t  i s  

'regarded as a Runge-Kutta method (of a degenerate .type'perl.~aps), in that  

i t  f i t s  into the sanie general for~nula pattern that  defines .the Runge-Kutta 

c lass ,  as will be seen s i~or t ly .  (In tile same vein; nially one-step methods 

dre included in the 1 inear mu1 t i s  tep c lass ,  even though they are not 

s t r i c t l y  multistep.) 

The above i s  thus a second example of a 2-stage, 2" order, expl i c i  t 

Kunge-Kutta method. The order of 2 ar ises  from the 2" order accurate 

trapezoid rule on whicli i t  i s  . . based. Tile intermediate use. of the Euler 

me.thocl of only f i r s t  order does not,  as i t  turns out ,  degrade. the order 

of the overall ~netho'd. 

These two exampl~s should be enough to suggest a general formula 

for expl ic i t  2-s tage llunge-Kutta methods, namely 

with some coiistant coefficients a, @ ,  & , and 7 . , This defines ail 
. . 

algorithm for  ODE. systems, b u t ,  depending on the- coeff ic ients ,  i t  i s  not 
. . 

. ,automaticai:ly of order 2. However, we can determine what the order, i s ,  

for a given s e t  of coeff ic ients .  The calcul atiotis f o r  th is .  will be done 

f a i r ly  thoroughly for  t h i s  case; they will be done much less  tiloroughly 

for  1 a te r  , .more compl i cated, cases. 



What has t o  be dune t o  determine the  order i s  t o  calcula te  terms 

in  the  Taylor s e r i e s  f o r ,  y,+l and ~ ( t , , ~  ) under the assumption y(t, ,)=yn y 

and see now many of the  terms agree. Tne difference betwe~n these two 

quant i t i es  i s  d l , ,  the  local  truncation e r ro r .  In order t o  simplify the  

nota t ion,  we consider only the s ca l a r  case,  and use subscr ipts  on f 

t n  denote pa r t i a l  der ivat ives  a1 1 of which wi l l  be evaluated a t  t,. We 

f i r s t  wri te  tile Taylor s e r i e s  fo r  Y , + ~  , expanded about t ,  and carr ied t o  

d . -  1 1  terms: 

Now we need the  Taylor s e r i e s  fo r  y ( t , + ,  ) , tile t rue .  sol ut i  or1 of the  

ODE f o r  which y ( t n ) = y n .  We have 



b u t  must express t h i s  i n  t e r~ i l s  on l j t  o f  f and i t s  p a r t i a l  d e r i v a t i v e s ,  

i n  o r d e r  t o  make the comparison. Thus we w r i t e  

Now'we can conlpare t h e  two se r i es ,  and r e c a l l  t h a t  as t h e  c o e f f i c i e n t s  

k of terms up t o  h  agree, t h e  o r d e r  i s  a t  l e a s t  k .  ~ h &  co r i d i t i ons  f o r  

matching o f  t h e  success ive terms a r e  as f o l l o w s :  

k N o t i c e  t h a t  a  nia!cli o f  the ' . two terms i n  h r e q u i r e s  t h a t  ,the i n d i v i d u a l  

terms w i t h i n  each c o e f f i c i e n t  express ior i  must match, i n  o rde r  t o  assure 

equdl i t y  o f  t h e  c o e f f i c i e n t s  f o r  genera l  f. One cou ld  a l s o  show t h a t  

t h e  i r ~ d i v i d u a l  terms rnust match by choosing var ious  s p e c i a l  cases f o r  f 
. . 

so as t o  ge t  t h e  ind iv . idua1 equat ions  above one a t ' a  t ime.  I n  p a r t i c u . l a r  
. . 

3 t h e  111a.tching o f  t h e  f j; terms S~IOWS t h a t  t h e  h  terms can n o t  g e n e r a l l y  
Y 

agree, regard less  o f  t h e  values o f  t h e  cons tan ts .  Only i n  t h e  s p e c i a l  

cdse t h a t  f ?--O i b  such a  match p o s s i b l e .  Th is  means t h a t  we can never  
Y 

achieve o r d e r  3 or .inore f u r  t h i s  c l a s s  o f  methods. 
. . 

. The co r~c lus ions  t o  b e  drawn as t o  o r d e r  a r e  t he re fo re  as f o l l ows  : 

We ge t  o rde r  1  o r  more i f  @ , =  1- &'. Th i s  i s  thus t h e  c o n d i t i o n  o f  

. . 



cons is tency ,  o r  t h e  c o n d i t i o n  t h a t  t h e  method i s  exac t  i f  f i s  a  cons tan t .  

We g e t  o r d e r  2 f o r  t h e  method if, i n  a d d i t i o n  t o  t h e  cons is tency  c o n d i t i o n ,  

we have M =  7 = 1,/?K . No i ~ i g t l e r  o r d e r  i s  p o s s i b l e .  ,. 

Th i s  d o e s n ' t  say what r s h o u l d  be, except  t h a t  i t  cannot vanish.  

I n  f a c t ,  f o r  any cho i ce  o f  i f  0, w i t h W ,  $ , and 7 as g i ven  above, we y e t  

a v a l i d  pod o r d e r  nlethhd. III ull ler words, we have a one-parameter f a n l i l y  

o f  zrld o rder ,  k x p l  i c i  t., 2'-s tage Runge-Kutta mettlods ; 

+- [l-k)ko 4- &b\, 
The cho ice  Y= 1  g i v e s  t h e  m i d p o i n t  r u l e ,  and b/. g i ves  m o d i f i e d  t r a p e z o i  ti 

r u l e .  T h i s  completes t i l e  p r o o f  t h a t  these  two examples give11 e a r l i e r  a re  

indeed o f  o r d e r  2. 

Tile above a r l a l y s i s  p rov ides  one f u r t h e r -  p i ece  o f  i n f o i n a t i o n .  

J t g i ves  i l l ?  l o c a l  e r r o r   tern^, as approx i l i~a ted by t h e  d i  t t e r e n c e  belween 

3 t h e  h terins o f  t i l e  two s e r i e s .  That  i s ,  a s s u n l i n g t h a t  t i l e  o r d e r  2 

c o n d i t i o n s  ho ld ;  we have a  l o c a l  t r u n c a t i o n  e r r o r  o f  



. . 

This formula .shows that  the choice r=3/4 gives the much neater for'mul a 

1 
= - f .  However, reducing the number of terms i n 0  does not 

rlecessarily mean a reduction in the s i ze  of y. 
Note t h a t ,  even in the special case 1(= 3/4) and certainly in the' 

. . : ,  

general case, i s  not readily estimated. . That is, dn  i s  not approximatea 

by some expression such as c h 3 j "  which can be easi ly  estimated in 

practice,  as i s  the case for  the l inear  multistep methods. This i s  a 

major drawback of the Runge-Kutta methods, one which much attention has 

been paid to  i r ~  rece'nt research. There has been some success in removing 

this  d i f f icu l ty ,  which will be mentioned l a t e r  (Sections ( c )  and ( f ) ) .  

8. ( b )  Explicit r-stage; classical case 

We can clearly' geperal ize the-  process. of the previous section. 

Instead of jus t  one auxil iary intermediate point (yn+O(ko,,tn+ d h )  , ' ' 

. . . . 

we can consicier'several such points. The number of..cilese points, p lus  1,  



N o t i c e  t h a t  t t - r is a l g o r i t h m  uses a  c o e f f i c i e n t  o f  h i n  t h e  t argument 

which i s  the  sum o f  t h e  c o e f f i c i e n t s  o f  t h e  k .  i n  t h e  y argument i n  
J 

each f express ion.  T h i s  means t h a t  i n  t h e  s imp le  case f=cons tan t ,  

t h e  t argument has t h e  c o r r e c t  va lue  i n  correspondence t o  t h e  va lue  o f  

Lhe y argument. I t  t u r n s  o u t  t h a t  if a moregene ra l  a l g o r i t h m ,  w i t h  t h i s  

condi  t i o r i  n o t  imposed, werat! 5 lucl.ied, the o r d e r  c o n d i t i o n s  would resillt 

i n  t h a t  condlt1on a r i y k y .  T l ~ i s  was the  casc w i t h  two stages ,  wtlrr~d,= ? . 
To s imp l i f y .  t h e  n o t a t i o n  s ' l i g h t l y ,  we s e t  

41 r ~ ~ = ~ L I + p + Z  
As shown i n  t h e  t e x t *  we can c a l c u l a t e  and compare t h e  ~ a y l o r  s e r i e s  

f o r  
Yn+1 and y(tn+, ) i n  t h i s  case, j u s t  as was done b e f o r e  f o r  two 

stages, b u t  w i t h  g r e a t e r  comp1,exi ty  i nvo l ved .  I f  we do t h i s  th rough  

3 t h e  h terms, we a r r i v e  a t  

dl:  krb', I-&,= 1 (cons i s  tency)  

\: : 4 + X z , ~ l ~  

*The t e x t  uses a  s p e c i a l  no ta t i o r i ,  which makes t h e  method s l i g h t l y  e a s i e r  

t o  w r i t e  down, a n d  much e a s i e r  t o  analyze. I t  i r ~ v o l v e s  d e f i n i n g  , f o r  t he  

s c a l a r  case, v ~ c % o r s  .- 
_ _ _  _ _ _ _ _ _ L . - -  

."; , ./ ' ". " / -  1 k .- 

y ( )  - :  ($)  - , , , . J - - , - k 

I I Thus f o r  example Jl=h~(jn+ocl~o) i s  t o  be r ead  as kl=hf(yn*6*l k o y t n + ~ l  h)  . 
Tile use o f  s u b s c r i p t  i n d i c e s  (0 o r  1 )  f u r t h e r  s in ip l  i f i e s  t he  express ions 

f o r  der ivai ; ives o f  y ( t )  . , ~ n i s  no.tat io i l ,  w h i l e  conven ien t  f o r  research i r i  
. . 

Runge-Kutta methods ,. i s  t i o t  necessary ilere. . 
' 



This i s  a s e t  of 4 equations in 6 unknown constants. Hence we would 

expect to  get; a sol utior~ with two degrees of freedom. This can be done, 

with 0( and cc as the two free parameters, with the resul t 1 2 

For . . coefficients given by these relat ions,  the algorithm i s  a 

3rd order, expl i c i t  , 3-stage Runbe-Kutta methoa. I t  "as a local error  

d ,  hLf @ l t n j  + O(h5), 
with'4being a rather complicated combination of f and i t s .  derivatives. 

Again, t h e r e  i s  no- choice of the parameters which w i  11 makc f?' 0 ,  and so 

3 i s  tne maximal order here. 

Idow we. can write the fu l l  .general ization ( s t i  1 l expl i c .  c )  to  an 

r-stage method'. I t s  general form i s  

. . .  . . s-l 

. . Y ~ ~ ~  = Y,, - r 5 kt .. 
. . =o 



This algorithm can be characterized in a more compact forin simply by the 

t r i  angul a r  matrix ( @ q j  ) , , and the vector ( L q L  r - l .  

This i s  a s e t  of r + r ( r -1) /2  = r ( r+1) /2  coefficients.  The various order 

corldi t i  ons a re ,  in pri nci pl e ,  obtai nab1 e with Taylor ser ies  as before, 

b u t  are so con~plex tha t  they cannot even be wri tteti down in complete 

qencral i t y .  

For the case r=4 ,  thc  conditions for  order 4 are given in the 

t e x l  ( p .  35). ?hey corls t i  tu te  8 r&1 atiorls i r r  10 ~~nknewns . ~ ! ! d  thc.y have 

a 2-parameter family of solutiorls, in terns of Nl andK2, with Nlf a2', y f  1 ,  

w2#l , (Xl#0# a2. The resul t that  the hr+' term in d n  cannot be il~ddu l u  

vanish ident ica l ly ,  as seen for  r=2 and r=3, holds for  r=4 as well, and 

in fac t  for any r (see S e c t i o n ( c ) ) .  

One of the solutions to  the 8 relations for  order 4 i s  the 
. . 

classical Runge-Kutta method, given by 

(Tile algorithm in the usual fornl was given i n  Section 5(c)  . )  Notice tha t  

the above values of al and oL, cannot be substi tuted into the 2-parameter 
C 

solution equations, because of t h e  denominators of q l -cX2.  B u t  i f  $=i+c, 
a ~ ~ d .  d2 = 1 - 6 art: inserted, t h e  resu l t  simp1 i f i e d ,  and d is. m a d e t o  2 
go to  zero, the above coefficient values do resu l t .  . ., 



The classical Runge-Kutta method, 1 i  ke previous examples, ar ises  

from a quadrature ru le ,  namely Sirnpson's rule:  

J$lL YI 9ii)dt  c ith) + 4 $lt,.,++) + ~(y,,+ii)], 
The identification arises by making the approximations 

a1 though th i s  choice of strategy for  the Runge-Kutta a1 gori t h m  i s .  not 

obvious from Simpson's rule alooe. In f ac t ,  Runye's original method 

of 1895 was not tha t  given above. I t  was Kutta in 1901 who revised 

the fomul as by using undeternii ned coeff ic ients ,  chosen to  obtain maxi - 

nium order.. 

The question of efficiency i s  re lat ively easy to look a t  for tile 

classical Runge-Kutta niethod. As a 4-stage expl i c i  t method, i t  requires 
. , 

4 f  evaluations to do each step. However, in order to  control the 

e r ro r ,  the classical method of s tep doubling (or halving) i s  usually used 

(see Section 7 ( c ) ) .  In that  case, another 4 evaluations are  . . 111adr for 

a second s tep s i ze  h, and then a single step i s  taken over the interval 

of s i ze  2 h .  For the l a t t e r ,  instead of 4 evaluations of f ,  only 3 are 

needed, because the f i r s t  one, f ( ~ , ~  , t n )  has already been done. So a 

total  of 4+4+3-1'1 evaluations i s  used t o  integrate from t n: to t r I + 2 h  and 

yenerate ail error  estimate a t  the same time. In terms of steps of s i ze  

1 h ,  the cost i s  therefore 5 T evaluations per step. This number will be 

recall ed 1 a t e r  for comparison purposes. . . . . 



8. ( c )  Order, .error estimation 

The examples of r-s.tage expl ic i t  Runge-Kutta methods given so f a r  

indicate that  the order can never be made 1 arger than ' r .  This fac t  can 

be proved for any r .  

the or?^: For an r-stage expl i c i  t Runge-Kutta method, the order. 

i s  kr. 

Proof: Fur tile purpnsc of th i s  proof, -i t i s  s~ l f f i c i e r~L  to consider simply 

the scalar  ODE i+ h, where i s  an arbi t rary (say, real ) constant. The 

method then gives ( l e t t i n g  x=hh ) 

k,= A.F(y , , -b , )  = LAY,  = x y n ,  

Exarniriing the dependence of k 011 x,  we f i ' r ~ d  t h a t  k <is a polynomial 
9 CI : 

in x of degree q + l  , rnultipl'ied by yr1. Th is  i s  clear-ly true f o r .  ko, and 

i f  i t  i s  t rue for , k o , k l  ,--- , kq- l  , then the formula for  k shows t h a t  i t  
q 

i s  ' t r u e  for k I t  'follows tha t  Y , + ~ =  
9 ' 9 6  0. kq i s  a polynomial in i 

of d e g r e r r ,  times . . y n .  B u t  fo r  t h i s  problem, the . t rue . solution with 

y ( t n )  = yn s a t i s f i e s  . . 

. . Y ( t h + , ) '  = Y (th + A )  = e LA y i t ,  ) 1: e Y y, 

Titus dn  =yn+l  ti+^) i s  a ser ies  in x i n  which a t  most the terms through 

Xr/r!  ~arlcel, .  That , i s  dn has an xr+l term, and possibly lower o r d e r  terms 



as well. B u t  an order of r t l  or more would require d i= .  0(hrt2),  which i s  

r+2 . the same as dn=O(x . ) This i s  a contradiction. QED 

As the various expl i ci t r-stage Kunge-Kutta methods are  studied more 

closely for  r=5,6,---, i t  turns out they lead to  more equations t o  be 

sa t i s f ied  for  order r than there are coefficients.  ~ e n c e  the 5-stage 

methods only have order 4 a t  most, e tc .  This discrepancy gets worse 

as r increases. (See the 'table in the t ex t ,  p .  3 7 . )  . . 

As indicated e a r l i e r ,  t h e r e  i s  d i f f icu l ty  in estimating l o c a l  error  

for  a given Kunge-Kutta method. In mdrly cases, the eas ies t  and most 

rel iable  way to  do th is  i s  the doubling/nalving technique described 

in Section 7 ( c ) .  However, because th i s  increases the cost per s tep 

1 from 4 t o  (effect ively)  5-z evaluations of f ,  other approaches have been 

taken i nst'ead. 

A choice proposed by Merson, which contains an error  estimate, i s  

t h e ' s - i  tage,  4th brder , expl i ci t ~ u n g e - ~ u t t a  given by 

I t  uses also the intermediate quantity . . 



which i s  t he  y argument o f  k 4 .  (See p. 85 i n  t h e  t e x t . ) ,  I t  can be 

shown t h a t  i f f i s  1  i near  i n .  y  and t , then  t h e  1  oca l  e r r o r  i s  

and hence i s  easi1.y es t imated .  However, t o  t he  e x t e n t  tha't f i s  non- 

1  i n e a r ,  t h a t  . e s t i m a t e  . w i l l  be i naccu ra te ,  a1 though t h e  l o c a l  e r r o r  dn 

5 reinains O(h ) .  .No te  t h a t  o n l y  ti eva lua t i ons  p e r  s t e p  a re  r e q u i r e d  by 

t R i  s iiieehod. 

: A - t h i r d  approach used t o  es t ima te  e r r o r  i n  ~ u n ~ e - ~ u t t a  methods i s  

t h e  i d e a  o f  imbedding.  Here an r - s tage  method o f  o r d e r  p i s  imbedded 

i n  an ( r + l ) - s t a g e  o f  o r d e r  p t l ,  i n  . t i l e  sense t h a t  a l l  t he  f eva lua t i ons  

r e q u i r e d  by . the  f i r s t  method a re  a lso.  r e q u i r e d  by t h e  second. Then ,the 
. . 

d i f f e r e n c e  between t h e  two r e s u l  t i t i g  approx i inat ions t o  y  (tntl ) i s  a 

good e s t i n ~ a t e ,  t o  w i t h i n  0(hP+') ,  o f  t h e  e r r o r  i n  t h e  pth o r d e r  r e s u l t .  

Names assoc ia ted  w i t h  imbeddl ng methods drSe Fell1 berg and Sarafyat i ;  Tnc 

Fehlherg m ~ t h n d s  w i l l  be presented i n  Sec t ion  ( f ) .  

8. ( d )  ~ m p l i c i ' t  r - s t a g e  . . 

I f  we cons ide r  t h e  e x p l i c i t  Runge-l(utta methods, and drop t h e  

requi rement  t h a t  each k depend exp l  i c i  t l y  on t h e  p rev ious  k's o n l y ,  
9 

we ge t  t he  c l a s s  o f  imp1 i c i t  Runge-Kutta methods. That i s  each k 
q 

i s  d e f i n e d  by a  r e l a t i o n  t h a t  may i n v o l v e  - a l l  t h e  k ' s ,  and so i s  d e f i n e d  



i m p l i c i t l y  on l y .  Wi th  a  s h i f t  i n  n o t a t i o n  f r om t h e  prev ious.  sec t i ons ,  

we w r i t e  t h e  gznera l  r - s t age  impl  i c i t  Runge-Kutta method as f o l l o w s :  

I f  we keep t h i s  s tandard  s t r u c t u r e  i n  mind, then i t  s u f f i c e s  t o  s p e c i f y  

a r r ~ a t r i x  and. a  vec to r :  

i . ': o,, 2 ,  -,- .. pi V 

.. r 
@ - ( p * t ) s  \ ,- 

021 02.L - - -  p2.k 
1 J ~~j 2.1 C - -  ,J 

pr \ .- .- -. Pr r 
. . 

&) , , 

Th is  same n o t a t i o n  can be used f o r  t h e  e x p l i c i t  case a l so ,  so t h a t  

t he  above system ac tua l  l y  i n c l  udes bo th  types o f  Runge-Kutta methods. 

I n  t h e  e x p l i c i t  case, t h e  m a t r i x  P i s  s t r i c t l y  lower  t r i a n g u l a r :  o n l y  

t he  Pij w i t 1 1  i v j can be nonzero ( t i l e  o the rs  a re  O).,  

The ~neaning o f  a  s tage changes s l i g h t l y  f o r  t h e  impl i c i t  case. 

The number o f  s tages i s  t i l e  Itumber o f  f express ions t h a t  appear i n  t h e  

d e f i n i n g  r e l a t i o n s . ,  I t  i s  n o t  n e c e s s a r i l y  t h e  same as t h e  number of 

f eva lua t i ons  t h a t  a re  necessary t o  iniplement t h e  ,method. 



A si~nple example of a 2-stage inipl i c i t  Runge-Kutta method i s  the 

following: 

01-1 close exa~ninatiorl t h i s  i s  recognizable as the trapezoid rule ,  sirlce 

k h = t n l  As such i t  i.5 hliu a 1 inear sulti:t,cp nletbod and i s  
1 ri 

usually t h o u g h t  of in tha t  c lass ,  not tile Kunge-Kutta class .  

If the matrix! i s  more or less' f u l l ,  the method i s  c a i l i d  ful ly  

implici t .  Methods of th i s  type are due mainly t o  J.C. Butcher. In order 

to  implement such a-method, i t  i s  necessary to  solve a system of rN 

(generally nonlinear) algebraic equations, since each of r quantit ies k 9 

i s  a vector o f  length N. This i s  a d i f f i c u l t  job for  ol~ly N equations, 

and i s  even harder for rN, i f  we consider r u p  to  5 or so. 

A compronlis< is  t o  makep n o t  so f u l l ,  b u t  orily lower triangular:  

. .. . . 

This mealis we arb reducil.lg the implicitness of the relations to  o~l ly 

one k a t  a time: 
- .  9 



This  i s  o n l y  N equat ions t o  so l ve ,  b u t  i t  must be done r t imes t o  g e t  

a l l  o f  t i l e  k 
4 ' 

These methods a re  c a l l  ed semi -imp1 i c i  t Kunge-Kutta 

methods, and a re  due mai r l ly  t o  H.H. Rosenbrock. 

In e i t h e r  case, t h e  d i scuss ion  i n  Sec t ion  7  ( b )  a p p l i e s  here., i n  

t l i e  a c t u a l  so1utio1.1 o f  t h e  impl  i c i t  equat ions.  The e a s i e s t  nietiiod o f  

s o l  u t i o n  i s  f u n c t i o n a l  i t e r a t i o n ,  wliere o n l y  repeated eva l  ua-t ions o f  f 

a re  . ca l l ed  f o r .  In  .tile semi-impl i c i t  case, a  quasi- i lewton i t e r a t i o n  

tilethod cou ld  be used, b u t  t h e  m a t r i x  man ipu la t i on  t h a t  i s  necessary 
, . 

t h e r e  becomes i m p r a c t i c a l  i n  t h e  f u l l y  imp1 i c i t  case, i n .  genera l .  For 

some spec i  a1 problems , however, t i l e  use o f  impl i c i  t mettiods , w i t h  

s p e c i a l i z e d  techniques f o r  s o l v i n g  .ti le impl  i c i  t r e l a t i o n s ,  may be t h e  

b e s t  choice.  

The c a l c u l a t i o n  o f  o rde r  f o r  t h e  i m p l i c i t  Runge-Kutta methods i s  

niore compl i ca ted  than i n  t he  e x p l i c i t  case. One generates T a y l o r  s e r i e s  

as before,  bu.t one h.as t o  ' i n s e r t  t l lese s e r i e s  i-epeateci1.y i n t o  computed 

s e r i e s .  i n  o rde r  t o  ge t  enough terms e x p l i c i t l y ,  i .e. .to e l i m i n a t e  t h e  

imp l  i c i t n e s s .  Th is  i s  done f o r  t i l e  2-stage case i n  t h e  t e x t  (pp  37-35). 

2 For  t i l e  general  r - s t a g e  case, t h e r e  a r e  r + r  f r e e  parameters, and i t  

has been shown t i . ~ a t  t h i s  number i s  more than  enouyii t o  s a t i s f y  t l i e  con- 

d i t i o n s  f o r  o'rder r. E. y., t h e  c o n d i t i o n s  f o r  o r d e r  3 f o r  t h e  2-stage 

method y i e l d  4 equat ions i n  6 unknowti c o e f f i c i e n t s ,  and hence a  ~ - ~ a r a m b t e r  



family of solutions,  each giving a 3rd order method. In f a c t ,  Butcher 

snowed tha t  there are enough f ree  parameters to  sa t i s fy  the conditions 

f o r  order 2r fo r  an r-stage method. The tex t  gives examp1.e~ for r=2 

t h  o.f a 3rd order:an.ci a 4 o r d e r  method, b-0th fu l ly .  imp1 i c i t .  

8. (e ) tli gher.-'order  neth hods ; Fehl berg's methods ; nurneri cal examples* 

Iiun\eri cal  pl-oeeiiul-es f n r  501 ving ordi t~ary d i  fferetiti a1 equations 

with given i n i t i a l  condi tions occupy an important sector of s c i e n t i f i c  

researcti. Runge-Kutta types are a highly regarded SuDSet of these 

numerical techniques, and subsets of Hunge-Kutta types prol i ferate  

current mathenlati cal 1 i terature .  An introduction to  various aspects of 

general expl ic i t  Kunye-Kutta methoas, and Fehl berg's mutation in 

pdrti cul a r ,  fol low. 

. . .  
Gerieral Approach 

. . 

Given: A f i r s t  order different ial  equation 

with an i n i t i a l  condition 

*This section of the notes and course 'was provided by R;L. Pexton. While 

.tile riots-tion used d i f fe rs  s l  i g i ~ i l y  'from tha t  of the preceding sec.tioiis, 

tili s i s  a completely .sel f-cur~tained study of expl ic i  t Runge-Kutta methods. 
. . 

. . 
. . 

. .  . . . 

< 



Tile " t r u e "  s o l u t i o n  a t t h e  p o i n t  x  + t-I, where i.1 i s  a  r e a l  number 0 

( p o s i t i v e  o r  nega t i ve ) ,  may be c l o s e l y  approximated by a  Tay lo r  s e r i e s  

expans i or1 

1 f  f ( x , y )  i s  e a s i l y  d i f f e r e n t i a t e d ,  t h i s  i s  a  reasonable method t o  

use. I-iowever, i n  genera l  , t h e  h i g h e r  o r d e r  d e r i v a t i v e s  a r e  compl i c a t e d - -  

bo th  d i f f i c u l t  t o  d e r i v e  and t o  eva lua te .  

To avo id  these p o s s i b l e  d i f f i c u l t i e s ,  Runge-Kutta methods approx in~a te  

t h e  " t r u e "  s o l u t i o n  a t  xo + h by suniming a  l i n e a r  combinat ion o f  p a r t i -  

c u l a r  values of  f ( x , y ) .  The e v a l u a t i o n  p o i n t s  a re  selec.ced such t h a t  

i f  these p a r t i c u l a r  f I s  a r e  expatided i n  a  Tay lo r  s e r i e s  about (xO .yO), t h e  

sutnnied s e r i e s  w i l l  agree e x a c t l y ,  t o  some o r d e r  o f  h, w i t n  t h e  Tay lo r  

s e r i e s  expansion o f  tne " t r u e "  s o l u t i o n .  

y(xO+h) 'z,~(x,-,) + h[rof(uujyU) + ~ , f ( ~ ~ + ~ l , h , y ~ l b ~ t ~ )  + c 2 f ( x  +a h,y +b h)  + . . . I .  0 2  0 2  

When t h e  5 ' s  a re  expressed as a  1  i near combinat ion o f  t h e  p reced i  l ~ g .  v a l  ues 
. . 

o f  f, t h e  usual  f o rm  o f  Runge-Kutta formulae a re  ob ta ined :  

fo = f ( x ( j Y ~ 0 )  

fl = f(xo+@lhY~o+ 4 * f 0 )  



Order  o f  h Agreer~~ent  

For  ~ a y l o r  s e r i e s  expansion o f  t h e  " t r u e "  s o l  u t i o rb  use t h e  g i v e n  d i f f e r -  

e n t i  a1 equa t i on  t o  develop t h e  h i g h e r  o r d e r  d e r i v a t i v e s  . 

Y Myx) A - C] yll ( x )  - a 
a x  ( f x  dx 

2 
, - :  = f & + ? f W f ' + f  YY f + f  ( f  + f  f ) ,  

. Y  x ,Y  
e t c .  To 3 rd  o r d e r  we have 

2 h3  [ n y ( x U + h ) ~ y g +  h f g + ? -  ( f  +f f . )  + - i f  + 2f f + , f :  f 2  + f ( f  +f f L !  x y O 3! 1 xx 
L. XYO Y Y O  Y x . y o  

An expansion, t o  3 rd  o rde r ,  o f  t he  fk terms i n  t i l e  4-stage fo rmu la  i n  

T a y l o r  s e r i e s  i s  d i s p l a y e d  i n  Table I. ivo t i ce  t i r a t  t h e  c o e f f i c i e n t s  o f  

powers o f  h  a r e  s i m i l ' a r  i n  fo rm t o  t h e  b i r r uk i a l  s e r i e s  expansion, 

Equat ions o f  .Cond i t i on  

Equate 1 i ke powers o f  h i n  t h e  t w o  T a y l o r  s e r i e s  express ions.  . We 

r e s i r i c t  the  Runye-Kutta expansion t o  3 r d  o r d e r .  The r e s u l t s  a re  s l~uwr~ uii 

p. 97, following Table I. 



Table I 

h3 3 
, + -E 3! 1 XXX + 3a~~10 f0 fXXy  + 3.1 (810f0)2fxyy + (8 10 f 0 13f YYY ] + O(h4) .' 

I 
CO 

f2(x2,y) = f a2h,y + h(BZ0f0 + B21f,)) = fo + ' ( ~ ~ ~ f b  + f321fl)fy] . W I 

. . 

h2 2 I . . + -1 2! 2 f xx + 2a2(B20fo + 821 f l ) f~y  + ((Bofo + 8 21 f 1 f ) 2 f  YY 

h3 3 '2 2 
+ -k 3! 2 f xxx +.3a2(.B20fo + BZlz, Ifxxy + 3a2(8ZOf0 + B21f1) fwy + (820f0 + BIlfl )3f'y/y] + 0(h4i  

+ a3h ,Y + h(530f0 f Bglf 

' qaZf 2! 3 xx + 2a3(B30fo 

+ q a 3 f  3! 3 xxx + 3u3(830f0 2 + B31fl + B32f2)fxxy + 3a3(~30f0*+ 831fl + 832f2)fxyy z 
T 

+ (fi30f0 + bPl fl + ~ ~ ~ f ~ f f ~ ~ ~ )  + O(hC) 



*lor Series 
1st Order Teri:;; 

Runge-Kutta 

h f ~  . hCcOfu+cl fO+c2fO+c3f0] 

co+cj+c2+c3 = 1 

2 d  Order Terr.5 

+ c3[a3fx + ( ~ 3 0 f 0 + ~ 3 1  f 0 + ~ 3 z f 0 )  f y l }  

f, terms C-:a1,+c2a2+c3c3 = 1/2 

3rd Order Terms 

h3 2 B ( ~ ~ ~ ~ ~ f ~ ~ + ~ ~ ~ ~ ~ ~ f ~ f ~  + ( ~ , ~ f ~ ) ~ f ~ ~ l  
- 

4 ~2[2821(alfx+BiOfOf,)fy + + 2a2(820fO+B21fo)fxy 



, - r- 

I 
Tllc process o f  h igher order terms, wh i l e  s t ra ight forward,  r a p i d l y  increases .. , 

i n  a lgebraic inani pul  a t i o n  complexl ty. 

An i n t e r e s t i n g  and valuable v a r i a t i o n  o f  Runge-htta methods has been de- 

veloped by Erwin Fehlberg. I n  order t o  minimize t runca t ion  e r r o r  and t o  r e l i -  

, ab ly  con t ro l  an ad justab le  s  teps ize procedure, Fehl berg develops two Runge- 

Kut ta  f o m u l a s  stmul taneously . 

Particular Case: 2nd/.3rd Order - . 
Given afirst order d i f f e ren t i a l  equation y '  = f ( x y )  and an i n i t i a l  ,condi- 

t i o n  y(xo)  = yo, consider the f o l l ow ing  two equations: 

where 
Po = ~ ( X ~ . Y ~ )  . k-1 . .  . - 

fk f ( x 0  + akh, yo + h )- ~ ~ ~ f d  k = 1,2,3 
x=o k- I 

. . = go e k h ]  
Note t h a t  fo, f,, and f p  are the same i n  both equations. The "y" formula pro- 

. . 

. d u e s  the ca lcu la ted so lu t i on  w l l i l e  the d i f fe rence  between "y" and ''j?' provides 

tho loca l  t runca t ion  o r ro r .  

As i n  tt ic general case a1 1  fk are expanded i n  a  Taylor  ser les .  . Equatlng 
A 

coo f f l c i on t s  o f  powers o f  h  produces 8 equations i n  the unknowns ck, ck,  ak, 



where T1 and T2 are the local truncation errors of the "y" formula. 

Fehl berg imposes the condition . 
f 3  = f(x+h,y) 

Ass umi ng 

, . .  

we may solve for E2 and tj as functions o f  a2. 



' Fo r  a2 = 213 we see t h a t  TI = T p  = 0. Unfortunately,  t h i s  r e s u l t s  i n  a 

degenerate set  of equations. However, f o r  values c lose t o  213 the t runca t ion  

fac to rs  w i  11 be small. ~ e h l  berg ,selected a2 = 27/40 and a, = 114. 

E x p l i c i t l y  we have 

y = yo + h(214/891f0 + 1/33fl + 650/891f2) + 0(h3) 

- yo + h(533/2106f0 + 800/1053f2 - 1/78f3) + 0(h4) . 
w i t h  a l o c a l  t runca t ion  e r r o r  of 

n 
TE = y-y = (-23/1782fo + 1/33fl - 350/11583f2 + 1/78f3)h 

idumeri cal Examples 

Consider numerical ly  so lv ing  the  A i r y  d i f f e r e n t i a l  equation 

Le t  y ' z, then yl' = z' = y; i .e., we can express the  A i r y  2nd order differ- 

e n t i a l  'equation as a coupled p a i r  o f  1 s t  order d i f f e r e n t i a l  equations 
. . 

y '  = z 3 '  =. v*  * 

I n  mat r ix -vector  no ta t ion  

we have 

Y '  AY. 

Thc fo l l ow ing  resu l t s  were obtained on a CDC 6600 h igh speed computer, 

We employed a For t ran code based on Fehlberg's 5 th  order Runge-Kutta process 

and possessing a b u i l t - i n  s teps ize con t ro l  mechanism. 



Ctlse I. For x c (-5.5,O) we compute and record r e s u l t s  a t  i n t e r v a l s  o f  

I c t ~ g t l ~  = - . I .  Since 2nd order  d i f f e r e n t i a l  equations have two independent 

so lu t ions  we chose as i n i t i a l  condi t ions (a) y ( 0 )  = Ai(O), Z(0) = A;(o), 

( b )  y ( 0 )  = D j ( O ) ,  Z(0) = B;(o). (A i  and B i  are the symbols used t o  denote 

t he  two so lu t ions  o f  A i r y ' s  equation.) Program con t ro ls  allowed a minimum 

s teps ize  of -.001 and the e r r o r  (per i n t e r v a l  s tep of -.$was t o  be less  than 

1 o'~. A1 1 recorded resu l  t s  were a t  1 east  the requ i red accuracy. 

Case 11' For x c .(0,11) r e s u l t s  a t  u n i t  i n t e r v a l s  Wprp ca l c~ l l a t ed .  The , 

e r r o r  con t ro l  was 1 0 ~ ~ ~  minimum steps ize = and i n i t i a l  condi t ions were 

y ( ~ )  = Bi(O), Z(0) = B ~ ( o ) .  

Case 111. Condit ions as i n  Case I1 except we requ i re  r e s u l t s  a t  i n t e r -  

v a l s  o f  .2. 

The requested accuracy was achieved i n  both  Case I1 and 11.1: I n  Case I1 

the r ight-hand-side o f  the 1 s t  order d i f f e r e n t i a l  equations was evaluated 

2296 times. For Case 111 on ly  ,2104 r-h-s evaluat ions were required,  i .e . ,  

the  "p r i n t - ou t "  interval may reduce s u b s t a n t i a l l y  the amount o f  machine work. 

Case I V .  Cons ider . in t ia1  condi t ions 

and ot l ierwise Case .I I contro ls .  Given t h a t  Cases I, 11, and I1 I produce ac- 

cclrato r c s u l t s ,  what can ona p red i c t  about Casa I V ?  

Fohl bcrg's  5 th  order  method ca lcu la ted the values displayed In Table I I. 

The values seem reasonable except perhaps f o r  A i ( l 1 )  . Moreover, the resu l  t s  

are v a l i d  f o r  x E ,(0,5). 

Knowing t h a t  A i ( v )  = l / n m  KlI3(w) where w = 2/3v3l2 we. may generate 

a  ser ies  o f  check values. The Bessel func t lon  KIl3(w) can be evaluated very 

accurately.  These h i  gh ly  re1 lab1 e values reveal t h a t  the Fehl berg-Runge- 

Kutta so lu t l on  I s  1ncorre.ct f o r  a l l  x > 5. 



Table 11. 

x A i  ( x )  

0 0.33502805 . 

1  .I3529 . - . 

2 .034924 

Actual  l y  the  s o l u t i o n  monotonical l y  decreases as x increases. L e t ,  t h e  

reader  beware o f  b l i n d l y  accept ing  any computed r e s u l t s !  . , ' 

Tables I11 anh I V  dramat i ca l l y  i l l u s t r i t e  t h e  d i f f e r e n c e s  i n  work required 

by d i f f e r e n t  o rders  o f  Fehlberg-Runge-Kutta schemes. For t i le  two problems shown, ' . . . 
, . 

t he  'methods used were t h e  f o l ' l w i i n g :  . . 

t h  F-R-K-4-N-1 : 4 . o rder ,  . f i r s t  v a r i a t i o n  

t h  F-R-1;-4-N-2 : 4 order ,  second v a r i a t i o n  

F-R-K-5-N : sth order  

F-R-K-7-N : 7 t h  order  . 
A1 1  these rou t i nes  are  based on Fehlberg 's  Rungs-Kutta methpds f o r  a  system. 

. . 

of N O D E ' S .  The tab les  show the  number o f  eva lua t ions  o f  t he  r igh t -hand s ide  

f(-t,y) ( c u ~ l ~ u l a t i v e ) ,  'as o f  var ious t. 

. .  , . 
, . 



. ~ a b l e , . I I I .  

Runge-Kutta ~esul t s  

Fctll l ~ e r q ' s  approximations 

a . R .  England: Coniputer ~ o u r n a l ,  vo,l. 1 2 ,  no. 2 ,  p.  168. . . 

din., u. - . * 

d t ? I  

I 290 - 40 exp a440 - 00 m. 
I n i t i a l  conditions: t = 0 ,  I =  1.569, V =  100, m =  1, h = x = 0 .  

Pr in t  out a t  t . . ~  50, 100, 150, 200.' 

FOP a1 1 orders . . 

. .  . A8 i n i t i d l .  s tep :=  . 5 ,  mlnstep = .001. ,. e r ro r  = 10 
. I 

Step = 50' 

'Total Number of RHS ~va lua t tons  
Method t = 5 0  9 = 100. e' = 150 t = 200 



Table I V ,  

Lapidus-Seinfe ld:  Nu~ner ica l  S o l u t i o n  of O.D.E, cxample V I I I  , p. 84. 

I n i t i a l  cond i t ions :  

error 10.8, . Step 5, i r l i  t i  a1 s t e p  = .5, rn i r~step = .001 . 
T o t a l  Number o f  RHS Evaluat ions 

. ~ e t h b d  t = 50 ,t = 100 t = 150" t = 200 



8. ( f )  S t a b i l i t y  

The subjects  of order  and local e r r o r  a r e  considerations of accuracy. 

We now look a t  t he  question of s t a b i l i t y  f o r  the  ~ u n i e - ~ u t t a  methods. 

We saw (Chapter 6 )  t h a t  a general one-step method i s  s t ab l e  i f  the  

ir~crement f u n c t i o n y s a t i s f i e s  a Lipschitz condition. In t h e  expl i c i t  case ,  

- i t ;  i s  c'leiir rha' t lyw i l l  be Lipschitz 2s a result of f being I- ipqchit.7, 

s incey / i s  e x p l i c i t l y  corlstructed froni values of t .  In the i r ip l i c i t  case ,  

the sarile r e s u l t  holds,, f o r  a1 1 s u f f i c i e n t l y  small h , a1 though i t  i s  not 

as obvious. 

We t u r n  then t o '  the more spec i f i c  questiotl of absolute s t a b i l i t y .  

 ere we consider t h e  sinlpl e t e s t  equation j= hy ( h  a complex cons tan t ) ,  

and we week the  region Sa in the h plane where we wi l l  have yn+l I I 1 yr,l* 

Recall the reason f o r  t h i s  cor~si 'deration: I f  f i s  l i nea r  in y (or 

approxir !a~ely  s o ) ,  a n d  t he  eigenval ues of the  coef f i c ien t  matrix a re  ' Xi , 

then 611 of t i l e  h~ must 1 i e  i n  Sa i f  perturbations in yn are .  to decay. 

I f  any a re  ' n o t ,  we car1 expect  errors t o  grow unboundedly as n+mand thus . . 

destroy the  accuracy of tile coniputed answers. In t h i s  sense,  s t a b i l i t y  is 

re1 ated t o  ,accuracy consideratioris.  



We can easi ly  calculate the resul ts  of a Runge-Kutta method on tile 

problem ; = hy.  If we use the riotation of Section ( d )  , and inser t  

into the general formula, we have, for  q = 1,2 ,--- , r ,  

I f  the  neth hod i s  itnplicit,  these relations are also.  So i t  i s  easiest  to  

break the discussivn illto two cases again. 

Take firs. ;  the expl ici t  case, and consider the 2-stage, 2" order 

metilocis of Section ( a ) .  For tilem, the above relations reduce to  

= kxy, 

Notice that  t h a t !  are  jus t  tile f i r s t t t i ~ r e e  ternis of tne Taylor ser ies  

hX for  e . In f a c t ,  w e  kriow in advance t l ~ d t  yn+l/y, must agree with 

h A e cn+l/e up t o  The h2  term, because the method i s  of order 2 .  
B u t  for. a h 0 1  ute stabi 1 i t y ,  we want to know when I y,+l/yn 1 6 1 .  Thus 

for  th i s  case, the absolute s t a b i l i t y  region i s  

in Lhe complex hr \  plane. . . 

For ttie general expl ic i  t r-stage nietiiod, the re1 atiorls aefining k 
9 

will give poly~cmials  iii h r \ ,  mu1 t iplying yrl. . (See the theorem on order 
. . 



i n  Sec t ion  ( c ) .  ) As a r e s u l t  yn+l/yn i s  a  po lynomia l  o f  degree r i n  h a  . 
k 

Tire f i r s - t  few ternis q f  t h a t  po lynomia l  must be the  terms ( h  dl) / k !  o f  t h e  

s e r i e s  f o r  ehh ,: f o r  t h e  k up t o  t h e  o r d e r  o f  t h e  method. Again, Sa i s  

a  r e g i o n  i n  t h e  h.h where t h a t  po lynomia l  i s  a t  most 1  i n  rnagnitude. Tile 

r e g i o n  f o r  t h e  c las.s ica1 case i s  shown i n  t h e  t e x t  (p .  ,41). Oile i i npor tan t  

f ea tu re  o f  Sa i n  ' a l l  these  cases i s  i i ~ d l  i t  i s  f i n i t e  i n  c x t c n t .  I t  

cannot  go i n d e f i n i t e l y  f a r  i n  any d i r e c t i o n ,  because o f  t h e  way .it i s  

a e f  i ned by polynomi a1 . 
Noid cons ide r  t h e  i m p l i c i t  case. Thc example o f  t h e  t r a p e z o i d  r u l e  

r ~ s  a1 reauy seen covered (Ex. 6.1 ) ,  w i t h  t h e  r e s u l t  

Genera l l y ,  f o r  an i m p l i c i t  r - s t age  method, t h e  equat ions f o r  t h e  k  
q 

c o n s t i t u t e  an r x r. l i n e a r  system, The c u e f f i c i e n t s  i n  t h a t  systeni 

w i l l  be e i t h e r  1  o r  qua t i t i . t i es  - h h p  As a resu1.G t h e  determinant  
q j  ' 

i s  a  po lynoin ia l  i n  h h ,  say q(hX ) o f  degree r o r  l e s s ,  and t h e  s o l u t i o n  
. . 

w i l l  g i v e  
\ I  

f o r  a p o l y n o ~ n i a l  p o f  degree r o r  l e s s .  Thus t h e  abso lu te  s t a b i l i t y  

W i  ttl a p p r o p r i a r e  choices o f  c o e f f i c i e n t s ,  S a  car1 be inade t o  i n c l u d e  

tire e n t i r e  l e f t  ha1 f - p l  atley rnaking t h e  method A - s t a b l e . .  The s e l e c t i o n  of 

i1.11p1 i c i . t  Kunge-Kutta nirthods i s  c l o s e l y  r e 1  a t e d  t o  .the s u b j e c t  o f  Pad6 

approx imat ions,  wh i ch  dea l s  w i t h .  appcoximat ions t o  ex b y  r a t i o n a l  f u n c t i o n s  

p ( x ) / q ( x )  ( p  and q be ing  po l ynom ia l s ) .  . 



8. (g )  Summary 

I t  i s  d i f f i c u l ' t  t o  gene ra l i ze  about ODE rnetilods, e s p e c i a l l y  f o r  a  

c l  ass as 1  arge ,as t h e  Runge~Ku t ta  methods. Never the l  ess t h e  f o l  1  owing 

remarks a re  o f f e r e d ' a s  i n d i c a t i o n s  o f  t h e  s tand ing  o f  t h e  Runge-Kutta 

methods aillvrig ODE methods . 
( 1 )  They a r e  otle-step methods. Th is  i ~ n p l i e s  t h a t  

( a )  t h e r e  i s  no s t a r t u p  problem, and d i s c o n ' t i n u i t i e s  a t  t h e  

t,, do n c t  cause d i f f i c u l t i e s ,  b u t  

( b )  some o f  t h e  e f f i c i e n c y  o f  1 i near  mu1 ti s t e p  me.thr;ds i s  

los t , .  i n  t h a t  pas t  i n f o r m a t i o n  i s  d iscarded.  

( 2 )  They a r e  d i f f i c u l t  t o  d e r i v e  and analyze, b u t  t h i s  shou ld  n o t  

be cons idered a  d e t r a c t i o n  f o r  t h e  user  o f  an e x f s t i n g  method. 

( 3 )  The i m p l i c i t  methods a r e  

( a )  re1  a t i v e l y  i m p r a c t i c a l  , because o f  t h e  1  arge n o n l i n e a r  

sys terns, b u t  

( b )  p o t e n t i  a1 l y  A-stab1 e, and t h e r e f o r e  u s e f u l  f o r  s t i f f  

problems, 

( 4 )  The e x p l i c i t  methods 

. . .  ( a )  a r e  easy t o  use, b u t  

. . ( b )  have a  f i n i t e  abso lu te  s t a b i l i t y  reg ion .  

( 5 )  The. o r d e r  o f  t h e  method i s  f i x e d .  Many problems a re  b e s t  

so l ved  w i t h  v a r i  ab le -o rder  1  i near  mu1 ti step '  methods. 

( 6 )  I f  f i x e d  o rae r  i s  acceptable and t h e  problern . i s  n o t  s t i f f ,  

t h e  newer Runge-Kutta methods (e.g. Fehl b e r g ' s )  a r e  good. 



Exerc ise  8.1 

Examine t h e  p a i r  o f  subrout ines,  DIFSUB and RK1 on pp 83-84 o f  t h e  

t e x t .  (Make t h e  c o r r e c t i o n s  g iven  i n  t h e  E r ra ta ,  Appendix 11. See a l so  

t h e  1  i s t i n g  f o l l o w i n g  these exerc ises .  ) '  These per form the  c l a s s i c i a l  
. . .. - 

'Runge-Kutta method, one s tep  a t  a  t ime,  w i t h  a  v a r i a b l e  s t e p  s i z e  based 

on a c o n t r o l  o f  l o c a l  e r r o r  v i a  ha l v i ng .  Show t h a t  KK1 i n  f a c t  perforriis 

Ll~r ~l ass icd l  4th o rde r  Rungc Ku t to  mcthod. S p o c i f i c a l  l y  i d e n f i f y .  i n  

terms of  kg, kl, k2, and k3, t h e  vec tors  Y2 and Y3 as o f  statenlent numbers 

1, 2, and 3, and t h i  vec to r  Y1 o f  statement 4. 

Exerc ise  8.2 

Wr i te  a  niain program which reads N, tb ,  tlast, h, and E f rom a  

da ta  card,  anci c a l l  s  DIFSUB repeateo ly  t o  'solve ' a  g iven prob1.em on . 

to 5 t .5..tl as w i t h  an , i n i t i a l ' .  s tep  s i z e  h  and a  l o c a l  e r r o r  c o n t r o l  constar l t  

Exerc ise  8.3 . . 

Use t h e  package ob ta ined above t o .  so l ve  t h e  problem = -u, uo=O, i = I ,  
0 

O 5 t @ 7 4  ( f r o m  Exerc ise  7.1). This  requ i res  

( a )  statements i n  t h e  niain program i n i t i a l i z i n g  Y. 

( b )  ou tpu t  statements i n  t h e  main prograrn. A t  each step,  ou tpu t  t, u, 

! .  
and. t h e  r e l a t i v e  e r r o r  i n  u. . 

( c )  t i l e '  subrout,irre DIFFUN (T,Y ,DY) t o  compute DY = y T  = t 

and Y, = , y ,  i . e .  t e  eva lua te  f ( y , t ) ,  



( d )  t h e  data card. ~ s e v / 4  = .785, and €= , ,  Make reason- 

a b l e  guess a t  h, us ing  t h e  formulas 

5 
I1 vn w i t t h p n  = - yn dn& . 15)/ 1 2 0  here.  

A f t e r  rur in ing t he  p rob les ,  can you e x p l a i n  why t h e  a c t u a l  r e l a t i v e  e r r o r s  

a re  so niuct~ l e s s  t h a t  C ? 

Exerc ise  8.4 

Use t h e  above Runge-Kutta package t o  so l ve  t h e  problem 

- - * -  y ( * ) - l ,  O L ~ L I O )  

w i t h  € =  f o r  t h e  two cases ( a )  h = -1 and (b)  = -100. To do t h i s ,  

a p p r o p r i a t e l y  mohi fy t i l e  i n i t i a l  i z a t i o n  o f  Y and t h e  r e 1  a t i v e  e r r o r  

c a l c u l a t i o n  i n  t h e  main program (use t h e  f a c t  t h a t  t i l e  s o l u t i o n  i s  y = e - t ) 9  

t i l e  sub rou t i ne  DIFFUN, and ' the da ta  ca rd  (use a  reasonable h),. A lso ,  

i~i ur.der* t o  o b t a l n  c o n t r o l  o f  r e l a t i v e  e r r o r ,  s e t  YMAX(1) = ABS(Y(1)) a f t e r  

each s t e p  i n  ,the 1nai.n program. YMAX i s  wl-mi; t h e  es t in ia ted  l o c a l  e r r o r  i s  

compared t o  i n  t h e  e r r o r  c o n t r o l .  

What f s  t h e  average h f o r  t'he two cases? -Are they  c o i i s i s t e n t  w i t h  

t h e  Sa f o r  t h e  method? 
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2 Y Z ( I )  = Y L ' ( I : ~  .+ z + Y ~ ( I ~  
C A L L  Z I F F L h ( T  + H H P L F , Y Z * O Y l !  

. . 
00 3 T = 1 . K  

Y Z ( I . 1  = Y ( I )  + k ' ' C Y I ( 1 )  
3 Y 2 t T . I  . -  ~ ' ~ ( 1 1  + Y . ? I l )  

C A L L  3 , I F F L N  (T + ~ ! . Y z . ! I Y  , . 1) 
00 4 I . =  1 . h  

4 V i ( I  ) .= ( Y Z t I )  - v ( I )  + H t i A L F * C Y l ( I h ) / 3 a 0  
K E T U R K  . ' 

E N D  



9. L i nea r  -- M u l t i s t e p  Methods 

This  chap te r  deals  w i t h  t h e  l a r g e  c l a s s  of 1  i n e a r  mu1 t i s t e p  methods, 

a l s o  r e f e r r e d  t o  as. f i n i t e  d i f fe rence  metiiods. Th is  s u b j e c t  was i n ' t r o -  

duced e a r l  i e r  i n  Sec t i on  5 ( d )  . 

9. ( a )  Bas ic  formulas,  examples 

The general  f o r n u l a  f o r  t h i s  c l ass  o f  ODE methods i s  

t iere we s h a l l  assume t h a t  t h e  s t e p  s i z e  h  i s  h e l d  f i x e d ,  so t h a t  t h e  mesh 

p o i n t s  a re  t = t + h. The cXi and pi a r e  tnen f i x e d  constants  assoc ia ted  
j j - 1  

w i t t i  t h e  p a r t i c u l a r  method. The numbers K1 and Kp determine how f a r  back, 

i n  t h e  sequences o f  y and values , the  method r e q u i r e s  data.  The number 

K = max (K, ,K2) i s  t h e  s t e p  number o f  t h e  method, because t h e r e  a r e  K 

p rev ious  s teps i nvo l ved .  The method i s  c a l l e d  a K-step method. 

The above formul  a  o f t e n  appears i n .  o t h e r  forms, depending on var ious  

au tho rs '  n o t a t i o n s :  Une such form i s  

which can be ob ta i ned  f rom the  o r i g i n a l  by s e t t i n g  a. = -1. However, i n  

t h e  l a t t e r  form, one a u s t  add a  n o r r n a l i z a t i o r ~  c o n d i t i o n ,  such as Wo = -1, 

i t 1  o r d e r  t o  s p e c i f y  t h e  c o e f f i c i e r ~ t s  un ique ly .  Otherwise, mu1,t ipl i c a t i o t l  

o f  t h e  equa t ion  b y  any nonzero cons tan t  giv.es a  formula t h a t  de f i nes  t h e  

same method b u t  has d i f f e r e n t  c o e f f t ' c i e r ~ t s .  Another v a r i a n t  o f  t h e  b a s i c  



which car1 be obtained from the previous one by defining the l a s t  few Wi 

We have already seen three examples of l inear  multistep methods, 

a1 though in f ac t  they are only one-step methods. These are: 

Explicit Euler: K1 = l , W l  = 1 ,  K2 = 1 ,  4 = 0 ,  PI = 1;  

Inlplicit Euler: K1 = 1,0(1 = 1 ,  K2 = 0, Po = 1 ;  

- 
Trapezoid Rule: K, = 1 , d ,  1 

= 1. K* - 1 , p 0  =PI  = 7 .  

Let us now consider in detail  a properly mu1 t i s t e p  example. The 

most general case in which K1=l and K 2 = 2  i s  given by 

This i s  a 2-step method. For a given s e t  of coefficients (postponing 

for  a ~nonient what these should b e ) ,  the f i r s t  problen~ we face in 

implementing th i s  method i s  tha t '  of s ta r t ing  i t  up .  We would take our 

f i r s t  step with a-2, and would require the data y, , il, and Eo: The 

l a s t  'item i s  known from the i n i t i a l  conditions, b u t  the other two are not. 

What i s  generally done here i s  t o  use a one-step method, e.y. an expl ic i t  

Runge-Kutta method, to  take the s tep from to t o  t l .  This produces y l ,  and 

thus also il, as required. 

I n  perfor~ning the general s tep ,  we . might , think in terms of the history 

array we would use. The natural choice for  th i s  i s  the array, ' o f  s i ze  



Then if y,l-l i s  known, which i t  i s  when we have ynql . in-l . a" 
IV 

t h e  s t e p  c o n s i s t s  of  c o n s t r u c t i n g  yn and then  y,, f rom i t .  I n  t h e  e x p l i c i t  
rV 

case, where po=O, t n i s  s imp l y  i n v o l v e s  e v a l u a t i n g  t h e  fo rmu la  f o r  yn, and 

f i l l  i n g  i t ]  t he  r e s t  o f  y by use o f  f ( f o r  i n )  and yn-l ( f o r  ) I n  t h e  
2 OJ 

impl i c i t  ,case, we would f i r s t  have t o  s o l v e  t h e  i m p l i c i t  equa t i on  f o r  yn, 

e,g. by one o f  t h e  i t e r a t i v e  methods d iscussed  i n  ~ e c t i ' o n  7 (b) .  

I n  t i l e  impl i c i t  case, f o r  t h i s  o r  t h e  more general  l i n e a r  r r ~ u l t i s t e p  

method, a  convenient  n o t a t i o n  i s  o f t e n  used f o r  t h e  necessary c a l c u l a t i o n s  

i n  computing yn. We use P  t o  denote t h e  ope ra t i on  o f p r e d i c t i n g  yn f rom 

t h e  e x i s t i n g  da ta  -- i . e .  f rom yn - i n  t h i s  example. The r e s u l t  i s  t h e  - 
q u a n t i t y  y 

n ( o )  
which i s  t h e  f i r s t  guess i n  t h e  i t e r a t i v e  process. We use 

E t o  denote an e v a l u a t i o n  o f  f .  The f i r s t  such e v a l u a t i o n  i s  g e n e r a l l y  

t h a t  o f  f ( y  n ( o )  " tn) . We use C t o  denote t h e  c o r r e c t i n g  o f  an i t e r a t e  va lue  

Yn(m) 
based on t h e  p rev ious  e v a l u a t i o n .  Thus, f o r  example, an implementat ion 

m igh t  be b r i e f l y  descr ibed  s imp l y  as PEC, o r  PECE. I f  a  number o f  i t e r a t i o n s  

Pi a re  done, say M of  them, t h e  shor thand d e s c r i p t i o n  m igh t  be P(EC) o r  P ( E ~ ) ~ ~ .  

Return now t o  t he  two-step formula,  w i t h  f o u r  c o e f f i c i e n t s  HI, @O,P1 
and 4, so f a r  undetermined. We would n a t u r a l l y  want t o  s e t  these Pn a  

way t h a t  niakes t h e  fo rmu la  as accura te  as poss ib l e .  Some ways t o  do t h i s  

car) be seen a t  once. by choosing s imp le  s p e c i a l  cases f o r  f .  F i r s t ;  i f  

f 5 0, t h e  fo rmu la  becomes y,,, = d l  y , and t h i s  i s  c l e a r l y  i n a c c u r a t e  

u n l e ~ s . o ( ~  = 1, s i n c e  t h e  s o l u t i o n  i s  y = cons tan t .  Th i s  c o n d i t i o n  w i l l  

correspond t o  hav ing  an o r d e r  o f  a t  l e a s t  0. Next, i f  f 2 cons tan t ,  and 



1 , the forrnula becomes yn=y,,-, + h(  p o +  pl+ B z ) f ,  which i s  accurate 

o n l y  i f  do+  @1+@2=1. as the t r u e  s o l u t i o n  s a t i s f i e s  ~( t , ,~)  =y ( tn )  + h f .  

This  co r i d i t i on  corresponds t o  t h a t  o f  consistency, o r  o f  an order  o f  a t  

l e a s t  1. Tnus we would impose these two cond i t ions  on the  f o u r  parameters, 

rec111 t . ing i n  a cons i s ten t  method i n  which there  are two degrees o f  freedom 

The n a t u r a l  exrens lur~  ucl' 1 t 1 - i ~  i dea  i s  t o  cons idcr  the .  cases o f  y 

quadra t i c  i n  t ( f  1  i n e a r ) ,  and then y cub ic  i n  t ( f  quadra t ic ) .  I f  we 

2  
take t h e  case y ( t )  = t , f = 2 t ,  t h e  formula becomes 

L 
= tH-, t h ( p o a t .  + ~ , ~ 2 t , - ,  + p c z t h - l )  

'L. = -c,-, + a ~ [ ~ ~ ( r  ,.., +a) +p,i-,, + p L ( i M - ,  - L ) ]  
t - .A- - t M - \  + z h ( - t ~ - ,  + p o L , - p L k ) .  

This i s  t o  be compdred w i t h  
-2 I a ) = ( t n - , +  h )  = ty,+ + 2h .th41 c I,-L-. 

Thus we have an exact  r e s u l t  i n  t h i s  cdse i f  and on l y  i f  

A- (3% = '1-L - 
This i s  the  c o n d i t i o n  f o r  the c rde r  t o  be a t  l e a s t  2.  I f  we take t h e  case 

y ( t )  = t3> f = 3 t 2 ,  t h e  formula becomes 



assuming that  the.  order 2 condition holds. When compared with 

we see tha t  the method gives the exact answer here i f  and only i f  

a+-p,. = 113 - 
Th.is i s  the condi.tion for  the order to be a t  l eas t  3 .  If  we continue th i s  

process, we will obtain' conditions which cannot be sa t i s f ied  a t  the same 

tirne as those already obtained. Hence order 3,  or exactness in tlie case 

y ( t )  i s  a cubic in t ,  i s  the most we.can get with th is  formula. 

The calculation of these order conditions i s  much l ike  tha t  done ea r l i e r  

for the Kunge-Kutta methods. However, there i s  one important difference: 

the formulas here are a l l  l inear in the coefficients.  This makes the 

1 inear m u 1  t i s t ep  methods somewhat easier  to  derive and analyze than the 

Runge-Kutta methods. 

We can .now write down the methods tha t  a r i se  i n  t h i s  example. F i r s t ,  

i f  we w a n t  an e.xp1ici.t mcthod, thcn the colrdi L i u ~ l a  Tur. order 2,dl='l, 

6 o+ @, + 9-1 , ,po- &= 1 1 2 ,  together wi t h  the condi t i  on for  expl i ci tness , 

@ o=O, determine the coefficients uniquely: p2= -112 ,81=3/2 .  This yields 

tnt: for.111~1 a - 
Yn - yn-, + $-(3 i h - I  - $~I-Z)J 

which i s  the expl ic i t  Adams, or Adams-Bashforth~e~ttioci of order 2 .  If 

we make no res t r ic t ion  on Po, b u t  ilnpose the condition for order 3 ,  

@ o + ~ 2 = 1 / 3 ,  we obtain the unique solution PO =.S/ IL ,  PI r ?/3> Pz= -$2> 
L 

9 Y~ Y+, + k b i n  +- 8 iq-, - 9 ) 
h-2 

This formula i s  the imp1 i c i t  Adams, or Adams-Moul ton,method of order 3. 



These formu1as:are often written in terms of '  backward differences. 

To do this, define 

Then the two Adams formulas above are 

- 1 * 1 2 *  1r11p1 i c i t :  : yn - yn-, + h(yn - p~,, - r2 V Y,) ., , . 

Some of the other commonly used l inear  multistep mettiods are the 

following: . 

9 Hamming: yn = - y 
1 - - 

8 n-1 8 Yn-3 

*(in .+ - Yn-2 ) (order 4 )  

Gear : 
. . i= 1 ('order q) 

The method o f  Hilne i s  obviously based d i r ec t ly ,  on ~ i m ~ s o n ' s  rule for  

quadrature. All of these can be arrived a t  in the same manner as 

abeve. 

9. .()) The Adarns ir~ethods (expl i c i t  ,and imp1 1 ci  t )  

The group o f .  methods referred to  as the Adams methods. i ncl ude expl i ci t 

and illiplicit metho& of a l l  orders. Adanis and Bashforth preser~ted the 

methods in 1883, arld Moul . tdn . developed the i m p ;  i ci t ones fur ther  i n  1926. 



The p r e s e n t a t i o n  here  w i l l  be i n  terms o f  t h e  backward d i f f e r e n c e  (p)  

n b t a t i o n ,  because i t  saves cons iderab le  w r i t i n g .  For any sequence (z l  ,z2,. . . ), 
we d e f i n e  

0 .v s,., = 2% 

I t  i s  c l e a r  t h a t  $zn i s  a  1  i n e a r  combinat ion o f  zn ,.zn-l . . . . . z n-k, and 

i n  f a c t  we can show (and ' w i L l  p rove i n  Sect ior i  ( c ) )  t h a t  . 

Much e a r l i e r  i n  t i n e ,  Newton gave' formulas f o r  i n t e r p o l a t i o n  po lynomia ls ,  

f o r  use when a  s c a l a r  f u n c t i o n  f ( t )  i s  known a t  e q u a l l y  spaced values tk. 

I f  we w r i t e  fk = f ( t k ) ,  v t k = h ,  and s k = t - t k ,  f lewton's formulas can be 

w r i  t ' ten 

where5 i s  some p o i n t  i n  t h e  i n t e r v a l  c o n t a i n i n g  t. t,. and tm-k+,: If 

t h e  l a s t  teml .  i s  neglected,  t h i s  means we a,re i n t e r p o l a t i n g  by a  po l y r~om ia l  

i r ~  t t o  approximate f a t  t f r o m f  a t  t,. t,-l, .. . . tm-k+l. 



Let f ( t ) =  );(t) and integrate tha t  formula w i t h  respect to  t over ( t l l  - ,t,,). 

Tlie resul t i s  an approximation of y ( t n ) - y ( t n  - = V y ( t n )  as a 1 inear 
b 

conibinatior~ of f m ,  . . . , fm-  k+l . The coefficients are integrals over 

( tn-l ,trl) of the coefficients tha t  appear above, which are  polynomials 

in t. 

For the exp l i c i t  methods, we take m=n-1 . The resu l t  i s  the formula 
. 8 k.1 d y = - = h j + k v + -- -  + 1, 

Yn-, 
w.i t h  constarlts ri defined by . . 

In the case of a sca lar  problem (i\1=1) we can intesrate  also the error  

term,. and  get a formula for the e r ror  in yn', assuming a l l  the past data 

kI1-1 , 4 - 1  a 
. . . , i s  exact. The reiul t i s  

For any N, we have 

To summarize, we have derived the formula 

This i s  cthe expi i c i t  Adams or  -Adam-Bashforth formula., .Notice that  i t  

i s  of order k ,  in that  the local truncation er ror  i s  lI(hk+'); that  i t  i s  



a  k -s tep  method, i n  t h a t  i t  invo lves  in b u t  no e a r l i e r  data; and t h a t  - 
i t  i s  e x p l i c i t ,  i n t h a t  in does n o t  appear. I t  can be w r i t t e n  i n  t he  

s tandard for111 

b u t  t h e n  t h e  pi depend on k, w h i l e  t h e  (Y. do no t .  Thus f o r  p r a c t i c a l  
1 

reasons, these methods are u s u a l l y  implemented i n .  backward d i f f e r e n c e  

form, e s p e c i a l l y  when v a r i a t i o n  o f  t h e  o rde r '  i s  t o  be al lowed. The 

use o f  backward d i f f e rences  a l s o  a1 lows f o r  an easy es t i n i a t i on  o f  t he  

l o c a l  e r r o r :  Since h  
k  

ktly(k*l) i s  approx imate ly  h v  . j  ( w i t h i n  0(hkt2)),  

we have 

This  i s  t o  be expected,.because t h e  f i r s t  neg lec ted  term i n  t he  k t h  

k ' orde r  formula, compared t o  h i g h e r  o rde r  formulas, i s  r k h  V yn-l. 

To g e t  t he  irilpl i c i t  formulas, r e t u r n  t o  t h e  Newton i n t e r p o l a t i o n  

for inula f o r  f ( t )  , and l e t  m=n. Then i n t e g r a t i o n  over  ( tn- ,  , tn) g ives 

( n e g l e c t i n g  .the ' 1  as t term) 

0 y ft-c) + k-/ * 
n > 

where 



The r~eglected:.  ter111 can be i niegra ted ,  i n  t he  sca la r  case ,. t o  g i ve  
. . 

We can est imate - t h e  1 oca l  . e r r o r ,  i n  t he  'general case, by the  q u a n t i t y  

The 'I i nea r  mu1 t i s  t ep  furrllul d obta ined here i s  

This  i s  the  i t l i p l i c i t  Adams, o r   dams-~oulton, formula o f  o rder  k. I t  a l so  

can be w r i t t e r i  i n  t h e  standard form 
k- i  + *  

4- YQ - +, z P I  . -  ( I f , = ( ,  K t =  k - 1 )  
i = o  * * '  4 

b u t  then t h e  pi depend on k, whi 1 e t h e  do not .  we have  
1 k-1 ".. 5 c* = Yk-, > O ,  00 .0 ' 0  

I 
( t h e  i d e n t i t y  between t h e  1 s  be ing  a consequence o f  . t h e i r  d e f i n i n g  

'. 

equat ions, proved i n  Sect ion ( c ) )  . Hence these are a1 1 imp1 i c i  t methods. 

Tiley are  (k-1 ) - s tep  methods, n o t  k-step.  
* 

The values o f ,  c o e f f i c i e n t s  b/. knd 8. can, be found i n  the  t e x t  ( t a b l e s  
J J .  

on p. '108 and p,. 113). One observat ion t o  be made from these i s  t h a t  fb r  
. . 

a1 1 k a! ,I tk*l<) & 1. This means t h a t  a t  a g iven order,' the  1 ocal e r r o r  

i s  sinall e r  f o r  the-  imp1 i c i  t method t h a t  f o r  t h e  expl i c i  t one. There 

a re  a l so  o t h e r  reasons f o r  p r e f e r r i n g  the  i m p l i c i t  Adams methods, whicn 

w i l l  be c l e a r e r  . i n  Sect ion (e ) ,  regard ing  s t a b i l i t y .  fi 
, . 

The 'problem o f  s . t a r t i ng  up e i t h e r  o f  t h e  Adams methods i s  r a t h e r  ' 

e a s i l y  so lved when' backward d i f fe rences are used. One s imply uses the  order  
. . 



1 inett,od on the f i  r s  t s t e p ,  cons t ruc ts  v);, from the  resu l  t s ,  then uses 

the  order  2 .method . f o r  .the second step, e t c .  The order  can be bu i  1 t up 

t o  a  given k i n  k steps i n  t h i s  way. 

Tn the  case o f  the  i m p l i c i t  Adanis methods, t he  p r e d i c t i n g  and 
. . .  

c o r r e c t i n g  are  genera l l y  done w i t h  the  he lp  o f  t he  e x p l i c i t   dams method. 

Thus f o r  t he  order  k rsethod, one cou ld  w r i t e  

f o r  the  p r e d i c t i o n .  Then the  co r rec t i ons ,  as done by func t i ona l  i t e r a t i o n ,  

would be w r i t t e n  k-I * t 
C - 

Yntn+l) - YW-, ( ~ o , I ,  - - - ) ,  
where i n  vi); 

n(n1) 
t ,  ) i n  p lace  o f  in (which i s  unknown). The we use f ( ~ [ , ( ~ ) .  ,, 

l a t t e r  equat ion can be s i m p l i f i e d  t o  

'Ihese methods are  r e f e r r e d  as the  Adams-Bashforth-Moul ton  methods. 

9. ( c )  Synibol i c  Der iva t ions  

The use o f  symbolic methods, a l so  r e f e r r e d  t o  as the  ca lcu lus  o f  

operators,  i s  a powerful t o o l  i n  the  development o f  OGE niethods, and a l so  

i n  methods i n  i n t e r p o l a t i o n ,  ex t rapo la t i on ,  quadrature, and nunierical 

d i f f e r e n t i a t i o n ,  Many fundamental formulas i n  these areas can be 



der i ved  w i t h  r e l a t i v e l y  l i t t l c  e f f o r t  by symbol ic methods, where con- 

ven t i ona l  d e r i v a t i o n s  would be lengthy  and ted ious .  He're these methods 
. . 

w i l l  be in t roduced and used o n l y  t o  de r i ve  t h e  Adams formulas (both 

expl  i c i t  and imp1 i c i t ) ,  and Gear's imp1 i c i t  methods. 

. ' ( 1 )  Basic  opera tors .  ,We consider  a  general f u n c t i o n  f ( t )  o f  a  r e a l -  
. . 

v a r i a b l e  and a f i x e d  r e a l  number ti  ( t o  be i n t e r p r e t e d  l a t e r  as a  s tep-  

s i z e ) .  We can apply t o  f the  opera tor& and ge t  a  new f u n c t i o n  A f  whose 

values, by d e f i n i t i o n ,  a re  

df (t') = C l  t+- h )  - $0) . ( 1 )  

This de f ines  the  forward d i f f e r e n c e  opera tor  A. We de f i ne  a l so  the  

backward d i f ference opera tor   read "de l " )  by 

An opera tor  t h a t  i s  s imp ler  than e i t h e r  o f  these i s  t he  increment operator  

E which replaces t by t + h  i n  the  argument o f  f: 

Simpler  y e t  i s  t he  operator  k ,  where k  i s  any constant,  g iven 

s in ip ly  by m u l t i p l  i c a t i o n  by k :  

kC it) ' .  -- , k $[I-) 
I n  p a r t i c u l  a r ,  1  der~otes the  i d e n t i t y  operator .  F i r ~ a l  l y  , we consider  

t h e  d i  f f e r e n t i a t i o r ~  operator  D, de f i ned  by 

D f ( t t )  = f'(t) 
always assuming t h a t  a l l  d e r i v a t i v e s  e x i s t  as needed. 



.These operators - A ,  V , E , k , and D -- are the basic ones. We 

Cdi.1 construct, o,l;iiers by taking certain products and sums. of these. 

For  example,^^ = ~ e ~ i s . g i v e n  by 

. . v2,f l t )  =- o lo .f 1 l t )  

- [ - $ / + I - f ( t - h ) ] -  [ f ( f - h ) -  F ( t - - ~ h ] ]  

= - A )  t . p ( t - 2 L ) .  

2 Similarly, the operator products AD and E V are defined, by successive 

application of the basic operators, to  be 

n D F l t )  = $ ' ( r . t ~ )  - ~ ' ( t ,  = DL $ it.) > 

-m n .- We notice that  t E - E ~ ' " ,  and 1 ikewise for  the other y e r a t n r s .  

Moreover, we can also consider negative powers of E :  

i . e. , ttie function which , when operated on by E, gives f again. 

( 2 )  Operator Equations. From ( 1 )  and (Z), we car1 express4andVin 

ter~iis of E ,  f o r  



When two operators always g i ve  the' same resu l  ti we can' i d e n t i f y  the  

opera tors  a s  such. , That i s ,  we w r i t e  

A , =  E - l  ( 7 )  
q = 1-E- 1 (8) 

. . 

We are now .cons ider ing  operators as independent q u a n t i t i e s ,  
. . 

separate from t h e  func t i ons  t o  which they apply and which they produce. 

I n  doing so, we w i l l  perform a lgeb ra i c  manipulat ions on them, and we 

w i l l  use the f a c t  t h a t  t h ~ y  cnmmute and sat is f .y  t he  assoc ia t i ve  law and 

d i s t r i b u t i v e  law. I - e . ,  they s a t i s f y  t he  usual laws t h a t  h o l d  f o r  r e a l  

nu~~ ibers .  This  w i l l  be c a r r i e d  t o  the  ex ten t  o f  w r i t i n g  operator  

expressions which cannot be de f ined e x p l i c i t l y  i n  terms o f  t h e i r  ac t i o t l  

on f (t) , as t h e  b a s i c  operators .were. When t h i s  happens, some a d d i t i o n a l  

j u s t i f i c a t i o n  i s  needed t o  g i ve  the  equat ions r igorous  meanings. However, 

such r i g o r  i s  beyond 'our  scope here. 

To i l l u s t r a t e  t h e  mar~ ipu la t io r ls  we w i l l  perform, we can r e w r i t e  

To ob ta in  another b a s i c  opera tor  equat ion we consider  an i n f i n i t e  

Tay lo r  se r i es :  - 



Thus f rom (3 )  we w r i t e  

- 

This se r ies  i s ,  f o rma l l y ,  j u s t  t h e  i n f i n i t e  s e r i e s  f o r  ehD, and so we w r i t e  

o r ,  extending the  formal ism f u r t h e r  y e t ,  
. . 

Here l o g  E i s  an opera tor  (namely hD) which we would be h a r d  pu t  t o  d e f i n e  

from f i r s t  p r i n c i p l e s  ( w i t h o u t  re ference t o  (10)). I t  i s  no t  t he  opera tor  - 
whose outcome on a p p l i c a t i o n  t o  f ( t )  i s  l og [E f ( t ) ] .  

( 3) Imp1 i c i t  Adams Methods. L e t  us app ly  these symbolic operators t o  

t h e  problem o f  d e r i v i n g  the imp1 i c i t  Adams methods. Here h e  take f ( t )  = 

y ( t ) ,  and w r i t e  

which we w ish  t o  approximate as a  1  i n e a r  combinat ion o f  fn = f ( t n )  , f,,-l = 

f(tn-l ) e tc .  I f  we l e t  tn = t and tn-l = tn - h,then t h e  above i s  . 

v y ( t ) ,  and f ( t )  = Dy ( t ) .  M u l t i p l y i n g  by D-I (an opera tor  which has n o t  been 

expl  i c i  t l y  defined, b u t  would correspond t o  t a k i n g  t h e  i n d e f i n i t e  i n t e g r a l  ) 
. , .  

we ge t  . . 

. . 

I f  t h e  o p e r i t o r  VD-I i n  (13)  can be expressed i n  terms o f  V alone, say 

i n  power s e r i e s  form, then (13), evaluated a t  tn, would be the  des i red  formula. 



To ca r r y  t h i s  out ,  we use (1  1 )  and (9)  t o  w r i t e  

and hence 

The operator  i n  (14) has a  formal power ser ies  i n  V, because the f unc t i on  o f  

a complex va r iab le  

has a  power ser ies  i n  z, which i s  r igorous ly  v a l i d  f o r  l z l  < 1. This ser ies  

* * * 
where yo = 1, yl - .1 - - -  G i s  ca l l ed  the generating func t ion  f o r  the 

2 '  " '  * * 
sequence yi. Formally, we then have the operator i d e n t i t y  

Subs t i t u t i ng  t h i s  i n t o  (13) and evaluat ing a t  t = tn as i n  (12), we ob ta in  



The i m p l i c i t  Adams methodsarise by t a k i n g  o n l y  t h e  f i r s t  k terms i n  ( 1 6 ) ,  

g i v i n g  t h e  k t h  - order '  imp1 i c i t  formula 

The e r r o r  committed i n  doing t h i s  i s  a s e r i e s  which can be approximated by 

the  f i r s t  neglected term, 

( 4 )  E x p l i c i t  Adam Methods. To o b t a i n  the  e x p l i c i t  analogue o f  (17),  

we want t o  approximate (12) by a combinat ion o f  t h e  q u a n t i t i e s  ~ ~ f ~ - ~  i n s t e a d  

i o f  v fn. But  f,-l = f(tn-l) = f ( t n - h )  = E-'f (t,). Hence i n  (13) we should 

operate on ~ - ' f  ins tead  o f  f :  

N ~ W  t h e  ope ra to r  VD-IE must be computed i n  .terms o f  V. . ,  Bu t  t h i s  requ i res  o n l y  

an a d d i t i o n a l .  use o f  (9 )  :. 



'Again we express t h i s  i n  s.eries form by use o f  a generat ing func t i on :  

- 1 - - where yo = 1, y, *, . . . . Thus we w r i t e  

s u b s t i t u t e  i n t o  (18) , '  and eva luate  a t  tn Lo y e t  

The e x p l i c i t  Adams methods a r i s e  by r e t a i n i n g - o n l y  t h e  f i r s t  k  terms 

above, g i v i n g  t h e  k t h  o rde r  formula - 

. . 
w i t h  an e r r o r  t h a t  ' S S  approximately 

( 5 )  C o e f f i c i e n t  Re la t ions .  The generat ing func t i ons  (15) and (19) 

p rov ide  a convenient way t o  generate t h e  needed Adams c o e f f i c i e n t s .  For ex- 

ample, (19) may be r e w r i t t e n  . 

1 us ing  t h e  f a m i l i a r  se r ies  f o r  l o g  and . Taking c o e f f i c i e n t s  o f  z rnl- 1 , 
t h i s  y i e l d s  



This r e l a t i o n  can be used r e c u r s i v e l y  t o  g e t  t h e  yi f rom yo = 1. 
* 

If t h e  yi a r e  generated as above, the  yi can be e a s i l y  ob ta ined by n o t i n g  

t h a t  

Equat ing the  c o e f f i c i e n t s  of zm gives 

An a l t e r n a t i v e  approach i s  t o  r e w r i t e  (15) as 

and ob ta in ,  f o r  m > 0, 

* * 
Th is  can be used t o  generate t h e  yi f rom yo = 1. Then t h e  yi can be generated 

by r e w r i t i n g  (23) as .  

(6) Gear Methods. The formulas o f  Gear a r e  imp1 i c i t  ones i n  which jn 

i s  s e t  equal t o  a l i n e a r  combinat ion o f  yn,y,-l,...,yn-~. ~ e n c e  they can be 

der ived by  w r i t i n g '  t h e  D ope ra to r  as a  s e r i e s  i n  V. This i s  e a s i l y  obta ined 

f rom (9)  and (11):  



By r e t a i n i n g  on ly  k terms i n  t h i s  ser ies and applying t o  y ( t )  a t  t = tn, we 
w& 

obta in  the k-step formula 

The equation has an e r r o r  t h a t  i s  approximated by the f i r s t  neglected term, 
. . .  

kt r L k t ,  ' ' ( k  +,) L v  - 
, I,, F.- Y, , . ,  , . 

k 4-1 k cl 
6 

Thus the method given by* (26)  i s  of order k .  

I f  (26) i s  wri ' t ten' ' i n  t he  standard form 

W' 
one mUst d i v i de  (26) by the c o e f f i c i e n t  of yn, which' i s  

. . 

Hence 

The ui can be obtained by expressing the remaining terms i n  (26) i n  terms o f  

the y,- i. To do t h i s  , we use (8) and the b i  nomial theorem t o  ge t  . . . . 



Substl tu t lng  I n t o  (26) and rearranging, 

- - n-j . 
J = O  t ' ~  

b P , l  

Ident l fy lng  the coef f ic ien t  .In brackets as -aj/eO, we obtain 

The re la t ions  (30),, together w l  t h  (28),  provide the. coef f ic ients  f o r  Gear's 

methods i n  the form. (27). (In p a r t i c u l a r  they g ive  a. = -1 .) 

9. (d )  Order, assoc ia ted  po lynomia ls  , asympto t i c  e r r o r  

The s u b j e c t s  o f  o r d e r  and l o c a l  e r r o r  r e l a t e  t o  t h e  ques t i on  o f  how 

c l o s e l y  a  t r u e  s o l u t i o n  f u n c t i o n  y ( t )  s a t i s f i e s  t h e  i i n e a r  m u l t i s t e p  formula 

uriclerB curis1 cierat? on, .whi ch we w r i t e ,  as be fo re ,  
KI . Ka 

yh= f I H ;  Y,-~' t k ~ @ : d ; ~ , - :  o . 
Thus f o r  a  g iven:  f u n c t i o n  y ( t )  we d e f i n e  an ope ra to r  L, on y ( t )  by 

Th is  can be computed f o r  any y ( t )  as l o n g  as' ;($) e x i s t s .    he l o c a l  accuracy 
. .. ' .  

ques t i on  i s  now t h a t  o f  how smal l  ~ ~ ( ~ ( t ) )  i s .  * I n  s p e c i f i c  examples (.Section 
- .  

( a ) )  we saw t h a t  b.y choosing t h e  0(i and /3, p r o p e r l y ,  i t  i s  p o s s i b l e  t o  make 
4 



l h ( y (  t ) )  = 0 i d e n t i  a1 ly when y ( t )  i s  a polyno~nial of a certain degree. That 

sdme k i n d  of analysis w i l l ,  in the general case, sliow tha t  for  some integer r ,  

as h - t O ,  f o r  y ( t )  for  which y ('")(t) i s  continuous. This i s  done by 

inser t ing Taylor ser les  for  the vdriaus terms and collecting 1 ike powers of 

h .  For t h e  case K 1 = l  , K2=2, we yo L r-3 f o r  t hc  uniqu. choice o f  coef f i cjents 

1 2  3 which tnakes r s  maximal. The terms in h O ,  h . h , and h in Lh(y( t ) )  in that  

example have coefficients tha t  vanish by vir tue of the coefficient corrdi t ions.  

Returning to  the  generdl s i tua t ion ,  for  any given va111e of r and of the 

coeff ic ients ,  we can wri te ,  by direct  use of Taylor series. ,  

r t l  

i f  y ( t )  has continuous derivatives u p  t o  order r t2 .  The coefficients C 
. .  . 

depend on t h e d i  and pi, b u t  n o t o n  h or y ( t ) .  If  we include the term - y ( t )  

into the f i r s t  sum, with a coefficientJo = -1 , then we find tha t  

We can now deflhe order: formally, and res ta te  the def ini t ion.  in terms of  

the C : 
9 

Definition: The order of the l inear  mu1 t i s t e p  matliod with cocff icientr dl 

and B i  i s  the la rges t  integer r for  which 



as b+O f b r  f i x e d  t, f o r  any y ( t )  w i t h  y('+' ) con t inuous .  I f  a method 

has o rde r  r, and y ('+'I i s  a l s o  cont inuous,  then we can c a r r y  t h e  Tay lo r  

s e r i e s  t o  t h e  hrC1 t e r n s ,  and i t  must reduce t o  

w i t h  Cr+] # 0. I n  o t h e r  words, t h e  o r d e r  i s  t h e  l a r g e s t  i n t e g e r  r f o r  

which 

The r + l  equa t ions  C = 0 ( q ~ r )  necessary f o r  o r d e r  r i n v o l v e  t h e  
9  

Kl+K2+l c o e f f i c i e n t s  ( I f i s  K1 ) and Bi (Or i 5 K2) .  So one would 

expect  t o  be ab le  t o  s o l v e  f o r  those c o e f f i c i e n t s  w i t h  r=K1+K2, o r  l e s s .  

I n  f a c t  we can do t h a t ,  b u t  t h e  r e s u l t i n g  method i s  n o t  a u t o m a t i c a l l y  a  

good one. The reason f o r  t h i s  has t o  do w i t h  s t a b i l i t y ,  and w i l l  be 

d iscussed i n  Sec t i on ,  ( e )  . 
There i s  an even s i m p l e r  way t o  express t h e  o r d e r  cond i t i ons .  For  

X t t h i s  we nccd o n l y  cons ider  t h e  s imp le  case y ( t ) =  e "', ;=.hy= h e  . We. 

can compute Lh f o r  t h i s  f u n c t i o n :  
K 1 Kr A l t - i  b )  Lh (aht)  = zO(; 
6 .  0 

We d e f i n e  two polynomia ls  o f  degree K: 



called the associated polynomi~als fo r  t'ne method, Then we have simply 
. . 

Now i f  r i s  the order of the method, and we l e t .  n+O, then, by 

defini t ion,  

Combining th i s  with the previously computed expression, we must have 

hh 2 Now make a change of variables to z=e -1 . Then z=hX + O ( h  ) as h-0, 
. . 

and we have 

as z+O, with Cr+, # 0. 

This asymptotic re1 ation on the associated polynomials i s  an a1 ternate 

characterization of the order r .  I t  i s  Inore corivenient in that  only one - 

function i s  involved, not a whole sequence of coefficient formulas. We 

simply write down the polynomials P and 6, expand p(l+z)  + l o g ( l + z ) q ( l + z ) ,  
a0 

which i s  an analyt ic  function of z near z=O, as D z q ,  and evaluate 
0 9 

, , 

the f i r s t  non-vanishing term,' crclZr+l. This calculation uses. the zer ies .  



2 3 4 l o g ( l + z )  = z - z /2 + z /3  - z  1 4  + ... .(The D w i l l  n o t  a l l  be t h e  
9  - 

same as t h e  C i n  t h e  expansion o f  Lh, however. ) 
9 

I t  i s  c l e a r .  t h a t  t he  o r i g i n a l  o r d e r  cond i t ions  imp l y  t h e  above 

c o n d i t i o n  on p a n d c .  To prove t h e  converse i m p l i c a t i o n ,  we suppose t h a t  

t h e  l a t t e r  c o n d i t i o n  ho lds ,  and by s u b s t i t u t i n g  ehh = 1  + z ,  g e t  

f o r  a cons tan t  C # 0. Bu t  t he  genera l  expansion o f  L h ( y ( t ) )  g i ves ,  us i ng  

I n  o r d e r  f o r  these t o  agree, we must have C =C = . . . = Cr = 0, and 
0 1  

Crtl = C. Th is  proves t h e  equiva lence o f  t h e  two c h a r a c t e r i z a t i o n s  o f  

o rder .  

The c o n d i t i o n  o f  cons is tency  i s  def ined as t h e  c o n d i t i o n  Co=C1=O, o r  
K \  
Z4(  = l ,  

I I 

The equiva lent .  r,nnr!i t ' i ons  i n  terms o f  a n d r a r e  

C l e a r l y  cons is tency  means t h a t  t h c  o r d e r  i s  a t  l e a s t  . . 1. T t ~ , i s  i s  a r e q u i r e -  

merit t h a t  i s  i n v a r i a b l y  irliposed on any inethod t o  be used; 

The assoc ia ted  po lynomia ls  Q ,Ca re  an a i d  t o  ana l yz i ng  a  g i ven  l i n e a r  

mu1 t i s t e p  method, i n  de te rmin ing  t h e  o r d e r  r and t h e  cons tan t  Cr+l. Together,  

these  numbers descr ibe  t h e  l o c a l  e r r o r  o f  t h e  method and thus ' i t s  accuracy. Bu t  

P I w  a re  a l s o  an a i d  i n  d e r i v i n g  mett~ods. For. example, i f  o.ne i s  g iven  

o n l y  t h e @ .  o f  a  method, so t h a t  one has#(  f ) ,  then  one can g e t  t h e  qi 
1 .  



f o r  which the  o rde r  i s  niaxinial ( o r  i s  any 'srnal ler  g iven value) by w r i t i n g  

down p( .! ) f rom 

per) .&, ~ ~ ( 7 )  . O [ ( J - - ~ ~ ~ + , ' ]  
S i m i l a r l y  , i f  P( [ )  i s  given, 6 ( 5 )  can be computed. Two examples o f  t h i s  

3 .  1 process are q iven i n  t he  t e x t  (pp. 119-120): I f o ( i  ) = - 7, t h e  

2.-step lnett~od o f  maxilr~al o rder  must have, by an easy c a l c u l a t i o n .  ,o( ) = - 4  ', 
l e a d l  i ~ g  t o  'lit. a r p l  i ci  t Adam5 mcthod O f  o rder  2 ,  T c f (  ) = -$ i s  qiven, 

Lhen the  2-step method o f  maximal o rder  can be computed t o  have 

( ) = + - l, corresponding t o  the  imp1 i c i  t Adanis method u f  
3 c, 12 

We now consider  i n  g rea te r  d e t a i l  t he  l o c a l  e r r o r  o f  a l i n e a r  

D e f i n i t i o n :  For t h e  method 
KI - .  Ka + .  . . 

= z M; Y,, b t k  yN-: 4', , 1 ,  . .  - 6 @ 1 

t I . i ~  Inca1 err,Qy i s  the d i f f e rence  

where y ( t )  i s  a t r u e  so l  utio.7 o f  t he  ODE; and yn i s  c a l c u l a t e d  by the 

method w i t h  yr,-i = y f o r  1 L_ i 5 K. 

I n  o t h e r  words, when a1 1 past va'lues needed are exact,  the  e r r o r  i n  t he  

computed yn i s  t he  l o c a l  e r r o r .  (The s i g n  o f  d, d i f f e r s  from t n a t  used 

For an e x p l i c i t  n~etllod ( P o  0), i t  i s  c l e a r  t h a t  

dn = Lh ( Y(*))I~=~,,, 9 
by the d r f i n i  t i o i l  o f  Lh. Hoiravrr ,: w h e t 1 , ~ ~ # 0 ,  .chrse two q u a n t i t i e s  are 

. . 

d i f f e r e n t ,  because t h e  ih expression invo lves  the  term h e O i ( t r , )  w h i l e  



the  f o r ~ n u l  a  f o r  yn  invo lves  h pof (yn , tn) .  These two d i f f e r ,  b u t  on l y  

by O(hrcZ) , w h i l e '  t h e  q u a n t i t i e s  themselves are  O(hrfl ) .  Hork 

s p e c i f i c a l l y ,  by w r i t i n g  . . ou t  t h e  formula f o r  y,, we have 

I f  we so l ve  t h i s  i m p l i c i t  equat ion dor dn, we w i l l  ge t  

Thus f o r  purposes o f  'analyzing the  asymptot ic  na ture  o f  l o c a l  e r r o r ,  

we niay as we1 1  use Lh i ns tead  o f  t h e  t r u e  l o c a l  e r r o r  dn. (Th i s  

s i t u t a t i o n  was discussed f o r  t h e  case o f  t h e  i m p l i c i t  Eu le r  method i n  

Chapter 4, b u t  w i t h  a  d i f f e r e n t  n o t a t i o n :  En f o r  t h e  l o c a l  e r r o r  i n  Y,.,+~ , 

and dn f o r  Lh(y ) ltncl ) . We p r e f e r  t b  use Lh because i t  i s  g iven  exp l  i c i  t l y  , 

w h i l e  dn, i n  t h e  imp1 i c i t  case, i s  no t .  On t h e  o t h e r  hand, dn i s  t h e  

more meanirigful q u a n t i t y ,  be ing the  ac tua l  e r r o r  i n  yn, when p a s t  values 

s re  e x a c t ,  and when we ignore  roundo f f  and i t e r , a t i c r ~ ~  er-r>or.s. 

I n  a d d i t i o n  t a  l o o k i n g  a t  t h e  i n d i v i d u a l  e r r o r s ,  we can, l o o k  a t  
. . 

t h s i r  accuniulat ion i n t o  g loba l  err-om. Ths's was dune f o r  t h e  Eu le r  methods 

e a r l i e r .  I f  y ( t )  i s  the f i x e d  s o l u t i o n  o f  t he  g iven  i n i t i a l  va lue 
. . 

problem, t h e  g loba l  e r r o r s  en=yn-y(tn) can be shown t o  s a t i s f y  a  recu rs ion  

formul a. This formula approxi~nates the  one corresponding t o  t h e  s o l u t i o n  

o f '  another ODE. The r e s u l t  i s  



where 6 ( t )  i s  a function given by the ODE 
fiz ( V + I )  

k [L) . fJ  (fj $(t) + ( C r r  / ) , i t )  
with the ' i n i t i a l  value & ( o )  = 0 .  'The d e t a i l s  are  given, in the  t e x t  

: (pp. 204-205). 

9. ( e )  S t a b i  1 i t y  dnrj cnnvergencr ; root  ~ ~ n d , i . $ i  ons 
. . 

In t h i s  s ec t i on ,  we look even more c losely  a t  the truncation e r r o r s ,  

and how .they car) build up. during tile numerical sol  utiorl of t he  problem. 
. , 

To i 11 u s t r a t e  what can go wrong with a method, we consider the exarnpl e 

of ~i 1 ne; method. This method has K1 = , K 2  = 2, and the unique choice 

of the  5 coef f ic ien t s  . . which make the  method nave order r = K1 + K2 = 4.' 
. . 

, The forrnu1.a ' i s  

v, = - .  4- + + Y.J, 
and i.s obtained by applying Sinipson's ru le  f o r  J $( . t )d t .  The assodated 

p 6 l  j / n~m i  a1 s are 

and 
~ ( ~ . + ~ ) . + . ~ ( I + S I ~ ( I + ~ . J  = ( - a a - a z )  

1 5 ( 5 )  
LO we cxpcc t  the l u ~ a l  error t o  be a p p r o x i m a r c l y ~  h y . 

ilow consider applying ~ i l  ne ' s  method t o  4. = with some fixed h .  

The forniula f o r  s tep  n i s  



This  i s  a  cons tan t - coe f f  i c i e n t  1  i n e a r  recurs i ' on  equa t ion ,  and i t ,  i s  known 

t h a t  such an equat ion  has s o l u t i o n s  o f  t h e  form 

. . 
= t n  as a  s o l u t i o n ,  f o r  cons tan ts  A, 8 , E  fE. I f  we t r y  t h e  sequence Y,~,  

f o r  some[ f 0, we f i n d  t h a t  $n iust  s a t i s f y  

- I ! -  h h / ? ) r q  t 9 3  JT"' e ( I + ~ h / 3 )  J*-'= 0 
3 2 

(-ltlxh)jL + Y L ' ) ~  3 + ( I+?LA/J)  - OI 
To be s p e c i f i c ,  suppose t h a t  = -1 arla h  = .I, and t n e  i n i t i a l  va lue  

. . 
- t i s  yo = 1  a t  to = 0 ,  so t h a t  t h e  s o l u t i o n  i s  y = e  . Then t he  above 

equat ion  f o r  f i s  ( r o u g h l y )  
Z 

-1.03F - ,1335 f 37 = 0, 

and i t s  two r o o t s  a re  

Now boti1.4: and <; are s o l u t i o n s  o f  t h e  r e c u r s i o n  equat ion ,  and so 

i s  any 1  i~ ,~a*r .  c u ~ ~ l ,  i r ~ d l  iu11 A + I3 ( :. We can ctimie A and ti t o  match the  
I 

i n i t i a l  cor ld i t ions. '  S ince t h e  s t e p  number i s  2, we would need t o  have a  

secur~d s t a r t i n g  value t o  g e t  t h e  method going.  Suppose we choose t h e  exac t  

va lue  
4 -'. I 

YI 
= y (6,) = -e = e - P O Y . $ ~ ~ Y ~  . (C1 r 

To ~ n a ~ e  . t h e  s o l u t i o r ~  c o r r e c t  a t  n = 0, we r~ lus t  have 

and t o  make i t  c o r r e c t  a t  n  = 1,  we must have 



We can solve these equations for A and B 'and get 

T h u s  the nu~rierical solution obtained for  th i s  problem with the given 
. . 

, . 
method and s t a r t ing  values i s  

, , 

y = [ I +  ;l.s..l,o-g) (. 7 0 ~ 8 ) ~  - 2 , ~ ~ / 0 ~ ( - / , ~ 3  y)q 

provided we ignore machi tie roundoff (nurneri cal constants given only 
b 

approximately). 

Examining th i s  solution carefully,  we see f i r s t  tha t  the f i r s t  term 

This we expect,. i i r lce  the f i r s t  term domi nates, a t  1 east  for  small n .  

B u t  eventually the second term will  dominate. For n = 100, the two terms 
,-5 ...' 

are a b o u t  5 10 . ar~d -8 A or. t h e  second term is more than 1% of 

the t o t a l .  For n 9 i 3 0  or  so,, the second term i s  larger than the  f f r s t  

in magnitude, and i t  osc i l la tes  in sign. This problem can fie made even, 
' ,  . . 

worse by the introduction of roundoff ,errors ,  and of a less  accurate 

value of yl  to  s t a r t  up.  (See tables on p .  123 of the tex t . )  

The reason fo r  th i s  bad behavior i s  the fac t  that  the root t 2  has 

a magnitude exceeding 1 , so that  i t s  powers grow unboundedly. I f  we had 

gotten ) < 1 ,  t h i s  behavior would not occur. 
, . 



These ideas exLerid easi ly  for  the general l inear  nlultistep method. 

Such a n~ethod applied to  the ODE j= Ay gives 

2 ,  c3 y -  c h ~ % p ; y , , - ~  B = 0 .  ' " 

This difference equation will have a solutipn y n = c  i f [  s a t i s f i e s  the equation 
. - 

0 

11 - y or ,  factorilly out f' I 

' r.5) ,+  Ax ~ i f j  = o . 
For a  given h A , t h i s  i s  a  polynomial equation of degree K, and has K roots 

, , . . . . I f  these [ are d is t inc t  , then the general solution of the 

difference equation i s  an arbi t rary l inear  combination of the f y :  

If there are mu1 t i p l s  roots,  .the general solut ior~ i s  s l ight ly  different .  

For exa\liple, i f  6 ,  ' i s  J double root,  r  = , then the general solution 

has cl f l n  + c2n f l i l  in place of il qn, + c2 3;". Higher n lu l t ip l ic i t ies  

lead t o  higner powers of n .  

In any case, the general solution has K coeff icients ,  and i f  we specify 

the values yo,  y, , . . . , y needed to s t a r t  up ,  then the coefficients are 

determined uniquely, So, ignoring roundoff, we again know the calculated 

solution values y n  completely. 

The r o o t s t j  of P+ h h q a r e  clearly functions of hh. I f  h i s  sniall, 

we can yet an idea of the i r  val ue by lookirig a t  p alone. . We a1 ready know 

one of the roots of?, because the oth order condition on the method i s  
K, 



L e t  us c a l l  t n i s  root  6 = 1 ,  a t  hh= 0. For h h f  O , t l  wil l  vary from 1 ,  

h A arld in f a c t  i t  wi'll approxin~ate e according t o  

c r+1 = e + - ( h h ) " '  + 0 (kr+z). 
QYr) 

Such a re la t ion  must hold i f  tne  quanti ty f l n  i s  t o  approximate e A t,=,h A n 

with a local  e r r o r  of 0(hr+ ' ) :  The root 4 = 5 ( h A )  i s  ;a1 led the  

lcipal ,- root associated w i t h  t h e  method. I f  t h e  ~ u e f f i c i e n t  of fl"bl 

y i s  c l z y ( 0 ) ,  then the f i r s t  term i n  yr, i s  n 

I f  the problem i L; s t a r t e d  w i t h  su f f i c i en t l y  accurate s t a r t i ng .  values, then 

c1 w i l l  in f a c t  be close t o  y ( o ) .  

A1 1 tne  o ther  roots 5 .  are  cal l ea  extraneous o r  pardsi t i c  roots.  They 
J 

repesent e r r o r  terms t h a t  a re  unavoidably present because of the mult istep 

nature o f  the method. We can orlly t r y  t o  miriimize .this source o6 e r ro r  by 

i.oaking the extraneous 5 .  sr~ial l e r  than 1 in niagni tude. Then tt:~e terms 
3 .  . . 

c j  tjn will  a'l i decay t o  O as 1.1 grows, so t h d t  the  f i r s t  term will  dominate. 

Definit ion:  A 1 inear  mu1 t i s t e p  method i s  cal led s.Lr.u~~yly s tab le  i f  a1 1 

the roots of p (  f ) = U are  in the uni t  disk IrI< I , except f o r  a s i~nple  root  

While t h i s  condition of strong s tab i  l i t y  i s  enough Lu obtain s t ab l c  bchavior 

fo r  the  method, one can prove r Labil i t y  with ol igh t ly  weaker cnndi t ions .  
. . 

Definit ion:  - A 1 inear niul t i s t e p  method i s  cal led weakly s t ab l e  i f  a l l  the 

roots o f ' p ( ~  ) = 0 are .  in the disklk 1 5 1 ,  and on the c i rc le1 $ I = 1 there  

a re  two o r  more roots', a l l  of them 'sirsple, . . 



In other words, additional roots are allowed on the boundary of the unit 

disk fo r  weak s t a b i l i t y ,  as long as they are not multiple roots,  while fo r  

strong s t a b i l i t y  only the prilicipal r o o t i  = 1 i s  a1 lowed there. 

Definition: A l inear  multistep method s a t i s f i e s  the root condition .-- i f  i t  i s  

e i ther  strongly or.weai<ly s tab le ,  i . e .  i f  a l l  roots of ( ) = 0 l i e  in ? '6 
I &  (5  1 , and there are no nu1 t i p l e  roots on) \I = 1 .  

Thefol  lowing theorem. s ta tes  the relationship between these properties 
. . 

of the roots ass'ociated with a method and the numerical behavior of the 

method.. Recall the concept of s t ab i l i t y :  A method i s  s tab le  i f  pe r tu rba t io~s  

in the s t a r t ing  values resul t  in bounded perturbations in the calculated yn 

a t  the end of a fixed t interval.  Recall- also the concept of converq'ence: 

H tnethod i s  convergent i f  the so lu t io~i  yn calculated a t  the end of a fixed 

interval converges .to the true solution y ( t )  as h+O and as the errors in 

the s ta r t ing  values a1 1 tend to  O. 

Theoru~li: If  a 'consis t i ~ n t  1 inear mu1 t i s  tep niethod s a t i s f i e s  the roost -- 
condition ( i  .e .  i s  strorigly or weakly s t ab le ) ,  then i t  i s  s table  and convergent.' 

Conversely, i f  i t  i s  s table  and convergent, then .tile root condition must hold. 

We will not prove th i s  theorem here, as that  would take us too f a r  af ie ld.  
. . 

(An easily accessible proof ( f i r s t  part only) appears in Wenrici, Ref. 15, 

Section 5 . 3 . ) .  

The fol lowing are some examples of methods and the i r  'properties re1 at ive 
. . ,  

t o  tne root condition. 

Thus the method i s  only weakly s table .  
. . 



(2) The 3" order expl ic i t  n~ethod 

Y n =  - L t Y a - I + r \ /  tl -a +h(4 ; , , - ,+2$ , -= )  
i s  the expl i ci t 2-step method of maximal order. I t  has P ( )=  

- k 2  - 4 6  + 5 = ( 1 )  ( 5  + )  s o t 2  = -5, and the method i s  
. . uns tab1 e .  

< 
The roots are< = 1 ,$ 1 .3n. 2 +- -42, and  so the method i s  

strongly s tab le .  

( 4 )  The Adarns methods, e i ther  expl ic i t  or imp1 l c l ' t ,  have t i le  fo rm 

Yvr = YR-,  + 4 56; 0 6 

~ h u s f ( & )  = -k I( +tK-', a11u the roots a re$ ,=l  , < 2 =  ...=CK= 0. 

So these metnods are strongly s table .  In f ac t ,  no other method 

has be t te r  s t a b i l i t y  properties than t h i s ,  as f a r  as root 

condi t i  oris. on are cuncerneci. e 
Thesv rxamples &ow why a 1 i near nu1 t i  step method cannot be  judged only 

frorn i t s  order and local e r ror  properties. All of tne above are consisterit 

methods of various orders, and a l l  may appear sat isfactory a t  f i r s t  s ight .  

B u t  t he i r  stabi 1 i ty  and convergence properties d i f fe r  widely, from very good 

The question tha t  now arises  i s :  how well can one do i n  constructing 

accurate b u t  s table  l inear  multistep raethods. Making the order have i t s  

111aximal value r = Kl  + ti2 does always resu l t  in a worthwhile method, 



bkcause of stabi 1 i ty .  On the other hand, the imp1 ic i  t Adams methods have 

order r =  K 1  + K2 = 1 +:K, arid they are very s table .  The following theorem 

s e t t l e s  th i s  question in general. I t  will not Le proved here e i ther .  

Theorem (Udhlquist) : For an order r ,  K-step, 1 inear multistep method, the 

rnethoa can be s table  (weakly or  strongly) on ly ' i f  rf K + 1. for  odd K, or 

r 5 K  + 2 for even K .  . The  neth hod can be strongly s table  only i f  ru_K + 1 .  

That i s ,  i f  we r e j e c t  the weakly s table  methods as unacceptable, then 

the best we can do for a K-step method i s  order K + 1 .  (This i s  achieved by 

the implicit Adanis methods, among others.)  This i s  t o  be compared w i t h  the 

value r = K1 + K 2 ,  which i s  2K i f  K1 = K 2 ,  achievable without regard for  

stabi 1 i ty .  

The propert ies  of the roots of P( < ) real ly give only the properties 

of the ntethod in tne l imit  as h-0. This i s  not the errtire s tory ,  because 

h i s  never real ly  0 ,  and. often i s  not close enough t o  0 to  infer  the needed 

information from that  1 imiting case. For tile t e s t  equation = Ay ,  t h e  roots 

of P (()+ h )i (,( ) can be computed for 'any given h > 0, and these are the 

roots t h a t  determine the numsrical behavior of the method. As s tated e a r l i e r ,  
. . 

i t  can be argued tha t  . . the s i tua t ion  for  th i s  t e s t  equatluti, while unreal is t ical ly  

silople, will indicate t h e  s i tuat ion for the general problem, where we take A 
to  be dny of the eigenval ues of the Jacobian b f / b  y .  

I t  i s  impractical to  describe the fu l l  s e t  of roots < j ( l ~ ) l  ) as functions 

of hh , as hh ranges over the whole complex plane. We make the s t a b i l i t y  

question much simpler by asking only for  the values of hk tha t  make a l l  the 



Uefini t ion:  The absolute s t a b i l i t y  region of a l inear  mu1 t i s t e p  method 

i s  tile s e t  

Sh = 1 5 . I h h ) I  J 51 For all 
. . . . 

where t j  are the roots of?+ h l ~  
I he notlon of absul ule s tab i l  i t y  given here i s  qua1 i  tat.i.vely cn f~s i s t en t  

k i th  the n o t ~ o h  of bounded per.lur.batiuns in the definition o f  s t a b ~ l i ~ j .  Fnr 

the  equation = Ay,  subjected t.n a method for which h > € s J ,  the computed 

values of y n  are l inear  combinations of i:he[ j n ,  and so are the perturbations 

en I n  yn rSebu1 1 i11y  Tram a perturbation of tho s ta r t ing  val i~es:  
n e, -2 2 d j  5; . 

j = O  
These perturbations a1 1 decay, or a t  l eas t  remain bounded (provided there are 

no mhltiple roofs w i t h ' ) t j 1 = 1 ) ,  by vir tue of h X E  Sa. 1f h,h . l i e s  . in the 

in te r ior  of S a ,  so t h a t  al l the 1 C 1 s t r i c t l y ,  then e n 9 0  as n+ W. 

The context here, however,- i s  that  of a fixed h, and n-aw, rather than a 

fixed tn = to + n h ,  with h-0 and n+m, as in the definit ion of s t a b i l i t y .  

If  A i s  it1 the 1ef.t"half-plane, or Re(G1h ) < 0 ,  t l~en  we. expect .that 

, I  < I, because  ( l ~ e h h  , and l e h X )  = e I .  s o  f o r  suf f ic ien t ly  
n 

siaal 'I values of t~h  a t  leas-t ,  the term { i s  not J. source of instabi 1 ii;y. ' B u t  
1 .  : 

in general , esp8cial lywhen hh i s  sizeable,  all of the are poter~t iai  
j 

sources of numerical i n s t a b i l i t y .  Thus the rquir-etiient 15 . I  < 1 i n  Sa i 6  
J - 

4 ,  included. appl ied to  a l l  the roots,  . . 



If ~ e ( h h )  > 0 ,  then  1 J'h(>l and t h e  f u n c t i o n  e X t  i s  growing i n s t e a d  

o f  decdying. I n  tililt case, we expect  ) 4 I > 1, and so we would n o t  expect  

t o  have h A  E Sa, a1 though i n  many cases Sa does i n c l u d e  p a r t  o f  t h e  r i g h t  

ha l f - p l aue .  Rdther  thari r e q u i r e  t h a t  t h e  131 be s m a l l e r  than one, t h e  

concern here i s  t h a t  t he  p r i n c i p a l  term cl t: remains dominant ove r  t n e  

o thers .  To achieve t h i s ,  we cou ld  ask t h a t  t h e  extraneous r o o t s  s a t i s f y  

1 j ) l ] .  Th is  leads t o  t he  concept o f  r e l a t i v e  s t a b i l i t y :  

D e f i t i i  t i o n :  The re1  a t i v e  s t a b i  1  i ty r e g i o n  o f  a  1  i n e a r  mu1 t i s t e p  method 

i s  t h e  s e t  

= { h h :  I T j l ~  /rIl f a r  Q I I  j > , I  9 

where t j  = t j ( h A  a r e  t h e  r o o t s  of  p+ IIAQ. 
Thus f o r  h h  C Sr, t h e  p a r a s i t i c  r o o t s  w i l l  n o t  cause s i g n i f i c a n t  e r r o r s  

re1  a t i  ve t o  t he  p r i n c i p a l  r o o t ,  a1 though t h e  abso lu te  e r r o r s  assoc ia ted  

w i t n  tttelii rnay be c o n s i d e r a l l e .  

I .ruiirrr I '  . Ke(h )( )> 0, . t i l e re  i s  anothcr: cons idera1  i u t ~  LRat er i ters  i n ,  besides 

t h a t  o f  r e l a t i v e  s t a b i l i t y .  Th is  i s  t h a t  t i  be chosen so t h a t  t h e  method 

A t  coinputes y,,, =y,e n  accu ra te l y .  Th is  i s sue  i s  determined by t h e  l o c a l  

t r u n c a t i o r ~  e r r o r s ,  and i s  n o t  d i r e c t l y  r e l a t e d  t o  s t a b i l i t y .  I t  i s  i n s t e a d  

h A t h e  i s sue  of  how w e l l  {, approximates e  , and n o t  t l i e  s i z e  o f  t h e  o t h o r  . k j  
Usual 'ly , t h e  c o n s t r a i n t  or) 11 imposed by t h i s  accuracj l  cov is idera t ion  i s  more 

r e s t r i c t i v e  than t h e  c o n s t r a i n t  imposed by r e l a t i v e  s t a h i l  i t y  ( i  . e .  by Sp).  



We c o r ~ c l  ude ti1,is s e c t i o n  w i t h  some i 11 us t r a t i o n s  o f  absolute s t a b i  1  i t y  
, . 

reg ions.  The reg ion  Sa i s  r e l a t i v e l y  easy t o  compute f o r  a g iven method, 

because i t s  boundary . i s  g iven by 
;e -f(fj . : fz OL_ * L  ZIT- 

. . . . 3 
, . 

Sketches o f  Sa f o r  t he  e x p l i c i t  Adams methods are  shown h i r e  ( taken f r o m  
. -. . . . . .  

F ig .  8.1, p .  131 i n t h c  t e x t ) .  ~ A t e  
i I  . 

t h a t  these regions 'I i e  1  argely i n  the  I 
l e f t  ha l f -p lane  and t h a t  they  tend t o  

be sma l l e r  f o r  t h e  h ighe r  orders ( k j .  

The case k = l  i s  t h e  e x p l i c i t  Eu le r  

ntethod, f o r  which Sa i s  t h e  d i s k  

1 1  + ~ x I ~ I .  



giver1 o r d e r  k ,  .ctie r e g i o n  i n  t h e  exp l  i c i  t case i s  much s m a l l e r  than  t h a t  
' a  

i n  t he  i ~ ~ ~ p l i c i t  case. Th i s  i s  an a d d i t i o n a l  f a c t o r  i n  f avo r  o f  t h e  i m p l i c i t  

Adams, o r  Adams-Moulton, methods ( t h e  f i r s t  be i r ig  t h e  sma l l e r  lo ' ca l  e r r o r  

c o e f f i c i e n t s ) .  
. . , .  

The absol u t e  z t a b i l  i ty r e g i o n  of  ~ i l  nek method t u r n s  o u t  t o  be t he  

v e r t i c a l  1  i n e  segment . f rom - 3 i  t o  3 i  on t h e  

imaginary  a x i s  o f  t h e  comples h h  p lane.  

Th is  f a c t  i s  i n  con fo rm i t y  w i t h  uns tab le  

behav io r  o f  t h e  method observed e a r l i e r .  

For v i r t u a l l y  any va1,ue o f  h h  , one of 

t h e  ( here i s  l a r g e r  than  1  i n  n~dgni tude.  

I t should be no ted  t h a t  i n  computer codes which in~plenien'c l i n e a r  

rnul t i s t e p  methods , the s  t a b i  1  i ty reg ions  a r e  general  l y  n o t  computed o r  

s u p p l i e d  i n  any d i r e c t  way. That  is, ODE codes do n o t  compute e igenvalues )( 

and t e s t  t he  h h  t o  see i f  they  be long t o  Sa,for example. Such a coniputat ion 

would be t o o  c o s t l y  t o  be wor thwh i le .  However, t h e  i n s t a b i l i t y  t h a t  occurs 

i f  t h e  R o ( h X )  < 0 and some hh {sa  i s  g e n e r a l l y  de tec ted  i n  an i n d i r e c t  way 

i n  ODE codes. What happens i s  t h a t  t ne  r e s u l t i n g  uns tab le  behav io r  causes 

t he  locc j i  e r r o r  est in la tes t o  become l a r g e .  Thus i f  t h e  o r d e r  i s  r, these 

es t imates would i n d i c a t e  t h e  presence o f  a  1  arge y + )  (even though t he  

t r u e  y ( )  may n o t  be as l a r g e  as i n d i c a t e d ) ,  and t h e  s t e p  s i z e  h  i s  reduced 

as a  r e s u l t .  Thus t h e  e r r o r  c o n t r o l  tends t o  keep t h e  h h  i n  t h e  app rop r i a te  



s t a b i  1  i t y  reg ion ,  b u t  o l i i y  i n d i r e c t l y ' .  1.f t h e  code performs i t e r a t i o n s  

. fo r  . s o l u t i o n  o f .  an i m p l . i c i  t equation, and makes a  t e s t  f o r  ,convergence of 
, . 

these i t e r a t i o n s  , t h a t  t e s t  may prov ide  another i n d i r e c t .  c o h t r o l  on the  

s t a b i l i t y  o f  t h e  method. 
. . 

9. ( f )  M a t r i x  f o rn iu la t i o r~s  and mu1 t i v a l  ue methods 

1 r 1  t h i s  sec t  i o n  we ..present some ways i n  whish general 1 ? n e a r  ,mi11 t i s  t ~ p  

methods can be r e s t a t e d  i n  a  more compact no ta t i on .  As a  r e s u l t  o f  such 

re fo rmu la t i ons  ,' i t  i s  somewhat e a s i e r  t o  understand the  workings o f  the  

methods aitd t o  implement them. This ma te r i a l  app l i es  p r i m a r i l y  t o  i m p l i c i t  

methods. D e t a i l s  can be found i n  Ref. 18. 

Wr i t e  t h e  general imp1 i c i  t 1 i r iear  mu1 t i s t e p  method as 

We use a s t e r i s k s  on the  c o e f f i c i e n t s  t o  designate the  g iven i m p l i c i t  method; 

c o r f f i  c i e n t s  w i t h o u t  Bs t e r i s  ks w i  11 be used f o r  expl i c i  t methods. Recal l  

fro111 Sect ion 7 ( a )  t h a t  t he  na tu ra l  pas t  h i s t o r y  a r ray  t h a t  we would s t o r e  



This  a r r d y  has L = K1 + K2 rows and i4 columns, N be ing  t he  l e n g t h  o f  each 

vec to r  above. (We 'usual  l y  s t o r e  t h e  p roduc t  h i  i n s t e a d  o f  3 .  because 
j J 

these p roduc ts  appear i n  t i l e  ' fo rn~u las ,  and have the same dimension as y . )  

Actua l  l y ,  y i s  t h e ' v e c t o r  t h a t  would e x i s t  a t  t he  beg inn ing  o f  s t e p  n. 
4-1 

The problem i s  t o  desc r i be  .a  sequerlce o f  ope ra t i ons  on Y t h a t  produce A-1 
. . 

zn- This  d e s c r i p t i o n  would b? an a1 y o r i t h m  which embodies t he  g iven  method. 

The f i r s t  o f  . these opera t io i l s  i s  t he  p r e d i c t i o n  s tep ,  wi i ich equates 

Yn(u) t o  a  l i n e a r  combinat ion o f  t h e  rows of 
I(, K 2  

yhIo, . $ qi n.- ;. + h F @ ; i o - ;  - 
Th is  i s  j u s t  t h e  f o r r ~ l u l a  f o r  at1 e x p l i c i t  1  i n e a r  mu1 t i s t e p   neth hod w i t h  t h e  

sarne K, and K2 as t i l e  g i ven  imp1 i c i t  one. There i s  a l s o  a  s i m i l a r  fo rmu la  

f o r  p r e , i i c t i n g  hyn f rom t h e  same data,  as 
I I 

It K l  c e 

iiiH l o )  
-- -- '2s r: Y,-, 

I a t A Z d ; y  t n- L 
f o r  some c o e f f i c i e n t s  ti and 6 i. I t  t u r n s  o u t  t h a t  t h e  b e s t  cho ice  f o r  

This cho ice  i s  a r r i v e d  o t  by making h i  b d l i s f y  t he  equat ion  
Ka 

i .e. t h e  o r i g i n a l  imp1 i c i t  equat io t l  w i t h  yIl(0) i n  p l ace  o f  yl, and j n (o )  in 

p l ace  o f  jn .  I f  we use these p r e d i c t e d  vec to r s  t o  c o n s t r u c t  a  p r e d i c t e d  

va lue of  t h e  e n t i r e  a r r a y  yn, t h a t  'va lue would be 
= 



(Co~iipare p. 103 in tlie t e x t .  ) All elements not shown a re  zero. The 

diagonal 1 inas of 1 ' s  have t he  e f f e c t  of simply moving the yn and 

f o r  i > l  - down one row in  the  array.. The matrix B i s  L x L ,  

We now have Lo describe the corre'ctions . to  y n(0)  
t o  a r r ive  a t  yn .  

Recall from sect ion 7 ( b )  t h a t  the'  corrector  i terat ior1 from yn(,) t o  yri.(m+l 

can be wr i t t en  

where Pn i s  a c e r t a i n  matrix and'F 'is a vector function representing the  

r e s idua l ,  o r  amount by which the lmp i l t l r  equdLiu11 i s  n o t  s s t i s f i c d .  Suppose . 
t h a t  we a l so  cor rec t  hy 

n(o)  
a t  the same t'iiile, by llldk'irlg the impl ic i t  
s 

equation hold f o r  arid y in place of yn and in. Then we wi 11 have d m )  . . 

- - h i , , , w ,  * C - ' F [ Y ~ , ( ~ ) ) *  i, (!M+,) , .- 

The function F wzs defined as 
K 1 . ,  " 

+i F(y) = y -  Z q ;  I I,,-; ' -  h . Z ~ ~ + j ~ - ~ - ' h p f + ( ~ , t ~ )  I 

SQ t h a t  
I 

1 " 

where the  argument of G is t h e  mti'  i t e r a t e  of the e n t i r e  ar ray b e i n g  c o r r e ~ l r d .  

Thus the  correction t o  y i s  glv,en by adding ~ 1 - 1 6 ( 5 ~ , , , ) )  t o  h j n ( , )  and 

pz P;' G(Y,(*)) t o  y n ( i ) ,  dnd leaving a1 1 other  rows unchanged. This can be 

wr i t t en  in the  compact for% . . 



(The o r d e r  o f  t h e  f a c t o r s  6 and P-I i s  reversed  here  because t h e  vec to rs  

yn(,); e t c .  are row vec to rs  wheti cons idered as p a r t  o f  yn, w h i l e  t hey  were 
- 

column vec to rs  i n  ' t h e  d i scuss ion  i n  Sec t i on  7 ( b )  . )  Here c i s  t he  column 

vec to r  o f  l e n g t h  L g iven  by 

prIT ( t ranspose  m a t r i x )  i s  an appr.opri a t e  approx imat ion t o  I - h  p '  J, where J 
. , 

i s  t he  N x N Jacobian m a t r i x ,  bf/ ay, eva lua ted  a t  some app rop r i a te  p o i n t  5 "' 

i n  t h e  neighborhood o f  (.y,*, t,,). F i n a l l y ,  we s t o p  c o r r e c t i n s  a f t e r  some 
I i 

number, M, o f  i t e r a t i o r i s ,  and t ake  5, = y n ( ~ ) .  - 
This  f i j r m u l a t i o n  can a l s o  be used i n  t h e  ~ x p l  i c i t  case, and beconies even 

:fa .-' , i:, 

* 
s imp le r .  We s imp l y  l e t  Pn = I, t h e  i d e n t i t y  m a t r i x ,  p u t  go = 0, and l e t  

t he  & and& be a r b i t r a r y .  Then one ge t s  t he  c o r r e c t  vec to r s  i n  y 
~ ( 0 )  

a l ready , fexcep t  i n  t h e  row f o r  hir,. t lu t  the* t h e  n e x t  c o r r e c t e d  va lue  i n  

t h a t  row i s  

which i s  t h e  c o r r e c t  va lue.  Thus t h i s  s'cheme g i ves  c o r r e c t  r e s u l t s  w i t h  M = .  1. 



These s e t s  o f  fo rmu las  . . p rov ide  a  compact d e s c r i p t i o n  o f  t h e  a.1gori thnl 

i n  ... cons.iAerab1 e .  d e t a i  I.,. . i n c l . u d i n g  , t h e  cho ice  0.f. .p.red.i.ctor .fer.mu.!..a,,. .and t h e  , . . . . 

cho i ce  o f  co r rec t0 . r  i t e r a . t i o n  method. However, i t  i s  n o t  o f  g r e a t  va lue  by 

i t s e l  f. I t  becomes. -nluch- more use fu l  when we corlsicler t h e  use o f  o t h e r  
. . 

h i s t o r y  ar rays,  i ns tead '  o f  the  r;aturadl c t io ice used so f a r ,  

As s t a t e d  earl i e r .  f o r  example, t h e  Ada~s. ~iiett iods a re  u s u a l l y  implemetlted 

w'i l t l  Isackwtlrd d i  f f c r c n c e s  o f  t h e  va l  I.!PG., i n  p l ace  o f ,  t h e  .i va l  ues themsel ves. 

Thus a  colrltilon h i s t o r y : a r r a y  f o r  t h e  K-step imp1 i c i t  Adams method, f o r  example, 

i n s t e a d  o f  

Both vec to r s  have L = K +- 1  rows. Each o f  t h e  two s e t s  o f  da ta  i s  ob ta i nab le  

f rom t h e  o t h e r  by t a k i n g  1  i n e a r  combinat ions,  as i l l u s t r a t e d  by t h e  i d e n t i t y  



Thus the re  i s  a  non.-singular L x  L m a t r i x  T such t h a t  
. 4 .  

With t h i s  t rans format ion  o f  h i s t o r y  a r rays  i n  mind, t he  a l g o r i t h m  f o r  

a  s tep  us ing t h e  y  can be r e s t a t e d  as an a lgo r i t hm f o r  the  I,. We d e f i n e  
3 

new q u d n t i t i e s  

A -TDT- ' ,  - J = T ~ ,  F ( ~ n c r n , )  = G - 
Then we have 

ghlo) = A&-, - - 0  gn (n+\) - Z M t n )  +- R_ F (~m,m, )  P, 
- r ,  - E * ( M )  

i n  p lace o f  t h e  analogous r e l a t i o n s  f o r  y  
d m >  

The m a t r i x  A and the  vec to r  

,@ f o r  t he  imp1 i c i t  Adam* 'method o f  o rde r  k = K + 1 , as de f ined  by these 

r e l a t i o n s ,  t u r n  o u t  t o  be.: 

(Compare p. 148 i n .  Liie t e x t .  ) 

Another choice f o r  t h e  h i s t o r y  a r ray  i s  one invented  by. Nordsieck. Here 

we no te  t h a t  t h e  L pieces o f  data i n  yn  un ique ly  determine a  polynomial  p ( t )  - 
of degree q = L - 1 o r  l ess .  ' This polynoniial cou ld  be w r i t t e n  



I f  N > I  , then p ( t )  i s  vector-valued,  and t h e  c o e f f i c i e i l t s  pi are vectors o f  

l e n g t h  N. This polynoinial i s  de f ined by the  f a c t  t h a t  i t  i n t e r p o l a t e s  the  

data i n  t he  a r ray  yn. Moreover, p ( t )  i s  ge l l e ra l l y  the  polynomial by which the  
- 

pv,edict ion s tep  i s  done, i n  t h a t  yn+l(0) = ~ ( t , + ~  ) i f  p ( t )  corresponds t o  

y,. Any a r ray  which un ique ly  represents t h i s  po l -y r io~~~ i d 1  -i,r d lso  an a1 te r r ia te  
- 
represen ta t i on  o f  t h e  needed' h i s to ry .  The Idea o f  ~ o r d s i r c k  wds t o  represent 

. . 
i p ( t )  simply by i t s  c o c f f i c i u n t s  pi, b u t  r n u l t i p l i e d  by h  so as  t o  get  

quar t t i t i es  which have the  same dimension as y  and which appear more n a t u r a l l y  

i n  t he  fo r i r~u las .  Thus. the  Nordsieck h i s t o r y  a r ray  i s  

pit,) .;. 

. . 

i ( i )  The rows o f  t h i s  a r ray '  then approximate t h e  q u a n t i t i e s  h y  ( t n ) / i !  , 
q l l  ) 

0  5 i 5 q, b u t  o n l y  up t o  o rde r  q,. i .e. w i t h i n  O(h . 
One of t he  main reasons fo r  t h i s  choice o f  h i s t o r y  a r r a y  i s  t h a t  i t  

makes i t  r e l a t i v e l y  easy t o  change t h e  s t e p  s i z a  h. For i f  a+, e x i s t s  and 

I 
t h e  s t e p  t o  tn+l i s  t o  be t a k e n  w i t h  3 s tep  s i ~ r t ~  . t hen t i l e  rows o f  a+, arR 

s imply  rescaled by the  powers ( h i  0 < i 5 q ,  b e f o r e  t a k i n g  t h a t  step. - 
. . 



Another reason i s  t h a t  t he  e s t i m a t i o n  o f  l o c a l  e r r o r s  i s  r e l a t i v e l y  easy 

frorn a+,, because t h a t  r e q u i r e s  es t imates  o f  d e r i v a t i v e s  o f  y .  A t h i r d  

- .  reason i s  t h a t  i t  i s  very  easy t o  i n t e r p o l  a t e  t o  ge t  'a computed es t ima te  

. o f  y ( t )  f o r  any i t i t e rmed ia te  t, tn-14 t 4  tn. Th is  i s  because p ( t )  i s  g i ven  

as an obvious l i n e a r  combinat ion o f  t h e  rows o f  a+,, by w r i t i n g  a Tay lo r  

s e r i e s  t o  q+l terms about tn. 

I f  a g i ven  method i s  p u t  i n t o  a  fo rm t h a t  uses the  Nords ieck a r r a y  

a  f o r  t h e  h i s t o r y ,  t h e  m a t r i x  A  = TBT-I needed t o  do t he  p r e d i c t i o n t u r n s  
-4 . . 

regard less  o f  t h e  o r i g i n a l  method. Th.is i s  because t h e  Tay lo r  s e r i e s  f o r  

h i y ( i ) ( t n ) / i !  about tn-l begins w i t h  t h e  terms 

Moreover, t h e  product,  Ax o f  any vec to r  x  and t h e  Pascal t r i a n g l e  m a t r i x  A 

can be computed w i t h  no mu1 t i p l y  opera t ions  a t  a l l ,  o n l y  add i t i0n .s .  Thus 

p r e d i c t i o n  i s  cons iderab ly  easier w i t h  t h e  Nords ieck a r r a y  than w i t h  most 

o t h e r  f o rmu la t i ons  . 
The F o r t r a n  proyrarii g i ven  i n  t h e  t e x t  (Chapter 9 )  i s  an in ip lementat ion 

o f  t h e  inipl i c i  t Adams methods and a1 so o f  Gear 's methods, w i  t R  t h e  use o f  t h e  

Not-dsieck h i s t o r y  a r ray .  I t  uses t he  techniques o f  Sec t i on  7 (b) f o r  s o l u t i o n  



of the imp1 i c i t  equation arid the techniques of Section 7 (c)  to  adjust  

the s tep  s ize  and order in re1 ation to  a local error  tolerance. 

I f  a 1 inear multistep method uses a history vector of length L ,  i  .e.  

an arrily of s i z e  L x W fo r  a system of N equations, then i t  i s  called an 

L-value method. If  L i s  not specified, i t  i s  cal led a ~nultivalue method. 
-<.- 

This nanie, as disti t~yuisned from the ridlrlr nlultistep method, e~r~phasizes the 

f ac t  t ha t  i t  i s  the number of values of data in the history vectvr tha t  i s  

the Illore s igni f icant ,  n o t  the f~uslber of steps.  In f a c t ,  the class of 

mu'i'tiva'lue ~nethods, in.cluding espec'ially ones t h a t  use tlw l'40rqdb ieck 11 i s  Lur-y 

array,  i s  properly' 1 arger than the class of niul t i s t e p  ii1ettisds. 



10. Ex t rapo la t i on  methods* 

The c lass  o f  methods now r e f e r r e d  t o  as e x t r a p o l a t i o n  methods was 

f i r s t  in t roduced fo rma l l y  by Richardson i n  1927, The idea was' then c a l l e d  

, 
"deferred. approach t o  the  l i m i t , "  and has a l so  been r e f e r r e d  t o  as 

Richardson ex t rapo la t ion .  

The f o l l o w i n g  simple example i 1  l u s t r a t e s  the  bas ic  idea o f  ex t rapo la t i on  

methods. Consider t h e  ODE 

d u / d t  = A y , ,  O,L t4 I 
w i t h  y(0) = y given. Suppose we use the  ( e x p l i c i t )  Eu ler  method on t h i s  

0 

problem, w i t h  var ious values o f  bt. The method, f o r  t h i s  problem, i s  given 

by 

A t  
For s i m p l i c i t y ,  t a k e  y ( 0 )  = yo = 1, so t h a t  t h e  t r u e  s o l u t i o n  i s  y ( t )  = e  . 
I f  we use A t  = 1  f o r  one step, we ge t  the  ca l cu la ted  value yl = 1  + A  . I f  

we u s e h t  = 1/2 a n d t a k e  two steps, t he  f i r s t  y i e l d s  . y ,  = 1  + A  , and 

the  second fi' = (1  + h  ) y l  = (1 + A)' as the  computed value f o r  y(1).  

Denote by T: ( k  = 0, 1 . . . . I  t he  values obta ined f o r  n t  = 1, , , . a t  t = 1. 

We then a r r i v e  a t  the  fo l l ow ing  values 

at'= I ; T," = ! + A  

*The l e c t u r e  cover ing t h i s  chapter was g iven by J u l i u s  Chang. The notes f o r  i t  

were ex t rac ted from t h e  repor t ,  "An I n t r o d u c t i o n  t o  Ex t rapo la t i on  Methods f o r  

the Numerical So lu t i on  o f  D i f f e r e n t i a l  Equations," UCID-15992, Feb. 1972, by 



The idea now i s  t o  use these three values t o  a r r i v e  a t  an approximation 

t o  y (1 )  t h a t  i s  more accurate than any o f  them, by tak ing ce r t a i n  l i n e a r  

combinations. Spec i f i ca l l y ,  construct  from the above three Tk the two 

quan t i t i e s  
ZT: - T:: 

. T;  = 0 ( + A + e/z .: 
z . I 

7 .  

(The j u s t i f i c a t i o n  f o r  these formulas w i l l  be seen la te r . )  F ina l l y .  f ru~n ,  

these two T', k ,  const ruct  

Compare these t o  the tru; value 

We see t h a t  the Tok are accurate only t o  the h term. consistent  w i t h  the f a c t  
. . 

t h a t  the Euler  method i s  o f  order 1. But the T~~ are accurate t o  the A 2  term, 

and T~~ i s  accurate t o  the h3 term. 

~ o t i c e  t h a t  the quan t i t i e s  having greater acGurtcy than those,~givenab.y 

the b a s i c  method were obtained simply by tak ing appropriate 1 inear  combinations 

of the l a t t e r .  It was not  necessary t o  r e f e r  again t o  the d i f f e r e n t i a l  

equation o r  t o  any higher order method. This i s  s i g n i f i c a n t  when we consider 

the ODE here as having the general form d y l d t  = f ( y ,  t )  , and real i ze t h a t  i n  

p r a c t i c a l  problems, , the.  cost  o f  computl ng values o f  f i s  the dominant cost 

fac tor  o f  any given method. The cost  o f  performing ar i thmet ic  operatf ons of 

the type shown above f o r  the T,,,~ i s  usua l ly  neg l i g i b l e  b r  comparison. I n  

the .present example, f '  was cornput;ed only two times t o  obtain'  the values To0 

and T,' and hence T~ O,, namely f o r  io = f (yo, 0) and f (yo + 1 3 1). Then 
7 0 . 7  



f was comp"ted 3 more times to  get T,' and hence T~~ and 'T'o. If  we were 

to  perf on:^ the Euler method for  the value of A t  which requires the same 

number of f evaluations, namely A t  = 1 , the resulting approximation to  y(1)  
5 

wou 1 d be 

o t a  ;5 : z L  
y, 

This i s  c lear ly much less  accura te  than T'O, while the cost of both quantit ies 
. . 

( in  terms of f evaluations) i s  the same. 

The algorithm can be. easi ly  extended to any desired extent. We write 

an array of T's, as follows: 

The arrows show the dependence of each T on the ones to  the ' . l e f t  of i t .  The 
. . 

resul t  i s  a tr iangular array, which i s  carried to  whatever extent i s  needed 

to  produce resul ts  of acceptable accuracy. 

The a1 gori thms for  generating these approximations , which w i  11 be qiven 

i n  more detai l  shortly,  depend on certain theoretical properties of the 

basic method ( the  Euler method in the above example), This theory ignorcs 

the e f fec t  of machine roundoff e r ror ,  which can cause some d i f f icu l ty  fo r  

extrapolation methods, whereas i t  rarely does f o r  o the r  classes of methods 

on modern computers. 



The fundamental assumption made here i s  t h a t  i f  yn i s  the ca lcu la ted 

approximation t o  y(tn), using a given method w i t h  step s ize  ~t and tak inq 

steps u n t i l  tn = t (a  f i x e d  value), then 

Y* = yIt-1 + (WP' Q C t , )  + (btlrz EL(+") 
+ - - -  fh + (4"' ek(t*) + O( (bt)  1 , 

where the pi are in tegers  w l t h  l s p ,  < p 2 C e e e ,  and the t i ( t )  are continous 

functions which li) do no t  depend on A t .  The pl and Ei w i l l  o f  course depend 

on the basic method being used, The expansion represents e x p l i c i t l y  the 

e r r o r  i n  y, re1 a t i v e  t o  the true value *(tn). 

Now, f o r  a f i x e d  value o f  t = tn, we consider the use o f  the method 

w i t h  several values o f  Dt, say bto, tl , ,. l , each a submult iple of t (so 

t h a t  f o r  each Ati, tn = t a f t e r  some number n o f  steps). We w r i t e  down the 

resu l  t i  ng approximations o f  y ( t )  and t h e i r  expansions according t o  the 

above f ormr! 1 a :, 
b t a . b * r : .  y, 'a y ( t )  + ( b ~ l ] ~ ~ , c b  + - e a  

, a t  4t.i : : y: = )I(*) + (atl)"t[e)+-.- 
- * -  

0 1 ( the n u s  are Af ter  bu i l d i ng  up k + 1 of such values, Yn , Yn , 0. s Yn, 

d i f f e r e n t  ' f o r  the d i f f e r e n t  At values), we want t o  use t h e i r  expansions t o  " . 

e l  iminate the unknown e r r o r  terms, and g e t  a be t t e r  approximat.ion t o  y ( t )  

as a r esu l t .  

Mu1 t i p l y  the equation f o r  ynO by some undetermined c o e f f i c i e n t  a,, 

the next  equation by .al, and so on, u n t i  1 mu1 t i p l y i n q  t h e  equation f o r  

ynk by ak, and tben 'add  up the resu l t s .  The sum i s  
b * - 

= ( ~ a ; ) y [ t )  t ( ~ a ; . ( h + ) ~ ' ) ~ , l t )  y ' s9iyh 



To e l  im inate  the  e r r o r  terms, and g e t  y ( t )  as a r e s u l t ,  we want the  a i  t o  

sat4 s f y  

;Lat = I 

This would make 

The cond i t ions  on the  ai form a l i n e a r  system o f  k  + 1 equations i n  k  + 1 

unknowns.   he m a t r i x  ' f o r  t h a t  1 i n e a r  system i s  of. van der Monde type, 

and so i s  n o t  s ingu lar .  So we can, i n  theory, compute the  s o l u t i o n  and 

hence. 7, which has a ,  h igh  order  o f  accuracy. 

The t r o u b l e  w i t h  t h i s  a p ~ r o a c h  i s  t h a t  t he  . . l inear  system f o r '  t h e  ai 

can be very " i l l -cond i t ioned, "  meaning t h a t  roundof f  e r r o r s ' a r e  l i k e l y  t o  

b u i l d  up t o  an i n t o l e r a b l e  l e v e l  dur ing  the  computation. For t h i s  reason, 

the  ac tua l  a1 gor i thm recommended i s  no t  a s  i nd i ca ted  above, b u t  i ns tead  

invo lves  formulas f o r  t h e  d i r e c t  c a l c u l a t i o n  of q u a n t i t i e s  of the  type 5 
as done i n  the  example e a r l i e r .  

This a lgo r i t hm ic  approach can be obta ined by t a k i n g  an a1 te rna te  p o i n t  

of view on the  expansion f o r  yn f o r  a g iven dt. If we ignore, t he  l a s t  term, 

%+ 0 
O(  ( b t  ) . ), then t h a t  expansion gives an approxinat ibn t o  yn as r 

. . 

polynomial i n  At, p( A t), o f  degree pk. This polynomial h a s  c o e f f i c i e n t s  

C i ( t )  and a constant  term o f  p (0)  = y ( t ) .  This the  value p (0) i s  what 

i s  sought, hut  w h a t ,  i s  a c t u a l l y  known i s  c o l l e c t i o n  of va lues  of P ( A t )  
. . 

f o r  nonzero ~ t ,  by way o f  t h e  c a l c u l a t i o n s  o f  yn by the  basic method. This 



-164- 

viewpoint  reduces the problem t o  t h a t  of  f i t t i n g  a polvnomial of  a s p e c i f i e d  

forin t o  a given set  of  da t a .  That c l a s s  o f  problems has been s t u d i e d  i n  

i t s  own r i g h t  q u i t e  thoroughly ,  and a lgor i thms  f o r  such polynomial f i t t i n g  

problems a r e  common. As app l i ed  i n  the con tex t  of O D E ' S ,  this idea  l eads  

t o  the polynomial e x t r a p o l a t i o n  methods, a s  s t u d i e d  by  rag^ , . ( ~ e f ,  19). 

Another v a r i a t i o n  o f  t h e s e  i deas  is  t h e  use of  r a t i o n a l  func t ions .  

Here yn i s  approximated by a r a t i o n a l  f u n c t i o n ' o f  At, a c c u r a t e  t o  .some 
. . 

hiqh o r d e r ,  and t h a t  f u n c t i o n  is  f i t t e d  by t h e  use o f  an app rop r i a t e  number 

o f  c a l c u l a t e d  va lues  o f  yn  w i t h  d i f f e r e n t  A t ,  Then the f i t t e d  r a t i o n a l  

f u n c t i o n  i s  eva lua t ed  a t  A t  = 0 t o  g ive  a h i g h l y , a c c u r a t e  approximation 

t o  y ( t ) .  Such methods a r e  r a t i o n a l  e x t r a p o l a t i o n  methods, and have been 

s t u d i e d  by Bul i r sch  and ~ t o e ( ~ e f ,  20). 

The r a t i o n a l  e x t r a p o l a t i o n  methods a r e  s t i l l  being a c t i v e l y  developed, 

B u t  i t  appears  t h a t  t hey  a r e  q u i t e  compet i t ive  f o r  c e r t a i n  l a r g e  c l a s s e s  o f  

problems. The e x t r a p o l a t i o n  methods o f  both types  have the d e s i r a b l e  

f e a t u r e  t h a t  the o r d e r  o f  accuracy obta ined  I s  v a r i a b l e ,  depending on the 
. . 

accuracy  needs of 'the problem. That i s ,  the e x t e n t ,  a s  measured by 

the index k above, t o  w h i c h  e x t r a p o l a t i o n  i s  ~ a r r i e d  can vary from step t o  

s t e p ,  a s  con t ro l  l e d  by an a p p r o p r i a t e  e r r o r  t o l e r a n c e  crS t e r i o n .  

For pofynomial ex t r apo l  a t i o n ,  t h e  d e t a i  1 s of t h e  d l  gor l  thm' f o r  

c o n s t r u c t i n g  the T a r r a y  a r e  a s  fol lows.  The t r dangu la r  a r r a y  
. ...-. 

T; 



i s  generated,, e i t h e r  by rows o r  by columns, w i t h  a procedure shown 

schemat ical ly  by 

h 
T:" - T m + ,  

I n  the  case t h a t  pi = i, which i s  t h e  case f o r  t he  Eu ler  method, the  formula 

f o r  t h i s  procedure i s  

Here Btk i s  the  value of A t  used t o  generate yn = T~~ by the  bas ic  method. ' 

I f  a bas ic  method o f  o rder  2 i s  used, and we have p i  =2i,  we use ins tead 

the formula 

I n  e i t h e r  case, t h e  formula i s  app l ied  w i t h  k 2 0. m r O .  k + rn + 7. where iii 

i s  the  number o f  rows o r  columns t o  be generated. Then T ~ O  i s  t he  f i n a l  

approximation t o  ,y ( t ) ,  

The above formulas are  well-behaved w i t h  respect  t o  roundof f  e r r o r ,  i n  

t h a t  the  r a t i o s  Atk/ Otktm+, are  usua l l y  considerably l a r g e r  than 1. I n  

fac t ,  t he  c o n d i t i o n  on t h e &  values under which convergence o f  the  method 

can be proved t h e o r e t i c a l l y  i s  t h a t  
. . 

This i s  equ iva lent  t o  a statement t h a t  the  r a t i o s  bt,,,/At,l a re  l a r q e r  than 

1 and are  bounded away from 1. 



For r a t i ona l  ex t rapo la t ion,  the d e t a i l s  o f  the algor i thm are somewhat 

more complicated. (But the q u a l i t y  o f  the resu l t s  makes up for  th is . )  

Here the on ly  case f o r  which the algor i thm has been developed i s  t h a t  i n  

whlch on ly  even powers o f  A t  apoear i n  the basic expansion, i .e. p i  = 2 i .  

Then the ra t iona l '  func t ion  used t o  f i t  t ha t  expansion i s  the quot ient  o f  

two polynomials i n  ( ~ t ) 2 ,  so t h a t  i t  also involves only even powers o f  At. 

The T ar ray has the f o l l ow ing  form: 
. - -. -- -- - - -- 

k The ar ray requires a  lef tmost column of values T-,, = 0 i n  order t o  g e t t h e  

recurrence formula star ted.  That formula i s  



We come now t o  the  choice o f  .the basic method, t o  wh ich 'ex t rapo la t i on  

i s  t o  be appl ied. The example given a t  the  beginning o f  the  chapter 

invo lved the Eu ler  method, 

as the  basic method.. For t h i s  choice we have pi=i i n  the  expansion formula, 

A [nore powerful  choice would be. t o  take a second order  method, such as t h e  

t rapezo id  ru le ,  

Here p i  = 21, so t h a t  t h e  above r a t i o n a l  e x t r a p o l a t i o n  a lgo r i t hm could z e  

applied. However, t h i s  i s  an i m p l i c i t  method, and t h e  s o l u t i o n  o f  the  

imp l . i c i  t equat ion wi 11 i n e v i t a b l y  ' invo lve  some i t e r a t i o n  e r r o r ,  Such 

e r r o r  i s  n o t  accounted f o r  i n  the  theory  behind t h e  bas ic  expansion formula, 

and i t s  presence i s  l i k e l y  t o  reduce the  accuracy o f t h e  ex t rapo la ted 
. . . . 

values. 

A third chalce, which, ' i s  , the  one adopted by B u l i r s c h  and Stoer, i s  t he  

modified midpo in t  rul 'e.  Here the  bas ic  s tep from t = tn t o  t = tn+ l  = tn + bt 

i s  glven as t'ollows: Let . MS1, - &=  At/2M, and '2, = tn + m&Z f o r  m=0, 2, 

) Then l e t  0 , 2M (e 2M ' tn+l' 

I n  o ther  words, t he  i n t e r v a l  of s i z e  ~t i s  . . broken,  i n t o  2M equal' par ts .  A 

step i s  taken w i t h  the  ~ u l e r  method, fo l lowed by 2M-1 steps w i t h  the  midpoint  



ru le ,  and a f i n a l  smoothing operation i s  performed a t  the end t o  get  yn+l. 

The f i n a l  smoothing. adds s t a b i l i t y  t o  the method. This method 'lso has 

an expansion formula w i t h  even powers o f  A t, so t h a t  p i  = 2 i .  'This means 
. . 

t h a t  each.ext rapo la t ion stage, which el iminates one term. i n  t h a t  

expansion,, reduces the e r ro r ,  in the cumputed value by ( A t ) z ,  ra ther  than 

dB t ,  as' i ,s  the case when pi = i . 
There are various theorems concerning the convergence propert.ies of 

these ex t rapo la t ion  methods. These can be found i n  the book by Lapidus?. 

and ~ e l n t e i d , ( ~ e f .  4). T lu  iobin conclusion o f  these i s  t h a t  the diagonal 

element of the T array, T converges rap id ly ,  under appropriate condit ions, 

t o  the t r u e  so lu t ion.  . This conclusion i s  weakened i n  p rac t i ce  on ly  by the 

presence o f  roundoff e r ro r .  Such e r r o r  can be q u i t e  harmful when the Euler 

method i s  the basic method, but  f o r  the others does not  seem t o ~ b e  so 

harmful. 

The storage necessary t o  perform ext rapo la t ion methods i s  not as bdd 

as . i t  . f i r s t  appears. The T array, i f  constructed i n  a na tu ra l ,  order, need 

n o t  be stored i n  i t s  en t i r e t y ,  Only one o r  two rows of T a t  a t ime are 

needed, the others' being discarded a f t e r ,  they are  used. Thus on ly  a 

vector  o r  two of values i s  stored, not  a matr ix .  

The ext rapo la t ion methods have been used l o c a l l y  f o r  vdrious cdleulationr;, 

and have l ed  t o  vary inq degrees o f  success. One area i n  which they have been 

t r i e d  i s  the so lu t i on  of p a r t i a l  d i f f e r e n t i a l  equations, where a d i sc re t i za t i on  

i n  the space var iab les  leads t o  a system o f  ODE'S, The use o f  r a t i o n a l  

extrapol  a t i on  on these ODE sys tems has been qu i  t e  successful. 



Par t  111: S t i f f  Problems 

11. S t i f f n e s s  

Two examples o f  s t i f f ' p r o b l e m s  have been given so fa r ,  namely 

= -rooa ( y  -tZ) + r e ,  y lb) = 0 ,, 
. . 

. .  . 9 .= -100 ( y  - cot)-e-t, y c o j  = I .  

I n ' b o t h  cases, the  l a r g e  negat ive f a c t o r  on t h e  y  term of f(,y,t) makes some 

ODE methods take much longer t o  so lve  these problems than would be expected 

from t h e i r  simple and we1 1-behaved so iu t ions ,  namely y = . t 2  . and ,y = ewt. 

Both o f  these are  con t r i ved  problems, designed t o  i l l u s t r a t e  a  

d i f f i c u l t y  t h a t  can occur i n  the  numerical s o l u t i o n  of an ODE. But t h a t  

d i f f i c u l t y  i t s e l f  i s  n o t  contr ived.  To show t h a t  i t  i s  not,  t he  f o l l o w i n g  

i s  a  r e a l i s t i c  mechanical example problem. Consider an ob,ject o f  mass M 

a'ttached t o  a  f i x e d  

w a l l  by a  sp r ing  and 

a dashpnt., and f r e e  

t o  move along the  x  , . 

a x i s  ( g r a v i t y  i s  

ignored) . The sp r ing  

exe r t s  a  r e s i s t i v e  fo rce  o f  -Cx on the ob jec t ,  where C i s  the  Hooke's Law 

constant. The dashpot a l s o  exe r t s  a  r e s i s t i v e  force, bu t  i n  p ropor t i on  t o  
. . 

v e l o c i t y :  t he  fo rce  i s  -D; where D i s  a  constant. The motion obeys Newton's 

Second Law, 

M i i  = t o t a l  Caree  -CX - D i a .  
By making simple changes o f  var iables,  we can e f f e c t  t he  normal iza t ion  

M - C '= 1/2. The ODE I s  then 



The i n i t i a l  pos i t i on  xo and i n i t i a l '  speed io would be spec i f i ed  f o r  the 

i n i t i a l  value problem. 

The so lu t i on  o f  t h i s  problem i s  a l i n e a r  combination o f  two s i ng le  

exponentials: 

where the Xqj are the roo ts  of the quadrat ic  
. . 

A = +  2 D h  + 1 = , . 0 .  

(They are a lso the einenvalues o f  the '  2 x 2 matr ix  J i f  ,theODE i s  w r i t t e n  

as a system ; = Jy w i t h  N = 2.) Thus 

Mow consider the case i n  which the dashpot i s  very - s t i f f  (mechanically 

speaking), i n  t h a t  O i s  very la rge  compared t o  1: D>>1. I n  t ha t  case, the 

above roo ts  can be approximated as 

. A, * . - Q -  JD' = -?D, 
2 - - D t  Jrn = (-D + JD'-l )(-O-JK,) -- - 

LI 
- f - D -  rn - e t m  = - I / ~ D .  

Thus hlt<O, and e '1' i s  a very  r ap id l y  decaying term, whi le  hp%O, and 

c Ait i s  very slnwly decayinq. We would say t h a t  the rap id  decay process 

. . 
corresponds t o  a very shor t  t ime constant 

, / A ,  I / Z D ,  
whi le  the slow process cor res~onds t o  a long time constant 

I n  the numerical so l u t i on  o f  t h i s  problem, by methods such as the 

higher .order Adams methods which are n o t '  designed f o r  s t i f f  problems, the 



s h o r t  t ime cons tan tT l  w i l l  have t h e  e f f e c t  o f  c o n t r o l l i n g  the  t ime steo. 

That i s ,  s t a b l e  numerical behavior w i l l  n o t  occur unless the  s tep .s ize h 

i s  comparable t o  TI. But  the  physical  behavior o f  the  so lu t ion ,  a t  l e a s t  

a f t e r  a sho r t  i n i t i a l  t ime period, i s  governed by the  l ong  t ime constant  

2 3. Thus t o  t h e  ex ten t  t h a t f 2 / n  = 40 i s  l a r g e r  than 1, t h e  s tep s izes  

w i l l  be much smal ler  than what i s  p h y s i c a l l y  reasonable. This t y p i f i e s  

the  d i f f i c u l t y  o f  s t i f f ness .  

. A d e f i n i t i o n  o f  s t i f f n e s s  s u i t a b l e  f o r  most purposes can be g iven f o r  

t he  general problem = f (y,t). We consider  the  N x N Jacobjan .mat r ix  

J = 3 f / a , y ,  and i t s  fi eigenvalues Xi. We suppose t h a t  a l l  the  ~ e ( X j ) 4 0 ,  

i t  so t h a t  t he  exponential  s e j are decaying. Def ine r e a l  numbers Zj 'rO and 

Then i n  a l o c a l  sense, t h e  s o l u t i o n  w i l l  behave approximately l i k e  a l i n e a r  - 
combination o f  t h e  fundamental so lu t i ons ,  

The f i r s ' t f a c t o r  i s  a damping fac to r ,  and the  second i s  an osci l1 ,atory fac tor .  

The p o s i t i v e  numbers 'tj = -1/Re( h j,) are  t h e  t ime constants of t he  system. 

The damping f a c t o r  i 'n e Ajt decays b y  a f i c t o r  o f  1 /e i n  a t ime o f  rj. 
D e f i n i t i o n :  An ODE system w i t h  p o s i t i v e  t ime constants Cj i s  c a l l e d  s t i f f  - 

The q u a n t i t y  vmax = m a x . q ,  t he  l a r g e s t  o f  t h e  t ime constants, represents 

the  r a t e  of decay o f  t h e  most s1otvl.y decaying o f  t h e  fundamental so lu t i ons  



and the re fo re  i n d i c a t e s  the  t ime span o f  i n t e r e s t  f o r  t he  problem, S i m i l a r l y ,  

Tiin = min rj represents t h e  r a t e  o f  decay, o f  t he  most r a p i d l y  decaying 

term. The o the r  t h e  constants are  : i n  between these extremes. The r a t i o  

Tmax/'Cmin describes; t he  r e l a t i v e  spread i n  the  t ime constants, and i s  

c a l l e d  t h e  s t i f f n e s s  r a t i o .  

I n  the  two s i n g l e  example equations g iven a t  the  beginning s f  the  

, . chapter, i i s  ng matr ix ,  o n l y  the  s c a l a r  q u a n t i t y  atraf/ h.y, which i s  

-1000 o r  -100 there. Thus o n l y  the  t ime constant  2, = -I/ (=.001 o r  .01) 

i s  expl  i c i  t l y present.  Huiever , i n  those eq11at.i nns , the t r u e  so l  u t i  ons 

( t 2  and e - t )  , which are  smoothly vary ing  over, say, 06 t f  1, represent  

i nhe ren t  t ime constants  on t h e  order  o f  1, That i s ,  the  t r u e  , i a l u t i o n s  are  

such t h a t  s tep  s izes  t h a t  a re  n o t  much smal ler  than 1 wou1.d seem reasonable. 

Hence, s ince  eel, these problems have the  qua1 i t a t i v e  p roper t y  of 
. . 

s t i f f n e s s ,  d e s p i t e t h e  f a c t  t h a t  they do n o t  f i t  i n t o  the  above a n a l y t i c  

d e f i n i t i o n .  

Another s i t u a t i o n  n o t  covered by the d e f i n i t i o n  i s  where there  i s  a 

p o s s i b i l i t y  of growing fundamental so lu t ions ,  That i s ,  a problem may have 

some Aj w i t h  Re(Aj)>O, and y e t  be considered s t i f f  because of o t h e r X j  

w i  t h  Re( )Lj 

blhat i s  common t o  a l l  s t i f f  problems i s  the presence o f  a t  l e a s t  nnc! 

eigenvalue % o f  af/ 3 y  f o r  which ~ e ( A ) e  0. The quest ions of how negat ive , . 

- 
. , ,  

t h a t  r e a l  p a r t  must be t o  call  the  problem st i f f , :a.nd what i t  shoud be cdmpared 

t o  i n  order  t o  g i ve  a q u a n t i t a t i v e  measure o f  s t i f f n e s s ,  a r e  o f t e n  d i f f i c u l t '  t o  

answer w i t h  any prec is ion .  



I t  should a l so  be emphasized t h a t  t he  eigenvalues hi i n  t h e ,  

d e f i n i t i o n  above a re  as computed from J a t  some given p o i n t  (y, t) .  I n  

general, the  value of J, changes a long the  . s ~ l u t r i o n  curve; and hence - 

so do t h e  Aj.  his s t i f f n e s s  i s  o n l y  a - .  l o c a l  property .  

To look a t  t he  e f f e c t  o f  s t i f f n e s s  on a numerical method, we examine 

the  numerical s o l u t i o n  given by a l i n e a r  m u l t i s t e p  method, Loca l ly ,  t h a t  

numerical s o l u t i o n  w i  11 behave approximately 1 i ke the  1 i near combination 

i n  terms o f  the  roo ts  f j ( h A )  o f  p+ h A6. (A  d e r i v a t i o n  o f  t h i s  was 

given f o r  the  s i n g l e  t e s t  equation ; = A y  i n  Sect ion 9 ( e ) .  For the  more 

general case, the  usual l i n e a r  approximation and d iagona l i za t i on  procedure 

g ives the r e s u l t ,  a t  l e a s t  i n  the  case of a smoothly vary ing  Jacobian 

which i s  d iagonal izable,  and assuming 'f + h A Q has no m u l t i p l e  roots. )  

I n  view o f  the  above, and the  f a c t  t h a t  the  t r u e  s o l u t i o n  i s  decayinq when 

a l l  ~ e ( A j ) d  0, we would want t o  have J t j ( h A i ) J  1 f o r  a l l  i and j 

i n  order  t h a t  t he  numerical s o l u t i o n  a l so  decay ( o r  a t  l e a s t  n o t  grow 

exponential  1.y). That i s ,  we want h Ai E Sa f o r  a1 1 i, where Sa i s  the 

absolute . s t a b i l i t y  region,  i n  order  t o  main ta in  a s t a b l e  numerical behavior. 

While the  above d iscussion i s  i n  the  contex t  of l i n e a r  m u l t i s t e p  methods, 

the  same app l ies  t o  Runge-Kutta and o the r  methods as we l l ,  For any given 

method, w i t h  an a b s o l u t e . s t a b i l i  t , ~  req ion  S, associated w i t h  it, the values 

o f  h f o r  which the  numerical . 
. 

s o l u t i o n  o f  ); = A y  behaves i n  a n  abso lu te ly  



s tab le  manner must s a t i s f y  h h g  Sa, by d e f i n i t i o n .  Then, by the same 

approximation argument as used before, we i n f e r  t h a t  f o r  the general problem 

3 = f (y,t) ,  i n  which the eigenvalues Ai of the Jacobian have R ~ ( A ~ ) <  0, 

s tab le  numerical behavior w i  1 1  be maintained on ly  i f  a1 1 h Ai E Sa. The 

de ta i  1 s o f  t h i s  l a t t e r  step i n  the argument depend- on the partlcul a r  mett~od 
... , 

i n  question, 

Thc d i  s t i  nc t l on  .between stable and ~ ~ n s t a b l e  numerical behavior can be 

shown g raph ica l l y  f o r  a s i ng le  equation. 

The t r ue  so lu t i on  curve behaves 

approximately 1 i ke the s lowly 

decaying exponenti a1 e-t/'t'm?x 

(osc i  11 a to ry  behavior ignored), 

except fo r  a shor t  i n i t i a l ,  . . 

ti.ansicnt p i r i o d  i n  which the 

. ' dominant term i nvo l ves  eot/% m i  n. 

A s tab1 e numerical method w i  11 

generate po in ts  t h a t  f o l l o w  the 

t r ue  so lu t ion  curve we1 1 ,  a t '  l e a s t  

quai i t ' l tat (ve1y.  But an unstable one, i n  which hhi{sa f o r  some i, w i l l  

generate po in ts  t h a t  d iverge from the t r u e  so lu t i on  and diverge i n  an 

unbounded manner as n grows, 

When the problem i s  s t i f f ,  the d i f f i c u l t y  imposed by the requirement 

t h a t  a l l  h h i E  Sa i s  c l e a r  i f  Sa i s  k>-,- ------.,-- --. *.-- 
a - f i n i t e  region, For those.eigen-, Q 

values Xi w i t h  h i gh l y  negative rea l  



parts,  h must be made very small in order t o  force h A i  into Sa,  

An a1 ternate way of s ta t ing the d i f f i cu l ty  i s  t o  refer  aqain to  the 

tlme constantsZj ,  In order to complete the numerical solution of the 

problem eff ic ient ly . ,  a '  reasonable value of the step s i ze  h would be, 
. . 

say, between q a x / 1 6  and ,Cmaxl since this l a r g e s t  time constant governs the 

long-term behavior of the solution. B u t  suppose, for  example, tha t  Sa 

extends only as f a r .  as ~ e ( h  h ) =  -5 i n  the leftward direction, Then the 

s t a b i l i t y  requirement. that  a l l  h Xi€  Sa implies in particular tha t  

Re(-h /emin)  2 -5' , '0r h f 5 z m i n .  Then i f e m a x / e m i i  = 1000, the largest  

value of h allowed '.by absolute s t a b i l i t y  i s  smaller than the smallest value 

allowed by eff ic ienty considerations by a factor  of 1000/5-lo'= 20, Thus for  

such a method, a t  least ,  20 times as many steps will be necessary as would 

seem reasonable on the basis of the actual behavior of the. soiution. If  
. . 

the s t i  ffness r a t i o  i s  1 a'rger, the discrepancy between the two confl ic t ing 

demands 0 n . h  will be larger ,  according t o  tha t  ra t io .  Stiffness ra t ios  as 

large as lo9 are  not uncommon. 

An important b u t  d i f f i c u l t  problem for  the user of ODE methods i s  tha t  

of determining whether a given problem i s  s t i f f  or  not. I t  i s  not general ly  , 

feasible to  compute the Jacobian J and i t s  eigenvalues for  th i s  purpose, 

both because of the expense of th i s  computation and because of the uncertainty 

as to  what values of ( y . t )  a t  which to  compute J .  (The s i tuat ion a t  the 
. . 

i n i t i a l  point (yo ,  to) may not be a t  a l l  indicative of the s i tuat ion l a t e r . )  



One way t o  infer that a problem i s  s t j f f  i s  to use physical intuition in 

relation t o  the system being modeled or described by the ODE. If there i s  

reason to be1 ieve that that system includes one or more very rapidly 

decaying processes a lonq wi t h  slower ones, then the ODE i s  1 i kely to be 

s t i f f  . Unfortunate1 y ,  the converse statement i s  frequent1 y fa1 se: There 

may be no such rapid decay processes inherent in the system on physical 

grounds, b u t  yet the ODE i s  s t i l l  s t i f f .  This can u s u a l l ~  be attributed 

to the way in which the ODE i s  constructed as a mathematical model of the 

physical system, such as in the discretization process of converting a 

partial differential equat,ion to an ODE system. When stiffness i s  not 

apparent from physical or other similar considerations, the only .recourse 

i s  experimental computation on the problem. That i,s, i f  a solution i s  

attempted with a method that i s  unsuitable for s t i f f  problems, and the 

calculation requires much smaller steps that i s  reasonable for the s ~ l u t i o n  

behavior, i t  i s  quite l i k e l y  that the problem i s  s t i f f .  I n  that case, of course, 

a method that - i s  suitable for s t i f f  problems should run much 'more efficiently 

on i t ,  



1'2. Methods f o r  s t i f f  problems 

12. (a)  A-Stabi li ty; Dah lqu is t ' s  Theorem 

From t h e  graphical  i l l u s t r a t i o n  g iven above o f  the  dilemma imposed 

by a f i n i t e  absolute s t a b i l i t y  reg ion  Sa on a s t i f f  problem, i t  should be 

c l e a r  how one might  look  f o r  methods which are  s u i t a b l e  f o r  such problems. 

Namely, methods f o r  which S ,  i s  n o t  f i n i t e  should be sought. More 

s p e c i f i c a l l y ,  a des i rab le  method f o r  t h e  s o l u t i o n  of s t i f f  problems i s  

one f o r  which Sa extends i n f i n i t e l y  f a r  t o  the  l e f t  i n  the  h h  plane, This 

would a1 low values o f ,  h h  t o  be i n  Sa desp i te  the  l a r g e  negat ive value o f  a 

Re(hA 1. 
One simple way t o  s a t i s f y  t h i s  need, and the  way t h a t  f i r s t  arose 

h i s t o r i c a l l y ,  i s  t o  s e l e c t  methods which are  A-stable, i,e. which i nc lude  the  

e n t i r e  l e f t  half-plane {hh  : ~ e ( h  a )  6 0 1  i n  5,. For such methods, t h e  

s t a b i  1 i ty  cond i t i on  t h a t  h Sa f o r  a1 1 eigenvalues havinq Re( )( ) L 0 

i s  au tomat ica l ly  fu1 f i l  led,  and the  s tep s i z e  i s  r e s t r i c t e d  o n l y  by accuracy : 
. . 

consi derat i~qns . 
We have a l ready seen two A-stable methods. One i s  the  i m p l i c i t  Eu ler  

method (Chapter 4 ) ,  and t h e  o ther  i s  the  t rapezo id  r u l e  ( ~ x e r c i s e  6.1). These 

are  a l so  the  i m p l i c i t  Adams methods o f  orders 1 and 2, respect ive ly .  However, 

among the  l i n e a r  m u l t i s t e p  methods, there  are very few o the r  choices o f  

A-stable methods ava i lab le .  The reason f o r  t h i s  i s  g iven i n  t h c  f o l l o w i n g  

theorem, the  r a t h e r  famous theorem of Dahlquist: 



Theorem ( ~ a h l ~ u i s t )  - - : ' A ~ A - s t a b l e  1  i nea r  mu1 t i s t e p  method has order  rf 2. 

O f  those A-stable methods o f  o rder  2, t h e  one w i t h  smal lest  l o c a l  t r u n c a t i o n  

e r r o r  c o e f f i c i e n t  i s  t he  t rapezo id  ru le .  

This says t h a t  w i t h i n  t h e  c lass  o f  l i n e a r  mu1 t i s t e p  methods, the  

search f o r  A-stable methods leads e s s e n t i a l l y  o n l y  t o  t h e  i m p l i c i t  Eu le r  

method and the  t rape iO Id  ru le ,  .th'ese beir ly.  the r ~ a t u r a l  choices f o r  orders 

1 and 2. Outside o f  t h a t  cldss, 1t1e Aas tab l t  methods inc ludc  some o f  the 

imp1 i c i  t Runge-Kutta methods (see Sect ion 8 (d)  ), some composite 1  i n e a r  

m u l t i s t e p  methods (mentioned i n  Sect ion 5 (d)),  and a  few o thers  developed 

recen t l y .  Unfor tunate ly ,  a l l  o f  these methods have c e r t a i n  drawbacks. A t  

the  present  s t a t e  o f  t he  subject ,  they a l l  seem t o  l a c k  the  e f f i c i e n c y  t h a t  

i s  a t t a i n e d  w i t h  t h e  b e t t e r  methods f o r  n o n - s t i f f  problems., n his' i s  due t o  

e i t h e r  t h e  r e s t r i c t i o n  t o  low order, o r  the  problem of s o l v i n g  l a r g e  systems 
, , 

of  imp1 i c i  t equations, o r  o the r  d l  f f i  c u l  t i e s  \ v i  t h  the inipl ementation o f  t he  

i rnethnrlq ,. 

12. (b) S t i f f  s t a b i l i t y  

The c o n d i t i o n  o f  A - s t a b i l  i t y ,  as a  requirement f o r  a  method t o  be 

considered fo r  s t i f f  problems, leads ' t o  d i  sappoint ing1 y few methods. A 

more f r u i t f u l  approach t o  the  sub jec t  was fo l lowed by Gear. I n  t h i s  

approach, ins tead o f  r e q u i r i n u  t h a t  t he  e n t i r e  ha l f -p lace  f le(h ) 50 1 i e  

i n  the  ahsolute s t a b i l i t y  reg ion  Sa, i t  i s  on ly  requ i red  t h a t  a  s u i t a b l y  



l a r g e  p a r t  of i t  1,i.e i n  Sa. ~ ~ e c i f i c a l  l y ,  Gear def ines  a method t o  be 

s t i f f l y  s t a b l e  i f  i t s  Sa inc ludes 

a reg ion  cons is t i ng  of. a rec tang le  

t o  the l e f t  o f  t h e . o r i g i n  together  
I 

w i t h  a half- .plane a d j o i n i n g  t h a t  

t o  the  l e f t  (as shown i n  f igure) .  
I .  

Thus f o r  a s t i . f f l y  s t a b l e  method, values o f  h)r w i t h  Re()q )= 0 w i l l  s t i l l  

belong t o  Sa, no mat ter  how l a r g e  ( R e ( h  ) 1 gets. The on ly  values o f  h which 

can cause an i n s t a b i l i t y  here, b u t  which do n o t  f o r  the  A-stable methods, a re  

those w i t h  s i z a b l e  values o f  I m ( & )  i n  r e l a t i o n  t o  ~ e ( ) (  ), depending on t h e  . 

p a r t i c u l a r  shape o f  Sa i n  the'above f i gu re .  This i s  a r e l a t i v e l y  small 

p r i c e  t o ' p a y  f o r  t h e  ob ta in ing  o f  methods t h a t  t r e a t  s t i f f ,  problems e f f i c i e n t l y .  

If' one now searches t h e  c lass  o f  l i n e a r  mu1 t i s t e p  methods f o r  s t i f f l y  

s t a b l e  methods, the re  are  q u i t e  a few choices ava i lab le .  A l l  of these are 

i m p l i c i t ,  because the  reg ion  Sa f o r  any e x p l i c i t  method can e a s i l y  be shown 

t o  be bounded. Among these choices are  the  methods of Gear (see Sect ion 9 (c ) ) ,  

which are discussed i n '  t h e  next  sect ion. 

( The expl  i c i  t Runge-Kutta methods are  a1 so exc l  uded here, because o f  

t h e i r  f i n i t e  Sa.) 

For any o f  the  s t i f f l y  s tab le  l i n e a r  m u l t i s t e p  methods, the  s t a b i l i t y  

problem i s  taken care of by the  nature  of Sa, i n  the  presence of s t i f f n e s s .  

O f  course, the  method must be examined fo r  consistency, o rder  of accuracy, and 
. . 

s t a b i l i t y  i n  the  l i m i t  o f  small h h  (where s t rong s t a b i l i t y  i s  preferred) .  



I Another important-  cond i t i on  f o r  such a method t o  be useful i s  t h a t  the 

I m p l i c i t  equation be solvable, For i f  t h a t  equation i s  no t  solved f a i r l y  

accurately, the des i rab le  s t a b i l i t y  propert ies, which are. derived f o r  the 

exact so lu t ion  o f  the i m p l i c i t  formula, w i l l  be l os t .  

Suppose we conte'mpla.te t h e  use o f  funct iona l  i t e r a t i o n  f o r  the so lu t i on  

of .  the imp1 i c i  t equa'tibn. R e c a l l  frnrn sect ion 7 (b )  t h a t  t h i s  i t e r a t i v e  

method w i  11 i n  genera l  converge on1 y when (pel h~ 4 1 , where L i s  the 

L i psch i t z  constant f o r  f .  But Sf the problem i s  s1;iT.F. L w i l l  be o f  about 

the same s ize  as max I h f , t h e  la rges t  eigenvalue i n  magnitude, and so w i l l  

he about 1 1 ~ ~ ~  or  greater., Since lao~ i s  general ly  no t  much smaller than 1, 

t h i s  convergence condi ti on reduces to, approximately, the cond i t i on  h < T,;, , 
This i s  j u s t  the k ind  of r e s t r i c t i o n  on step s i z e  t h a t  we are attempting t o  

avoid by se lec t ion.  o f  s t i f f l y  s tab le  methods. We must therefore  conclude 

t h a t  funct iona l  i t e r a t i o n  i s  not  an acceptable,lme.thod ' f o r  'solvi 'ng 'the imp1 i c i t  

equation i n  the case o f  a s t i f f  problem. 

This leaves the various i t e r a t i o n  methods based on Newton's method, i.e. 

the quasi-Newton on chord methods, i s  the l o g i c a l  choice f o r  t r ea t i ng  the 

f m p l i c i t  equation. The chord methods requ i re  the so lu t i on  of a l i n e a r  

system it each i t e r a t i o n .  This introduces a s i g n i f i c a n t  overhead cost  i n  

the implementation a f  the method, as compared t o  funct iona l  i t e ra t i on .  But 

f o r  the general s t i f f  problem there i s  no choice but  t o  p u t  up w i t h  the added 

overhead i n  such a manner. The a l t e r n a t i v e  would be an increase i n  the ' 



number of steps, and thus i n  the  number o f  evaluat ions of f, t h a t  i s  

i n to le rab le .  

12. ( c )   ear's methods 

I n  t h i s  section,.we look  more close1.y a t . t h e  methods of Gear. These 

are 1 i nea r  mu1 t i s t e p .  methods of t h e  form 

I n  terms of t h e  general l i n e a r  m u l t i s t e p  formula, no te  t h a t  K1 = K, 

K2 = 0, and t h a t  o n l y  the  forwardmost value of y, = f(yn, tn),  appears. 

This.  i s  a K-step method, and i s  c l e a r l y  i m p l i c i t .  .There are  K + 1 c o e f f i c i e n t s  . i: 
:,.. 

involved, a n d  t h i s  i s  s u f f i c i e n t  t o  achieve order  K, which i s  what i s  done. , 
* >, ; 

These methods can be viewed as formulas f o r  numerical d i f f e r e n t i a t i o n ,  
, .. 

by w r i t i n g  tX6 = -1 and k 
9n = E L ' '  I . @  p. - 

I n  t h i s  form, they are known as the  Backward D i f f e r e n t i a t i o n  Formulas (BDF) 

o f  , va r in l~s  o r d e n  K-  1, 2, . . . . They are most e a s i l y  der ived b.y w r i t i n a  

the  operator  equat ion 
0 t 3 k~ = = ~ b ~ ( ~ ~ )  = v +e + n, ... c 3 

i n  terms of the  operators O, E, and O g i v e n  by 

(see Sect ion 9 ( c ) ) .  By app ly ing  hD t o  y ( t n )  we have the  i n f i n i t e  ser ies  
. . . . 

formu 1 a 



By t runca t ing  t h i s  ser ies  t o  K terms, and w r i t i n g  yn for  y ( t n )  and in f o r  

;( tn) , we ob ta ln  

This i s  a restatement o f  , the ~ t h  order Gear formula i n  terms o f  backward 

di f ferences,  since t h e v j y n  are 1 lnear  co~u~binations of y, ,  y,,-1. . . . ; Yn-,(. 

As viewed i n  the above tcrms, the l oca l  t runcat ion e r ro r  i n  the 

formula can be approximated by the f i r s t  'neglected term, 

S i n c e v i s  approxihated by h D  t o  f i r s t  order, vK+lyn i s approximated by 

K+-1 ( # + I )  h y , . .  .. , ( t  ) wl.thdn--termS:oF!f?dgher~orderrtin h i  ..1fb:we then mul t ip ly . through 
n 

by a, t o  pu t  the formula i n  i t s  standard form,',then the loca l  t runcat ion 

e r ro r ,  defined as 

can be approximated as 

K+ I. 
w i t h i n  t e n s  t h a t  are O(hK+l). This again shows t h a t  the order o f  the method 

i s  K, 

The value o f  /$,"canbe seen by conIparing the two d i f f e r e n t  f o h u l e t i o n s  

of the same method: K 

'+$kt = 4 P* 
The c o e f f i c i e n t  o f  yn in '  the middle member above i s  1 + 112 + 1/3 + . . . + 1/K. 

and so (using = -1) 

A - 



The key t o  the  success o f  these methods, as a l ready  s ta ted ,  i s  t h e i r  s t i f f  

s t a b i l i t y .  Before l ook ing  a t  the  ac tua l  absolute s t a b i l i t y  regions f o r  t he  

methods, we can g i ve  a  h e u r i s t i c  argument f o r  s e l e c t i n g  them, on t h e  bas is  of 

a  need fo r '  s t i f f  s t a b i l i t y .  consider  a  general i m p b i c i t  l i n e a r  mu1 t i s t e p  

method, w i t h  i t s  associated polynomials Q and Q , and r o o t s  Fj (h  ) of P + h  A b  
When s o l v i n g  a  s t i f f  problem, - w i t h  a  value o f  h  t h a t  i s  comp'arable t o  the  

l a r g e r  . t ime constants o f  the  problem, we know t h a t  f o r  some eigenvalue A o f  

the Jacobian, h)q has a  h i g h l y  negat ive  r e a l  p a r t .  We want ' o u r  method t o  

have an Sa t h a t  conta ins such h A  . We can t h i n k  o f  h X  as l y i n g  

near the  "po in t "  a t  -oe , meaning t h a t  i t  i s  i n d e f i n i t e l y  f a r ' t o  t h e  l e f t  

i n  the  hA plane. Thus we can approximate f j  ( h  A )  by kj ( -  oo ) , the  1  i m i t i n g  

values o f  the  r o o t s  as hX+-00. These 1  i m i t s  a c t u a l l y  e x i s t ;  and a re  g iven 

by ' the roo ts  o f  tT( 5 ) .  Th is  i s  because when ) h a 1  i s  l a rge ,  the  i n  

p + h h ~  can be neglected, l eav ing  o n l y  h h ~  ( 6 )  , which has the  same 

roo ts  as r ( 5  ) .  h hi s  reason1 ng i s  on l y  h e u r i s t i c  , b u t  can be made r i  gorous . ) 
She polynomial @ ( f  ) f o r  Gear's method o f  order K i s  s~iill~ly , 

and a l l  the roo ts  o f  t h i s  are zero, 

Roots which are zero are the  bes t  one can hope f o r ,  as t h i s  means t h a t ,  i n  

the  l i m i t ,  t he re  i s  - no propagation of any pe r tu rba t i ons  i n  the  ca l cu la ted  

values. The i d e a l i z e d  p o i n t  -60 i s  u s u a l l y  c a l l e d  s imply " the p o i n t  a t  

i n f i n i t y . "  The same l i m i t i n g  values tj = 0 are  obta ined no . .  mat te r  . how l h h l  



becomes a r b i t r a r i l y  large .  Since the  region Sa ;for the  method is  defined 

as  the  s e t  of a l l  h)r f o r  which a l l  i k j ( h  h ) 1 g I , we see t h a t  the point 

stoolies well within Sa. This statement can be taken t o  mean t ha t  Sa 

contains a1 1 points outs ide  of some f i n i t e  c i r c l e . .  T h u s ,  whatever e l s e  Sa 

contains,  i t  contains points t h a t  a re  a r b i t r a r i l y  d i s t an t  from the o r ig in  

i n  any d i rec t ion .  This i s  an indication (but  not a proof) t ha t  i t  wil l  

s a t i s f y  the  condition of s t i f f  s t a b i l i t y .  

In actual  f a c t  t h e  regions S, f o r  various K have been p lo t ted  qu i te  

accurately.  ' They a re  shown on 

pp 215-216 in  the t e x t . ,  In a 

typical  case ,  the  region consis ts  

of a l l  the points outs ide  a 

ce r t a in  f i n i t e  closed curve, as in the  

f igure .  In the l e f t  half-plane,  

which we a re  primarily concerned w i t h ,  the closed curve has 'two lobes,  appearing 

symmetrically about the  ho,rizontal axis .  For K = 1 ,  2 ,  . . . , 6 these lobes 

come fu r the r  and fu r the r  t o  the  l e f t .  For K > 6 ,  they cross each o ther ,  and 

in  doing so remove par t  of the  real  'axis from Sa. This makes the  methods no 

longer s t i f f l y  s t a b l e ,  and so  those values of K a re  r ~ o L  generally used. For 

1 6  K 5 6 ,  the  methods are  s t i f f l y  s t a b l e ,  as can be s e e n  from t h e  plots  of Sa. 
. . 

These methods a re  implemented i n  the  ( r a the r  lengthy) program l i s t e d  in  

the  t e x t ,  on pp 158-166. They a re  a l so  implemented in  a heavily modified 
. . 



vers ion  of the  program i n  the  t e x t ,  a v a i l a b l e  i n  t h e  r e p o r t  UCID-30001 , 

Rev. 2. * I n .  bo th  programs, the  p r i n c i p a l  fea tures  i nc lude  the  f o l  1  owing: 

Gear's methods o f  orders K  = 1  , 2, . . . , 6 
(K = 1, 2, . .. , 5 i n  the mod i f ied  vers ion) ;  

The i m p l i c i t  Adams methods as an opt ion ,  o f  

orders K = 1, 2, ..., 7 ( K  = 1, 2, ..., 12 i n  

the  mod i f ied  vers ion)  ; 

The Hordsieck, h i s t o r y  f o r  s torage o f  p a s t '  

va l  ues ; 

The chord method o r  f u n c t i o n a l  i t e r a t i o n  as 

op t ions  f o r  - s o l u t i o n  o f  t he  i m p l i c i t  equat ion; 

Automati'c s ta r tup ;  

'0 Automatic change o f .  s tep  s i z e  and order  based 

on est imated l o c a l  t r u n c a t i o n  e r r o r .  
. . 

Another s i g n i f i c a n t  f ea tu re  o f  these two prog'rams i s  t he  way i n  which 

a  change o f  s tep  s i z e  h  i s  accomplished. When' t he  value i s  h a t  a  g iven step, 

and the subsequent steps a re  t o  .be done w i t h  a  d i f f e r e n t  value h '  , the  program 
. . 

e f f e c t i v e l y  i n t e r p o l a t e s , u s i n g  the data w i t h  a spacing o f  h, t o  approximate 

the  needed data w i t h  a  spacing o f  h '  . This process can a c t u a l l y  be a source 

o f  i n s t a b i l i t y ,  s ince the  t h e o r e t i c a l  p rope r t i es  o f  the  methods used a re  

der ived on the  bas is  o f  a  f i x e d  value o f  h. This  i n s t a b i  1  i ty does n o t  a r i s e  

i.f, when running a t  order  K, h  i s  n o t  changed f o r  a t  l e a s t  K  consecut ive steps. 

*A. C. Hindmarsh, "GEAR: Ordinary D i f f e r e n t i a l  Equat ion System Solver  ," 

UCID-30001, Rev. 2, August 1972. 



But  changes i n  h may be forced t o  occur, f o r  example by a f a i l u r e  t o  pass 

the  e r r o r  t e s t ,  more f r e q u e n t l y  than t h a t .  To the  e x t e n t  t h a t  t h i s  happens, 

t h e r e  i s  a p o t e n t i a l  f o r  uns tab le  behavior .  

12. (d)  The L in iger-Wi 1 loughby methods* 

The problem o f .  s t i  f f ness  can a r i s e  i n  many p r a c t i c a l  problems. The 

s i zes  (numbers o f  equat ions i n  the system) can vary from many thousands 

a1 1 the  way down t o  one. O f  course, f o r  t he  l a r g e r  s izes,  spec ia l  techniques, 

such as sparse m a t r i x  methods, must be brought i n t o  use, i n  o rder  t o  implement 

t h e  appropr' iate k inds  o f  ODE methods. 

To i l l u s t r a t e  the  occurrence o f  s t i f f  problems i n  p rac t i ce ,  t he  f o l l o w i n g  
. . 

a re  t h r e e  problems, which a r e ' r e w c i t t e n  i n  a neater  and more. a b s t r a c t  form 

than when o r i g i n a l  l y  posed, b u t  'which arose from r e a l  i s t i c  engineer ing 

s i t u a t i o n s .  . . 

1 )  The percentage o f  dela.yed neutrons i n  a r e a c t o r  i s  governed by a system 

such  as t h e  f o l l o w i n g :  . . 

*This l e c t u r e  was g iven by Ralph A. Wil loughby o f  I.B.M. i n  Yorktown Heights, 

New York. Most o f  t he  ma te r ia l  can be found i n  W.  L i n i g e r  and R. A. Wil loughby, 

" E f f i c i e n t  I n t e g r a t i o n  ~ e t h o d s  f o r  S t i f f  systems o f  Ordimary ~ i f f e r e n t i a l  
. . 

Equat ions ," SIAM 3 .  on Numerical Analys is ,  Vol . 7 (1  970) pp 47-66. 
. . . . .  



Here t h e .  9 t term represents t he  p u l l  i n g  o u t  o f  a c o n t r o l  r o d  from t h e  

reac to r ,  which goes from s u b c r i t i c a l  t o  c r i t i c a l ,  and s l i g h t l y  s u p e r c r i t i c a l .  

The complete problem invo l ves  c o n t r o l  1 i n g  the  parameter a so a s  t o  c o n t r o l  

t he  supe rc r i  t i  ca l  i ty t o  s t a y  below acceptable levels .  When t h i s  problem 
, . 

was attempted w i t h  t h e  Runge-Kutta method, i t  was found t h a t  s tep  s i z e s  t h a t  

seemed reasonable were always t o o  1 arge t o  . g i v e  . acceptable answers. 
. . 

( 2 )  A problem i n  enzyme k i n e t i c s  can be pu t  i n t o  t he  fo l l ow ing  

form: 

t =o, e;grnvtluc+ - , 9 e l o g 3 ,  -11. 
, , 

The ODE f o r  u shows an exponent ia l  -1 i ke behavior  common t o  most o f  these 

problems. However, here the  r e l e v a n t  c o e f f i c i e n t  v + w i s  'not a constant ,  

b u t  v a r i e s  w i t h  t h e  s o l u t i o n  o f  t he  complete problem. I n  t h i s  case, t h e  

problem i t s e l f  has an . ' i n s t a b i l i t y ,  i n  t h a t  a s i n g l e  inaccura te  t ime s tep  

can lead i n t o  another s o l u t i o n  reg ion  and so t o  d r a s t i c a l l y  i n c o r r e c t  f i n a l  

answers. 



( 3 )  The tunnel df ode, shown schematically here, i s  governed by an equation 
, . .  

of.  the form R 

The equilibrium solutions of th i s  eqiration correspond, to  s table  s t a t e s  of the 

diode. There are typically three of these,  of which two are s table  and one 

i s  unstable. These dr-t! stsown as thc intcrsect isns  of t h e  curve i = f ( v )  and 

the l ine  i = (E-v) /R,  * 
L A  

the "load l ine."  The 

unstable s t a t e  I s  the 

intersection in the middle, 
I ) v  where the cllrve has a 

negative slope. I t  has the properties of a saddle polnt. T h i s  prnoblcm 

exhibits what i s  called "bi .s tabi l i ty ,"  in that  s ta r t ing  values on one s ide 

o f  a certain curve (cal led the separatr ix)  lead t o  ufle rquil ibrium s t a t e ,  

and s ta r t ing  values on the other s ide lead to  the other equilibrium s t a t e .  

When problems such as these a r i se ,  and i t  i s  found tha t  they pose 

difficulties in the i r  numerical solutlon, i t  i s  riot a good Idea j u s l  t o  work 

out clever techniques ta i lored to  the part icular  problem to - g e t  answers fo r  

tha t  problem. What i s  needed i s  the development of methods which can 
. . . .  . .. 



e f f e c t i . v e l y  handle- whole classes o f  problems, o f  which the  above a re  o n l y  
. . 

examples. Therefore, i n  what f o l l ows ,  we d iscuss general methods f o r  t he  

c lass  , o f  s t i f f  problems. .. . . 

Wri t e  the  given:' ODE' as* 
. , . . 

= F (x ) ,  

where x, i ,  and F a r e  vectors,  and x = dx/dt .  We omi t  any. e x p l i c i t  

dependence on. t ime t i n  the '  r igh t -hand s ide  f u n c t i o n  F, because i n c l u d i n g  

i t  does n o t  add any i n s i g h t  i n t o  t h e  na tu re  of s t i f f n e s s  o r  how t o  deal w i t h  

i t . Problems which have t h i s  form ( i  .e. have t o  e x p l i c i t  dependence on t h e  

independent va r i ab le )  are c a l l e d  antonomous. We note  t h a t  f o r  t h i s  ODE we 

can w r i t e  the  second d e r i v a t i v e ,  
.D 

x = J ( x )  F(x ) ,  

where J i s  the  Jacobian o f  t he  problem, 

The methods of L in i ,ger  and Willoughby, i n  t h e i r  simplest. fnrm, are  basc 

on the  idea o f  us ing  a weighted average of t he  forward and backward Eu ler  

methods. The formula f o r  t he  methods t o  be considered i n i t i a l l y  i s  the  

fo l l ow ing ,  f o r  the  s tep  from tn t o  tn+, = tn + h:  

0 = xi,+I - h ( I - - )  iH+l - (x, + h & i n ) -  
1  

Here p i s  a  constant  'which i s  constra ined by 0 f p 5 

*The n o t a t i o n  used i n  t h i s  sec t i on  d i f f e r s  s l i g h t l y  f r o m  t h a t  used elsewhere, 

b u t  i s  se l f - cons i s ten t .  



This  formula i s  i m p l i c i t  f o r  any value o f  t h e  constant  a, because o f  the 

term = F . ( X ~ + ~ ) .  The p r i c e  o f  s o l v i n g  such i m p l i c i t  equations seems 

t o  be unavoidable 4:f s t i f f  systems are t o  be solved e f f i c i e n t l y .  We t r e a t  

t h i s  i m p l i c i t  equat ion as a general non l i nea r  a lgebra ic  problem, and we 

so lve  i t  by Newton's method.   his means' t h a t  the  equat ion i s  l i n e a r i z e d  

w i t h  respect  t o  x, and changeshx i n  x are  made according t o  

( J - M T ) A X  = -o (G(x ) .  
Here o( i s  the  s c a l a r  

I 
5 = -.-.-il- 

h ( ~ - / u )  
The f u n c t i o n  G represents the  res idua l  amount by which x f a i l s '  t o  s a t i s f y  

t h e  g iven formula. I f  x ~ + ~  ( k )  i s  the  kth i t e r a t e d  approximation t o  x,+~, 

then G i s  given by 
* (k) 

. . 
I k )  G(X:;)) = X ,  t / ~ h i .  + [ ~ - / u ) h ~ , , + ,  - x h p ,  , 

* ( k )  - t= [ x.::!, x,bl+, = 
The c l a s s i c a l  way o f  ' s o l v i n g  i m p l i c i t  formulas such as t h i s .  was s imply 

t o  take A x  t o  be G(xj ,  which means t a k i n g  

The t r o u b l e  i s  t h a t  t h i s  i t e r a t i o n  f a i l s  t o  converge f o r  s t i f f  problems, 

because 3 i s  somehow too  la rge .  I n  the  Newton i t e r a t i o n s ,  we d l v l d e  by 

J - q I ,  and t h i s  tends t o  e l im ina te  exac t l y  those e r r o r s  i n  x t h a t  caused 

t h e  convergence f a i  1 ures before.  



I n  s o l v i n g  general problems, we can always t h i n k  o f  t h e  s imple problem 

= - x as a  model. Here the  t r u e  s o l  u t u i o n  s a t i s f i e s  

We take Re( h )  3 0 ,  so t h a t  t he  s o l u t i o n  i s  decaying. ( ~ e r e , A  represents 

the  negat ive o f  a n  eigenvalue i n  t he  general problem.) What t he  method 

a c t u a l l y  g ives f o r  t h i s  problem i s  

The f u n c t i o n  R t he re fo re  represents a  r a t i o n a l  approximation ' to the  func t ion . .  

e q .  I t  has the  des i rab le  proper ty  t h a t  R (41 f o r  Re(q) 7 0, which means 

t h a t  the  computed so lu t i ons  decay w i t h  n. However, except f o r 4  = 0, R 

does n o t  have the  proper ty  

)RI-0 4 s  ReCe)--*a, 

which i s  a l so  des i rab le  bcca~use i t  makes the  decay ra,Le o f  the  computed 

s o l u t i o n s  behave l i k e  t h a t  o f  the  t r u e  s o l u t i o n  (namely very r a p i d )  when 

Re(q) i s  l a rge .  The spec ia l  case p - 0 'does g i v e  Chis proper ty ,  and t h i s  

corresponds t o  t h e .  backward Eu le r  method. 

A t  t h i s  p o i n t  the idea o f  exponent ia l  f i t t i n g  comes i n .  The value o f  

p ,  which we are f r e e  t o  choose, can be chosen on t h e  bas is  o f  t he  value o f  

q, so as t o  make the  value o f  R j u s t  what i t  should be. More s p e c i f i c a l l y ,  

i f  we knew a  r e a l  value o f  q = h h  , o r  a  good approximation t o  it, then we 

can c l e a r l y  so lve f o r  a  value o f  p t h a t  makes 



When th i s  i s  done, the computed solution will decay in a manner tha t  agrees 

- A t  very well with tha t  of the solution e . We can regard the case j~ = 0 as 

tha t  of f i t t i n g  a t  q = w . 
Another value of p tha t  has special significance i s  f i  = i. This gives 

the trapezoid ru le ,  which i s  a second order method, and i t  corresponds to  

f i t t i n g  R to  e-q a t  q = 0 t o  second order. A1 1 other values of p give 

methods t h a t  behave l ike  the Euler methods in the l imit  of small q, in tha t  
I they are only o f  order 1 .  B u l  l l ~ a  LIIU- i  ce )r 7 causes a problcm for large 

q tha t  i s  l ike  the Gibb's phenomenon in Fourier analysis. We see tha t  

R l g , i ) * - I  as 2 - r - 9  
and the value -1 means tha t  perturbations i n  the solution tend to  remain 

undamped and to osc i l l a t e  i n  sign. These perturbations have to  be f i l t e r e d  

out in some way in order to  get accurate answers. 

In the above exponential f i t t i n g  process, the formula allows fo r  a f i t  

f o r  any given real value o f  q. B u t  in prdclice, the eigenval ues -A can be 

complex. Sn we consider the possibi1it.y of f i t t i n g  the formula to  a given 

complex constant q .  U'nfortunately, t h i s  i s  not possible with these formulas 

fo r  any real coefficient p. A natural extension of  the sdllle basic idea 

which does make th i s  possible i s  to  use second derivative terms i n  the 

formula. This i s  not as 'd i f f icu l t  as i t  may seem, because k' = JF, and J 

i s  already required for  the Newton i te ra t ion .  With terms, the Newton 

i te ra t ion  will then involve a matrix which i s  quadratic in J rather than 

1 i near. 



The expanded formula i.n i t s  general form i s  

where a  and b  a re  two f r e e  constants. This  can be regarded as a  weighted 

average o f  t he  two formulas go t ten  by w r i t i n g  Tay lor  se r i es  forward f rom tn 

3 t o  tn+l and backward f rom tn+l t o  tn, and neg lec t i ng  terms t h a t  a re  O(h ).  

For the  s imple equat ion ;( = - x, we f i n d  t h a t  

One spec ia l ' case  o f  i n t e r e s t  i s  t h a t  w i t h  a  = O . ,  b = 113. .The 

resu l  ti ng formula, 

i s  an extension o f  t he  t rapezo id  r u l e  t o  terms. I t  has an R of 

which i s  t he  second diagonal pad6 approximation t o  e-q. However, we see 

t h a t  as q+-, we ge t  a  l i m i t i n g  value o f  1 f o r  R. This  means t h a t  

pe r tu rba t i ons  remain undamped and o f  constant  sign. This  i s  even worse than 

w i t h  the t rapezo id  r u l e ,  because these pu r tu rba t i ons  cannot be f i l t e r e d  out .  



One s o l u t i o n  t o  t h i s  d i f f i c u l t y  i s  t o  take b = a, 0, so t h a t  R 

reduces t o  

. . 

NOW R 4  as q + Oo , and the  damping p roper t i es  a r e  as desired. 

For o s c i l l a t o r y  problems we want t o  consider  pure imaginary values o f  

q. 'we f i ~ i d  t h a t  t h c  c h o i c o  a = D makes t h e  two c o e f f i c i c n ~ s  o f  q2 equal 

i n  t h e  numerator and denominator o f  R, and so makes 1 R)= 1 f o r  any pure 

imaginary q. 

A l l  o f  these spec ia l  cases a re  examples o f  exponential  f i t t i n g  w i t h  t.he 

general formula, by appropr ia te  choices o f  t h e  f r e e  parameters. I f  b i s  

f i x e d ,  or constra ined by b = a, f o r  example, the  choice o f  a may be made t o  

s a t i s f y  R = e'q f o r  a g iven r e a l  value o f  q. I f  a and b are  both l e f t  f ree ,  

they can be chosen t o  make R = eeq for two d i s t i n c t  r e a l  values o t  g, o r  

f o r  two c ~ m p l e x  conjugate nonreal values. The reac to r  problem (1) g iven 

i a t  the  beginning of t he  s e c t i o n  was solved by l e t t i n g  b = and choosing 

a t o  match the  l a r g e r  eigenvalue (-60), w i t h  a step s i z e  o f  5. The 

corresponding value o f  q i s  30U. 

There i s '  a d i f f i c u l t  t ask  i n  the  con t ro l  o f  e r r o r s  f o r  these s t i f f  

problems. This i s  because there  i s  a h igh  degree o f  c a n c e l l a t i o n  o f  terms 

i n  the  eva lua t ion  o f  F. There does n o t  seem t o  have been a decent study made 

of t h i s  d i f f i c u l t y .  , 

. . 



. . 

,- The Newton i t e r a t i o n  f o r  the  formula w i t h  z '  terms present 1  eads to ,  

2 as s ta ted  e a r l i e r ,  a  m a t r i x  i n v o l v i n g  J as w e l l  as J. B y , f a c t o r i n g  t h i s  

quadra t ic  i n  J, the  l i n e a r  system prob1em.there can be rephrased as one 

of so l v ing  a  system of the  same form as before  

( J - M Z ) A X  = - N G ,  
b u t  where & i s  complex, and the  imaginary p a r t  o f  A x  i s  what i s  needed. 

. . 
2 Th is  e l  iminates 'the need t o  form J . 

, . I t  should be emphasized t h a t  a1 1  o f  t he  formulas discussed here a re  ' 

.. 

one-step formulas. This i s  an advantage i n  t h a t  e r r o r s  i n  pas t  values, 

do no t  a f f e c t  t he  behavior o f  the c a l c u l a t i o n  on the c u r r e n t  step, as i s  

the  case w i t h  p a r a s i t i c  roo ts  i n  a  m u l t i s t e p  method. On the  o the r  hand, 

t h e  one-step nature  o f  t he  methods prevents them from a t t a i n i n g  h i g h  

orders o f  accuracy, which are o f t e n  des i rab le .  

The parameters a  and b  are n o t  e n t i r e l y  f ree  i f  c e r t a i n  s t a b i l i t y  and 

accuracy cond i t i ons  are imp~sed.  The cond i t i on  o f  A .s tsb i1 i i . y  ( ( ~ 1 < 1  f o r  

Re(q)> O), f o r  example ,* imposes the  cond i t ions  a>O, b  PO, and f o r  any 

such values the  formula i s  i n  f a c t  A-stable. Other cons t ra in ts  a r i s e  i f  

t h e  l o c a l  t runca t ion  e r r o r  i s  examined. For example, i t  i s  des i rab le  t o  

have b' 2 a and a L 1 .  

A v a r i a t i o n  on the  bas ic  idea presented here i s  t o  use more than one, 
. . 

vers ion  o f  t he  formula on each step and use the  r e s u l t i n g  computed values t o  

e l  l m i  nate ' the e r r o r s  i n  .any, o f  them. This i s  t h e  same approach as taken i n  

ex t rapo la t i on  methods, . . .  except t h a t  here h  i s  n o t  made s m a l l e r a n d  smal le r .  

We simply use each o f  a  small c o l l e c t i o n  o f  p a i r s  (a,b), and take an 



approp r ia te  l i n e a r  combinat ion o f  t h e  several  computed values x ~ + ~ .  This 

approach was s tud ied  by L i n i g e r  and Odeh. 

A f u r t h e r  v a r i a t i o n  o f  t h e  formula i s  one being explored by W. Enr igh t ,  

i n  which f u r t h e r  terms are  added. S p e c i f i c a l l y  t he  formula 4 s  

~ , + t  = x* + k ( p e k + l  +fi iw+  - - -  + P ~ ~ ~ + ~ - K  I 
+ L: Yo f ,+; 

No t i ce  t h a t  t h i s  i s  a K-step formula, so t h a t  h igher  orders a re  poss ib le .  

the f r e e  c o e f f i c i e n t s  above can a l s o  be chosen on the  bas i s  o f  stability. 

I n  p a r t i c u l a r ,  i t  i q  r e l a t i v e l y  easy t o  a t t a i n  the  c o n d i t i o n  o f  s t i f f  s t a b i l i t y  

(see s e c t i o n  (b )  above). Th is  p roper ty  i s  n e a r l y  as a t t r a t i c e  as A - s t a b i l i t y ,  

even if there  are  r a p i d  osc i  11 a t i o n s  , s ince the  absolute s t a b i  1 i t y  regions 

go s u f f i c i e n t l y  f a r  o u t  a long the  ' imaginary a x i s  (e.g, t o  about t 2 i  ) .  

With a proper choice o f  t h e  and Yo, t h i s  method can be'  made t u  behave 

1 i ke the  Adams methods f o r  smal l  q, i .e. t o  have as h igh  an o rde r  as r~eeded. 

A t  t he  same tirne; 'it behaves l i k e  the  baekward Eu lc r  method a t  q = Oo, 

because o n l y  the forwardmost second d e r i v a t i v e  term, ;n+l , i s  present. This 

has the  d e s i r a b l e  e f f e c t  o f  producing the  c o r r e c t  damping f o r  l a r g e  values o f  

Re(q) 

Again the  i d e a  of exponent ia l  f i t t i n g  can be brough i n .  Ins tead o f  us ing  
. . 

. . 

f l x e d  values ul' t he  c o e f f l c l e n t s ,  l t~ey can be c h o s ~ n  so as t o  fit;qiven ( o r  

est imated)  values o f  e-q. 

We c lose  t h i s  sec t i on  w i t h  two comments about the  way t h a t  bas i c  methods 

are. implemented. These app ly  t o  d i s c r e t e  ODE methods i n  general , n o t  j u s t  t he  

ones o f  t h i s  sec t ion .  



F i r s t ,  when a  g iven method i s  accompanied by an est imate o f  t he  l o c a l  

e r r o r ,  i t  i s  - n o t  always h e l p f u l  t o  add t h i s  e r r o r  est imate i n t o  the  . 

ca l cu la ted  r e s u l t .  This  seems con t rad i c to ry ,  because such an a d d i t i o n  would 

appear t o  g i v e  more accurate answers. The t r o u b l e  i s  t ha t ,  e s p e c i a l l y  

w i t h  s t i f f  problems, t h i s  can des t roy  the  s t a b i l i t y  p rope r t i es  o f  t h e  o r i g i n a l  

method. We can, however, do t h i s  a d d i t i o n  t o  ge t  values used fo r  ou tpu t ,  

as l ong  as those values are n o t  a l s o  used i n  the  subsequent c a l c u l a t i o n  w i t h  

the method. 

A second comment concerns the  use o f  d i f f e r e n t  methods on the d i f f e r e n t  

components ' ii = Fi o f  the ODE system. This i s  sometimes done t o  t h e  e x t e n t  

o f  a l l ow ing  a  method o f  a  d i f f e r e n t  o rder  on each component. I n  a  general 

purpose ODE so l ve r ,  i t  i s  very  d i f f i c u l t  t o  do t h i s  i n  a  way t h a t  g ives 

meaningful answers a s . e f f i . c i e n t l y  as i s  done w i t h  the  same method f o r  a l l  

components. 



Summary Remarks 

A wide v a r i e t y '  o f  methods, f o r  the  numerical s o l u t i o n  o f  t he  i n i t i a l  

va lue problem f o r  ODE systems, has been discussed here. I n  add i t i on ,  

something o f  the v a r i e t y  o f  ODE problems t h a t  occur has been. i nd i ca ted .  

I n  t h e  face o f  t h i s  g r e a t  v a r i e t y ,  i t  would be I d e a l  i f  - one. method wcre 

b e s t  f o r  a1 1 problems. That, o f  course, i s  f a r  f rom beirry t he  case. 

Lowering our  i d e a l s  somewtldt, we mlght  a t  l c a s t  hope t h a t  f o r  any given 

problem, i t  i s  obvious which method' i s  t h e  b e s t  f o r  s o l v i n g  it. Unfor tunate ly ,  

t h a t  i s  a l s o  no t  t he  case. But 111 s p i t e  o f  l t ~ i s ,  ther-e arc  a few general 

statements t h a t  seem t o  h o l d  t r u e  , f o r  the most p a r l ,  i n  the  ma t t c r  o f  

choosing the  bes t  method f o r  a g iven problem. These comments appear i n  

Chapter 12 o f  t he  t e x t .  

( 1  ) T r i v i a l  problems. Here we consider  problems t h a t  a re  smal l  i n  

s i ze ,  s imple ( i n  terms o f  t he  complexi ty  o f  f), and i n v o l v e  no spec ia l  

d i f f i c u l t i e s  such as s t i f f n e s s .  For such problems, human t ime i s  a more 

impor tan t  cons ide ra t i on  than computer t ime.  . Therefore, one should use 

whatever method o r  program i s  r e a d i l y  a v a i l a b l e  and easy t o  use. A l a r g e  
. .. 

s o p h i s t i c a t e d  package i s  n o t  c a l l e d  f o r  here. 

( 2 )  Smooth n o n - s t i f f  problems. For  a problem o f  t h i s  type, assuming 

t h a t  s i z e  o r .  complexi ty  removes i t  from the  group o f  t r i v i a l  problems, 

computat ional e f f i c i e n c y  i s  a major cons idera t ion .  I n  t h i s  regard, the  

B u l l  rsch-Stoer ( r a t i o n a l  ex t rapo l  a t i o n )  and var ious  1 i n e a r  mu1 t i s t e p  methods 

a re  considered bes t .  O f  t he  l a t t e r ,  t h e  Adams-Moulton methods are  probably 



- the  most e f f e c t i v e .  ' I f  ' t h e  s i z e  o f  the  problem, N, i s  la rge ,  then t h e  

1  Inea r  mu1 t i s t e p  methods o f  h igh  order  a re  t o  be discouraged; because o f '  t h e  

storage problem. If the  expense o f  f i s  la rge ,  then i t  i s  bes t  t o  use an 

implementat ion o f  e i t h e r  t h e  Bu l i rsch-Stoer  o r  a  group o f  l i n e a r  m u l t i s t e p  
, . 

methods which a l lows bo th  the  s tep  s i z e  and the  o rde r  t o  change dynamical ly  

under some automatic c o n t r o l  a lgor i thm.  

( 3 )  Problems w i t h  d i s c o n t i n u i t i e s .  F o r .  these problems, one should 

avo id  mu1 t i s t e p  methods, unless the  problem i s  r e s t a r t e d  a t  each d i s c o n t i n u i t y .  

I f  the  d i s c o n t i n u i t i e s  are bo th  f requent  and s izab le ,  i t  i s  b e t t e r  t o  use 

a  one-step method instead,  and fo rce  the  d i s c o n t i n u i t i e s  t o  f a l l  on mesh 

p o i n t s  i f  t h e  order  o f  the method i s  h igher  than t h a t  o f  t he  d i s c o n t i n u i t y .  

The Bu l i rsch-Stoer  and e x p l i c i t  Runge-Kutta methods a re  good choices here. 

( 4 )  S t i f f  problems. The methods o f  Gear a re  a  good choice i n  general 

here. However, i f  the re  are f requent  and s i zab le  d i s c o n t i n u i t i e s ,  o the r  

methods should be considered, such as the  L in ige r -Wi l  loughby o r  imp1 i c i  t 

Runge-Kutta methods, a l though they may be d i f f i c u l t  t o  use i n  a  general 

s e t t i n g .  

Some va luab le  i n fo rma t ion  on the  matching o f  the  bes t  methods t o  g iven 

problems i s  prov ided i n  the r e s u l t s  o f  comparative t e s t i n g  t h a t  has been 

done w i t h  ODE solvers.  One such se r ies  o f  t e s t s  was done by H u l l  e t  a1 .* 
They tes ted  a  group o f  programs, i n  which the  Runge-Kutta, Adams, and 

*T.E. H u l l ,  W.H. En r igh t ,  B.M. Fe l len ,  and A.E. Sedgwick, "Comparing ~ u m e r i c a l  

Methods . f o r  . Ord inary D i f f e r e n t i a l  Equations," SIAM J. on Numerical Analys is ,  

Vol . 9, No. 4 (December 19/2),  pp 603-637. 



Bul irsch-Stoer methods were used, on a group of init ial  value 'problems. 

The tests ignored difficulties caused by discontinuities, stlffness or 

startup (for mu1 t i  step methods). The major conclusions of this project 

were summarized as fol 1 ows : 

' I  One concl usi o,n i s  t h a t  the best general -purpose methods for nonsti f f  

systems without discontinuities, and wlthout considering any special startiny 

difficult ies,  must be varidble-order methods. A second conclusion i s  t h a t ,  

i f  function evaluations are not very costly, the best method of those tested 

i s  one due t o  Bul irsch and Stoer; however, when function  valuations are 
' I 

re1 a t i  vely expensive, variab le-order rnelhods based on Adams fnrmul as are 

best. The overhead costs are lower for ,  the method of ~ul i r sch  and Stoer, 

b u t  the Adems methods. require cons1 derably fewer function eva1,uati ons. Krogh 's  
. . 

implementation of a variable-order Adams method i s  the best of those tested, 

b u t  one due t o  Gear i s  also very yuod. Our third conC11lsior1 i s  t h a t  Runge- 

Kutta methods are n o t  competitive in general, although fourth or f i f th  order . . 

methods of this type are best for restricted classes of problems in which 

function evaluations are not very expensive and accuracy requirements are 

not very stringent. Thebe conclusions appear t o  hold uniformly over a wide 
. . 

variety of prsbl ems'." . . 

A consideration t h a t  these statements tend to neglect I s  the consider- 
. . 

ation of  w h a t  programs for ODE'S are available. Ideally, a user should have 

available a large battery of good programs, representing all method classes. 

Then once a meth~d i s  chosen, i t  i s  n o t  necessary to program i t ,  b u t  just t o  



use the  appropr ia te  code. Few i f  any i n s t a l l a t i o n s  are  i n  t h a t  good a  

p o s i t i o n ,  a l though a t  LLL we do have codes represent ing  most method classes. 

An e n c o u r a g i n g s t a t ~ m e n t  on t h i s  p o i n t  t h a t  appears i n  the a r t i c l e  quoted 

above i s  t he  f o l l o w i n g : . " I f  a  program l i b r a r y  was t o  con ta in  on l y  one program 
. . 

. . 

f o r  s o l v i n g  o rd ina ry  d i f f e r e n t i a l  equat ions, w e  would s t r c k g l y  recommend 

Gear's. I t  i s  a good general-purpose method, i n  the sense us'ed i n  t h i s  repo r t ,  

and i t  can a l so  handle s t i f . f  systems very  e f f e c t i v e l y . "    he program r e f e r r e d  
. . 

t o  i s  t he  one 1  i s t e d  on pp 158-166 o f  t he  t e x t ,  and a  vers ion  o f  i t  i s  

a v a i l a b l e  a t  LLL. 
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Appendix I : Lecture Timetable 

The f o l l o w i n g  t a b l e  g ives a rough c o r r e l a t i o n  between the  chapters 

o f  these notes, t h e  course l ec tu res ,  and t h e  sec t ions  i n  t h e  t e x t .  Some 

l e c t u r e s  covered two o r  more chapters, and.some chapters requ i red  two 

. o r  lriore l ec tu res .  In add i t i on ,  p a r t s  o f  some l e c t u r e s  were devoted t o  

d iscuss ion  o f '  hotnework problems. 

Cilap'ters Lecture Nur~~bers i n  Notes Chapters/Sections i n  Text  

8 14,15,16,17~18,19 
(Lec ture  18 by R. L. Pexton) 2.3-2.6, 4.6.2, 5.4 

10 28 (by J. S. Chang) 6 

12 29,30 $31 11.1 
(Lec ture  31 by R. :A.  Wi l loughby) 



Appeiidix I I :  Errata i ti Text 

. . The following i s  an ordered 1 i s t  of e r ra ta  in the t ex t ,  Numerical. 
v 

Itii t i a l  Value ~roblelns in Ordinary lli f ferent ial  Equations, by C.W. Gear. 

I t  3 s probably incon~pl ete.. ~ ' i  lie nui:i&rs g i  veil are as counted . . from the 
, , 

top of the page,, except tha t  a negat ive  1 ine number, -I, refers t o  the 

jth l ine  from t h e  bottom of tllg page. 
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