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Abstract 

Multichannel R-matrix theory has been used as a basis for 

models for analysis and evaluation of light nuclear systems. 

These models have the characteristic that data predictions can be 

made utilizing information derived from other reactions related 

to the one of primary interest. Several examples are given where 

such an approach is valid and appropriate. 

* Work performed under the auspices of the United States Atomic 

Energy Commission. 
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Models Based on Multichannel R-Matrix Theory 

for Evaluating Light Element Reactions 

D. C. Dodder, G. M. Hale, R. A. Nisley, K. Witte, and P. G. Young 

As has no doubt been emphasised in the other papers in this symposium, 

the reason for using models in data evaluations is to try to make use of 

more information than is Just contained in the measurements under con­

sideration. This additional information ranges all the way from knowledge 

of the general laws of nature to results of explicit measurements closely 

related to those being evaluated. In the same way models range, in their 

philosophy, from little more than mathematical parameterizations of data 

to detailed and realistic constructs clearly based on our knowledge of 

physics. We would like to show that the R-matrix formalism of Wigner and 

Eisenbud offers a framework for embodying a number of different model 

concepts in nuclear data evaluation. 

The It-matrix theory is a general formalism that is really a method 

of description that insures compatability with fundamental physical laws. 

Invariance principles such as unitarity and conservation of total angular 

momentum are maintained, and in addition it can be shown that its content 

is closely related to requirements of causality. Within this framework 

it is an economical and appropriate description for many observed 

phenomena. In its most general form it is already a model in the sense 

that it does insist on compliance with the general laws ipvolved in its 

derivation; on the other hand much more model-like behavior can be inposed 

by constraining the values of its parameters in appropriate ways. We 

shall give a number of examples of this. 



2 
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Even an outline of the derivation of R-matrix tn?ory is beyond the 

scope of this report. Some idea of its structure however is essential 

to understanding our point of view. The entire observational content 

of collision processes is contained in the so-called collision matrix 

(S-matrix). This matrix, relying „.-. the superposition principle of 

quantum mechanics, essentially gives the outgoing amplitudes cf a 

collision in terms of the incoming ones. At this descriptive level of 

procedure certain general symmetry principles are directly reflected in 

the structure of the collision matrix. The conservation of particles is 

imposed c,y having the matrix unitary. Time reversal invariance is equivalent 

to having the matrix symmetric in a suitable representation. And finally 

conservation of total angular momentum and parity means that the matrix 

can be so chosen as to reduce to a series of disconnected submatrices 

along the diagonal, each submatrix referring to a state of given J and 

parity and each submatrix being individually unitary and symmetric-

It is evident that already a description of scattering and reaction pro­

cesses at this level demands relationships between the different processes 

and that the requirement of consistency is a valuable aid to data evaluation. 

The energy dependence of the collision matrix elements is, however, 

quite complicated, and depends on the external Coulomb and centrifugal 

barriers as well as the nuclear forces. This is seen even in the simple 

case of a single isolated energy level, where the cross section for a 

transition from state i to state f is given by: 

Vf 
*«• (E - E r )

2 + #TL * r f)
2 
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Here the widths T. and r have factors (the so-called penetration 

factors) which are often strongly energy dependent, and the resonant 

energy E is also in general energy dependent. The R-matrix formalism 

deals with this situation by dividing the configuration space in each 

channel into an inner and an outer region, the inner region being that 

vhere the strong interaction predominates, and the outer that where only 

the Coulomb force exists, and where the main effect of the centrifugal 

barrier is felt. The R-matrix itself is a relationship between the 

values and derivatives of the wave functions at the boundary between 

the two regions. The theory shows that the R-matrix must, under very 

general assumptions about the nature of the interaction in the inner 

region, have the form 

T V ^ J J 
R i I.I . " 7 YXas£ y\ a's'l' a'e'Z ,osi ' * -

A ElJ - E 

where J, s, S- have their usual meanings, a is the channel label, E is the 

C M . energy, E. are the eigenvalues of the Hamiltonian operator in the interior 

region with a certain set of boundary conditions on the logarithmic derivatives 

of the wave functions, and the Y^oso. the reduced width amplitudes, are 

essentially the values of the wave functions on the boundaries. The 

collision matrix can be expressed in terms of the R-matrix but we shall 

not give the expression here. We usually let the computing machine do 

this rather tedious work. The point is that the rather simple form of the 

R-matrix allows model-like behavior to be used in paraaeterization of the 

nuclear data. And the main reason this is appropriate is that the values of 

radii in the different channels which are the boundaries between the inner 
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and outer regions, correspond in a real way to the actual nuclear radii 

in the different configurations. This means that the physically occurring 

cutoff in 2. values is naturally accounted for in R-matrix calculations 

through the dependence of the phase shafts on the penetration factors. 

In the employment of the R-matrix approach as a model it is clear 

that it will be macroscopic like the optical model, rather than micro­

scopic like the shell model. Its usefulness is indicated by a few general 

observations. The levels and widths occurring in the general R-matrix 

expression can be made to correspond to real energy levels of physical 

systems and frequently relatively few suffice to entirely describe a 

given (Jj parity) state. Furthermore, symmetries of the internal 

Hamiltonian can be applied directly to the R-matrix. In cases where 

the internal interaction is dominated1 by nuclear forcfcs, for instance, 

it is appropriate to impose constrri its reflecting parity conservation and 

charge symmetry or charge independ :: ce (isospin conservation) on the 

R-aatrix parameters. 

The application of such an Ruatrix model to the elastic scattering 

U 
of nucleons from He has been hig.Uy successful. Almost all available 

measurements for p-o and n-a sea',1 ering at lab energies in the 0-20 MeV 

range were analyzed simultaneou ;.\y, with R-matrix parameters in the two 

systems related by a simple mriil of the charge symmetry. Specifically, 

for common boundary conditiois imposed at the same channel radius, the 

reduced width amplitudes fJT a given level were constrained to be equal 

(Yj. = Yj ) , and the level energies were constrained to differ by a Coulomb 
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"shift" AE (E, = E + AE) that was taken to be the same for all levels. 
Ap xn 

In addition to the known p-wave levels., distant-level contributions were 

represented in each state by single pole terms. Partial waves having 

I > 3 were neglected. Thus constrained and truncated, the combined R-

matrix analysis required 15 free parameters, just one parameter (AE) 

more than the number needed to analysie either p-a or n-a scattering 

separately. 
3) 

Figure 1 shows the resulting least squares fat (solid line)* to a segment 

of the n-ot total cross section over the 1.25 MeV resonance (the dotted curve 

is ENDF/B III). Figures 2-k show representative fits tc the n-a differential 

cross sections, while Figs. 5 and 6 show representative fits to the n-a 

analyzing powers (or polarizations) over the energy range considered. 

On Fig. 7 is given a sampling of the fits to the p-a differential cross 

sections, and Fig. 8 shows fits to various p-a polarization measurements. 

Note that the top two curves in the right column of Fig. 8 represent 

x» x» 
measurements (K , K ) of outgoing proton polarization with a polarized 

JC Z 

proton beam incident. In general, the p-a experiments were more numerous 

and more precise than the n-a experiments, ar.d we feel that even this 

simple charge-symmetric model has imposed better accuracy on the predicted 

n-a observablea than can be attained in most present n-a measurements. 

Interestingly, the parameters which fit the data indicated that an 

even more stringent model might have been imposed. The channel radius 

preferred a value (2.9 t•) close to that expected from the nuclear sizes. 

The reduced widths of the two p-wave levels became, for the first time 

* The solid line represents the R-matrix fit on this and all succeeding 
figures. 
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in such an analysis, approximately equal to each other and to the single-

particle width. The phenomenologically determined Coulomb energy shift 

(AE = 1.58 MeV) agreed well with calculations using realistic He charge 

densities. It is pleasing that the parameters moved naturally toward 

values characteristic of a very simple mechanism for the elastic 

k 
scattering of nucleons from He, namely, single-particle scattering from 

a simple potential. 

k 
The invariancs under charge symmetry shown by the nucleon- He 

systems is a manifestation of the more general principle cf isospin con­

servation, and that invariance in the internal region can be applied to 

the R-matrix parameters. An example is found in the U-nucleon systems. 

3 
The p- He and n-T elastic scatterings occur only in the T = 1 state, while 

3 
among the pairs of the system of p-T, n- He, and d-D, the d-D channel is 

only in the T = 0 state while the other two are in both the T = 0 and T = 1 

states. By using R-matrix levels of pure isospin states, and constraining 

the reduced widths in the various channels to being appropriate Clebsch-Gordan 

fractions of the isospin widths, it is possible to guarantee exact charge 

independence in the internal region, while still predicting the isospin 

mixing in the external region which is caused by the different Coulomb 

h) 
potentials in the different channels. The differences in Coulomb energy 

among the Z = 1, Z = 2, and Z = 3 systems are still expected to be accounted 

for mainly by a shift in the 2 's. Our current analysis is using the T = 1 

3 h 
parameters from the p- He system in the He compound system, but eventually 

all three systems will be analyzed simultaneously. 
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Although the major concern of evaluation work has been with cross 

sections for neutron-induced reactions, we feel it is essential in these 

analyses to include data of various types and from oil important re­

actions that hear on the compound system in which the neutron-induced 

reactions occur. Primarily through unitarity, data from other reactions 

determine the model parameters more accurately, which in turn generate 

more reliable predictions of the neutron cross sections of interest. The 

analysis we are doing of reactions in the B system among the channels 

10 7 7 

n- B, a- Li(g.s.), and a- Li*(.^78), is a case in point. The large spin 

of X"B ( spin 3) introduces many scattering amplitudes into the problem 

even for low partial waves, so that including data from a variety of 

sources is important. 

Examples of the types of data we are fitting in our analysis at low 

energies (E <_1 MeV) are given in the next few figures. Figure 

9 shows the fit to the total neutron cross section for iUB ( again, the 

dotted curve is ENDF III), while Fig. 10 displays the fits to integrated 
10 7 10 7 

B(n,ct ) Li and B(n,a ) Li* cross sections. As you can see in the 

bottom part of this figure, there are severe disagreements among the 

experiments, particularly above 100 keV. Fits to the B( 

differential cross section and polarization measurements of Lane are 

shown at two energies on Fig. 11. The experimental values (£) shown 

for the polarizations (on the right) may not be accurate, since they 

were generated from Legendre coefficients, but the change of sign in 

the polarization is significant, indicating the presence of a p-wave 



resonance in this energy region (at w ^50 keV), Figure 12 shows 

examples of the fits to B(n,a ) differential cross sections obtained 

7 10 
by detailed balance from the recent Li(a,n) B measurements of Van der 

Zwaan and Geiger. And the last figure in this sequence (Fig. 13) shows 

7 7 
representative fits to the Li(a,a) Li differential cross section measure-

7 7 

ments of Cusson. These fits, as well as those to the Li'a,a) Li* 

integrated cross section (not shown) indicate that levels with large 

widths in the cx-channels are as yet unidentified in the B system. 

Although these fits for the neutron-induced reactions on F represent 

the most comprehensive analysis effort made thus far at low energies 

in this system, we feel that the accuracy of the curves is still limited 

by insufficient data and incomplete knowledge of the level structure 

of X 1B. 

As in the case of B, the cross sections for neutron-induced reactions 

on Li are important in applications, and particularly in neutron measure-
7 

ments. Our analysis of reactions in the L.i system gains additional 
information from including a-T scattering measurements along with data 

6 6 6 

from the Li(n,n) Li and Li(n,a)T reactions. Figure Ik gives examples 

of the types of T(a,a)T data that are being fit. The upper left-hand part 

of the figure indicates that the only existing low-energy differential cross 

section data, even when renormalized, may be seriously in error at back 

angles. The curve below that is representative of the generally excellent 

fit obtained to the angular distributions of Ivanovich, Young and Ohlsen 

at medium energies. Data on the upper right-hand curve are taken from 
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\ 

excitation functions measured by Spiger and Tombrello at an energy close 

to the 5/2- resonance above che n- Li threshold. Below that is shown 

an example of the fit to double-scattering experiments that measure the 

outgoing triton polarization. 

Attention is focused in the next two figures on the region of the 

important 5/2- resonance near E = 250 keV, mentioned earlier. Figure 15 

shows for Li(n,n) elastic scattering the integrated cross section across 

the resonance, and (normalized) angular distribution and polarization 

approximately at resonance. Notice that the fit lies above the experimental 

points in the peak of the integrated cross section. On Fig. 16 are shown 

(\ ft 

the total neutron cross section for Li (top), and the Li(n,a)T integrated 

cross section across the resonance, along with the Li(n,«)T differential 

cross section approximately at resonance. Although it is difficult to 

tell from the figure, the calculated total cross section peaks at the 

currently accepted value (~11.0 barns), while the calculated peak (n,a) 

cross section lies above that of the recent-measurements of Coates, Fort, 

and Poenitz (~3.0 barns). If one believes the total cross section ±r. 

best determined, then either or both of the observed integrated cross 

sections is wrong. There are those who feel strongly that the recent 

neasurements of the (n,a) cross section are correct, and that only 

the (n,n) cross section is too low. Our analysis including the T(a,ot)T 

data in this region indicates that both integrated cross sections are too 

low. It is an important question, since the Li(n,a) cross section is often 

used as a "standard". Unfortunately, the Spiger and Tombrello data 
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are not of sufficient quality firmly to resolve the question, but we feel 

that accurate charged particle measurements in this region might be more 

useful in resolving these discrepant observations relative to the (n,a) 

cross section than another direct measurement. 

The examples we have so far given are all actually demonstrations 

of the detail obtainable with these models in realistic data evaluations. 

We should mention also an example where the work is of a more exploratory 

nature, where we are trying at first to gain an understanding of the 

3 
physics involved. The 5 nucleon systems p-a and d- He and n-a + d-T 

afford this example. The systems are quantitatively understood at 

energies up through the famous 3/2+ resonance that occurs in each at a 

few hundred keV deuteron energies. Above this energy the systems become 

very complicated, with the scatterings and reactions dominated by a whole 

series of overlapping resonances mainly in the even parity states of 

various spin arrangements which have their spatial configuration mainly 

in the £ = 2 state between the deuteron and the 3-nucleon particle. 

The R-matrix formalism is an almost ideal mode of description of this 

situation, and we have succeeded in fitting a rather formidable collection 

of experimental results in a rather satisfactory fashion. 

In the Li system, for instance, there have been 39 different types 

3 h 
of observables measured for the reactions among d- He and p- He. These 

include, in addition to the usual differential cross sections and 

polarizations, measurements made with both first- and second-rank polarized 

3 
deuteron beams incident on He, and with polarized proton beams incident 

k 
on He. In some of the experiments, the polarization of the outgoing 
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particle has been measured. (Examples of these "polarization transfers" 

have already "been shown for He(p,p) He on Fig. 8.) In others, both 

polarized and unpolarized deutron beams have been scattered from polarized 

ae targets. 

All these various types of measurements have been included in our 

3 h 
analyses of the d- He, p- He system. The next two figures show examples 

of fits to a selection of these, taken from an analysis that extends to 

E, = k MeV. The first of these displays the four independent analyzing 

tensors (l first-rank, 3 second-rank) measured by Koenig, et al. for 

TIe(d,d) He at k MeV. The second figure gives examples of the fits to 

measurements made at various energies for He(d,p) He with both polarized 

beams and polarized targets. 

The examples we have given demonstrate the versatility of the R-

matrix approach to data analysis and evaluation. The chief theoretical 

limitation, which we have not dwelt upon, is the restriction to two-body 

final states. This can only be avoided at present in those cases where 

the multi-body final states can be mocked up by quasi- two-body states. 

We are indeed using this method in the five nuclear system where we take 

k 
into account the final state p + He* as an approximation for the whole 

3 
spectrum of p + n + He and p + p + T breakup channels. A practical 

limitation of the approach, is, of course, that computers are only so 

large, and there definitely are limits to the number of channels, A-values 

and levels we can consider. This limits the work in its present form 

to the light nuclei. And finally, just because the method of description 
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is so comprehensive, it is necessary to have a comprehensive data base 

before the analysis can be successful. This means many experiments of 

various kinds must be done over a significant range of energies. This is 

the price we pay for the checks on consistency and physical reasonableness, 

and it is perhaps not a disadvantage in the long run, because it never 

hurts really to know what's going on. 
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