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Abstract

In this paper we present a control law for globally asymptotically sta-
bilizing a class of controllable nonlinear systems without drift. The
control law combines earlier work in steering nonholonomic systems us-
ing sinusoids at integrally related frequencies, with the ideas in recent
results on globally stabilizing linear and nonlinear systems through the
use of saturation functions. Simulation results for stabilizing a simple
kinematic model of an automobile are included.

1 Introduction

This paper focuses on the problem of point stabilization for a control
system of the form

J'::Zg,-(.r)u,- lEan (1)
i=1

where each g; is a smooth vector field on R™ and the ¢;’s are linearly
independent for all z € R™. Systems of this form arise in the study
of mechanical systems with velocity constraints and have received re-
newed attention as an example of strongly nonlinear systems. For such
systems, control methods based on linearization cannot be applied and
nonlinear techniques must be utilized. We are particularly interested
in the case where the nonlinear system (1) is completely controllable,
corresponding to a set of maximally nonholonomic constraints which
do not restrict the state of the system to a submanifold of the state
space. See [12] for a more detailed derivation and motivation. We refer
to a system with these properties as a nonholonomic control system.

A fundamental problem in the study of nonholonomic control sys-
tems is the generation of open-loop trajectories connecting two states.
That is, given an initial state z9 and a final state 1, find an input u(?),
t € [0,1] such that z(0) = zo and z(1) = z;. Such an input induces
a feasible state trajectory which automatically satisfies the constraints
on the system. The condition for the existence of a path between two
configurations is given by Chow’s theorem. We let [f, ¢} be the Lie
bracket between two vector fields,

dg af

{ = f_ L
oal=5, = 5%

and define the involutive closure of a distribution A as the closure of
A under Lie bracketing. Briefly, Chow’s theorem states that if the in-
volutive closure of the distribution associated with equation (1) spans
R™ at each configuration, the system can be steered between any two
configurations. Initial work in constructing paths between configura-
tions includes (8, 10], [11], and (9, 17], as well as [12, 13]. In this paper
we concentrate on a different problem: stabilization to a point.

A control law « = k(z,t) stabilizes a point zo € R™ if z(t) — z¢
as t — oo for all initial conditions of the system. For a nonholonomic
control system, the dependence of a stabilizing control law on time is
essential since the system (1) does not satisfy Brockett’s necessary con-
dition for smooth stabilization [1]. Hence there does not exist a smooth
static state feedback law which stabilizes the system to a point. Recent
work by Coron has shown that it is possible to stabilize a nonholonomic
system using time-varying feedback [3]. Constructive approaches have
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been presented by Samson [15] and Pomet [14]. In this paper we present
some new control laws for a specific class of systems, namely those in
so-called chained form [13). These control laws are based on earlier
work using sinusoids for open-loop planning and have connections with
the recent work in [17].

Chained systems. We restrict attention to a special class of non-
holonomic systems, called chained systems [13]. A two-input system
with a single chain has the form:

-
& = n

& o= &m .
& = & 2)
5-5 = fprvr-

This system is controllable using the input vector fields and Lie
brackets of the form ad’;)gz., where adgg is the iterated Lie bracket
[£Ufe-- 5 1h9]...,]] (k copies of f).

Under some conditions, it is possible to convert a two-input non-
holonomic system into a system with the form of equation (2) using
feedback transformations. Sufficient conditions for doing this are pre-
sented in [13]. In particular, it can be shown that under certain reg-
ularity conditions all two-input nonholonomic systems in R® can be
put into this form. More complicated examples of nonholonomic sys-
tems which are locally feedback equivalent to a chained form include
kinematic models of an automobile and an automobile towing a trailer.

Chained systems can be steered between two arbitrary configura-
tions using the following algorithm.

Algorithm 1

1. Steer £ and &; to their desired values.

2. For each €19, & > 1, steer €449 to its final value using v; = asint,
vy = bcos kt, where a and b satisfy

(a/2)%b
k!
This algorithm uses n path segments to steer the system. It is also
possible to steer the system using a linear combination of sinusoidal

terms at different frequencies by solving a polynomial equation for the
coefficients of the sinusoids.

Ee+2(27) = Eky2(0) = - 27,

Power form. Related to chained form is a second canonical form
which we refer to as “power form”:

i‘] = U

iz = Uy

I3 = ZTiug

iq = %l‘f’uz (3)
5 — 1 n—2

In = ("—_2)—!:51 Ug.

Like chained form, the control Lie algebra for this system is spanned
by the input vector fields and Lie products of the form ad',flg2. The
power form is related to the chained form through a global coordinate
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transformation:
z; = &
z2 = &
z3 = —H+&4&
2 = &- b+ 36 “)

o = () + T Uil TG

The advantage of using power form over chained form is that given
u; and up, we can quickly solve for the motion of any of the state
variables using only the trajectory of z; and the function uj. This
canonical form also arises in the work of Grayson and Grossman in the
context of generating systems of vector fields which realize a nilpotent
control Lie algebra of a given order [4]. It is also worthwhile to note
that this form satisfies some of the simplifying assumptions used by
Pomet to generate controllers for more general nonholonomic control
systems [14].

In the sequel, we will restrict our results to those that apply to
systems in chained form or, equivalently, power form. The are several
reasons for taking this action. Systems which are in chained form char-
acterize the fundamental difficulties of nonholonomic systems in a very
simple and useful form. By understanding the geometry of controllers
applied to chained form, we hope to understand the geometry of con-
trollers applied to more general nonholonomic systems. This point of
view has been used very successfully by Sussmann, who has shown
how results applied to a “symbolic” representation of the control sys-
tem can be used to understand systems with a compatible control Lie
algebra [9]. Chained systems can be regarded as a realization of a class
of “symbolic” control systems with a particular Lie algebraic structure.

The goal of this paper is to present a class of control laws with
strong geometric intuition which asymptotically stabilize an arbitrary
chained system with two inputs and a single chain. We are optimistic
that the stabilizing controllers presented here can be extended to the
more general case and that by understanding their action on a canonical
system we can understand their extension to systems with a similar Lie
algebraic structure.

2 Local Stabilization

In this section we propose a class of locally stabilizing inputs for (3).
To motivate our approach, we consider first the simplest such system:

Ty =
2 = up (5)
I3 = ZT1up

From the discussion of chained systems above, we know that motion
in the z3 direction can be achieved using sinusoidal inputs u; = asint
and uy = bcost. Integrating the differential equations over one period,
the resulting motion is a closed curve in z; and r; and a net motion
of —(ab)r in z3. This suggests that the following control law

w = -—z1-zisint
Uy = —2%3— z3zcost

(6)

might be used to stabilize the system. The intuition is that if z3 is
slowly varying then the average motion (over one period) in the z3
coordinate can be approximated by setting a = —z3, b = —z3 which
would give a net motion in z3 of —z3r, i.e., z3 would converge to zero.

To prove stability in a more rigorous fashion we make use of center
manifold theory and averaging. For the purposes of the proof, we
realize the time-varying feedback law by augmenting the controller with
an exosystem

W = wy wi(0)=0
Wy = —uy wy(0) =1,
and write the control law as
u = —11 — 23w
Uy = =Ty —I3wy.

The closed loop system (including exosystem) has a local center man-
ifold given by

zy
Tz =

T (3, w1, wa)
m2(x3, w1, wa),

which is approximately given by
—L123(w; ~ wy)
—3%3(w1 + w2).

The dynamics of the system evaluated on the center manifold are (ap-
proximately) given by

T
w2

fl

. 1
&3 = —Zzg(wl —wa)?.

An averaging-like coordinate change can then be made to show that
the complete system is locally, asymptotically stable to the origin. For
z3 small, the higher order nature of z3 plays the role of the small
parameter ¢ usually found in averaging results.

We now consider the stabilization of an arbitrary system in power
form. We begin with a local result and extend the controller to provide
global convergence in the next section.

Theorem 2.1 Every pair of inputs

-z - (T32F a?,5)(sin(t) — cos(?))
—23 — T321 €242 cos(jt)
with ¢; > 0 locally asymptotically stabilizes the origin of (3).
Remark. The control law given in theorem 2.1 is a generalization
of the simple controller presented earlier. We have added a cosine term
to u; to make the proof tractable. It can be seen that, for the simple
example, this extra term adds a term on the manifold of zero average.
Sinusoids at integrally related frequencies are used to generate motion
in the different bracket directions in such a way as to stabilize the
system to the origin. We note that the control law requires neither the
use of high-frequency sinusoids, such as those used by Sussmann and
Liu for open loop steering [17] (see also [18]), nor does it require the
use of a leading ¢ coefficient as typically used when applying averaging
techniques. Likewise, compared to the work of [?], even though we
employ an averaging like analysis, we do not require high-frequency
sinusoids and we do not settle for stabilization to an arbitrarily small
set. Furthermore, the weights ¢; can be adjusted to control the rate of
convergence in the different coordinate directions in a straightforward
manner.

m =
U2 =

U]

Proof of theorem 2.1. The proof of theorem 2.1 will require appli-
cations of center manifold theory (see [2]), techniques used in averaging
theory (see [5] or [7]) and a case specific Lyapunov result. Center mani-
fold theory does not apply directly to (3), (7) because the time-varying
terms in (7) are O(1). Nevertheless, we can demonstrate the following
lemma regarding a class of systems to which (3), (7) can be trans-
formed. We use the notation of [2] so that f'(0,0.w) refers to the
partial derivative of f with respect to all variables and evaluated at
(¥,2z,w)=(0,0,w).

Lemma 2.1 (“Time-varying” Center Manifold) Consider the
system

y = By+g(y,zw)
2 = Az+ f(y,z,w) (8)
w = Sw

with y € R?, z € R™, w € RP and where the eigenvalues of B have
negative real part and the eigenvalues of A and S have zero real part.
The functions f,g and h are C? with f(0,0,w) =0, f(0,0,w) = 0,
9(0,0,w) = 0, and ¢'(0,0,w) = 0. Then, given M > 0, there ezists
a center manifold for (8), y = h(z,w) for |w| < M, |z| < 6(M), for
some § > 0 and dependent on M, where h is C? and h(0,w) = 0,
h(0,w)=0.

Proof. See appendix.

To transform (3), (7) into a system for which lemma 2.1 applies,
we begin by defining n — 2 linear oscillators which will generate the
time-varying terms of (7). Let

Lo w5 _ 0 j wy | ol
w’_[tsz]_[—j 0][102,’}_5”1”’ ©
We choose wy;(0) = 0, w3;(0) = 1 so that wy; = sin(jt) and wy; =

cos jt. If we define the vector

T
w=[w, w"_g]
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we have

(10)
where S is a block diagonal matrix with the jth block given by S;;.
Next, partition the original state space as

w=Sw

1
T2 n

e=| L. |= b (1
Tn

so that ¥ € R? and z € R™ with m = n — 2. For the closed loop system

we have R
-y — wI DTz

h = .

¥g = —ya—w Cz .
2 = fly.zw) (12)
w = Sw

where f is C? with f(0,0,w) = 0 and f(0,0,w) = 0. The matrix
C € R¥m*™ ig block diagonal with the jth block given by the column

vector
Cij = [ v ] (13)

and D € R?™ is given by

D=[1 -1 0 O]T (14)

We then make a coordinate change in y; to eliminate the linear time-
varying dependence of z in the g, equation. We choose gy = 2 —2TTlw
where Il solves the matrix equation

M5 = -/, ¢7 (15)
(The solution to this matrix equation always exists because the spec-

trum of S is disjoint from the spectrum of I.) We then have

Y2 = Y2-— 2Tlgh — :TTw
= -y — ACTw - T80 — fT(y, 2o w)law
=~y +2TMw — fT(y. 2, w)llpw
= -ty zw)

(16)

where ¢2(0,0,w) = 0 and g;(0,0.w] = (. We make the same kind of
coordinate change for y;. We choose g, = y; — 2T =1, w where Il solves
the matrix equation
M8 = -1, - D7 (17)
We then have
51 = 9 — szrl]u'; - QzTé]TI w
= —y —27zDTw— 2T 5w - Zsz(y, z,w)hw
= -y + 272w - 22T f(y, 2, w) e
= —-h +9lyzw)
where ¢1(0,0,w) =0, ,(0,0,w) = 0 and ¢;(0,0,w) = 0.
Now, from lemma 2.1 there is a center manifold § = h(z, w),|2| <
é, |w| < M for

(18)

¥ = —Tit+glizw)
2 = flg,z.w) (19)
W o= Sw

where h(0,w) = 0 and R'{0,w) = 0. In fact, since glll(0,0,w) =0, one
can use an approximation theorem [2, theorem 3] or calculate to show
that h}(0,w) = 0 (where & = [hy, ha]T). Now it is sufficient to analyze
the dynamics of the reduced system

f(h(z,w), 2, w)
= Sw

Further, since A(0, w) = 0 and the dynamics of w are autonomous with
lw(t)] < M for all ¢ > 0 for some M > 0, it is sufficient to check the

stability of z = 0 for the following “time-varying” nonlinear differential
equation:

Il

(20)

8.

It

N (k1 + 2Tz w)(—hy + wTSTH;rz]

(21)

1]

2m L(hy + 2Tz w)™(~hy + wT STIIE 2)

First, because h(0,w) = 0, (0, w) = 0 and h;’(O, w) = 0 we can write
the dynamics of z as

5 = (T:Mw)TH8w + O(z)*
i = TeLw)(zT M Sw) + O(2)°

. (22)
b o= L(2Telw)™ (2T, Sw) + O(z)2 0+

Now we determine expressions for I1; and II; to examine the explicit
time dependence of (22). From the block structure of § and C it
follows that II; also has a block structure where the jth block satisfies
the matrix equation

~IMly; - CL

H 273 Sjj = 27

It can be shown that
I 1
Iy, = [ 725 TS ]

and, hence,

; 2
AP B S L
HQU‘SU - [ 1+]2€J I+j7CJ }
Thus we have
m

w'sThl:z = ol

; -2
J R J
——sin(jt) - ——=

2 7 sin(jt) Tr

147 I cos(jt))z; (23)

Now from (17) it can be shown that

n.—[o 10 --- n]

so that 27 zILw = 27z cos(t). We now consider the product

1 _
ﬁ(z[*le)’(wTSI H{z)
given by

m

1 j L 2 .
ﬁ(sz cos(1))* (?:_‘; c][ﬁﬁ sin{jt) — %’_ﬁcos(]t)]z]) (24)

Using the identity

cos(t) cos(kt) = %[cos((lc — 1)t) + cos((k + 1)t)]

it can be shown that

4
cos'(t) = Y acos(fi — 2(k — 1)}t) (25)
k=1
where ;. > 0 and £ = §+ 1if i is even and 5 if i is odd.

At this point, we would like to apply averaging to the terms in (24)
to conclude asymptotic stability. However, since we are not using high
frequency sinusoids and we do not have exponential stability for the
averaged system, general averaging results do not apply. Nevertheless,
a very specific averaging result which covers the class of systems we
have can be asserted. We describe this result in the next two lemmas.
The uniformly higher order characteristic of our equations eliminates
the need for a small parameter (or alternatively, very high frequencies).
We are able to find a case specific Lyapunov function that demonstrates
asymptotic stability in the presence of small time-varying disturbances
without requiring exponential stability.

Lemma 2.2 (“Averaging” transformation) Consider the time-
varying nonlinear system

i = f(z.1) (26)
where f is of period T in t and is C™ and the ith entry of the vector

f satisfies fi = O(x)**'. Then there eaists a C” local change of
coordinates z = y + W(y,t) under which (26) becomes

i=fy)+ fwy (27)

where [ is the time average of f and fi(y,t) = O(y)¥*? and of period
Tint.

Proof. See appendix.
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Lemma 2.3 (Case Specific Lyapunov result) Consider the sys-
tem

¥ =fy)+ fly,0) (28)
where y € R™. If ) v
|fily, O] < Billyl PO+ (29)
for all y in some open neighborhood of the origin and
fly) = Av(y) (30)

where A is a square lower triangular matriz witha;; < 0 fori=1,...,n
and )

$ily) = willyll* (31)
then the origin of (28) is locally asymptotically stable.

Proof. See appendix.

Now we make the coordinate transformation of lemma 2.2 to pull
out the lowest order terms on each line of equation (22) with nonzero
average. Using (24) and (25) we can show that this transformation
yields a system possessing the (triangular) structure of the system in
lemma 2.3. In fact, the a;;’s of lemma 2.3 are given by

S

RRRETIES O

Since ajy,¢; > 0, the local asymptotic stability of the origin of (3), (7)
then follows from lemma 2.3. O

3 Global Stabilization

In this section we propose a class of smooth, time-varying, globally
stabilizing inputs for (3). Near the origin these control laws will ex-
actly match the locally stabilizing control laws proposed in section 2.
We introduce saturation functions in these control laws to eliminate
destabilizing effects that take place away from the origin.

Theorem 3.1 Given any pair of inputs

U

=21 = o((f 2t ) DA sin(t) — cos(t) )
uy = —zp— 3L ¢jo(zj42) cos(jit)
with ¢; > 0 and with o : R — R a nondecreasing C* function satisfying
1. o(s) = s when |s| < §
2. lo(s)|<eforallseR
for some 0 < & < ¢, de, such that if ¢ < € then the origin of (3) is
globally asymptotically stable.

Proof of theorem 3.1. The proof of theorem 3.1 is very much in
the spirit of the proof of theorem 2.1. We begin by defining the same

oscillators as in (9) and we make the same partition of the state space -

as in (11). For (3), (32) we have

h = Ayx-w;ga(li)zll)z
Y2 = —y—w Co(z
;= ) @
= Sw
where
T
3(2)= [ o(z1) -+ olem) ]

The matrices C and D are as defined in (13) and (14) respectively.
We make the coordinate change

o= n-o(l2l) e
B = p-9(2)w
where II; and II; satisfy (17) and (15) respectively.
We then have

i = -h- 20(”2”)3—[{?{;‘ [zl =*27 f(y, z, w)yw

= =Hh+a(dzw) .
. . T (34)
b2 = —fa— fT(y,2,w) Mhw

—¥2 + 92(§, 2, w)

We now wish to show that given ¢ sufficiently small, there is a center
manifold § = h(z,w), z € R™, jw| < M for

y = j117+9(17s2-w)
z = f(§,2,w) (35)
w = Sw

where (0, w) = 0 and R'(0,w) = 0. To do so, following the proof of
[2, theorem 1], we must show that given M > 0 and for ¢ sufficiently
small, there exists a continuous function x(€) with x(0) = 0 such that

@ 20)l + o2 0)| < en(o)

(@, 2,0) = (7,25 0) < () (j5 =51+ =2 + |w-w]

l9(d,2,w) ~ 9(7', 2 w)| < W) ([§-F1+z =2+ lw=w]|

(36)

for all z,2’ € R™, and all w,w’ € R? with |w|,|w’| < M and all y,y €
R" with |y|,]y’| < €. It can be shown that f satisfies this relationship,
since every dependence on z in f is as the argument of a saturation
function bounded by e. Then, since f satisfies these relationships, it
follows from (34) that g also satisfies these relationships by noting that
o is C3 and hence its partials are bounded and I“§"| < b for some
positive constant b.

Next we show that, for € sufficiently small, the manifold A(z,w)
is globally attractive. First, observe that the dynamics of y are of an
exponentially stable linear system perturbed by bounded disturbances
of magnitude proportional to €. Consequently, after some finite time y
is contained in a ball of radius proportional to €. Then, by the nature of
the coordinate change from y to §, § is also contained in a ball of radius
proportional to e. Now we know that the manifold is locally attractive,
so for € sufficiently small the € ball is contained in the basin of attraction
for h(z, w). Hence, the manifold h(z,w) is globally attractive.

We will eventually establish that the dynamics

z= f(h(sz)+(?7_h(z7w))wsz) (37)
have the “converging input bounded state” property of [16] with e =
% — h(z,w) as input. Then, since k{0, w) = 0 it is sufficient to consider
the dynamics of :

z = f(h(z,w),z,w) (38)
For now, we simply consider the global stability property of (38). To
do so, we begin by establishing a bound on h(z,w). We follow the
approximation of center manifolds in [2]. As in {2}, for functions ¢ :

R™ x RP — R? which are C?! in a neighborhood of the origin we define
the operator N to be

(N9)(zw) = S F(0(z,0), 2,0+ 2L 50+ 1902, w) - gz, ), 2,0)

where g is defined in (34). We choose to approximate A(z, w) by the
function ¢(z,w) = 0. We then have

(N¢)(z,w) = —g(0,z,w)

It follows from (34) and f that (N ¢)(z, w) = O(c(||2||)?) for all z € R™
and all w € RP with |w| < M. We can then mimic the proof of [2,
theorem 3] to establish that

[h(z,w) = ¢(z, w)| = |h(z, )| = O(a(l|=I])*) (39)

for all z € R™ and all w € R? with |w| < M.
We are now ready to establish lemmas similar to lemmas 2.1 and
2.2 that apply to the global stability problem.

Lemma 3.1 (Global “Averaging” transformation) Consider the
nonlinear time-varying system
&= f(a,) (40)

where f is of period T in t and is C™ and where the ith entry of the
vector f satisfies f; = O(o(||z||)¥+?). If the ¢ associated with the
saturation function o is sufficiently small, then there ezists a C™ global
change of coordinates z = y + ¥(y,t) under which (40) becomes

9= fn)+ f(y,0) (41)

where f is the time average of f and f is of period T in t with f;(y,t) =
O(a(llsl)*+?).
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Proof. See appendix.

Lemma 3.2 (Global Case Specific Lyapunov result) Consider
the system

i = fln)+ fly.0) (42)
where y € R™. If N
fily, )] < BiolliglP+! (43)
for all y € R™ and ]
fly) = Avly) (44)
where A is a square lower triangular matriz witha; < 0 fori=1,...,n
and
oily) = olw)o(lglD* (45)

then, for ¢ sufficiently small, the origin of (42) is globally asymptotically
stable.

Proof. See appendix.

Now using the expression for II; and II; from the proof of theo-
rem 2.1 we can show that these lemmas apply and thus the reduced
dynamics are globally asymptotically stable. It remains to verify that
the z dynamics have the “converging input bounded state” property of
[16]. Since f is bounded for bounded ¢, and hence = is bounded for all
finite time, it is sufficient to prove the following result:

Lemma 3.3 (Converging input bounded state) Under the con-
ditions of lemma 3.2, if the perturbation in the equation

g = f(y) + Fly. 1)+ p(2)

satisfies |p(t)| < v, then, for v sufficiently small, y satisfies |y(t)| < G
for allt > 0 for some G > 0.

Proof. See appendix.

Now the main theorem of {16] provides global asymptotic stability
for the system (3), (32). O

It is also possible to deduce a locally stabilizing control law for (2)
without using the transformation to power form given in (4).

(46)

Corollary 3.1 Every pair of inputs

~& — (X771 €2,2)(sin(2) - cos(t))
—&2 — TP~ 1V ¢;€542 cos(jt)

with ¢; > 0 locally asymptotically stabilizes the origin of (2).

v =

(47)

v2

Proof of corollary 3.1. Let the transformation (4) that takes us
from chain form to power form be written as z = ®(€) = T¢ + ®(¢)
where &(E) is higher order. Let vcpqin(:) denote the controls given by
(47) and let wpoyer(-) denote the controls given by 7. Then we have
Vehain(€) = u,,ower(T“z). For (2), (47) if we make the transformation
z = ®(£), we have a power form system (3) with controls given by
(7) plus higher order terms. Now the proof is exactly equivalent to
the proof of theorem 2.1 since the higher order terms would simply
contribute higher order terms on the manifold which were shown to be
unimportant. O

4 Example: an automobile

Our example system will be a simple kinematic model of an automobile
as shown in figure 1. This system is controllable using two levels of Lie
Brackets. A derivation of the kinematic equations may be found in {12].
A sketch of the car is found in Figure 1

cos(8)uy
= sin(f)u,
Uy

. O-w 8
|

= Jtan(hu (48)
where (z,y) is the position of the car in the plane, ¢ is the angle of
the front wheels with respect to the car (or the steering wheel angle),
@ is the orientation of the car with respect to some reference frame,
and the constant L is the length of the wheel base. For simplicity, we
choose L = 1.

Figure 1: Kinematic model of the car

¥
1.2

.

L2
08

Figure 2: Phase plane plot, z versus y, of the two simulations. Note
the effects of the saturation function on the limits of travel in the z
direction.

The following change of coordinates will put the car into power
form coordinates, locally:

r =
r; = sec’(d) tan(¢)
T3 = wsec’(f)tan(o) — tan(d)
1
g = Y+ 512 sec®(6) tan(@) — z tan(6)

with the following input transformation:

uy vy sec(d)

uy = —3v;sec(f)sin’(¢) tan(8) + vy cos’(8) cos?(¢)

The control law used for the simulation was:

—z; - ot <\/z§ + 1‘3) (sin(2) ~ cos(t))

—xy — ko({zz)cos(t) — ko(zy) cos(2t)

v

1

vy =

The gain k was chosen to be 2, and the € of the saturating function
o(-) was chosen to be € = 0.5. The initial conditions chosen for these
two simulations were (0,+1,0.0). The plot demonstrates the effect
using a saturation function. At first the error is large enough to cause
the saturation functions to limit the magnitude of the input sinusoids,
hence limiting the = and ¢ travel of of the car. After the error drops

sufficiently, the controls are no longer saturated and the range of travel
drops.

5  Summary and Discussion

We have presented a control law which globally asymptotically stabi-
lizes a system in power form. This control law uses sinusoids at in-
tegrally related frequencies to achieve motion in bracketing directions
and saturation functions to achieve globally convergence. Convergence
in the coordinate directions can be adjusted by setting the appropriate
weights in the control law. By making use of a feedback transformation
to convert a nonholonomic system into power form, we have applied
this control law to a kinematic model of an automobile.

The primary limitation of the control law presented here is that
it can only be applied to systems which are feedback equivalent to a
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system in power form. However, there is strong evidence to suggest that
control laws of this form can be extended to more general nonholonomic
systems by using an “extended system” such as that used by Sussmann
and co-workers [9, 17]. The generalization of the results presented here
would be to systems which are controllable through the input vector
fields and Lie products of the form ad;fl g2. Controllers for this same
basic class of systems can be found in the recent work of Pomet [14].
The extension of the ideas presented here to this more general situation
is the subject of current research.

6 Appendix

6.1 Proof of lemma 2.1

The proof of lemma 2.1 mimics the proof of [2, Theorem 1, pp. 16-19].
Accordingly, let % : R* — [0,1] be a C* function with t(s) = 1 when

s < 1 and ¥(s) = 0 when s > 2. Then for ¢, M > 0 define F' and G by
F(y,z0) = f(y, zw(u) wi(keh)
Gl mw) = gl e, wo(h)
We prove that, given M > 0, the system
¥ = By+G(y,zw)
: = Az+ F(y,z,w) (49)
P = Sw

has a center manifold y = h(z,w), z € R™, w € RP for ¢ sufficiently
small. Then since F and G agree with f and g for all |z| < ¢ and
for all |w| < M, this proves the existence of a local center manifold
for (8). The existence of the global center manifold for (49) can be
demonstrated using the same contraction mapping calculations as in
the proof of [2, theorem 1] since we can show, as was needed in [2],
that there is a continuous function «(¢) with x(0) = 0 such that

|F(y, 2, w)| + |Gy, 2, w)| <
|F(y,z,w)—-F(y',z',w'| <
Gy, 2,w)~ G(y', 2, w| <

ex(e)
w(e) (ly =¥+ 12— 21 +]w -
we) (ly=y1+lz =2+ w-o|
forall z,2' € R™, and all w,w’ € RP and all y,y' € R with |y}, |y < «.
Following (2], these inequalities yield a center manifold y = h(z, w) with
h(0,w) =0 and h'(0,w)=0. O
6.2 Proof of lemma 2.2
The proof of this lemma follows closely the exposition of [5, pp. 168
169]. We split f(z,t) as

flz,0) = flz) + f(z.1)

where f is the mean of f and fis its oscillating part. Now we make
the coordinate change
z =y+9(y,t) (50)
where ¥ will be specified. (We will show ¥ to be strictly higher order
so that this is a valid coordinate change locally.) Differentiating we
have e )
(T+D¥y+ 5 =d= fa+0)+ fy+0,1)

Reorganizing we get

(51)

. 1y 7 N oy
y=[+D,¥ '][f(y+‘1’)+f(y+‘{’st)—51 (52)
We now choose ¥ such that
i -
E = f (y’ t)
(Since f has zero mean, ¥ is bounded as a function of time.) This
choice produces

=+ D¥ 7 [f(9)+ Sy + ¥,1) - fy,1)] (53)
Expanding with respect to ¥ we have

[Z - D,¥ + O(IID,¥II))(F + Dy f¥ + O(I|¥1)]
Fy+ f(v,0)

d (54)

Now we check the order of f;. The first term we consider is the term
If(y+¥,) - f(5,0)]
It suffices to check the order of the ith entry of
D,f-¥
Accordingly, the entries of the ith row of D, f are of order 2:i. Further,

since P
o = fiwt)
it follows that ¥, is of order 1 + 27 in y. Hence, the lowest order in w
is 3 (i=1) and the product yields terms of order 2i + 3.
The final terms we need to consider are given by D, ¥ N(y, t) where

Ni(y.t) = fi(y) + fily + ©.0) - fi(y,2)

By assumption, we know that N;(y,t) is of order 1 +2i in y. Since ¥;
is of order 1+ 2i it follows that the entries of the ith row of D, ¥ are of
order 2i. The lowest order in N(y,t) is 3 ( = 1) and so the ith entry
of D,WN(y,t)is of order 2: +3. O

6.3 Proof of lemma 2.3

Consider the Lyapunov function

V= 2(n+1-:’)
Z 2(n + 1 — 1) ¥

where the a;’s will be specified later. The derivative of V along the
trajectories of (28) is given by

= Thiew™ "“l[f.(y) )
< (T eiyf ™M Ap()] + Ayl [0
where A, is the ith row of the matrix 4 and 7 is a constant that depends

on a;,f; for ¢ = 1,...,n. We claim that the a;’s can be chosen such
that

(55)

v (56)

S = Y eI A(y) < —lylP0HD

=1

(57)

This will give .

V< =(1=lllDilyl "+ (58)
and hence asymptotic stability of the origin for ||y|| sufficiently small.
The proof of this claim will involve an iterative process of completing
squares, bookkeeping coefficients and judiciously choosing the a;’s.

We begin by multiplying the ith term (i = 1,...,n) in the sum-

mation S(y) by
(llyn)“""’“’
(1l

(n—z)+1 i

S(y) = [lyllz("“)z Q‘Wz("—ﬂ'_l) Za,,y,] = “9“2(““)7'(!/) (59)
=1

for ||y|| # 0. This yields

Now we begin to complete squares by first considering the quadratic
terms (i.e. those terms generated by i = n in the summation). Doing
so, we have

-1 2[n ~£)41 i
a; a;;y;]
g ‘”?/”2(" i41) Z i)

(60)

+a, tan (ﬁ) +anZa"J(”y”)2

Here @,; are positive constants that depend on an,,ay;, ahd n. Now,
by the definition of ||y||, we have

U || R (61)
and choosing
4
on = o (62)
we have
n—-1 2(n—t)+l i 2
Ty < [2 a-”—yﬂmzaq%} -2+ o, Z nj (“ ”) (63)
i= i=1
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with the &,,'s appropriately redefined positive constants.
Now we consider the quartic terms generated by : = » — 1 in the
summation. Again completing squares, and using the fact that

Wy_\]) (13]1)2 < (%)2

2n—i)+1 &

2
T(y) < 2+[Z a‘”yH2(n—1+l)Za‘JyJ]+a"[Zu“1 (” H>

n—2 2
o et () oy LS w (i)

we have

(64)
We now choose a,_; sufficiently large so that

2
An_tn-1 Yn-1 ) (?/n 1) < 1

g — 2 + Qnlnn-1 <

w52 (i) e (7)< 53

In fact, we continue this process of completing squares and choosing «a;
large enough such that all the terms involving g, are bounded by ﬁ
This can always be done because of the triangular structure. Finally
we have that

(65)

n—1

1
7(9)5~2+ng4 (66)
=1

From this we conclude that
S(y) < =llg|Pt+
for ||y|| # 0 and our claim is established. O

(67)

6.4 Proof of lemma 3.1

The proof of this lemma is a virtual duplication of the proof of lemma
2.2. We split f as before and make a similar coordinate change

z=y+ ¥yt

This time we will establish that for ¢ sufficiently small, this is a globally
valid coordinate transformation. In fact, we again pick

(68)

v . .
5 = fwt) (69)

Since fi(y,t) = O(o(]|y||)**") and o is C? it follows that ¥ =
O(e(|)y]))¥*1) and D, ¥ = O(a(]|y]])*'). We can now use the same kind
of bookkeeping as in the proof of lemma 2.2 to establish the result.0

6.5 Proof of lemma 3.2

The proof of this lemma is a virtual duplication of the proof of lemma
2.3. This time we start with the Lyapunov function

n Yo,
V= Zag/ U““_’)H(s)d.s
=1 o

where the «;’s will be specified. The derivative along the trajectories
of (42) is given by

Vo= YR o0 () fi(y) + fily,t) 71)
< {z.=1ao“"-"+l( YA+ va iyl

where A; is the ith row of the matrix A and 7 is a constant that depends
on a;,B; for i = 1,...,n. We claim that the a;’s can be chosen such

(70)

that N
S(y) = 3 eI (g Au(y) < —o(llyl PN (1)

i=1

This will give .
V < —(1 = ye(ilgll)a( gl (73)

and hence global asymptotic stability of the origin for ¢ sufficiently
small. To prove this claim we now follow the proof of lemma 2.3,
everywhere replacing ||y]|* by o(|[v{])* and y* by o(y;)*. The only dif-
ficulty we have is that the equality (61) does not carry over. However,
it is sufficient to have the inequality

o(¥a)? 2 oy’ — o(1)? - ... = oY1) (74)

Completely squares and judiciously choosing the «;’s again produces
the result. O

6.6 Proof of lemma 3.3

The proof of this lemma follows from the proof of lemma 3.2. We use
the same Lyapunov function V as in (70). From lemma 3.2 and from
the nature of the partial derivative of V with respect to y, we have,
for € sufficiently small, that the derivative of V along the trajectories
of the perturbed system satisfies

v a(llyll) 2(n+1)
V<-[1- -y ———v]o 75

< =1 ~9o(llylh) ‘70(“yll)2(ﬂ+,]'/] (Itwlh) (75)
Since we are simply trying to establish that y is bounded we can as-
sume without loss of generality that §2("+1) < g(]|y||)3("+1) < €2(n+1),

Therefore we see that if

€ -
1*’76—‘7WV>0 (76)
then V < 0 for |yl sufficiently large. Since V is proper, this implies
that |y| is bounded. We see that, given € such that 1 — ye > 0, (76) is

satisfied for all » satisfying

§2(n+1)

< (1=7¢€) (77)

ye
a
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