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Abstract

We introduce a reduction from the distinct distances problem in R to an incidence problem
with (d — 1)-flats in R24~!. Deriving the conjectured bound for this incidence problem (the
bound predicted by the polynomial partitioning technique) would lead to a tight bound for the
distinct distances problem in R%. The reduction provides a large amount of information about
the (d — 1)-flats, and a framework for deriving more restrictions that these satisfy.

Our reduction is based on introducing a Lie group that is a double cover of the special
Euclidean group. This group can be seen as a variant of the Spin group, and a large part of our
analysis involves studying its properties.

1 Introduction

The Erdds distinct distances problem is a main problem in Discrete Geometry, which asks for the
minimum number of distinct distances spanned by a set of n points in R?. That is, denoting the
distance between two points p,q € R? as |pg|, we wish to find minp|—, |{|pq| : p,q € P}|.

In 1946, Erdés [3] observed that a \/n x \/n section of the integer lattice Z? spans ©(n//Iogn)
distinct distances (this observation is an immediate corollary of a number theoretic result of Landau
and Ramanujan). Erdés conjectured that no set of n points in R? spans an asymptotically smaller
number of distinct distances. Proving that every set of n points in R? spans Q(n/y/logn) distinct
distances turned out to be a difficult problem, to have a deep underlying theory, and to have strong
connections to several other parts of mathematics.

After over 60 years and many works on the distinct distances problem, Guth and Katz [6] proved
that every set of n points in R? spans €2(n/logn) distinct distances. Their proof involves studying
properties of polynomials, partly by using tools from Algebraic Geometry. This work began a new
era of polynomial methods in Discrete Geometry.

Already in his 1946 paper, Erdds observed that a n/¢ x n'/4 x ... x n!/? gection of the in-
teger lattice Z¢ spans @(nQ/ 4) distinct distances. He then conjectured that this construction is
asymptotically best possible, in the sense that every set of n points in R? spans Q(n2/ d) distinct
distances. When the Guth—Katz paper first appeared, it seemed that similar techniques might
solve the distinct distance problem in R?. However, over six years have passed and no new results
were obtained for this problem. Before the new era of polynomial methods, Solymosi and Vu [10]
derived a lower bound for the number of distinct distances in R?. This bound was obtained by an
induction on the dimension d. The current best bounds for distinct distances in R? are obtained
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by using this induction, with the planar distinct distances theorem as the induction basis. For
example, this implies that every n points in R determine Q*(n3/5) distinct distances|l]

The proof of the planar distinct distances theorem reduces the problem into a point-line in-
cidence problem in R? (based on a previous work by Elekes and Sharir [2]), and then solves the
incidence problem by using polynomial methods. Specifically, given a finite set of lines £ in R% and
a positive integer k, we say that a point in R? is k-rich if it is contained in at least k lines of L.
The planar distinct distances theorem was reduced to the following problem.

Theorem 1.1 (Guth and Katz [6]). Let £ be a set of n lines in R® such that no point of R? is
contained in more than +/n lines of L. Moreover, every plane, hyperbolic paraboloid, or single-
sheeted hyperboloid contains O(\/n) lines of L. Then for every k > 2, the number of k-rich points

. 3/2
is O (”k—g + %)

It is possible to imitate the reduction of the planar distinct distances problem in higher di-
mensions. However, already for distinct distances in R? this leads to an incidence problem with
somewhat involved varieties that are difficult to study. For example, it is not clear how to bound
the number of varieties that can be contained in a hyperplane.

The main contribution of this paper is a more involved reduction that leads to a simpler incidence
problem. It is significantly easier to establish properties of the varieties in this problem. We refer
to k-dimensional planes in R as k-flats. Let S¢ be the hypersphere in R%*! that is centered at the
origin and of radius 1.

Theorem 1.2. The problem of deriving a lower bound on the minimum number of distinct distances
spanned by n points in R% can be reduced to the following problem:

Let F be a set of n distinct (d—1)-flats in R, such that every two flats intersect
in at most one point, every point of R2¥~1 is contained in O(\/n) flats of F, and every
hyperplane in R?*¥1 contains O(y\/n) of these flats. Find an upper bound on the number
of k-rich points, for every 2 < k = O(n'/#t¢) (for some € > 0).

n(2d—1)/d

Deriving the bound O <W> for the number of k-rich points would yield the conjectured

lower bound of Q(n?/?) distinct distances.

Remarks. (i) Using our methods, we obtained the same reduction for the case where the points
are on the hypersphere S rather than in R%. Since the paper is already rather long and technical,
we decided not to include the proof of this case.

pot(2d—1)/d

ii) For a > 0, deriving the bound O | 2—5="—) for the number of k-rich points would yield a
k2+

lower bound of Q(n?/42%) distinct distances.

(iif) The ¢ in the bound k = O(n'/4*¢) comes from an incidence bound of Solymosi and Tao [9].
It is conjectured that this € can be removed from the bound of [9], and this would immediately
remove the ¢ from the restriction on k.

(iv) Usually a bound on the number of k-rich points also includes an extra term of the form n/k,
which dominates the bound when k is large. Since we are only interested in small values of k, this
extra term is not relevant in our case.

The current best bounds for incidences with varieties in R% are obtained by the polynomial
partitioning technique (for example, see [4,[9]). We can efficiently apply this technique to incidences
with (d — 1)-flats in R?¢=2 but the case of (d — 1)-flats in R?**~! seems to be just beyond the

In the Q*(-)-notation we ignore polylogarithmic factors.



current capabilities. There is a simple way to estimate the bounds that the polynomial partitioning

technique is expected to yield after overcoming the current issuesE In the case of (d — 1)-flats in

R24-1 the expected incidence bound is my = O <% + %) Note that this is the incidence

bound required in Theorem to obtain a tight bound for the distinct distances problem in R%.

Theorem states three restrictions on the set of flats F: the maximum number of flats incident
to a common point, the maximum number of flats contained in a common hyperplane, and the size
of the intersection of any two flats. Our framework can be used to obtain additional information
about the flats of F. In particular, before obtaining the set F of (d — 1)-flats in R?*~! we get a
set L of (g)—ﬂats in ]R(dgl). To move to the space R%~! from the statement of Theorem [[12], we
intersect £ with a generic (2d — 1)-flat. In Section [0l we describe the exact structure of the flats
of £ (that is, the equations that define each flat). This structure can be used to obtain additional
properties of the flats of £, and thus of the flats of F. It is currently unclear what additional
properties would be needed to solve the resulting incidence problem, but given such properties it
seems reasonable that our techniques would lead to the derivation of the corresponding restrictions.

The inspiration for this work came from a blog post of Tao [I1]. Tao states that he wrote this
post “to record some observations arising from discussions with Jordan Ellenberg, Jozsef Solymosi,
and Josh Zahl.” The post describes a reduction from the problem of finding a lower bound for the
number of distinct distances spanned by points on the sphere S? to Theorem [[LIl It also shows
how the case of distinct distances in R? can be viewed as a scaling limit of the case of distinct
distances in S?. This is an alternative way to reduce the planar distinct distances problem to a
point-line incidence problem in R3. While the original reduction can be seen as based on the Lie
group SE(2), the reduction in the blog post is based on the Lie group Spin(3) (a brief introduction
to these groups can be found in Section 2)). A more direct approach to distinct distances on S? was
presented by Rudnev and Selig [7].

To derive a reduction from the distinct distances problem in R? we introduce a variant of the
group Spin(d), which we denote Spun(d). While Spin(d) is a double cover of SO(d), the group
Spun(d) is a double cover of SE(d). A large part of our analysis deals with studying properties of
Spun(d).

In Section 2] we briefly describe several Lie groups that we rely on. In Section Bl we introduce
the group Spun(d) and study its structure. In Section [ we derive Theorem [[.2] for the special case
of distinct distances in R3. We present this case separately since it is simpler to prove and provides
more intuition about what is happening in the proof. In Section [l we extend the analysis from
Section M to any dimension. Finally, in Section [6l we derive the defining equations of the flats of L,
as stated above.

Acknowledgments. The authors would like to thank William Ballinger and Dmitri Gekhtman
for several helpful discussions.

2 Preliminaries: Lie groups

In our analysis we rely on a specific family of Lie groups. In this section we briefly introduce these
groups and some of their properties. In Section [§] we will introduce our own Lie group and study
it in more detail.

Given a point p € RY, we denote by |[p|| the standard Euclidean norm of p. Given two points
p,q € RY, we denote by |pq| the Euclidean distance between them (that is, ||p — ql|).

2This is done by bounding the number of incidences in the cells while ignoring the incidences on the partition
itself. See for example [8] Chapter §].



Groups of rigid motions. A rigid motion (or isometry) of R? is a transformation T : R? — R?
that preserves Euclidean distances. That is, for every v,u € R? we have that |uv| = |T(u)T(v)].
It is well known that every rigid motion of R% is a combination of translations, rotations, and
reflections. A rigid motion is said to be proper if it is a combination of translations and rotations.
In R2, a rigid motion is proper if and only if for every three points a,b, ¢ € R?, the path a — b — ¢
forms a right turn if and only if T'(a) — T'(b) — T'(c) forms a right turn (that is, if the rigid motion
is orientation preserving). A similar definition exists in higher dimensions. The Special Euclidean
group of RY, denoted SE(d), is the group of proper rigid motions of R? under the operation of
composition.

The Orthogonal group O(d) is the group of rigid motions of R? that fix the origin. It consists
of the rotations around the origin and the reflections about a hyperplane incident to the origin.
Equivalently, we can think of O(d) as the set of rigid motions that take S~ to itself. The Special
Orthogonal group SO(d) is the group of proper rigid motions of R? that fix the origin (equivalently,
of proper rigid motions that take S¢~! to itself). It comsists of the rotations around the origin.
Note that SO(d) is a subgroup of both O(d) and SE(d).

For any unproved claims in the the remainder of this section, see [5, Sections 1.2-1.4].

Clifford algebras. A Clifford algebra is defined with respect to a vector space and to a symmetric
bilinear form. We only define a special case of this algebra: the Clifford algebra associated with
R? and the Euclidean norm. This is a real unitary algebra Cf; with a linear map i : R — C/ty
that satisfies the following two properties. For every v € R%, we have i(v)? = —||v|? - 1, where 1
is the multiplicative identity element of C¢4. Moreover, if A is a real algebra and f : R? — A is a
linear map satisfying f(v)? = —|v||? - 1 for all v € R?, then there exists an algebra homomorphism
¢ : Clg — A such that f = ¢ oi. It can be shown that the algebra C¢; is unique up to an
isomorphism.

We now present a more constructive definition of the Clifford algebra C¢; (the definition that
we will actually rely is in the following paragraph). For a vector space V, we denote by V®* the

k-fold tensor product of V' with itself. Consider the direct sum @, (Rd)®k, and let Z be the
ideal in this tensor algebra that is generated by all elements of the form v ® v + ||v]|? - 1. Then we

can write Cfy as the quotient
d Rk
D (]R ) /1.

keN

Let j : R™ — @y (RY) “* he the natural injection, and let 7 : @, oy (]Rd)®k — @Bpen (RY) ok /T
be the natural quotient map. Then the linear map associated with C/4 is the composition 7 o j.

For our purposes, it would be more intuitive to think of the Clifford algebra C¢; as follows.
Let eq,...,eq denote the image of an element of the standard basis of R™ under the map 7. When
dealing with tensor products of elements of C'¢;, we will write zy instead of x ® y. Note that Cly
is a 2?-dimensional real vector space with basis 1,eq,...,eq4,€1€a,...,e1€4,€2€3,...,e1 €4 (that
is, the 27 subsets of {e1,...,eq}). Recalling the definition of Z, we note that the Clifford algebra
satisfies e? = —1 for every 1 < j < d. Moreover, a simple argument shows that eje;, = —ege; for
every 1 < j, k < d with j # k. This explains why in the basis of C¢; we do not have combinations
of elements e, ..., e; where some e, repeats more than once.

Let a : Clq — Cl4 be the automorphism satisfying «(1) = 1 and «a(e;) = —e; for all j. Let
t : Cly — Cly be the anti-automorphism satisfying t(zy) = t(y)t(x), t(e;) = e; for all j, and
t(1) = 1. For example, we have a(e; + ejea) = —e1 + e1eg and t(eg + e1e2) = e1 + eze1 = €1 —egea.
It can be shown that the functions v and ¢ are uniquely defined. We define the conjugate of x € Cly
as T = a(t(z)) = t(a(x)). We also define the norm N(x) = 2Z. Returning to the above example,



we have e] - ejes = —e; — e1ep and N(eg +ejez) = 2- 1. Note that for every v € R and = = i(v)
we have T = —z, which in turn implies N(z) = |v||%.

We are especially interested in elements x € C/y that satisfy a(z)i(v)z~! € i(R?) for every
v € R%. One advantage of working with such elements is that their norm is well behaved.

Lemma 2.1.

(i) Let © € Cly satisfy a(x)i(v)z~! € i(RY) for every v € RY. Then N(x) =71 for somer € R.
(ii) Consider a second element y € Cly that satisfies a(y)i(v)y™ € i(R?) for every v € RL. Then
N(zy) = N(z)N(y).

(i4i) Let x = i(u) for u € RL. Then a(z)i(v)z™ € i(R?) for every v € RY,

Proof. (i) See [5, Proposition 1.8].
(ii) By part (i) of the lemma, N(y) = -1 for some r € R, so N(y) commutes with everything
in Clgy. This implies

N(zy) = zyzy = 2yyT = aN(y)T = 2ZN(y) = N(z)N(y).
(iii) See [0, Proposition 1.6]. O
Rather than working with all of C¢;, we will rely on the subalgebra
Cl={xeCly: afz) =z}

This is the 29~ !-dimensional subspace of C/; generated by the elements of the basis of C'¢4 that
are the product of an even number of distinct e;’s. Similarly, we set ClL = {z € Cly: a(z) = —z}.
This is a 2% !-dimensional subspace (not a subalgebra), and is generated by the elements of the
basis of C/; that are the product of an odd number of distinct e;’s.

Spin groups. Denote the multiplicative groups of C/¢; and C€2 as C¢; and C@gx, respectively.
We define the Lie groups

Pin(d)={z € Cl; : N(zr)=1 and a(z)i(v)z™" €i(R?) for every v € R},

Spin(d) = {zr € C¢5* : N(z) =1 and wi(v)z~' €i(R?) for every v € R?}. (1)
Note that in the definition of Spin(d) we can replace zi(v)z~! with a(z)i(v)z ™!
for every x € C’ESX.

An equivalent definition for Pin(d) is the set of elements that can be written as i(vy)i(ve) - - - i(vg),
where vq,...,vp € Sg_1 (and k is not fixed). Similarly, an equivalent definition of Spin(d) is the
set of elements that can be written as i(vy)i(ve) - - - i(vg ), where vy, ..., v € Sq—1 and k is even.

For v € Pin(d) and v € R?, we denote the group action of v on p as p?. This group action is
v¥ =i Y(a(y)i(v)y~!). Notice that i is injective when considered as a function from R? to i(R?).
When v € R? we have a(y)i(v)y~! € i(R9), so v¥ =i~ (yi(v)y~!) is well defined.

By Lemma 2] any v € Pin(n) satisfies

N(a(y)i()y™") = N(@())N(i(v))N(y™) = N(i(v) = [[o]* - 1.

That is, the transformation of R? induced by the action of ~ preserves the Euclidean norm, and
is thus in O(d). Letting p : Pin(d) — O(d) be defined by p(x)(v) = i~ (a(z)i(v)z™!), we get that
p is surjective with kernel {1,—1}. That is, Pin(d) is a double cover of O(d). In the special case
where v = i(w) € i(R%) C Pin(d), the action of p(7) corresponds to a reflection of R? about the
hyperplane orthogonal to w and incident to the origin.

, since z = a(x)



The restricted transformation p : Spin(d) — SO(d) is also surjective with kernel {1, —1}. For
some intuition, recall that the composition of two reflections about hyperplanes incident to the
origin is a rotation centered at the origin. Thus, the tensor product of two elements of i(R?)
corresponds to a rotation in Spin(d). Similarly, the composition of rotations around the origin is a
rotation around the origin.

A proof of the following lemma can be found in [5, Section 1.4].

Lemma 2.2. Let d < 5 and let v € C’Eg satisfy N(z) = 1. Then for every v € R? we have
zi(v)r~! € i(RY).

The claim of Lemma is false for d > 6. Combining this lemma with the definition in ()
yields the following result.

Corollary 2.3. For d <5, we have
Spin(d) = {z € C¢5* : N(z)=1}.
We will also rely on the following observation.
Lemma 2.4. If u,v € R? are orthogonal vectors then i(u)i(v) = —i(v)i(u).

Proof. We set v/ = u/||ul| and v = v/||v||, so that «/,v" € S¥~!. Since u and v are orthogonal, so
are u' and v'. Thus, there exists v € Spin(d) that corresponds to a rotation taking e; to u’ and ey
to v/. Since ejes = —egeq, we have

1

yery yexy T = —vexyTlyery T

which implies  i(u')i(v) = —i(v")i(u).

The assertion of the lemma is obtained by multiplying both sides by ||ul| - ||v]|.

The above argument holds for d > 3. When d = 2, there might not exist v € Spin(d) that takes
e1 to v’ and es to v'. In that case we can consider instead v € Spin(d) that takes e; to v' and eg
to o O

3 The group Spun(d)

In this section we introduce the group Spun(d). We first construct a variant X, of the Clifford

algebra Cy. Consider the direct sum @y (Rd) ®k, and let Z be the ideal in this tensor algebra
that is generated by

{ej@enter®e;: 1<1 <4k <d+ 1} J{ears ® eara}
U{€j®€j+1,€d+2®€j—€j®€d+2: 1§1§j§d—|—1}.

Then we write X4 as the quotient

D (Rd> s

keN

For brevity we write e;e; instead of e; ® e;. Let i : R? — X, be the linear map that takes the
standard basis elements of R? to eq,...,eq, respectively. Let o : Xg — Xy be the automorphism
satisfying (1) = 1, a(ej) = —ej for every 1 < j < d+ 1, and a(eqr2) = eq42. Let t: Xg — X4 be



the anti-automorphism satisfying t(zy) = t(y)t(z), t(e;) = e; for every 1 < j < d+2, and t(1) = 1.
For example, when d = 4 we have

a(eseq + eresep + e2eg) = eseq + e1e5e¢ — eaég,

t(eges + ereses + ezes) = —ezeq — e1e5ep + €266.

For every x € X, we define the conjugate of © as T = a(t(x)) = t(a(zr)), and the norm of
r as N(z) = 27. Note that for every » = i(v) € i(R?) we have T = —z, which in turn implies
N(z) = [Jol]? - 1.

We define the standard basis of X4 to consist of 1 and of the tensor products of any number
of distinct elements from {ey,...,eq12}. It is not difficult to verify that this set generates Xy and
is linearly independent. Let Zg C Xg be the subspace generated by 1 and by products of an even
number of elements from {eq, e, ..., €4, e4r1€412} (note that egyieqio is a single element).

For 1 < k < d+ 1, note that the subspace of X} generated by 1 and by products of distinct
elements from {eq,...,er} is a subalgebra of X;. This subalgebra is isomorphic to the Clifford
algebra C'l, and we thus refer to it as C'¢. With this notation, the above definition of the norm
N(-) of X4 generalizes the definition of a norm in C?j. Similarly, the subalgebra C€2 is contained
in Zg.

We are now ready to define our variant of Spin(d).

Spun(d) = {z € Z9: N(z) =1 and for every v € R there exists w € R?

such that z (eq42i(v) + €q41) Z = eqr2i(w) + €41 }- (2)

We will prove that Spun(d) is indeed a group and a double cover of SE(d). But first we give a
brief intuition for the definition in (2)). We can think of this definition as extending Spin(d) with
the two extra elements eg11 and egio. The addition of egzy; leads us to the group Spin(d + 1),
which is a double cover of SO(d + 1). The role of egy2 is to imitate a scaling limit argument as in
[11]. We think of e;zyo as a small € > 0, or as the restriction to a small disc on S?. As e approaches
zero, this disc behaves more like a flat so Spin(d + 1) becomes more similar to SE(d).

Note that for every « € Spin(d) we have that yeg41 = eq417, and similarly for egyo.

Theorem 3.1. The set Spun(d) is a group under the product operation of X4. Moreover, the
inverse of every x € Spun(d) is T.

Proof. We first show that for every z,y € Spun(d) we have zy € Spun(d). Indeed, note that
N(zy) = 2yyT = zN(y)T =27 = N(z) = 1.

Moreover, for every v € R? there exist u, w € R? such that

zy (eqy21(v) + €a41) TY = 2(Y(ear2i(v) + €qy1)Y)T = w(eqr2i(w) + €q41)T = eqi2i(u) + eqy1.

Since the product operation of X is clearly associative and 1 is the identity element, it remains
to prove that every x € Spun(d) has an inverse in Spun(d). We will prove that 7 = Tz = 1 and
that 7 € Spun(d). Fix 2 € Spun(d), and write © = 71 +€q41€44+272 where v € C05, | and v, € CU).
Since 2T = N(x) = 1, we have

1 =27 = (71 + eq+1€d+272) (T + edt1€d+272) = V171 + edr2(V1€d+172 + ed+17271)-

By comparing the parts that do not involve ez on both sides of the equation, we get 177 = 1.
By comparing the parts that contain egzio, we get Yyie41172 = —€4+17271-



Since x € Spun(d), for every v € R? there exists w € R? such that z(egy2i(v) + eq11)T
eds2i(w) + egp1. In particular, there exists wy € R? such that zeq T = 2(eqro - 1(0) + eqe1)T =
ear2i(wp) + eqy1. Fixing v,w € R? as defined above and setting u = w — wq gives

eqr2rt (V)T = z(egi2i(v) + €411)T — xeg1T = egroi(w) + egr1 — (equai(wo) + €qr1) = eqpoi(u).

We also have

€d+27i(V)T = eqra( + €ar1€4+272)i(v) (V1 + €ar1€4+272) = €q271i (V)71

Combining the above gives v1i(v)77 = i(u) € i(R?). That is, y1i(v)77 € i(R?) for every v € R%.
We have

ear2i(wo) + g1 = Teg 1T = (71 + €dr1€d+272) €d+1 (T1 + €dt+1€d+272)
= V144171 + €d+2 (V1€d+1€d+172 + €d+172€d+171) - (3)

By again comparing the terms that do not involve ez12 we get yie4+171 = €4+1-

Since v1i(v)qT € i(R?) for every v € R? and yieqy 177 = eqy1, we get that y1i(v/)q1 € (R
for every v/ € R, Combining this with N(y1) = y157 = 1 implies that v; € Spin(d +1). In
particular, the inverse of v, is ;. Multiplying the above equation vjeq+171 = eq4+1 by 71 from the
right leads to y1eq11 = eqi17y1- Since 1 commutes with ez we have v, € Cﬁg, which in turn
implies v; € Spin(d).

We next wish to show that Tz = 1. Since 2T = 1, it suffices to prove that 2T = Tx, or
equivalently

ML + edr2 (V1€d+172 + ea+17271) = F171 + €dt2 (€d+17271 + Vi€d+172) -

Since the inverse of 71 is 77, we have that y177 = 1 = 777;1. It remains to prove that

V1€d+172 + €d+172V1 = €d+17271 + V1€d+172-

Since eg11 commutes with v and 77, this equation becomes y17% + V271 = 72771 + J172-

Above we proved that vieq1172 = —egr17271. Since egy1 commutes with v and 77, we get
Y172 = —v271. Multiplying by A7 from the left and by v; from the right gives A2y = —717.
Combining these two inequalities leads to the required equation v172 + 271 = 0+ 1 = 3571 + J172.
We conclude that T = 1. That is, 27! = 7.

To complete the proof of the lemma we need to show that T € Spun(d). We already know
that N(Z) = Tz = 1. It remains to prove that for every v € R? there exists w € R? such that
T (eg2i(v) + eqy1) T = eqioi(w) + egiq.

By considering the coefficients of e; 9 in (3], we get

i(wo) = Y1€d+1€d4172 + €d+172€d+171 = Y2V — V172-

Multiplying by =7 from the right and by 77 from the left gives F7i(wo)y1 = 172 — J271- Since
71 € Spin(d), there exists w; € RY such that F7i(wo)y1 = i(wy).
We have that

Teq1T = (V1 + €dr1€4+272) €d+1 (V1 + ear1€ar272) = €ar1 + ez (271 — T172) = €ar1 — eqt2i(wy).



Since 77 € Spin(d), for every v € R? there exists u € R? such that F7i(v)y; = i(u). By
combining the above, we get

T (eq+21(v) + egy1) T = egoTi(v)x + Tegi1 @
= eqg+2 (M1 + edr1€a+272) i(v) (71 + edr1€a+272) + €411 — earat(wi)
= eq+2 (Mi(v)y — i(w1)) + eat1 = eqr2i(u — wi) + a4

Now that we established the Spun(d) is a group, we start to study its structure.

Lemma 3.2. We have Spun(d) = {7 (1 + egr1eq42i(v)) : v € Spin(d), v € R?}. Every element
of Spun(d) corresponds to a unique pair (,v) € Spin(d) x RY,

Proof. For arbitrary v € Spin(d) and v € R?, we set = v (1 + egr1€442i(v)). Then

N(x) =7 (1 + eqrieqr2i(v) (1 + egr1edr2i(v))T = v (1 + egpiear2i(v)) (1 — eqrieqroi(v) 7
=5(1 — egr1€442t(v) + eqrieqioi(v))y =7 = 1.

Since 7 € Spin(d), there exists wy € R? such that vi(v)y = i(w1). For every u € R? there exists
wo € R? such that vi(u)y = i(ws), so

z(ea+2i(u) + €4+1)T = eqr2(xi(u)T) + zeg11T
= eqt27 (1 + eqr1€a42i(v)) i(u) (1 — egr1€a42i(0)) ¥ + 7 (€a41 + €a42i(v)) (1 — €qy1€4421(v)) ¥

= eqp2Yi(u)¥ + v(ear1 + 2eq42i(v))T = eqroi(w2 + 2w1) +eqq1 € (€d+2i(Rd) + €d+1) .

We conclude that {7 (1 + eqy1€442i(v)) : v € Spin(d),v € R4} C Spun(d).

For the other direction, consider an element x € Spun(d), and recall from the proof of Theorem
BIlthat © = y1+egy1€419272 for some 1 € Spin(d) and v2 € Cﬁcll. By definition, there exists wg € R?
such that xeg 11T = 2(e44+21(0) + €4+1T = eq42i(wp) + €4+1. In the proof of Theorem Bl it is also
shown that i(wg) = 7271 — 1172 and that 172 = —7y971. Together these imply vo77 = i(wp)/2.
Since 4 € Spin(d), it has the inverse 77. Thus, there exists w; € R? such that

Yo = (7271)71 = i(wo)v1/2 = Mri(wo)y1/2 = yi(wi)/2.

We conclude that © = ~1(1 + egrieqi0i(wi)/2) where 71 € Spin(d). That is, Spun(d) C
{7y (1 + egy1ed:2i(v)) : v € Spin(d),v € R9}.

Note that ~ is uniquely determined by x, since it is exactly the part of x that does not involve
edq+a. Once 7 is fixed, there is a unique v € R that satisfies Yedr1€d+2t(v) = egri1eqroy2. That is,
the pair (v, v) is uniquely determined. O

Recall that every transformation of SE(d) can be seen as a translation followed by a rotation,
which is a pair in SO(d) x R?. Lemma states that every element of Spun(d) corresponds to
a unique pair of Spin(d) x R?. Since Spin(d) is a double cover of SO(d), we are starting to see
why Spun(d) is a double cover of SE(d). The following result proves this property, and provides a
variant of the homomorphism p : Spin(d) — SO(d) defined above.

Theorem 3.3. For every d there exists a surjective group homomorphism p : Spun(d) — SE(d)
with ker(p) = {—1,1}. That is, Spun(d) is a double cover of SE(d).



Proof. Let a € R? be a fixed point. By Lemma B2 any element z € Spun(d) can be written
as Yz (14 eqr1e442i(v,)) where v, € Spin(d) and v, € R? are uniquely determined. We set
P = Yei(a + 2v,)7z and note that p, € i(R?). We have

1 , 1 . .
Yo+ geanicars (et — (@) =% + Gearicars - 2ai(va) = %L+ carrcari(on) =z, (1)

Thus, for any = € Spun(d) there exist unique p, € i(R%) and 7, € Spin(d) such that z = -, +
seat1€a+2 (PsVe — Voi(a)). We now rely on this observation to define the map p : Spun(d) — SE(d).
For any v € R%, denote the translation of R? by v as v € SE(d). Similarly, for any p € i(R%), we
set pt = (i71(p))" € SE(d). As stated in Section [, there is a unique I';, € SO(d) that corresponds
to v,. We set

p(z) =pfol,o(—a)t.

Note that p, and I',, are uniquely determined by x. Recalling that a is fixed, we conclude that the
map p(-) is well-defined.
For every p € i(R?) and ~ € Spin(d), by setting i(u) = 3 (Fpy — i(a)) € i(R?) we get

1

7 (1 + edrrearai(u)) = 7 + Seariears (py — vi(a))

Combining this with (@) and with Lemma 3.2 implies that for every p € i(R%) and v € Spin(d)
there exists € Spun(d) such that p = p, and v = 7,. Every transformation M € SE(d) can be
written as (M(a))™ o Ro (—a)t for some transformation R € SO(d). Indeed, note that for any
R € SO(d) the map (M(a))™ o Ro (—a)*t takes a to M(a), so we just need to choose the R that
rotates the space properly around a. We conclude that p is surjective.

For z,y € Spun(d), we now consider how the product zy € Spun(d) behaves. Since 7, € Spin(d),
there exists v, € R? such that i(v,) = 7i(vs)y,. Then

Yy =Yz (1 + eqgr1eq12i(ve)) Yy (1+ €d+1ed+2i(vy))
=Yz (Vy + €ar1€d+2i(v2)Vy) (1 + €at1€a+2i(vy))
= Yz Vy (1 + ed+led+2i(vz)) (1 + €d+1€d+2i(’0y)) = Yz Vy (1 + ed+led+2i(vz + Uy)) .
This implies that vz, = v27, and that vy, = v, + vy. This in turn implies that py, = Yzyi(a +
20, + 20y )7zy. We are now ready to verify that p is a group homomorphism. Note that the action

of 7y is first performing the action of 7, and then the action of 7,. That is, I';y, = I'; o T'y. For
the same reason we have

p(x)p(y) =pf ol 0 (—a)t op;' olyo (—a)T =pfol,o0 (py — i(a))T o ryo (—a)t
= p: o (vz(py — i(a))¥z)" ol 0 Lyo (—a)*
= Pz +Ya(py — 1(a)7z) T 0Ty 0 (—a)™

- (W <i(a +20;) + yia + 20,)7(y) — i(a)) %)Jr olgyo0(—a)”
)+

= (Ya Yy (2% (v ) vy +i(a + 2Uy))7w7y)+ olyyo(~a
= (Yayi(a + 2”ry)7—wy)+ olgyo (—a)t = p;_y olgyo (—a)™ = p(zy).

It remains to find the kernel of the homomorphism p. Let I be identity element of SE(d) and
let x € Spun(d) satisfy p(z) = pf o', o (—a)™ = I. That is, p} o'y = a™. The composition of
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a rotation and a translation cannot be a translation, so I'; is the identity of SO(d) and p, = i(a).
This implies that v, € {—1,1} C Spin(d). Combining the above with (] gives

ker(p) = p1(I) = {—1 ¥ geanieas (ifa) + (@), 1+ gearieass (i(a) - z'(a))} — {11},

O

Let 7 : {eqi0i(v) + eqy1 : v € R"} — R™ be the map defined by 7(egi2i(v) + e411) = v. The
following lemma studies the behaviour of the homomorphism p from Theorem [B.3]

Lemma 3.4. For every w € R? and z € Spun(d),
p(@)(w) = 7(2(eas2i(w) + eas1)7).

Proof. By Lemma [B2] every x € Spun(d) can be written as v, (1 + egr1€44+2i(v;)) for some v, €
Spin(d) and v, € R%. Recalling that p, = y,i(a + 2v; )7z, we have

T(€at2i(w) + €a+1)T = Vo (1 + €qr1€a421(V2)) (€a12i(w) + €at1) (1 — ear1€d+2i(va)) Vo
= Yeed+21(W) Tz + 7z (1 + eqr1€d+2i(vz)) €1 (1 — ear1edr2i(vz)) Vo
= eq12Y21(W)Vz + Yz (€dr1 + €dr1€av29(Ve)edr1 — edr1edr1edr2i(ve)) Vo
= eq+2Ve(i(w) + 2i(v2)) Ve + Ve€d1 Ve
= eqr2(pz + Vo (i(w) —i(a))7z) + edy1-

That is, the operation of 7(x(e442i(w) + e44+1)T) can be seen as first translating w by —a, then
performing the rotation of v, € Spin(d), and finally translating by p,. This is exactly the operation
p() = pf oy o (—a)*. O

For w € R? and x € Spun(d), we write w® = p(z)(w) = 7(z(eqr2i(w) + 44 1)T).
3.1 The sets T,
Given points a,p € R?, we define
Top = {z € Spun(d) : a” =p}. (5)

That is, T, is the set of elements of Spun(d) that correspond to a proper rigid motion of R? that
takes a to p. In this section we study the structure of T,,. We begin by presenting a relatively
simple description of this set.

Lemma 3.5. For any a,p € R?, we have

Top = {’v + %ed+1ed+2 (i(p)y —7i(a)) : v € Spin(d)} :

Proof. Let @ € {v+ %ear1ear2 (i(p)y — vi(a)) : v € Spin(d)}. That is, there exists v, € Spin(d)
such that @ = v, + Legr1€a42 (i(p)Ve — V2i(a)). We get that

N(w) = = (1 + Geanrcas (s~ 1i(a) ) (To+ peascara (677 ~ i) )
1

= "Ve + 5edr1Cdt2 (Vzi(a)¥z —i(p) +i(p) — Vei(a)¥z) = 1.

11



For every u € R? we have

r(ear2i(u) + €411)T

1

= (’Yx + %€d+1€d+2 (i(P)yz — ’Yxi(a))> (ed+2i(u) + eqt1) <% + 5Cdr1€d+2 (i(a)¥z — %NP)))

. _ 1 ) . _ N
= e(ear2i(u) + €ar1 )T + 5ear2 (edr1 (i(P)ve — 121(a)) €417z + Ve€ar1€d+1 (i(a)7z — 7zi(p)) )

= a0 + eart + Seara((i(p) — i(0FT) — (i@ — i)

= car2 (v — )T +i(p)) + €as1 € (earai(RY) +eqrn ) (6)
By combining the above, we get that x € Spun(d). From () we obtain

z(eqy2i(a) + eqr1)T = eaya (Voi(a — a)¥z +i(p)) + ear1 = ear2i(p) + eqq1-

Since the action of x takes a to p, we have that = € T},,. This in turn implies

{7 + %€d+1ed+2 (i(p)y —vi(a)) : v € Spin(d)} < Tap.

For the other direction, consider y € T, C Spun(d). By Lemma [B:2] there exist v, € Spin(d)
and v, € R? such that y = v, (1 + egr1€442i(vy)). We also know that

ed+2i(p) + ear1 = ylear2i(a) + eq11)y
=7y (1 + ear1ea42i(vy)) (atai(a) + eat1) (1 — earieasai(vy)) Ty
= vy (ear2i(a) + eqy1 + ear1€d+2i(vy)ear1 — eayi€dt1ear2i(vy)) Ty
= eqy27y (i(a) + 2i(vy)) Ty + €dy1-
The above calculation implies that i(p) = 7, (i(a) + 2i(vy)) 7. After rearranging we get i(v,) =
(Fi(p)yy —i(a))/2. We thus have

) 1 . .
Y =y (14 eay1eq2i(vy)) = vy (1 + §€d+1€d+2(’YyZ(P)’Yy - z(a))>

1 . .
=y + §ed+1ed+z(2(p)7y —yyi(a)).

We conclude that Ty, C {7+ eq+1€q+2 (i(p)y — vi(a)) : v € Spin(d) }, which in turn implies
that the two sets are identical. O

The following lemma provides a more geometric representation of the sets Tg,: the intersection
of Spun(d) with the linear subspace. Let

1 , 1 .
Fop = <1 + §6d+1€d+2l(p)> ol <1 - §€d+1ed+22(a)> : (7)

Lemma 3.6. For a,p € RY, we have T,, = F,, N Spun(d).

Proof. Let x € F,, N Spun(d). Since x € Fyy, there exists § € C¢Y such that

1 ) 1 . 1 . .
x = <1 + §ed+1ed+2z(p)> 4 <1 - §ed+1ed+2z(a)> =0+ Cd+16d+2 (i(p)o — di(a)) . (8)
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As in the proof of Theorem B3] since 2 € Spun(d) there exist 7, € Spin(d) and p, € i(R%)
such that @ = v, + 3€qt1€4+2 (P2Ve — Voi(a)). Combining this with (8) implies that v, = § and
pz = i(p). By Lemma 3.5 we get that « € T,,. We conclude that Fy, N Spun(d) C Tg,.

For the other direction, consider = € Ty,. By Lemma 3.5, there exists v € Spin(d) such that

1 . ) 1 ) 1 .
T =+ Gear1Cats (i(p)y —vi(a)) = <1 + §€d+1ed+22(1))> Y (1 - §€d+1€d+2l(a)> € Fp.

That is T, C Fyp. By definition, we have that Tj,, C Spun(d). This implies Ty, C Spun(d) N Fyy
and completes the proof of the lemma. O

4 Distinct distances in R?

In this section we prove Theorem for the case of R3. The proof is based on the Spun(3) group
that was defined in Section Bl We note that C¢3 is isomorphic to R* as a vector space. Specifically,
we consider the basis 1, ejeq, e1e3, e2e3 of C’Eg and write

T =1 -1+ z2e162 + T3€1€63 + T4€2€3.

Lemma 4.1. For every x € Cl3 we have N(x) = Z?:l :1:3 - 1.

Proof. Using the above notation
T = a(t(z -1+ x9e1ex + x3eres + xqeges)) = x1 - 1 — xoejes — x3e163 — T€2€3.
This immediately implies N(z) = 2T = 22 + 23 + 23 + 23. O

By combining Corollary 2.3 and Lemma [4.1], we get that

4
Spin(3) = { (z1, 2, x3,24) € CL3 : Zm? =1p. (9)
j=1

We are now ready to derive our reduction for distinct distances in R3.

Theorem 4.2. The problem of deriving a lower bound on the minimum number of distinct distances
spanned by n points in R3 can be reduced to the following problem:

Let F be a set of n distinct 2-flats in R, such that every two flats intersect in at most
one point, every point of R® is contained in O(\/n) flats of F, and every hyperplane in
R® contains O(y/n) of these flats. Find an upper bound on the number of k-rich points,
for every 2 < k = O(n'/3+¢) (for some ¢ > 0).

Deriving the bound O (%;i—i) for the number of k-rich points would yield the conjectured lower

bound of Q(n?/3) distinct distances.

Proof. Let P be a set of n points in R?. Let D denote the number of distinct distances that are
spanned by P, and denote these distances as d1,...,dp. Recalling that |uv| is the distance between
the points v and v, we set

Q= {(a,b,p,q) € P* : |ab] = |pq| > 0} .

13



The quadruples of @ are ordered, so (a,b,p, q) and (b, a, p, q) are considered as two distinct elements
of Q. The proof is based on double counting |Q|.

For every j € {1,...,D}, let E; = {(a,b) € P?: |ab| = §;}. Since every ordered pair of distinct
points (a,b) € P? appears in exactly one set E;, we have that szzl |E;| = n? —n > n?/2. The
Cauchy-Schwarz inequality implies

2
4

D D
1 n
= E:2> = E; —_— 10
CEDMCLES PO IS (10)

For a,b,p,q € R with a # b, we have |ab| = |pq| if and only if there exists a proper rigid motion
in SE(3) that takes both a to p and b to q. Thus, for every (a,p) € P? we set

R,y = {7y €8SE(3): a” =p}.

To derive an upper bound for |Q| it suffices to bound the number of quadruples (a, b, p, q) € P*
that satisfy a # b and Rgp N Ryy # 0. Since we wish to work in Spun(3) rather than in SE(3), we
recall the following definition from (&).

Tup = {z € Spun(3) : a® = p} = p~ (Ryp)

Recall from Theorem B3] that the homomorphism p is surjective with kernel {1,—1}. That is,
for every point of R,, N Ry, there are two corresponding points in T,, N Tp,. It thus suffices to
bound the number of quadruples (a,b,p, q) € P* that satisfy a # b and Ty, N Ty, # 0.

Before getting to the more technical details of the proof, we provide a brief sketch of the rest
of the proof. We will show that Spun(3) can be embedded in R® as a well-behaved six-dimensional
variety (see Lemma [£3). Under this embedding, each set T}, is a three-dimensional variety that
corresponds to an intersection of the Spun(3) variety with a four-dimensional linear subspace. We
project the Spun(3) variety in R® from the origin onto the hyperplane defined by z; = 1, and then
perform a standard projection by removing the coordinates x; and xg.

Combining the above projections gives a map that is a bijection between most of the Spun(3)
variety and RS. This map takes each set T, to a 3-flat in RS, and every two such 3-flats are either
disjoint or intersect in a line. Since the map is a bijection only after removing a small part of
Spun(3), we get that a quadruple (a,p,b,q) is in @ if and only if the two corresponding 3-flats in
RS are contained in a common hyperplane. By performing a generic projective transformation and
then intersecting the 3-flats with a hyperplane, we obtain an incidence problem between points and
2-flats in R5.

From Spun(3) to R%. Recall that Spun(3) is contained in the eight-dimensional subspace Z§ C X3
generated by 1, ejes, ejes, eses, e1eqes, eaeq€s, e3eqes, e1eaezeqes. We consider Zg as R® by mapping
these basis elements to the standard basis vectors of R®. That is, we write z = z1 - 1 + z2ejea +
x3ejes + wyeges + rsereqes + Tgeaeqes + Treseqes + rgepeseseqes as the point (xq,xe, ..., x8) € RS.
With this notation, we study the behavior of Spun(3) as a set in RS. Set

G = {xeRS: xlmg—x2m7+x3m6—x4m5:0} and C:{mERsz x%—km%—km%—i—aﬁ:l}.
Lemma 4.3. Spun(3) = GNC.

Proof. For every x € Z3 we have

T = a(t(xy - 14 zoerea + x3€1€3 + T40€3 + T5€1€4€5 + Tee2e465 + Tre3€4€5 + Tgeieaezeqes))
T

11— Toe1eg — T3e1€3 — Ta€2€3 — T5E1€4€5 — TEE2E4C5 — T7C3€E4C5 + T8E1€2€3€4€5,
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and thus
N(z) =27 = (m% + x% + :17% + :172) 1+ 2 (128 — X907 + T3T6 — T4x5) €1€2€3€4€5. (11)

That is, N(z) =1 if and only if x € CNG. Combining this with (2)) implies that Spun(3) C CNG.
For the other direction, consider x € CNG. By (1)) we have that N(z) = 1. Note that we can
write x = 71 + eqe57ys from some v € C€g and vy € C@},}. We then get

1= N(z) = (71 + ese572) (71 + ese572) = 171 + eaes (V172 + 7271)-

This implies that N(v1) = v171 = 1 and v175 = —y271. From (@) we get that v € Spin(3).
Since 7991 € C/f3, there exist u € R? and A € R such that y9971 = i(u) + Aejeges. Since
€1€2e3 = ejegesz, we have 977 = —i(u) + Aejeges. On the other hand, we have

Yo = V12 = —Yey1 = —i(u) — Aejezes.

Thus, it must be that A = 0. This in turn implies that v277 € i(R?) and 172 = —y271 € i(R3).
For every v € R3, we have

z (e5i(v) +€4) T = (1 + eses572) (e5i(v) + ea) (71 + eae572)
= m1e51 (V)71 + (11 + esesy2)ea(1 + eses72)
= e5711 (V)71 + Y1€471 + V1e4e4€572 + €s€572€471
= e5 (Mi(v)71 + %71 — nTe) + e

By the above, 71i(v)7T + 7291 — 72 € i(R?). From the definition in (), we conclude that
x € Spun(3). That is, C NG C Spun(3), which in turn implies S N G = Spun(3). O

The proof of Lemma .3 also implies that Spun(3) = {z € Z§ : N(z) =1}. We will not rely
on this observation.

We now perform a gnomonic projectz'o, although with the cylindrical hypersurface C rather
than a sphere. Let mg : R® — R7 be the projection defined by 7g(x1, 22, ..., 78) = (22, ..., 73). Let
Hy denote the hyperplane in R® defined by z; = 0 and let H; denote the hyperplane defined by
x1 = 1. For each x € R® \ Hy there exists a unique A\, € R such that the z1-coordinate of A,z is 1.
We define 7 : R®\ Hy — R7 as 7(x) = mg(Ayz). That is, m projects = from the origin onto H; and
then removes the first coordinate of the resulting point.

For points a,p € P, let Fy, be defined as in (). Note that Fp, C Z?? is a four-dimensional
subspace of R®. Since [, is ruled by lines incident to the origin, we have that m(F,, \ Ho) =
mg(Fap N Hy) and Fy, € Hy. In the definition (), by taking an element of C@g with a constant
term 1-1 we get that F,, N Hy # (. Since Fyy, is a 4-flat and H; is a hyperplane that intersects
F,, without containing it, the intersection Fg, N H; is a 3-flat. Since the restriction of 75 to H; is
linear and injective, we get that w(F,, \ Hp) is a 3-flat in R”.

Note that C is a cylindrical hypersurface, and let C4 be set of points of C with a positive x1-
coordinate. By Lemmas and B3] we have T,, = Fy, N C N G, which implies (T, N Cy) C
m(Fap \ Ho). By (@) we have that Ty = Spin(3) = Foo N C. This implies

1 1
Toy = <1 + 564652(]))) Too <1 — 564652(&))

:<<1+%@%um>ﬁm(1—%@%u@>>(j<<1+%q%ﬂm>6<1—%m%ﬂw>>

= F,,NC.

3Recall that in a gnomonic projection we project the sphere S? onto a tangent plane, by shooting rays from the
center of S? onto the plane.
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Thus, for every v € H1NFy, there exists r € R such that rv € C1. That is, w(F,,\Ho) C 7(T,pNC4),
which in turn implies 7(Tp, NCy) = w(Fyp \ Ho). We conclude that m maps each set g, N C4 onto
a 3-flat in R”.

Let g : R® — R be the map defined by g(x1,...,28) = 2128 — X227 + 2376 — 2475. Note that
G = g~ 1(0). For every v € G and r € R we have g(rv) = r2g(v), so rv € G. That is, G is ruled by
lines incident to the origin, which implies that 7(G \ Ho) = mg(G N Hy). Let g7 : R” — R be the
map defined by g7(z2,...,x8) = x3 — x2x7 + x3x6 — r4x5 and note that (G \ Hy) = g7_1(0). We
set G7 = g7 '(0) C R. Since each T,, N C; C Spun(3) C G, every 3-flat of the form (T, NCy)
is contained in G7. Given (x3,...,28) € R7, let = (1,29,...,25). Then there exists » € R such
that y = rz is the unique point on C; that satisfies w(y) = (x2,...,2s). That is, the restriction of
7 to C, is a bijection between C; and R7. Moreover, m maps G to G7 (it is not injective in this
domain) and maps each 7,, N C to a 3-flat contained in G7.

Let 77 : R” — RS be the projection that is defined by m7(xa,...,z7,28) = (22,...,27). Since
g7(x2, ..., x7,28) = gr(@e,...,x7, ) implies xg = x%, the restriction of 77 to G7 is injective. Since
w7 is linear and every 3-flat of the form 7 (75, NC;) is contained in G7, we get that 77 (7w (To, NCy))
is a 3-flat in R, Furthermore, since both the restriction of 77 to G7 and the restriction of 7 to C,
are bijections, the restriction of 77 o m to C4 N G is injective. For every v € G\ Hy there exists
r € R such that rv € C; NG. That is, n = m7 o 7 is a bijection from G NC, to RS,

Studying intersections of 3-flats. Recall from Lemma B.6 that T, = Fy, NSpun(3). To study
intersections of the 3-flats in R%, we first study the intersections Fop N Fyy.

Lemma 4.4. We have that Top N Ty = 0 if and only if F,, N By = {0}.

Proof. By Lemma [B.6] T,, = F,, N Spun(3) and Tpy = Fpg N Spun(3). Thus, Fy, N Fy, = {0}
immediately implies T, N1y, = 0.

Next, we assume that F,,NFy, # {0}. For any v € R? we have (1 + Jesesi(v)) (1 — Jesesi(v)) =
1. Combining this with the definition of Fy, gives

1 , 1 , 1 . 1 .
Fop N Eypy = <1 + §e4e5z(p)> <1 — 564652(}?)) (Fap N Frg) <1 + §e4e5z(a)> <1 — 564652(&))
1 , 1 .
= <1 + §€4€5Z(p)> (Cfg N F(b—a)(q—p)) <1 - §€4€5Z(a)> .

Since Fy, N Fy, # {0}, we have that C¢3 N Flo—ayq—p) # 10}. That is, there exist 7,6 € ce
such that

= (14 Besita =) (1~ B -)

By comparing the terms that do not depend on e5, we get v = §. By then comparing the coefficient
of e5 on each side, we get i(q — p)y = vi(b — a).

Note that for any x € C’Eg, the coefficient of 1 in 7T is equal to the coefficient of 1 in Tz (this
coefficient equals ||z||?> when thinking of z as a point in R?*, as in the beginning of this section).
Recall that for any s € R? we have i(s)i(s) = i(s)i(s) = ||s||*-1. By taking = i(q—p)y = vi(b—a),
we get that the coefficient of 1 in Fi(q — p)i(¢ — p)y = |lg — p||*7 is equal to the coefficient of 1 in
vi(b — a)i(b — a)¥ = ||b — a||>y¥. Since the coefficients of 1 in Fy and v¥ are equal, it follows that
lb—all = ||g — p||. Since the vectors b —a,q — p € R? have the same length, there exists a rotation
B € Spin(3) such that Bi(b—a)B~! =i(q — p). By Lemma 3.5, we have

Bup = (1 4 %64651'(]))) 3 <1 _ %(34651'(@) _ B+ %e4e5(i(p)5 _ Bi(a)) € Top.
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To prove that T,, N Ty, # 0, we show that Sq, € Ty, Since B4y € Typ, we have that g, €
Spun(3). It remains to prove that S,, takes b to ¢. Indeed, recalling that 5 takes b —a to ¢ — p
gives

Buplesi(V) + 0 = (9 + geaes(ip)9 — i) ) esi(®) +e0) (B + geses(i()F - Bilp))
= B(esi(h) + ex)B + ses (Beaes(i(a)F — Bilp)) + ealip)3 — Bi(a)eF)
= B(esi()B + ex + 35 (~(Bita)F — i(p) + (ip) ~ ila)7)

2
= e5(Bi(b — a)B) + ea + e5i(p) = e5i(qg — p) + es + e5i(p) = esi(q) + ea.

We next study the case where F,, N Fy, # {0}.
Lemma 4.5. If Fy, # Fyy and F,, N Fyy # {0}, then
1 1
Fop N Eypy = <1 + §e4e5i(p)> R C€8 e <1 — §€4€5i(a)> ,

i(b—a)

for any «, B € Spin(3) that satisfy aMa—l — e3 and Bezf~t = La=p)

— llg=pl

Proof. By the assumptions and Lemma [£.4] we have that a # b and p # ¢, so ||b — al| and ||¢ — p||
are nonzero. Thus, the definitions of « and 8 are valid. Let

Ngp = (1 + %64652'(1))) B-CH- <1 - %e4e5i(a)> .

Since «, B € Cf3, we have 8- ClS - a C Cl} so N,y C Fyp. We note that

a<1—%q%ﬂ@>:a<1—%Q%Ma—b+w>:a<1—%q%ﬂa—®><1—%%%M®>

a— %E4e5ai(a - b)oz_loz> (1 - %e4e5z’(b)>

1 1
= 1+Hb—wim%%>a<1—§@%um>. (12)

Similarly,

2

1+ 64e5i(Q)> B (1 + %64655_11'(29 - Q)5>

<1 + %e4e5z’(p)> B= <1 + %e4e5i(p —q+ q)> B= (1 + 1&1652’((1)) <1 + %€4esi(p - q)) B
1
(143
<1 + —e4e5i(q)> B <1 —|lg — p\\%e4e5eg> . (13)
Combining (I2)) and ([I3) gives
N, = <1 + %64652'(1))) R C’Eg e (1 — %e4e5i(a)>
= <1 + %e4e5i(q)> B <1 —lq —p‘|%€4€5€3> -C49 - <1 + 16— CLH%€46563> a <1 - %64652'(1))) .
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By Lemma 4] the assumption Fy, N Fy, # {0} implies Ty, N Ty, # (. That is, there exists a
rigid motion of SE(3) that takes both a to p and b to ¢, which in turn implies that ||b—al|| = [[¢—p||.
Thus, for any v € C¢3 we have (1 — |lg — p||3eaeses) v (1 + ||b — al|3eseses) = . Combining this
with the calculation above yields

Nyp = <1 + %e4e5i(q)> - C€8 e <1 — %e4e5i(b)> C Fyy.

We conclude that Ny, C F,, N Fy,. To prove the other direction, consider x € Fy, N Fy,. By
definition, there exist v, € C/3 such that

7= <1 4 %e4e5i(p)> y <1 _ %(34652'(@)) _ <1 4 %e4e5i(q)> Y <1 _ %e4e5z’(b)> a4

The part of x that does not involve e5 needs to be identical in both definitions, so v = +'. The
part of x that does involve es also needs to be identical in both definitions, so i(p)y — vi(a) =
i(q)y — ~i(b), or equivalently vi(b — a) = i(¢ — p)7y. This implies that

B e ai(b —a)a™! = p7li(g — p)BB va T,

which in turn implies S~ 'ya~les = e38 1ya~!. Since es commutes with S~ 1va~!, we get that

B~lya~t € OFY. That is, v € B - ClY - a. By combining this with the first equality of (I4]), we
conclude that x € Ny, and thus that F, N Fyy C© Np. O

1

Let Lqp = 1(Top \ Ho) be the 3-flat in RS that corresponds to Ty Given points a,p, b, q € R3, we
now study the intersection Ly, N Lyg. Let Loppg = 1 ((Fap, Fiq) \ Ho). By comparing the definitions
of Fyy, and Ly, we note that Ly, U Lyg C Lgpg-

Note that the map n(z) is well-defined for every point = € R®\ Hy. Additionally, when we
restrict the domain of 7 to H; it becomes a linear map. Let 1/ : R® — RS be the standard linear
projection satisfying n/(x1, 22, ...,28) = (x2,...,27). We think of 1 as a linear extension of the
restricted 7 to R®. Denote by (Fap, Fyq) the linear subspace that is spanned by F,, and Fp,.

Lemma 4.6. If T, N Ty, € Hy and Ty, # Tyg, then Lqy N Ly s a line.

Proof. From Top, NTyy € Ho we have that Ly, N Lyg # (. Since Lgy, and Ly, are distinct 3-flats
in RS, their intersection is a flat of dimension between zero and two. If dim (Lgp N Lp,) = 2 then
dim (Fyp N Fyg N Hy) = 2, which in turn implies dim (Fg, N Fyy) = 3. This contradicts Lemma,
which states that dim (F, N Fy,) = 2. Thus, it remains to prove that Lg, N Ly, is not a single
point.

For any v € (Fyp, Fyy) N Hy, we have

Lapbq = 1((Fap: Fog) \ Ho) = 0 ((Fap, Fog) N H1) =1/ ((Fap, Fog) N Ho) + 17/ (v).
This implies that
dim Lgppg = dim ((Fyp, Fyg) N Ho) — dim ((Fup, Fyg) N Ho Nker(n')) . (15)
By Lemma (L5, dim(F,, N Fy,) = dim C¢3 = 2. Since dim Fy, = dim Fp; = dim C£3 = 4, we
have dim ((Fgp, Fpq) N Ho) =444 —2—1 =5 (by definition both Fy, and F}, intersect Hy but are

not contained in it). Combining this with (IZ) leads to dim Lgppq < 5. This completes the proof,
since the intersection of two 3-flats in a 5-dimensional space cannot be a single point. ]
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Next, we study what happens to Ly, and L;; when T,, N1}, = 0.

Lemma 4.7. For any a,p,b,q € R?, any flat in RS that contains Ly and Lyg also contains Lgppg-

Proof. Let W be a flat that contains L, and Lj,. Then there exists a linear subspace V' C RS such
that for any w € W we have W = w + V. Recall that F,, N Hy # (. For any = € (Fgp, Fyy) N Hy,

Lapbg = 1 ((Faps Fog) \ Ho) = 1 ((Fap, Fog) N Hi) = ' ((Fap, Fog) N Hy) = n ((Fap, Fvg) N Ho) +n(x).

For x € F,, N H; we have that W = n(z) +V and Ly, = n'(z + F,p N Ho) = n(z) + 0/ (Fep N
Hy). Combining this with Lo, € W gives n/(F,, N Hy) C V. Similarly, by taking y € Fp, N Hy
we get W = n(y) + V, which in turn implies '(F, N Hp) € V. Combining the above yields
7' ((Fap, Fyg) N Ho) € V. We conclude that Lgy,, € W, as desired. O

Corollary 4.8. If T, N Ty = () then no hyperplane contains both Loy and Ly,.

Proof. Lemmal.Timplies that Ly, is the smallest flat that contains L,,U Ly,. By Lemma[4.4], the
assumption T,, N7y, = 0 implies that F,,NFy,, = {0}. Since F,, and Fy, are 4-flats in Z9 = R® that
intersect in a single point, we have (Fyp, Fyy) = Z3. That is, Lapbg = 7 ((Fup, Fbq) \ Ho) =R¢. O

We are now ready to state the connection between the distinct distances problem and the flats
Lap. Let Q' be the set of quadruples (a,p,b,q) € P* such that T,, N Ty, € Ho. The following
corollary is a special case of Corollary [5.16] that we will prove in Section Gl

Corollary 4.9. We have that Q' C Q and |Q'| > |Q]/2.
Flats in RS and in R®. We set
L={Lg: a,p € P and a # p}.

Note that £ is a set of ©(n?) flats of dimension three in RS. By Corollary 3] to get an asymptotic
upper bound for the number of quadruples in @ it suffices to derive an upper bound for the number
of quadruples (a,p,b,q) € P* such that Top NTyy € 0. By Lemma 6] for every such quadruple we
have that Lap N Ly is a line. On the other hand, when T,, N Ty, € Hp we have that Lq, N Ly, = 0.
Thus, it remains to derive an upper bound on the number of pairs of flats of £ that intersect (in a
line).

Lemma 4.10. (a) Every point of RS is contained in at most n flats of L.
(b) Every hyperplane in RS contains at most n flats of L.

Proof. Consider three distinct points a,p,q € P and note that T, N Tpq = 0, since a rigid motion
cannot simultaneously take a into two distinct points. This immediately implies part (a) of the
lemma. By Corollary 4.8, L,, and Ly, cannot be in the same hyperplane, which implies part
(b). O

Let H, be a generic hyperplane in RS, in the sense that every 3-flat of £ intersects Hyin a
2-flat, and every line of the form Ly, N Ly, (with a,b,p,q € P) intersects H, at a single point. Let
F ={LapNHy: Lay € L} and consider H, as R®. Note that F is a set of ©(n?) distinct 2-flats.
Every two 2-flats of F are either disjoint or intersect in a single point. By Lemma [£.10] every point
of R? is incident to at most n of the 2-flats of F and every hyperplane in R® contains at most n of
the 2-flats of F.
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For every integer k > 2, let my, denote the number of points of R that are contained in exactly
k of the 2-flats of F. Similarly, let m>, denote the number of points of R® that are contained in at
least k of the 2-flats of F. Then |Q] is the number of pairs of intersecting flats of F, and

n n logn
k
‘Q’ = E mpg - 2<2> < E /<;2mk =0 < E 22km>2k> .
k=2 k=2 k=1

nl0/3

If we had the bound m>, = O <W) for some € > 0, then the above would imply |Q| =

O(n'%/3).  Combining this with (I0) would imply that the points of P span (n2/ 3) distinct
distances.

An incidence result of Solymosi and Tao [9] implies that the number of incidences between m
points and n 2-flats in R?, with every two 2-flats intersecting in at most one point, is O(mz/ 3te'p2/3 4
m+n) (for any ¢’ > 0). Every incidence bound of this form has a dual formulation involving k-rich
points (for example, see [8, Chapter 1]). In this case, the dual bound is: Given n? 2-flats in R®
such that every two intersect in at most one point, for every k > 2 the number of k-rich points
is O (% + %2> By taking ¢’ to be sufficiently small with respect to €, we obtain the bound

n4+5

m>y = O ( =+ "—,j) This bound is stronger than the required bound when k = Q(n?/3+¢). That

is, it remains to consider the case where k = O(n2/ 3+€). This completes the proof of Theorem
4.2l O

5 Distinct distances in R?

In this section we prove Theorem in every dimension. While the general outline of the proof
remains the same as in the proof of Theorem [4.2] several steps become significantly more involved.
As before, we embed Spun(d) in a real space and then perform several projections to lower dimen-
sional spaces. Since Corollary 2.3] does not hold for d > 6, we do not have a simple description of
Spun(d) as in Lemma 3] This leads us to study Spun(d) in a more indirect way.

Recall that Spun(d) is contained in the subspace Zg C X4 generated by 1 and by products of
an even number of elements from {ej,es,...,eq,e411€442}. Note that Zg has a basis of size 27.
We consider Zg as R2 by mapping the above basis elements to the standard basis vectors of R2.

With this notation, we study the behavior of Spun(d) as a set in R,

5.1 Studying m-terms

For an even integer m > 0, an m-term of C’Eg is a product of m distinct elements from {ey, ea,...,eq4}
(together with a real coefficient). Similarly, an m-term of Z9 is a product of m distinct elements from
{e1,€2,...,€eq,eqr1€412} (together with a real coefficient). In both cases a O-term is 1 multiplied
some real number. In this section we study several basic properties of m-terms. Since these are
just straightforward calculations, the reader might prefer to skip this section and refer to it when
necessary.

Lemma 5.1. For a fized even m, let x € CL9\{0-1} consist entirely of m-terms and let v € Spin(d).
Then yxy~! also consists entirely of m-terms.

Proof. Let z € C¢9 and v € Spin(d). We think of C¢9 as R2 and write [|z|| for the Euclidean
norm of z in R2". Note that the first coordinate of 2% is |z]| and so is the first coordinate of
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Zz (since ||z|| = ||z]|). Since 2y l2y~1 = 29714z = 2%, by considering the first coordinate of

these expressions we get that ||z|| = |[zy~!||. That is, multiplication by v~! from the right is an
orthogonal transformation (with respect to the Euclidean norm). Similarly, 7zyz = Zz implies
that multiplication by v from the left is also an orthogonal transformation. We conclude that the
conjugation z — yzy~! is orthogonal with respect to the Euclidean norm. Combining this with
v1y~! =1 implies that z and vz~ have the same first coordinate.

For uy,...,uy, € R the product i(uy) - --i(uy) cannot contain (-terms for any £ > m. More-
over, for any m-term ey, ey, - - - ex, Wwe have that veg, ex, -+ €x, 75 = Yerm Y " Ver, Y L. ver, v
This implies that y2y~! cannot contain /-terms for any ¢ > m.

We write yoy~! = 6+ ', where § consists entirely of m-terms and ¢ consists entirely of smaller
terms. We have

N(z —7718"7) = N(2) = N(y7'8") = (& = 710) (@ —77107) —aT — 77180y
__ (m—law + ’y_lé/’yf) : (16)

For any y,z € C’Eg, the first coordinate of yZz is the dot product of y and z as vectors in

R2". Since 718"y consists entirely of /-vector terms with £ < m, the first coordinate of (I8]) is
zero. Since conjugation by - preserves the first coordinate, we have that the first coordinate of
(x — 720"y (x — v~ 18'y) — 2T — v~ 16’0’y is the same as the first coordinate of

v ((w 1Y) (@ —y718") — 2T — 7‘157’0 v
=y(z — Iy @ =Ty = ey a0
=66 — (66 + 80+ 66 +06'6) — 0’0’ = — (66 + 60 +20'5) .

Since ¢ and ¢’ do not have terms of the same size, the first coordinates of 46’ and ¢’6 are both
zero. This implies that first coordinate of ¢’d’ is zero. Since this first coordinate equals [|¢’||, we
get that ¢ = 0 and complete the proof. O

Lemma 5.2. For a fixed even m, let x € C’Eg_l consist entirely of m-terms. Then for every a € R?
the expression xeq(i(a)+eq) consists entirely of m-terms and (m + 2)-terms. It the d’th coordinate
of a is not —1, then zeq(i(a) + eq) contains at least one m-term.

Proof. Let aq be the d’th coordinate of a and let o’ =a — (0,...,0,aq4). We have that
zeq(i(a) +eq) =z ((—1 — ag)l + eqi(d)) = —(1 + aq)z — zi(d’)eq.

Since xi(a') € Cly_1 consists entirely of (m —1)-terms and (m+ 1)-terms, we have that xi(a')ey
consists entirely of m-terms and (m + 2)-terms, as desired. Since no term of x contains ey and
every term of xi(a')ey contains ey, if ag # —1 then the m-terms from —(1 4 a4)x are nonzero and
do not get canceled by other terms. O

Lemma 5.3. For a fixed even m, let z € ZS \{0-1} contain only m-terms and let a,p € R?. Then
(1+ Jeat1€a+2i(p)) (1 — Seqr1€at2i(a)) contains only m-terms and (m-+2)-terms. This expression
contains at least one nonzero m-term.

Proof. We write z = 21 + 20e411€412 Where z1 € Cﬁg and z9 € Cﬁcll. We then have

1 ) 1 ) 1 ) )
1+ §€d+1€d+21(p) z(1-— §ed+1ed+2z(a) =z+ §ed+1ed+2 (i(p)z1 — z1i(a)) .
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We observe that both i(p)z; and zji(a) contain only (m + 1)-terms and (m — 1)-terms, and
do not contain egyieqo. This implies that feqiieqts (i(p)z1 — z1i(a)) contains only (m + 2)-
terms and m-terms. Additionally, the part of z + eqt1eq442 (i(p)21 — z1i(a)) that does not involve
ed+1€4+2 is exactly z;. Thus, if z; # 0- 1 then we have at least one m-term. If z; = 0 -1 then
z+ %eqi1eqr2 (i(p)z1 — z1i(a)) = 2, and we again have an m-term. O

5.2 Proof of Theorem

Let P be a set of n points in R%. Let D denote the number of distinct distances that are spanned
by P and denote these distances as d1,...,d0p. We set

Q= {(a,b,p,q) € P*: |ab| = [pq| > 0} .

The quadruples of @ are ordered, so (a, b, p,q) and (b, a, p, q) are considered as two distinct elements
of Q. Our proof is based on double counting |Q)|.

For every j € {1,...,D}, let E; = {(a,b) € P?: |ab| = §;}. Since every ordered pair of distinct
points (a,b) € P? appears in exactly one set Ej, we have that Zle |E;| = n% —n > n?/2. The
Cauchy-Schwarz inequality implies

2
4

D D
1 n
= E2>— E; > —. 17
ol gr iI*> 5 gw il > 15 (17)

For a,b,p,q € R? with a # b, we have |ab| = |pq| if and only if there exists a proper rigid motion
in SE(d) that takes both a to p and b to q. Thus, for every (a,p) € P? we set

Ryp ={v € SE(d) : a” = p}.

To derive an upper bound for |Q| it suffices to bound the number of quadruples (a, b, p, q) € P*
that satisfy a # b and Rgp N Rpy # 0. Since it would be simpler to work in Spun(d) rather than in
SE(d), we recall the following definition from (&).

Top = {z € Spun(d) : a” =p} = pgl(Rap).

From Spun(d) to R("2"). In Section @ we studied the bijection 7 from the set of points of Spun(3)
that have a positive z1-coordinate to RS. We now generalize this bijection to the case of Spun(d).
Let Spun(d)4+ be the set of points of Spun(d) that have a positive first coordinate (the coordinate
that corresponds to the coefficient of 1).

Let m : R2' — R2~1 be the projection defined by (1,22, ..., T9a) = (22,...,29a). Let Hy
denote the hyperplane in R2 defined by 1 = 0 and let H; denote the hyperplane defined by z; = 1.
For each x € R \ Hy there exists a unique A\, € R such that the z;-coordinate of A,z is 1. We

define 7 : R \Hy — R2'~1 as m(x) = w1 (Azx). We think of elements of R2'~L as corresponding to
d
elements of Zg, except for the coefficient of 1 (which was removed by 7). Let 7’ : R2'-1 R(3")

be the projection that keeps only the (dgl) coordinates corresponding to 2-terms of Zg. We will
see that we do not lose information of elements of Spun(d); by keeping only these coordinates.
Finally, let ng = 7’ o ;. Note that 73 is indeed the map 1 from Section Ml

We first claim that the restriction of 7; to Spun(d)4 is injective. Indeed, assume that m1(z) =y
for z € Spun(d). and write y = (y2, ..., ypa) € R2'~1. This implies that Apz = (1,2, ..., yoa). Since
x € Spun(d),, we have that N(z) = 27 = 1 and thus N(\,z) = A2 - 1. That is, the value of A,
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is determined up to a sign by N(Azz). This sign has to be positive, since the first coordinate of
x must be positive. We conclude that for every y € R2'~L there exists at most one z € Spun(d) +
such that 71 (z) = v.

Set

Gg={r-yeCy: rc R\ {0} and v € Spin(d)},
Jy={r-ze€Z): reR\ {0} and 2 € Spun(d)}.

Note that G4 is a group under the product operation of C’Eg. Similarly, J; is a group under the
product operation of Zg. By studying these groups, we will obtain information about 74 and about
the structure of Spun(d).

The following lemma provides a consistent form for writing elements of G4. Below we will rely
on this lemma to prove various claims by induction on d.

Lemma 5.4. (a) For every element g € Gg there exists h € Gq—1 that satisfies the following.
Either g = heg_1eq or there exists u € ST\ {i~!(—eq)} such that g = h(eqi(u) — 1).
(b) For every z € J; there exist v € R and g € Gy such that z = g (1 — %ed+1ed+2i(v)).

Proof. (a) By definition, for every g € G4 there exists r € R\ {0} such that g/r € Spin(d). This
implies that (g/r)~! = g/r, so (g/7)(g/r) = 1. That is, g~! = g/r%. We define the group action of

g on v € R to be
i—lgn@gg—nzzi—1<§¢@o(§j>::i—1<§i@g<g)_l>.

Since this is the action of g/r € Spin(d) on v, it is a rotation of SO(d). Thus, the action of g maps
some point u € ST to i~ (ey).

We first assume that u # i ~!(—eq). We write s = ||u+ (0,...,0,1)|| and note that s # 0. Since
i~Y(eq), %1(%) € S%1) we get that © = eq (eq +i(u)) /s € Spin(d). Since u € S¢~!, we note that
the vectors u + i~ (eq),u — i~ (eq) € R? are orthogonal. By Lemma 4] we have

pi(u)z! = & (eqa+i(u))i(u) (eq+i(u))eq ©d (i(u) + eq) (z‘(u)2+ed n i(u)z—ed) (eq +i(w)) eq
= > _ .

eq (i(u) + ea)” ((i(u) + ea) — (i(u) —eq)) ea _ —€a-2¢q-€q _

252 2

€d.

The above implies that gz~! is in the stabilizer of i~!(e4). We observe that the stabilizer of
i~ (eq) is Gg_1. Setting h = (g-x~'/s) € G4_1, we get that

9 =gz 'w = heq (eq +i(u)) = heqi(u) — 1).

The above completes the proof of the case where u # i~!(—eq). We now assume that u =
i_l(—ed). That is, that geqg~' = —eq. Let h = —geg_1eq and note that h™! = —ezeq_197". This
implies that heqh™! = e4. As before, since h is in the stabilizer of e; we have h € G4_1. We get
that g = —geq_1eqeq_1eq = heq_1eq4, as asserted.

(b) Since z € Jg, there exists r € R such that z/r € Spun(d). By Lemma B.2] there exist
v € Spin(d) and u € R? such that z/r = v (1 + egrae411i(u)). The assertion of the lemma is
obtained by setting g = ry and v = —2u. O

The following two lemmas will help us to show that the restriction of 74 to Spun(d) . is injective.
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Lemma 5.5. If g,g € Gg4 have the same nonzero first coordinate and the same 2-terms, then
9=y

Proof. We prove the lemma by induction on d. For the induction basis, note that the claim is
trivial when d < 3. We now assume that the claim holds for G4_; and prove it for G4.

Consider g, ¢" € G4 that satisfy the assumption of the lemma. As in the proof of Lemma[5.4](a),
ifg(—ed)g_1 = i_l(ed) then there exists h € G4_1 such that g = hegegq_1. This contradicts g having
a nonzero first coordinate, so we must have g(—egq)g~" # i~'(eq). A symmetric argument implies
that ¢'(—eq)(¢') " # i '(eq). By Lemma [5.4(a), there exist h,h' € Gq_ and u, v’ € S\ {—ey}
such that g = h (eqi(u) — 1) and ¢’ = b/ (eqi(u’) — 1).

We write h = r -1+ ho + hy such that r € R, every term of hy is a 2-term, and h, contains no
0-term and 2-terms. That is, we have

g =h(eqi(u) — 1) = hegi(u) —r-1 —hg — hy.
Let u; be the j'th coordinate of u, and set u, = u — (0,...,0,uq). Then
g = heqi(us) — (1 +uq) - 1 — ha(1 4+ ug) — hy (1 + uq).
A symmetric argument gives
g =heqi((u)) —r'(L+uy) - 1 — hoy(1+uy) — A (1 +uf).

By the assumption on u and v/, we have that ug # —1 and u/, # —1. Since g and ¢’ have
nonzero first coordinates, we have that r # 0 and r’ # 0. Since these first coordinates are identical,
(14 ug) = 7'(1 4+ u};). By the assumption on the 2-terms of g and ¢/, we have that (1 4 ug)he =
(14u;)hY (the expressions hegi(u,) and h'eqi((u')) may also contain 2-terms, but these all involve
eq and thus do not affect the terms of hg, hf, € C’Eg_l).

By setting £ = (1 +uq)/(1 4 ul)) we get that r’ = ¢r # 0 and hy = fhy. We may thus apply the
induction hypothesis on h, fh’ € G4_1, to obtain that A’ = ¢h. That is,

g =hegi(us) — h(l +ug) and ¢ = lheqi((u')s) — Lh(1 + u).

We write hy = Zl§j<k§d—l Ajkejer, where the coefficients );; are in R. Consider the terms of
the form ejeq for some 1 < j < d — 1. By the assumption about 2-terms in g and ¢/, we have

redz’(u*) + Z )\j,kejek(ujedej + ukedek)
1<j<k<d—1

= Brxedz'((u')*) +/ Z )\j,kejek(u;edej + u;edek).
1<j<k<d—-1

Simplifying, we have

reqi(us) + Z Njk(—ujereq + upejeq)
1<j<k<d—1

= lreqi((u)y) + ¢ Z Ajp(—ufereq + upejeq).
1<j<k<d-1
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This leads to the following system of linear equations.

!
r A1,2 A3 Ag— uy — fuy
/
=12 T A2z Aad—1 up — g
/
—A13 —A23 r o A3d-1 ug — fus —0.
!
—AMd—1 —A2d-1 —A34-1 - r ug—1 — luy_

After placing zeros in every cell of the main diagonal, the above matrix becomes skew-symmetric.
Recall that the eigenvalues of a skew-symmetric matrix are pure imaginary, and that adding a
constant ¢ to every element of the main diagonal adds c to every eigenvalue. Since r is a nonzero
real number, we get that the above matrix has no zero eigenvalues, and is thus invertible. This
implies that the only solution to the above system is u; = €u;- forevery 1 < j <d-—1.

By recalling that ¢ = (1 4+ uq)/(1 + u};) we get

ud = (01 + ) — 1)% = (1 + 2uy + (ul))?) — 20(1 +uly) + 1.

Combining the above with u,u’ € S%! leads to

1=|ul?= Zu _252 )2+ (14 2uly + (u))?) — 20(1 +ufy) + 1

=202 + 20%u), — 20 — 20u/, + 1.

Tidying up the above gives £+ fu/, = 14w, so £ = 1. We thus get that h = &' and u = «/, and
conclude that g = ¢'. d

Lemma 5.6. Ifz,y € Jg have the same nonzero first coordinate and the same 2-terms, then x = y.

Proof. By Lemmal[5.4(b), there exist g, h € G4 and u,, u, € R? such that z = g (1 - %ed+1ed+2i(um))
and y = h (1 — %ed+1ed+2i(Uy)). We write g = r, - 1 + g9 + ¢’ where r, € R, every term of go is
a 2-term, and ¢’ contains no 0-term and no 2-terms. We symmetrically write h = r, - 1 + hg + h/.
That is, we have

1

1 ) , )
r=g(1- §€d+1€d+2l(ux) =(re+g2+g)|1- §€d+1€d+2l(ux)

1 .
=rp-1+g+9 — §g€d+1€d+2l(ux),

1 , 1 ,
y=nh (1 — §ed+1ed+21(uy)> =(ry+ha+ 1) <1 — ged+1ed+2z(uy)>

1 .
=ry-1+hy+h' — §h€d+1€d+2’b(uy).

Since = and y have the same first coordinate, we have that r, = r,. Since ng(x) = nq(y), we
have go = hy. By lemma 5.5 we get that g = h. We thus have

1 . 1 .
r=9g-— §9€d+1€d+21(%)7 and y=g— §g€d+1€d+2l(uy).

We write g9 = 21ﬁj<kﬁd Aj.kejer, where the coefficients A; are in R. Also, let u, ; denote the
Jj'th coordinate of u,. We now consider the terms of the form ejeqi1e442 with 1 < j < d. Since x
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and y have the same 2-terms, we have
T2€d4+1€d+21(Uz) + Z Ajkejer(Ug jedi1edrae) + Uy kedt+1€4+2€k)
1<j<k<d

= raeasiearai(uy) + Y Ajkejer(y jeditCarac; + Uy kCar1€dtack)-
1<j<k<d

Simplifying, we have

Tr€di1€dioi(ug) + E Njk(—Uz jeredriedra + Ug k€j€dt+1€d+2)
1<j<k<d

= Tpedt1€d+21(uy) + § Ajk(—Uy jeredri1edy + Uy p€jear1€442).
1<j<k<d

This leads to the following system of linear equations.

Tz A2 A3 0 Aig Ug,1 — Uy 1
A2 Ty A2z 0 Aag Ugp,2 — Uy2
A1z —A23 e o A3 | | wes—uy3 | =o.
—AMd —A2d —A3d T Up d — Uy d

By repeating the eigenvalues argument from the proof of Lemma 5.5l we get that the only
solution to this system is u,; = u, ; for every 1 < j < d. Since u, = u,, we conclude that
T =y. O

Corollary 5.7. The restriction of ng to Spun(d); is injective.

Proof. Consider two elements =,y € Spun(d)4+ such that ng(x) = n4(y). Let z1 be the first coor-
dinate of z and let y; be the first coordinate of y. We set 2/ = z/z1 and y' = y/y’, and note that
x',y’ € Hy. Moreover, we have that ng(z) = ng(z’) = 7’ o m(2’) and n4(y) = na(y') = 7 o m (/).
This also implies that ny(z") = 74(y’), which in turn implies that 2’ and y’ have the same 2-terms.
Since 2’ and 3’ also have the same first coordinate, Lemma[5.6] states that 2’ = 13/. By the definition
of Spun(d), there is a unique r € R such that r -2’ € Spun(d),. We thus conclude that x =y. O

We next show that the restriction of 1y to Spun(d)4 is surjective in a similar manner.

Lemma 5.8. Consider r € R and elements A\, € R for every 1 < j < k < d, such that v # 0.
Then there exists g € G4 such that the first coordinate of g is r and the coefficient of the term ejey,
in g is Ajg.

Proof. We prove the lemma by induction on d. For the induction basis, note that the claim is
trivial when d = 1. For the induction step, we assume that the claim holds for G4_1 and consider
the case of Gy.

By the induction hypothesis, there exists h € G4_1 with first coordinate r and the term \; re;es
forevery 1 < j < k <d—1. Weset g = h—hegi(u) € Gy, for some u € R~ that will be determined
below. Note that the first coordinate of g is 7 and the coefficient of the term ejer in g is A;, for
1<j<k<d—1 Wenow consider the terms of the form ejes in g, and observe that these are all
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in —hegi(u). Let u; denote the j'th coordinate of u. Since for every 1 < j < d — 1 we would like g
to contain the term A; gejeq, we get the following system of linear equations.

r A2 —A13 o = Ald-1 up Ad
A1,2 r —A23 - —Agg-1 Ug A2 d
A3 A2,3 r o —A3d-1 uz | = | Asaq

AMd—1 A2d—1 A3d—1 - r Ug—1 Ad—1,d

By repeating the eigenvalues argument from the proof of Lemma 5.5l we get that the above
matrix is invertible. Thus, there exists a choice of uq,...,uq_1 such that the above system holds.
That is, there exists u € R?! such that g satisfies the assertion of the lemma. O

Lemma 5.9. Consider r € R and elements A\ € R for every 1 < j <k < d+ 1, such that r # 0.
Then there exists g € Jg such that the first coordinate of g is r and the coefficient of the term ejey,
in g is \j (when k =d+1 we consider the term ejeqii€eq42 instead).

Proof. By lemmal[5.8] there exists h € G4 such that the first coordinate of h is r and the coefficient
of the term ejey, is Ajx, for every 1 < j < k < d. We set g = h — hegiieqq2i(u) € Jg, for a vector
u € R? that will be determined below. Note that the first coordinate of g is 7 and the coefficient of
the term eje in g is A\jp, for 1 < j < k < d. We now consider the terms of the form ejeqyieq442 in
g, and observe that these are all in —heg1eq12i(u). Let u; denote the j'th coordinate of w. Since
for every 1 < j < d we would like g to contain the term \; gy1€jeq41€q42, we get the following
system of linear equations.

ro—=A2 —AM3 o —Aig\ (w1 Ald+1
Ate r =Xz o —Aog | | ue A2,d+1
A3 A3 roo =X3g | | us | = | Asat
Md  A2d A3g - T Ug Ad,d+1

By repeating the eigenvalues argument from the proof of Lemma 5.5 we get that the above
matrix is invertible. Thus, there exists a choice of uq,...,uq such that the above system holds.
That is, there exists u € R? such that g satisfies the assertion of the lemma. O

Theorem 5.10. The map ng4 : Spun(d)+ — R(“2) is a bijection.

Proof. By Corollary [5.7] the restriction of 1y to Spun(d)4 is injective. It remains to show that this

restriction is surjective on R(dgl). Consider v € ]R(dgl). By Lemma [5.9] there exists g € J; such
that n4(g) = v and the first coordinate of g is 1. By the definition of J;, there exists r € R\ {0}
such that rg € Spun(d). We have that 74(rg) = 1n4(g) = v. Thus, the restriction of 14 to Spun(d)+

d+1
is surjective on r(2. O

Now that we established that the restriction of 14 to Spun(d)+ is a bijection, we move to study
the image of Tg, N Spun(d)4 under ny. In particular, we will show that this image is a (g)—ﬂat.
Similarly to Spun(d), let Spin(d)+ be the set of elements of Spin(d) where the term 1 has a positive
coefficient. We also recall the definition of F), from ().

Lemma 5.11. For a,p € RY, we have ng(T,, N Spun(d)y) = nq (Fup \ Ho).
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Proof. By Lemma [3.6] we have Ty, N Spun(d)4 C Fgp \ Ho, which implies that 74(7,, NSpun(d)) C
na (Fup \ Ho). For the other direction, we consider z € Fg, \ Hy. To complete the proof, we will
show that there exists « € T, N Spun(d)4 such that ng(z) = ng(x).

We recall that (1 — %ed+1ed+2i(p)) (1 + %ed+1ed+2i(p)) = 1. Since z € F,), we have

1 , 1 .
<1 — §ed+1ed+2z(p)> z <1 + Eed+1ed+gz(a)> € Cﬁg.

Since C¢Y is contained in Z9, we can also think of G4 as contained in Z9. Then, by Lemma [5.§]
there exists v € Spin(d)4+ such that

na(Y) = na <<1 - %edﬂedmz‘(p)) z (1 + %€d+1€d+2i(a)>> :

Thus, there exists A € R\ {0} such that (1 — %ed+1ed+2i(p)) z (1 + %ed+1ed+2i(a)) — A7y contains
no 0-term and no 2-terms. By Lemma 5.3, multiplying from the left by (1 + %ed+1ed+2i(p)) and
from the right by (1 — %edﬂed”i(a)) cannot create any O-terms and 2-terms. That is, setting
y=A (1 + %edﬂed”z’(p)) ~y (1 — %edﬂed”z’(a)), the expression z — y contains no O-terms and 2-
terms. Equivalently, z and y have the same the same 0-terms and 2-terms. Note that y has a
nonzero first coordinate, so 1y (y) = n4(2).

Set z = y/A. By Lemma 3.5 we have

1 . 1 . 1 . ;
xr = <1 + §€d+1€d+22(1))> Y (1 - §€d+1€d+2l(a)> =7 T 5Cd+16dt2 (i(p)y — 7vi(a)) € Tup.
Since v € Spin(d)4, we get that = € Spun(d)+. Finally, n4(x) = 14 (y) = na(2), as required. O

Note that the map ng(x) is well-defined for every point = € R \ Hp. Additionally, when we
restrict the domain of 74 to Hy it is a linear map. Let 1), : R2" - R(":") be the standard projection
that keeps only the coordinates corresponding to basis elements of Zg that are 2-terms. We can
think of 7/, as a linear extension of the restricted 7q to R2",

Lemma 5.12. The projection 1g(Tap N Spun(d)4) is a (g) -flat.

Proof. Since F,, is ruled by lines that are incident to the origin, we get that n4(F,, \ Ho) =
na(Fap N Hy). Since Fy, N Hy is a flat and the restriction of 1y to Hj is a linear map, Lemma [5.17]
implies that 7g(Tap N Spun(d)4) is a flat in R(“2"). Tt remains to establish the dimension of this
flat.

From the definition of Fy, in () we notice that Fp, NH; # 0 (for example, by taking the element
1 from C’Eg in this definition). We also note that every v € F,,NH; satisfies F,,NH; = v+ (FopNHp).

For such a v we have
1d(Fap \ Ho) = 14(Fap N H1) = ng(v + Fop N Ho) = 14(v) + 173(Fap N Ho).
Combining the above with Lemma [E.11] implies that
dim(ng(Tap N Spun(d)4.)) = dim(n)(Fap N Ho)) = dim(F,, N Hoy) — dim (ker 1 N Fy, N Ho) -

Since dim F,, = dim(C’Eg) = 29-1 and F,, properly intersects the hyperplane Hy, we get that
dim(F,, N Hy) = 2%~! — 1. Note that the elements of ker ;N F,, N Hy do not have 2-terms and 0-
terms. Let 7, : Z) — ZJ be the map defined by 7op(2) = (14 eq41€442i(p))x(1 — Feat1€q42i(a)).
By Lemma 5.3, we have that ker n, N Fy,, N Hy is the subspace generated by

{Tap($) : x is an element of the standard basis of C¢J that is an m-term for some m > 4} .
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Since T[;,l (x) = (1 — %ed+1 ed+2i(p)) T (1 + %ed+1 ed+2i(a)), we note that 7, is a linear bijection.

This implies that the above generating set is linearly independent, so dim (kern), N Fy, N Hy) =
24—1 _ (g) — 1. We conclude that

dim(n4(Tap N Spun(d),)) = 2471 — 1 — <2d—1 — (g) — 1> = (g)

O
d+1 d+1

Studying the flats in R(2). Let Lap = na(Typ \ Ho) be the (g)—ﬂat in R(3") that corresponds

to T,p. Given points a,p,b,q € R?, we now study what happens to Ly and Ly, when T, N Ty, # 0.

This part is mostly identical to the case of R? that was presented in Section Ml In particular, the

proofs of Lemma @4] Lemma 5], Lemma A7, and Corollary B8 easily extend to R? (by changing
eqes t0 eqgy1€q+2 and other such straightforward revisions).

The proof of Lemma does not immediately extend to R?. Instead of that lemma, we rely on

the three following ones. Let T}, be the set of points of T}, that have a positive first coordinate.

Lemma 5.13. IfT,, N Ty, < Hy then Lgpy N Ly, = nq (Fap N Fpg N Hy).
Proof. By Lemma 3.6l we have T}, N Tpyq C (Fyp N Fyy) \ Ho. This implies that
nd(Tap-i- N Thgt) S na ((Fap N qu) \ Ho) = na (Fap N Fyg N Hy).

By Lemma BTl we have that ng(Top+) = na(Fap \ Ho) = n4(Fap N Hy), and symmetrically
Nd(Toq+) = Md(Fpq N Hy). Combining this with Theorem [5.10] implies that

Na(Lap+ N Tog+) = na(Tap+) N 1a(Tog+) = na(Fap N Hi) N na(Fog N H1) 2 ng (Fap 0 Fog N Hy)
Combining the above, we conclude that
Na (Fap N Fyg N H1) = 14(Tap+ N Tog+) = Lap N Lug,
as asserted. O

In Lemma [5.15] below, we will study L, N Ly, when T, N T, € Hp. Handling the case where
TopNThy # () and TopNTyy € Hy is more difficult. The following lemma shows that this problematic
case cannot happen too often.

Lemma 5.14. Assume that Top NTyy # 0. Then Top N Ty, € Ho if and only if a —b = q — p.

Proof. By the (straightforward) extension of Lemma to Spun(d), we have

1 , 1 .
Fop N Fpg = (1 + §€d+1€d+22(p)> BCHY_ <1 - §€d+1ed+22(a)> , (18)

for any «, 8 € Spin(d) that satisfy aln(;’__;ﬁ a~l = ¢4 and BeyB! = ﬁ. Combining this with
Lemma [5.3] implies that

1 , 1 .
<1 + §ed+1ed+2z(p)> BCLY <1 — §ed+1ed+gz(a)> C Hy (19)

if and only if BC@g_la C Hy. By lemma 5.1 we have that € Hy if and only if S~ 'a8 € Hy, so
BCHY o C Hy if and only if C¢9 a8 C H,.
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Assume that a — b = ¢ — p. For an arbitrary 8 € Spin(d) such that Be 87! = ﬂ(g__;’ﬁ, set

v = eg_1eq and a = yB~L. Since v is the product of two elements from i(S%~!), we have that
v € Spin(d), which in turn implies that o € Spin(d). We get that

(ot () < (R e

lg — pll

We can thus use these a and § in ([3). This implies that C¢Y a8 = C9_ eq—1eq C Hp, which in
turn implies that (I9)) is false. Combining this with (I8) and with LemmalB.6limplies 7,1}, € Ho.

Next, assume that a — b # ¢ — p. For an arbitrary 3 € Spin(d) such that fegB8~ ! = Z”(; ;fﬁ, set

b
B =" 1’”(b 3”5 We have that —ey # B, so we may set v = ”ed+B”ed (eq+ B) and a = y5~ 1.
Since v is the product of two elements from i(S¢~1), we have that v € Spin(d), which in turn implies
that o € Spin(d). Performing a calculation similar to the one in the proof of lemma 5.4, we have
that « (1|(l§)—_;|f> a~! =e4. We can thus use these a and 3 in (I8]).
Let

1 , _ 1 .
r = (1 + §6d+1€d+2l(p)> pLys~! (1 - §€d+1€d+2l(a)> : (21)
Note that z € F,, N Fyq. By Lemmas [5.1] 5.2], and [5.3] we have that « ¢ Hy. Since  is a product of
elements of Spun(d), we have that « € Spun(d). Lemma B.6limplies T,, N1y, = F,p N Fy, N Spun(d),
so x € Ty, N Ty We conclude that Ty, N1, £ Hy, which completes the proof. O

Lemma 5.15. If T,, # Ty, and To, N Tyy € Ho, then dim (Lgp N Lyy) = (dzl).

Proof. By the assumption Lgp N Ly, # (0. Let v € Loy N Ly, and note that it suffices to prove that
dim ((Lap — v) N (Lyg —v)) = (431). By Lemma 513,

(Lap — U) N (qu — ?J) +v= Lap ﬂqu =1y (Fap ﬂqu ﬂHl) = ?7{1 (Fap ﬂqu ﬂH()) + .

By the extension of Lemma to R%, we have that dim (F,, N Fy,) = dim(Cly_q) = 2472,
The assumption Tj,, N Ty, € Hy implies that F,, N Fy, properly intersects Hp. This in turn
implies dim (F,, N Fyy N Ho) = 2972 — 1. It remains to show that dim (F,, N Fy, N Ho Nker (7)) =
20-2 (71 — 1.

For an arbitrary 3 € Spin(d) that satisfies SeqB~! = Tﬁj ;’ﬁ, set B = B_lﬂ(lf s” 5. By Lemma
614l the assumptlon Tap N Tyy € Ho implies a — b # g — p, which in turn implies that B # —egq.
Let v = ”enJrB” en (en + B) and let a = y3~1. Since 1 is the product of two elements from (S91),
we have that v € Spin(d) which in turn implies that « € Spin(d). By repeating the argument in

([20), we get that O‘Hb Hofl = eg4. By the extension of Lemma 5] to R, we have

1 ) _ 1 )
Fop N Eyy = <1 + §ed+1ed+22(p)> ey ypt <1 - §ed+1ed+gz(a)> . (22)
Consider the map 7, : Zg — Zg defined by
1 , 1 .
Tap(x) = (14 §€d+1€d+21(p) Bra |1 — §ed+1ed+22(a) .

Since Tapl(m) = g1 (1 — %ed+1ed+2i(p)) T (1 + %ed+1ed+2i(a)) a™l, we note that 74, is a linear
bijection.
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We claim that Fyy, N Fpy N Ho Nker (1)) is generated by
{T(f) . fis an element of the standard basis of CY_, and an m-term for some m > 4}. (23)

Indeed, for any such m-term f, Lemmas 5.1l 5.2] and 5.3 imply that

T(f) = (1 + %€d+16d+2i(17)> Bfa (1 - %ed+1€d+2i(a)> € Ho Nker(ng).

By (22)), this expression is also in F,, N Fj,.

If fe Zg contains a O-term or a 2-term, then Lemmas [5.1], 5.2) and B3] imply that 7,,(f) ¢
Fup N Fyqy N Hy Nker(n)). That is, if g € F,, N Fyq N Ho N ker(n);) then 7,'(g) contains no 0-
term or 2-terms. We conclude that (23]) generates Fy, N Fy, N Hy N ker(n};). Since 7(f) is a
bijection, the set (23) is a linearly independent subset of Fy, N Fy, N HoNker(n}). This implies that

dim(F,, N Fy, N Ho Nker(n);)) = 2472 — (dgl) — 1, which completes the proof. O

We are now ready to state the connection between the distinct distances problem and the flats
Lgp. Let Q' be the set of quadruples (a,p,b,q) € P* such that Top N1y € Hp. In particular, note
that (a,p,b,q) € Q' implies that T, N Ty # 0.

Corollary 5.16. We have that Q' C Q and |Q'| > |Q|/2.

Proof. Recall that a quadruple (a,p,b,q) € P*is in Q if and only if T,, N T, # 0. Since Ty N Ty, €
Hy implies T,, N Ty, # 0, we have that @' C Q. It remains to show that at least half of the
quadruples of @) are also in Q’. Consider Ty, # Ty, such that T,, N Ty, € Hyp. By Lemma [5.14] we
have that a — b = ¢ — p. This implies that b —a # p — ¢, so Ty, N T,q € Ho (since |ab| = [pq|, we
get that Ty, NToq # 0). That is, for every quadruple (a,p, b, q) € Q not in @’ there exists a distinct
quadruple (b, p, a,q) that is in Q' O

EY)

Flats in }R( and in R24-1, We set

L={Lg: a,p € P and a # p}.

Note that £ is a set of ©(n?) flats of dimension (g) in R(“2). By Corollary (5.16] to get an
asymptotic upper bound for the number of quadruples in @ it suffices to derive an upper bound
for the number of quadruples (a,p, b, q) € P* such that T, ap N Tpqg € Ho. By Lemma every such
quadruple satisfies dim Ly, N Ly = (dgl). On the other hand, when Ty, N1y, C Hy we have that
Lgp N Lyg = 0. Thus, it remains to derive an upper bound on the number of pairs of flats of £ that
intersect (in a (dgl)—ﬂat).

The proof of the following lemma is identical to the proof of Lemma 10l
Lemma 5.17. (a) Every point of R(dgl) s contained in at most n flats of L.
(b) Every hyperplane in R(dgl) contains at most n flats of L.

Ngc? that (d'gl) - (dgl) = 2d — 1 and that (g) - (dgl) =d—1. Let H, be a generic (2d — 1)-flat
in R(" ), in the sense that:

e Every (g)—ﬂat of £ intersects Hy in a (d — 1)-flat.
e Every (dgl)—ﬂat of the form Ly, N Ly, (with a,b,p, ¢ € P) intersects Hy at a single point.
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Let F = {LopNHy: Lap € L} and consider H, as R?4~1. Note that F is a set of ©(n?) distinct
(d — 1)-flats. Every two (d — 1)-flats of F are either disjoint or intersect in a single point. By
Lemma [5.17, every point of R%¢~! is incident to at most n of the flats of F and every hyperplane
in R??~1 contains at most n of the flats of F.

For every integer k > 2, let m;, denote the number of points of R?¢~! that are contained in
exactly k of the (d — 1)-flats of F. Similarly, let m>j denote the number of points of R24—1 that
are contained in at least k of the (d — 1)-flats of F. Then |Q’'| is the number of pairs of intersecting
(d — 1)-flats of F, and

n n logn
k
Q| <2|Q'| =2 E my - 2<2> <2 E k*my = O ( E 22km22k> .
k=2 k=2 k=1

n(4d—2)/d

If we had the bound m>y = O (W) for some € > 0, then the above would imply |Q| =

O(n(4d_2)/ @), This would in turn imply that the points of P span (n2/ d) distinct distances.

An incidence result of Solymosi and Tao [9] implies that the number of incidences between m
points and n flats of dimension d — 1 in R2%~!, with every two flats intersecting in at most one
point, is O(m?/3+¢'n2/3 4-m 4 n) (for any £’ > 0). Every incidence bound of this form has a dual
formulation involving k-rich points (for example, see [8, Chapter 1]). In this case, the dual bound

is: Given n? flats of dimension d— 1 in R?¢~1 such that every two intersect in at most one point, for
% + %2> By taking &’ to be sufficiently small

with respect to €, we obtain the bound m>; = O (% + "—,:) for the number of k-rich points. This

every k > 2 the number of k-rich points is O (

bound is stronger than the required bound when k = Q(n?/?+¢). That is, it remains to consider
the case where k = O(n?/4+¢).

6 The structure of the flats L,,

d+1
In this section we study the structure of the (g)—ﬂats Loy in }R( 3 ) In particular, we derive the
equations that define such a flat. This structure is useful for deriving additional properties of the

flats, which may be required for solving the incidence problem in Theorem

Recall that we think of every coordinate of R(":Y) as corresponding to a 2-term in the standard
basis of Zg. We denote the coordinate corresponding to ejer as g, for every 1 < j < k < d.
Similarly, we denote the coordinate corresponding to ejeqr1€442 as xjq41. For a € R?, we denote

by a; the j’th coordinate of a.

Theorem 6.1. Given a,p € R?, the flat n4(T,, N Spun(d)y) is defined by the following system of

d+1
d equations in the coordinates of R(":").

ar —p1 =(az + p2)r12 + (a3 +p3)r13 + - + (ag + pa)r1,a + 221,441,
az —p2 = — (a1 +p1)xr12 + (a3 + p3)r23 + - + (aqg + pa)T2,q + 272,441,

aqg —pa=— (a1 + p1)x1n — (a2 +p2)x2qg — - — (@g—1 + Pd—1)Td—1,d + 2Td,d+1-

Proof. In the following proof, every reference to orthogonal elements is with respect to the standard
inner product (-,-) of R2". For a vector v € R2’, we denote the dual of v as v*. That is, v* is the
map v*(u) = (v,u). For linear maps f, g : R2 de, we denote by f'(g)(v) the transpose g(f(v)).
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Consider the linear map 7, : Zg — Zg defined by

1 ) 1 )
Tap(z) = (1 + §6d+16d+22(2?) r{1- §€d+1€d+2l(a) :
We also observe that
1 1 . 1 .
Top (@) = (1 — §ed+1ed+2z(p) x |1+ §€d+1€d+22(a) . (24)

Thus, 74, is a linear bijection.

Lemma 6.2. Foru,w € ZJ, we have that u is orthogonal to Ta,(w) if and only if u = ((7;,')" o v*)”

for some v € R2’ orthogonal to w.

Proof. Let v € R2 be orthogonal to w. We have that]

*

() 0 v) s Tap()) = () 0 ")) (Tap(w)) = (7)) 0 v*) (Tap(a0)

(U* o T(l_pl) (Tap(w)) = v*(w) = (v,w) = 0.

That is, ((7,,0)" o v*)" is orthogonal to 7,,(w), as required.

For the other direction, assume that u is orthogonal to 7,,(w) and note that
* % -1 —1\t\—1 *) ) *
u=(u")" = (1) (((75)) " o))"

That is, u = ((T&,l)t o v*)* for v = (((7'(1_1!)1)1t)_1 o u*)* We also have that

<U,’lU> = <(((T&)1)t)—1 o’LL*)* ’w> = <(((7-L;)1)t)—1 O’LL*)*>* (w) _ (((T&,l)t)_l O’LL*) (w)
(Tép(u*)) (w) =u* (Tap(w)) = <U,’7'ap(’w)> =0.

O

Let VC? be the orthogonal complement of C€2 in Zg. Note that every term of every element of
Vd0 contains eg11€442. Lemma implies that ((Ta},l)t o (Vdo)*)* is the orthogonal complement of
Tap (C19). Let Iyar be the 2971 x 2971 identity matrix. We can express (7,,')" as a 2% x 2¢ matrix

of the for
I2d—1 C
< 0 I2d1> ’ (25)

Indeed, recall that taking the transpose of a linear transformation corresponds to taking the trans-
pose of the matrix of this transformation. Note that the columns of (25]) with index greater than
29=1 form a basis of (Tap )t o (V)™

We denote the coordinates of Z9 =~ R?" as Yiy.--,Yod. Let (vi,...,09a)" € (ZS)* be one of
the basis vectors of (7,,')" o (V))* that are columns of [@25). We associate with this vector the
equation viy1 + ... + vgaysa = 0. Let Sy, be the system of 249=1 homogeneous linear equations

4Strictly speaking, (u*)* is not equal to u. With a slight abuse of notation, we apply here the natural isomorphism
between the space (R2d ) and R?” .

®To write this matrix, we must choose a specific ordering of the dual elements of the standard basis of ZJ. As
long as the elements dual to the basis elements involving eq41e4+2 come after those dual to those that do not, the
details of the ordering do not matter.
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that are obtained in this way from the column vectors of (25]) with index greater than 2¢-!. Since

((Ta_pl)t o (Vdo)*)* is the orthogonal complement of 7, (C£9), the set of solutions to Sy, is 7qp (C€9).

We construct a system of homogeneous linear equations S[’lp by taking a subset of the equations
of Syp, as follows. Let viy1 + ...+ v9aypa = 0 be an equation of S,,. We add this equation to Sl’lp
if for every nonzero coefficient v; the variable y; corresponds either to a O-term or to a 2-term. Let
F,, be the set of solutions to the system Sy ,.

Lemma 6.3. nd(F,;p \ Hy) = nd(Tap(ngz) \ Ho).

Proof. As stated above, the set of solutions to Sg, is Tap(C’Eg). Since Sl’lp C Sap, we get that
Tap(CL3) C F,. This immediately implies 14(74,(C€3) \ Ho) € na(Fy, \ Ho). It remains to prove
that Ud(Fép \ Ho) € Ud(Tap(ngl) \ Ho).

For a linear equation w1y +. .. +wqiyga = 0, we set w = (wy, ..., wqa)* and u = (ug, ..., upa)* =
bep ow. If z € Zg is a solution to wyy; + ...+ wWedysa = 0 then w* is orthogonal to z, which in turn
implies that (7}, o w)* is orthogonal to 7,.!(z). That is, 7,.'(2) is a solution to uyy1 +. .. +Ugaypa =
0. Conversely, if z € Zg is a solution to uyy; + ...+ ugaysa = 0 (that is, u* is orthogonal to z) then
Tap(2) is orthogonal to ((7,;')" o u)’ = (L) o u)” = w*. We conclude that T,y is a bijection
from the solutions to wyy; + ... + WeaYgs = 0 to the solutions to uiys + ... + UgaYgs = 0.

Recall that every equation of S, is defined by a dual vector v € (R?)* of the form (Ta_pl)t o
(Yed+1€a+2)*, where yegi1eq42 is a basis vector of VI (that is, v is in the standard basis of C£L).
Every non-zero term of such a vector corresponds to a O-term or a 2-term if and only if v* € R? is
orthogonal to every vector corresponding to an m-term for some m > 4. Let w € R? be a vector
that corresponds to such an m-term. If v = e; for some 1 < j < d, then Lemma [5.3] implies that
Top (W) is orthogonal to yeq41€q42. Lemma states that ((7,")" © (ejed1€442)*)* is orthogonal
t0 Tap((75,' ) (w)) = w. That is, when v = e; the equation defined by v is in S,,.

Next, assume that yegi1€e410 is an m-term with m > 4, and write u = yegy1e442. Lemma [5.3]
implies that 74,(u) contains neither 2-terms nor a O-term. If ((T&,l)t o u*)* is orthogonal to 74p(u)
then by (the other direction of) Lemma we get that u is orthogonal to u. This contradiction
implies that ((7,,')" o u*)* is not orthogonal to 74,(u), so in this case the equation defined by v is
not in Sy,,.

Combining the two preceding paragraphs implies that the equations of Sy, are determined by
the vectors (7,1)" o ((ejeqs1eq42)*) for 1 < j < d. It follows that the equations of Sp, are obtained
from those defining Sy, by applying Tép to the coefficient vectors. By the second paragraph of this
proof, for every v € F,, we have that 7,.'(v) € Fy.

When a = p = 0, we have that (27]) is the identity matrix. Thus, each equation of Sy consists of
a single term. This in turn implies that F{, is the subspace defined by having 0 in every coordinate
that corresponds to a 2-term of the form ejeqii€eq42 (where 1 < j < d). For v € F;p \ Hy, we
obtain that T&,l (v) contains no terms of the form ejeqiieq2. By Lemmas and [£.9] there is a
unique z € Jy with the property that = — T[;,l(fu) contains no O-term and no 2-terms. Note that x
also contains no terms of the form ejeqyie442, so Lemma 5.8 implies that € G4. Since x € C’Eg,
we have that 7o,(2) € 7op (Cf9). By Lemma B3] the expression 74, (z — 7, (v)) also contains
no 0-term and no 2-terms, so 74(7(x)) = na(v). That is, there exists 74,(2) € 74, (CL9) such that
Nd(Tap(2)) = na(v). Since v ¢ Hy, we have that 7' (v) ¢ Ho, which in turn implies that = ¢ Hy and
that 7(z) ¢ Ho. This implies that nq(F}, \ Ho) C n4(7ap(C4Y) \ Ho) and completes the proof. [

By Lemma[6.3] to complete the proof of Theorem [E.11it suffices to study na(Fy, \ Ho). We move
from the coordinate system y; to the coordinate system x;j, as described before the statement of
the theorem. We denote by x; the coordinate corresponding to the coefficient of 1 (that is, y;).
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We now study the equations of Sép. As discussed in the proof of Lemma [6.3] these equations
correspond to the dual vectors (Ta_pl)tO(ejedHedJrg)* for 1 <j <d. If ejeq1eq+2 is the k’th element
in our ordering of the basis of Z9, then (T(;,l)t o(ejeqt1ed+2)” is the k’th column of the matrix (25]).
Since the transpose of a linear transformation corresponds to the transpose of the matrix of the
transformation, the above is also the k’th row of the matrix of Ta_pl. To get this row, we apply TL;,I
to the basis vectors of Zg and then keep the coefficient of ejeq;1eq42 (recall that Ta_pl is defined in
24)). The only basis vectors of Z for which this coefficient is nonzero are 1 and 2-terms involving

ej. Repeating this process for every 1 < j < d leads to the following system.

(a1 — p1)r1 =(az +p2)z12 + (a3 +p3)r13+ -+ + (aqg + Pa)T1,d + 271,441,
(ag —p2)x1 = — (a1 +p1)x12 + (a3 + p3)ra3 + - -+ (aqg + pa)r2,d + 222 441,

(ag — pa)r1 = — (a1 + p1)r1,q — (a2 +p2)r2g — - - — (@g—1 + Pi—1)Ta—1,d + 2Td,d+1-

Recall from the beginning of Section Bl that n; = 7’ o ;. Since the above is a system of
homogeneous linear equations, Fép is spanned by lines that are incident to the origin. This implies
that 7(F,, \ Ho) = n(F,, N Hy). Thus, n(Fy, \ Hp) is the set of solutions to the system obtained
by setting 1 = 1:

(a1 —p1) =(a2 +p2)z12+ (a3 +p3)zis + - + (ag + pa)T1qd + 221 441,
(a2 —p2) = — (a1 + p1)x12 + (a3 + p3)r2s + - - + (aqg + Pa)T2,a + 272 441,

(26)
(aq — pa) = — (a1 +p1)x1,g — (a2 + p2)T2d — - — (@4g—1 + Pi—1)Td—1,d + 2Td,d+1-

Since none of the variables x; ; correspond to elements of R2~1 that are in the kernel of 7/ , We
get that n4(Fy,,) is the solution set of (26)). O
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