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Quantum error correction was invented to allow for fault-tolerant quantum computation. Systems
with topological order turned out to give a natural physical realization of quantum error correcting
codes (QECC) in their groundspaces. More recently, in the context of the AdS/CFT correspondence,
it has been argued that eigenstates of CFTs with a holographic dual should also form QECCs.
These two examples raise the question of how generally eigenstates of many-body models form
quantum codes. In this work we establish new connections between quantum chaos and translation-
invariance in many-body spin systems, on one hand, and approximate quantum error correcting
codes (AQECC), on the other hand. We first observe that quantum chaotic systems exhibiting the
Eigenstate Thermalization Hypothesis (ETH) have eigenstates forming approximate quantum error-
correcting codes. Then we show that AQECC can be obtained probabilistically from translation-
invariant energy eigenstates of every translation-invariant spin chain, including integrable models.
Applying this result to 1D classical systems, we describe a method for using local symmetries to
construct parent Hamiltonians that embed these codes into the low-energy subspace of gapless 1D
quantum spin chains. As explicit examples we obtain local AQECC in the ground space of the
1D ferromagnetic Heisenberg model and the Motzkin spin chain model with periodic boundary
conditions, thereby yielding non-stabilizer codes in the ground space and low energy subspace of

arXiv:1710.04631v2 [quant-ph] 12 Feb 2018

physically plausible 1D gapless models.

I. INTRODUCTION

Quantum error correcting codes (QECC) were origi-
nally designed for fault-tolerant quantum computation
[1]. The idea is to cleverly encode the quantum informa-
tion into entangled states in a way that the information is
inaccessible locally. At first sight, it may seem the condi-
tions for quantum error correction are very different from
everything we have normally in nature, and that it would
take very special engineered quantum systems to realize
it. This intuition turned out to be wrong; QECCs ap-
pear naturally in the groundspace of topological ordered
systems [2]. This connection has lead to many insights
both in the study of quantum error correction [3, 4] and
of topological order [5, 6] in the past 20 years.

In a different direction, in recent years there have
been ongoing efforts of connecting the holographic corre-
spondence to quantum error correction. In the Anti-de
Sitter (AdS)/Conformal Field Theory (CFT) correspon-
dence [7, 8], it has been understood to a certain degree
that, bulk local operators in AdS are dual to nonlocal
operators on the boundary CFT [9]. Quantum error cor-
rection has recently been used [10] for explaining seem-
ingly puzzling facts about this correspondence. It was
argued that bulk local operators, reconstructed on the
boundary, should commute with boundary local opera-
tors only within a certain subspace of the full boundary
CFT Hilbert space. Interpreting this subspace as the
code subspace of an error correcting code not only clears
the apparent puzzles but also gives a new information-
theoretic perspective to the AdS/CFT correspondence.

Since then quantum error correction has served as a guid-
ing feature for the application of tools from quantum
information to the challenge of constructing explicit re-
alizations of AdS/CFT duality [11-13]. Understanding
holographic codes from the perspective of the CFT con-
tinues to be a major open challenge [14, 15].

In this Letter, we explore one-dimensional physical
systems through the lens of AQECC. Guided by the
codes found in the ground space of topologically ordered
gapped Hamiltonians and the expectation of good codes
in eigenspaces of certain CFTs (motivated by AdS/CFT
correspondence), we ask what other physical conditions
lead to good quantum codes. First we observe a con-
nection between quantum chaos and quantum error cor-
rection, pointing out that the Figenstate Thermaliza-
tion Hypothesis (ETH) [16] can be interpreted as saying
that eigenstates with close-by energies form an AQECC.
This observation directly supports the QECC view of
the AdS/CFT correspondence, as the CFTs considered
there are expected to be chaotic. Then we show that
merely translation-invariance of the Hamiltonian already
implies that most (translation-invariant) eigenstates in
a subextensive energy window of finite energy density
form AQECCs. This general result also applies to inte-
grable models and even to non-interacting Hamiltonians.
In some of these cases we show that it is possible to use
local symmetries of the states to generate an interacting
Hamiltonian that embeds the finite energy eigenstates
(i.e., the codespace) of the noninteracting Hamiltonian
into the groundspace or low-lying energy subspace of gap-
less 1D quantum systems. As examples we show how this
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procedure can give rise to the Heisenberg and Motzkin
models. For these systems we confirm the AQECC per-
formance of the low energy eigenspace by direct calcula-
tions, thereby showing that non-stabilizer codes can ap-
pear at low energy in physically plausible 1D models.
The precise statements about the distance, the dimen-
sion of the codespace and the scaling of the error of the
AQECC, are given for each case.

II. APPROXIMATE QECC

We start with a brief description of the features of ap-
proximate quantum error correction. For exact quantum
error correction, Knill and Laflamme gave a convenient
set of necessary and sufficient conditions for a code being
able to correct a noisy channel [17]. Similar conditions
for the approximate case were found by Beny and Ore-
shkov [18], which we now review. We consider N qubits
arranged in a line and assume that errors are local. We
say that a subspace C of a 2V-dimensional vector space is
a [N, k,d, ¢]] approximate quantum error correction code
(AQECQ) if dim(C) = 2* and for every channel A acting
on at most d consecutive qubits, we have

min max(y[(Do A I)([Y)(@)Y) 21—, (1)

lp)ec®z D

where the maximum is over decoding channels D, and the
minimum is over pure entangled states acting on C and
a reference system (we denote the tensor product space
of C and the reference by C®? above). In words, this
condition states that one can correct, up to error ¢, the
effect of local noise on at most d qubits. If Eq. (1) only
works for a particular A, we say the code is e-correctable
under A.

In this work we find it convenient to consider a
set of codewords that span the code space, C =
span({[t1), ..., [or)}) € C2", and show that these
codewords satisfy an approximate version of the Knill-
Laflamme conditions,

(il E|j) = Créij + €44. (2)

Corollary 5 of the Appendix shows that if this condition
is satisfied, then the error of the code as defined in (1)
can be bounded as ¢ < 22t max; ;5. For many-
body systems with N sites, it is natural to seek ¢ <
O(N~°) so that the probability of recovering the logical
state converges to 1 quickly with increasing system size.

III. AQECC FROM ETH

The Eigenstate Thermalization Hypothesis (ETH)
states that thermalization in a quantum system takes
place already on the level of eigenstates. Given the
Hamiltonian H = ), Ex|Ey)(Ex|, with |E}) being en-
ergy eigenstates with eigenvalue Fj (ordered as E; <

E; < ... ), Srednicki proposed the following version of
ETH [16]: There are constants ci,ce > 0 such that for
every Ej, F in the bulk of the spectrum and for any local
observable O,

(EO|EY) — (Ei41]O[Ei11)| < exp(—a1N),  (3)
and
[(Ex|O|Ey)| < exp(—c2N). (4)

Indeed Eq. (3) tells us that the energy eigenstates
around E are locally indistinguishable from each other,
and therefore also from the thermal state of the same en-
ergy. They ensure that the long-time average of any local
observable is thermal. Eq. (4), in turn, guarantees that
the fluctuations around the long-time average is small.
Comparing the ETH condition Eq. (3) to the AQECC
condition Eq. (2), we observe that:

Remark. ETH implies that any region of the spectrum
with finite energy density have eigenstates forming ap-
proximate error correcting codes.

Note that the distance of the code is given by the range
of locality for which ETH holds in the system. This is
expected to vary depending on the model, and can be as
large as a constant fraction of the size of the system [19].
From Eq. (2) and Corollary 5 of the Appendix, we find
that the codes have constant rate, i.e. k = Q(N), and
exponentially small error. Note that, these are very good
codes for highly chaotic systems in which ETH holds for
d-local observables with d = Q(N).

However, a major drawback is that the codewords are
exponentially close to each other in energy, hence it is
not clear at all if the Hamiltonian can help with encod-
ing and decoding. One way forward is to split the code-
words in energy by sacrificing either the dimension of the
codespace or the error of the code. We leave to future
work to investigate whether the locality of the Hamilto-
nian leads to good ways of encoding and decoding in this
case.

Notice that ETH codes introduced above are some-
what analogous to random subspace codes (in terms of
the parameters achieved) [20]. This is no coincidence.
One of the ways of understanding quantum chaos is that
apart from a few conserved quantities (e.g., energy), the
physics of the model mimics the one of a fully random
system. Here we give a coding perspective of this view.

An important application of the observation is in con-
nection to the recent proposal of interpreting some as-
pects of the AdS/CFT correspondence as an error cor-
recting encoding of the AdS bulk into the boundary
CFT [10]. It is expected that holographic CFTs are
chaotic and thus satisfy ETH [21]. Therefore our obser-
vation provides strong evidence in favor of the proposal
in Ref. [10]. However, ETH is a claim about eigenstates
with finite energy density, whereas the error correcting
properties of eigenstates of holographic CFTs are ex-
pected to hold even at zero energy. We will partially



address this point later in the paper, constructing spe-
cific examples of gapless spin chains with AQECC in their
low-lying spectrum. The connection of ETH and AQECC
that we point out also suggests that such holographic
CFTs might be chaotic in an extreme sense of satisfying
ETH at all energies.

IV. AQECC FROM
TRANSLATION-INVARIANCE

Although ETH is expected to hold for a large class of
systems, its range of validity is still not completely under-
stood. Our next result shows that even just from trans-
lation invariance we can already get codes from eigen-
states of local models (albeit with worse parameters).
Consider a 1D translation invariant Hamiltonian with N
sites. Let Sg be the set of energy eigenvalues close to E:
Sp = {Ey : By € [E—+VN,E ++/N]}, and define the
microcanonical state of energy E as

oY (5)

TMC(E) ‘= Ta
(E) ‘SE kiBreSs

Note that in one-dimension the correlation length is
a function of mean energy e := E/N only, and it is a
constant independent of system size when e is too. The
choice 2v/N for the energy window is arbitrary; all we
need is that the associated microcanonical ensemble has
finite correlation length, which is true as long as it is
subextensive and larger than polylog(N) [22].

We prove that:

Theorem 1. Let H be a 1D translation invariant local
Hamiltonian and E be such that the microcanonical state
at energy E has finite correlation length (independent of
system size). Pick |E;,),...,|E;, ) uniformly indepen-
dently at random from Sg = {|E;) : E; € [E —V/N,E +
VN]}, where {|E;)}; is a basis of translation-invariant
eigenstates of H, and k := log(L) = Q(log(N)). Then
with high probability they form an [[N,k,d,c]] AQECC
with e = O(1/N'/8) and

min |E;, —

d = min | Q(log(V)),
( (log(X)) p#qE[L]

Bl - oaog(N))) .
©)

Note that by choosing k& = dlog(N) for sufficiently
small §, the minimum energy gap will be of order n(\),
and thus the distance of the code is Q(log(N)) with high
probability.

The proof in Section B builds upon two results. First,
the result of [23] establishes a weak version of the eigen-
state thermalization hypothesis (ETH) for 1D translation
invariant systems (see Lemma 7): The fraction of the
nonthermal energy eigenstates around the microcanoni-
cal energy E is exponentially small with the system size
N. This means that with high probability, randomly
chosen codewords do look like the thermal state, and

hence are locally indistinguishable. Second, the result
from [24] states that eigenstates of general (not necessar-
ily translation-invariant) local Hamiltonians with differ-
ent energies cannot be “connected” by local operators,
in the sense that the off-diagonal matrix elements of the
local operator in energy eigenbasis drop off exonentially
with the energy gap (see Lemma 9 in Section B). This
tells us to choose the codewords sufficiently far apart in
energy so that we have the desired distance for the code.

Translation invariance is crucial in the proof of the
results. Technically, it allows us to replace the local ob-
servable by an extensibe observable, given by a sum of
trnaslations of the original one. Then we can use tech-
niques of large deviation bounds on the measurement of
extensive observables in non-critical spin systems to ob-
tain the result. Intuitively, translation invariance guar-
antees that the information of the codewords is spread
to the whole system “uniformly”, and hence cannot be
corrupted locally by noise.

Note that in addition to translation invariance, the
only feature of 1D systems we use in the proof is that
the microcanonical states at finite energy density always
have a finite correlation length. Therefore the theorem
generalizes to higher dimensions for eigenstates with fi-
nite energy densities (albeit with a worse scale of the
error of the code).

V. AQECC FROM THE LOW-ENERGY
EIGENSPACE OF GAPLESS MODELS

So far we have considered eigenstates at finite energy
density. Here we show they are also relevant to the low-
lying spectrum of gapless models. We first apply Theo-
rem 1 to noninteracting models, and map the codewords
at finite energy eigenstates to low-energy eigenspace of
interacting models. We then further analyze the perfor-
mance of these specific codes by explicitly revealing the
working code subspace.

Classical Models: Consider a 1-local Hamiltonian on
a system of N qubits,

Hey

i=1

(I —0f), (7)

N =

which has eigenvalues 0,1,...,N. Theorem 1 implies
that with high probability a subset of L randomly cho-
sen translation invariant eigenstates of Eq. (7) with
energies in [§ — VN, 4 + VN] will be an AQECC
with log(N) distance. As eigenstates, we can take uni-
form superpositions of o?-basis states |s), where s =
(81, 8n) € {—1,1}¥, with a particular magnetization

M(s) =N s,

o) =

— Y s ®

(N/2+m/2) s:M(s)=m



Mapping to Low-Lying Eigenstates: Although The-
orem 1 only applies to states with finite energy density
(when the correlation length of the microcanonical state
is finite), it turns out that the excited state AQECC
in the example above can be embedded into low energy
states of a different local model. This connection is based
on the fact that the permutation symmetric energy eigen-
states (8) of the spin-1/2 model (7) also span the ground
space of the ferromagnetic Heisenberg model,

N

1
5200]+1+00]+1+00J+1) (9)
Jj=1

H=—

For ease of notation we consider the version of this model
with periodic boundary conditions (PBCs). In the Ap-
pendix we choose codewords with magnetization in the
range (—VN,+/N) and show the following proposition
by explicit calculation.

Proposition 2. For any a,b > 0 with 5a/2+b < 1/2 the
ground space of the spin 1/2 ferromagnetic Heisenberg
model with N sites and PBCs contains an [[N,k,d,¢]]
AQECC with k = alogN , d = blogN, and ¢ =

log? N
(@ (N1/2—5a/2—b ) .

Specifically, we prove Proposition 2 in terms of Eq.(2).
A d-local error can change the magnetization by at most
2d, so for different codewords, i.e. the case i # j, we have
zero error in Eq.(2). Furthermore, the d-body reduced
density matrix of different codewords are indistinguish-
able in the thermodynamic limit, i.e. this gives the error
for the cases i = j in Eq.(2). Note that the AQECC
parameters achieved in Proposition 2 are asymptotically
equivalent to those in Theorem 1, though one difference
is that in Proposition 2 the codewords are chosen deter-
ministically. Finally, we note that the existence of error
correcting codes in the ground space of Heisenberg mod-
els has been observed before [25, 26], although the choices
of code words as well as the QEC parameters differ in that
work from the ones presented here.

Just as finite energy density codes of (7) can be em-
bedded in the ground space of the Heisenberg model, one
can also consider the spin 1 version of (7),

N 1 .
H:Z5 (I —S7) (10)
=1

The permutation invariant eigenstates of (10) are uni-
form superpositions of basis states |w), where w =
(wi,...,wy) € {—1,0,1}V, with a particular magneti-
zation M (w) = Zi\[:

1wi7

N 1

lgim) = ] Yo w. (11)
MU w:M(w)=m

By Theorem 1 a randomly chosen subset of L states
of the form (11) with magnetization m € (—vN,v/'N)

will with high probability form an AQECC with distance
O(log N). Just as a finite energy density AQECC of (7)
was turned into a ground space AQECC of (9), we seek
a parent Hamiltonian which contains the states (11) in
its ground space.

Such a parent Hamiltonian can be constructed by us-
ing the connection between classical random walks (and
more generally reversible Markov chains) and stoquastic
frustration free local Hamiltonians [27-29]. The follow-
ing rules applied to any pair of consecutive basis labels
(with periodic boundary conditions) suffice to connect all
of the basis states at each energy,
|1771> A |070> ) |0a 1><_) ‘1a0> ) ‘0771> AR |*130>~
These local moves can be adjusted into a local Hamil-
tonian such that the states constructed as the uniform
superposition of basis states of the same energy become
the ground states:

H = Z |F F|J j+1+ |U><U‘] j+1+ |D><D|j J+1)
j=1

(12)
with [F) = s (Jud) — 100)),]0) = 2 (10w} — [u0)),
|D) = % (|od) — |d0)), where the labels —1,0,1 is re-

placed by d, 0, u. This model is called the spin-1 Motzkin
chain with periodic boundary conditions (PBCs) [30, 31].
Using the well-studied analytical properties ofthe ground
states of these models, we prove the following proposition
in the Appendix.

Proposition 3. For any a,b > 0 with 5a/2+b < 1/2 the
ground space of the spin 1 Motzkin model on N sites with
PBCs contains an [N, k,d,e]] AQECC with k = alog N

,d="blogN, andaz@(%

The intuitive explanation and the calculations are sim-
ilar to those for the Heisenberg model. These results also
hold for the degenerate Heisenberg and Motzkin chains
with open boundary conditions with the restriction that
errors are only applied far from the endpoints of the
chain. Finally, we note that it is possible to perturb
the model with a local translation invariant field in such
a way that that |g{¥) is the unique ground state, with
an inverse polynomial gap to the first excited state [31].
With this perturbation the states |g)) gain an energy
that increases with the magnitude of m, but which van-
ishes in the thermodynamic limit. This variant of the
Motzkin chain is of interest in the present context be-
cause it shows that it is possible for models with a unique
ground state to be part of a code space that includes gap-
less excitations.

VI. CONCLUSIONS

In this Letter we have given new examples of approxi-
mate quantum error correction against local noise in the



energy eigenstates of physical systems, which goes be-
yond the well-studied ground states of gapped topolog-
ically ordered systems. To be more specific, we have
explicitly showed that energy eigenstates packed around
some finite energy density eigenstate E of systems ex-
hibiting ETH, and almost all translation invariant fi-
nite energy eigenstates of 1D translation invariant lo-
cal Hamiltonians, construct approximate error correcting
codes. We applied the latter result to noninteracting lo-
cal Hamiltonians to map the finite-energy-density codes
to the low-energy subspace of interacting Hamiltonians,
eg. Heisenberg model and spin-1 Motzkin chain. We
studied the ground states of these models with periodic
boundary conditions and further detailed the parame-
ters of the approximate error correcting code that can be
found in their low energy.

One can interpret our results from many perspectives.
One perspective may be that it is not unusual to find
error correcting codes in physical systems; it is indeed a
generic phenomena as shown by our results of AQECC
from systems with ETH and translation invariance. An-
other point of view which builds upon the first one is that
even though error correcting codes can be found easily in
Hamiltonian systems, their varying performance under
different types of errors may be a way to characterize
different properties of these physical systems. For ex-
ample, the Motzkin spin-1 model that we analyzed is
gapless, however the gap closes as O(N~2) on the con-
trary to O(N~—!) observed in 1D lattice models whose
critical points are effectively described by CFTs. To pur-

sue its potential relevance to AdS/CFT(-like correspon-
dence), one shall follow [10, 32] where certain properties
of AdS/CFT such as radial commutativity, subregion du-
ality and Ryu-Takayanagi formula have been matched to
operator algebra quantum error correcting codes.

There are numerous other questions one can ask build-
ing upon our work. Hence, our results shall best be
taken as a first step to elucidate the role of error cor-
recting codes in physical systems, from topological order
to ETH, AdS/CFT, and gapless quantum systems. The
performance of these codes under specific noise channels
must be intimately connected to the physical properties
manifested by these systems.
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Appendix A: Approximate Quantum Error Correcting Codes

Here we give a brief description of the features of approximate quantum error correction that we use. We follow
closely [15]. We say that a subspace C of a 2/V-dimensional vector space of N qubits arranged in a line is a [[N, k, d, ]]
approximate quantum error correction code (AQECC) against d-local errors if dim(C) = 2* and for every channel A
acting on at most d consecutive qubits, we have

mn max(¢|(P o N @ () (¢hl) 21 —e, (A1)
where the maximum is over decoding channels D, and the minimum over pure entangled states acting on C and
a reference system (which altogether we denoted by C®2 above). In words, the condition above says that one can
correct, up to error €, the effect of any noise on at most d neighboring qubits. If A1 only works for a particular noise
channel A, we say that the code is e-correctable under .

For exact quantum error correction, Knill and Laflamme gave a convenient set of necessary and sufficient conditions
for a code being able to correct a noisy channel N(X) = >, Ex X E}; Similar conditions for the approximate case
were found by Beny and Oreshkov [18].

For two channels N and M, Let d(N, M) = /1 — F(N, M) be the Bures metric, where the fidelity of the two
channels F(N, M) is defined as follows:

FWN,M) = ‘lng(I®N(Iw><wl),f®/\4(\¢><wl)), (A2)

with the maximiztion over all bipartite states |¢) of the input of the channel and a vector space isomorphic to it.
Then we have:

Proposition 4. [Corollary 2 of [15]] A code defined by the projector P is e-correctable under a noise channel A if
and only if

PE!E;P = \;;P + PBy;P, (A3)

where \;j are the components of a density operator, and d(N + B,N) < e, where N(p) = 3=, ; Aij tr(p)]i){(j| and
(N +B)(p) = N(p) + 22, ; tr(pBij) i) (il

In the proposition the projector P is the projector onto the support of the subspace C defining the code. An easy
consequence of Proposition 4 is the following:

Corollary 5. Let {|t1), ..., |ax)} be an orthogonal set of states in C2" such that for alli,j and any d-local operator
E,

(il E[Y;) = CRéij + €ijs (A4)

with Cg a constant (only depending on E). Then C := span{|1), ..., [tor)} forms a [[N,k,d,2¢7%* max; ; 61-13/2]]
AQECC.

Proof. Let P := 21221 |r) (] We find Eq. (A3) to be true with X\;; = (¢1|E; E;|¢1) and

Bij = (il EiEjlbr) ) (il + > (k| BiEjlwe) — (1| BiEj ) [tbn) (Wl (A5)
oy %

We now note two facts: (1) the Bures metric is upper bounded by the trace norm; and (2) for every two channels

maxyecoz [ @ N([Y)(¥]), I @ M(1) (]l < 28 maxyec [N ([9) (1), M) )1 (see Lemma 23 of [33]). Then

1/2
2d
AW +B,N) < 2°BIL” <25 | 3o IByl | < 2 max| Byl (A6)
— i,
0.
From Eq. (A4) we can bound the square of the latter as follows
2k 2"
[ Bijll1 < Ze?kl + Z«%k < 2%e, (A7)
k£l k=1



Appendix B: Codes from Translation-Invariance

Here we give a proof of Theorem 1.

a. Diagonal Elements are Close

We say a state p on a finite dimensional lattice has correlation length ¢ if

tr(pX @ Z) — tr(pX) tr(pZ)
max
Xz X2l

< exp(—dist(X, 2)/¢), (B1)

with the maximimization over all Hermitian matrices X, Z.
The next lemma, due to Anshu [34], gives a large deviation principle for the measurement of the energy, according
to a local Hamiltonian H, on a state with a finite correlation length.

Lemma 6. [Theorem 1.1 of [7/]] Let p be a quantum state with correlation length & and (H), := tr(pH) be the
average energy of p. Let II>¢ be the projection onto the eigenspace of H with eigenvalues > f.

Fora > \/%gog(k)) it holds that

tr(pll> (1) 4+na) <€

1
2Dk _ . (Na2¢)DF1
g e 2 D¢ . (BQ)
for an universal constants ¢y, co.

Given a Hamiltonian H with spectral decomposition H = ), Ej|E;)(E;|, let Sg be the the set of eigenvalues close
to E:

Sp={Ey: Ey € [E—VN,E+VNJ}. (B3)
Define the microcanonical state of energy F as
1
T = T > [E)(Ex]. (B4)
Bl Eresr

We note that in one dimension the correlation length is a function of mean energy e := E/N only, and it is a constant
independent of system size when e is a contant as well. The choice 2¢/N for the energy window is arbitrary. All
we need is that the associated microcanonical ensemble has finite correlation length, which is true as long as it is
subextensive and larger than polylog(N) [22].

The following is a quantitative version of the main result of [23], which established a weak version of ETH (only
concerned with diagonal elements and only applying to most eigenstates). Using the large deviation principle of
Lemma 6 we can give a finite version of it, with error bounds (in contrast, the result of [23] concerns asymptotics). It
is here that the assumption of having translation-invariant eigenstates is used.

Proposition 7. There is a constant 0 < o < 1/2 such that the following holds. Let H be a 1D local Hamiltonian on
N qubits and O be an observable acting non-trivially only on a connected region of length N®. Then for any 6 > 1/N,

S 5) < -~ 1/2 /¢3/2
\EE)ESE (EL|OIBk) 2 0) < eXp( ONTE/E ) ’ (B5)

for a universal constant ¢, with £ the correlation length of the microcanonical state Ty of energy E.

Proof. For a local observable O, define O’ := O — (O)MC(E) I, with the average over the microcanonical state, i.e.
(O)mc(m) = tr(te0). Define O’ := Y, T;(0") with T; denoting a translation by i sites. Following [23], for any A > 0
we have:

p ELO|EL) > {(0). +6)= P MER[O7|Ex) ~ AN

< e_A(;N]E\Ek)eSE (6)\<Ek|ﬁlEk>)
< e MVE g yesy (<Ek|eAO/|Ek:>)

— o= MN <e>\o'> 7
MC(E)
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where the first inequality follows from Markov’s inequality and the second from the inequality: e(¥IXI1¥) < (3)|eX|)),
valid for any Hermitian matrix X and state [¢).

The key step of the proof is the first line of the equation above where we used that (Ey|O|Ey) = (E|O'|E)/N.
This relation holds because the eigenstates are translation invariant. Therefore, we can replace the expectation of
a local observable by the expectation value of an extensive observable, which allows us to bring the well-developed
machinery of large deviation bounds for spins systems, which we now employ.

Let O’ = >, 0iP; be the spectral decomposition of O’. We have

e N <e’\ﬁ> = NN Z i tr(rpP;) + e N Z e tr(rpP;).
MC(E) 1:0;, <ON/2 i:0;>0N/2

We can upper bound the first term as follows:

e NN Z e tr(tgP;) < e AN/2, (B6)
1:0,<ON/2
For the second term, we have
4N
Z oitr(rpP) = Z i tr(rpP;)
i:0;>0m/2 3=0 \i:0N/2+(j+1)>0;>6N/2+]
4N _
< Z MON/2+5+1) tr(TpPssnyor) == X. (B7)
§=0
with Pssn/atj = Zj:0j26N/2+j by
Using Lemma 6,
4N . , /
X < ZeA((SN/2+j+1)621\§’ efc(N(%Jr%ff)l 2. (BS)
3=0
Choosing
A= O(2N1/?) (B9)
we find
X <™ exp <fc’5N1/2/§3/2) . (B10)
Eqgs. (B10) and (B6) gives the statement. O

A direct consequence of the proposition above is the following:

Corollary 8. Let H be a 1D local Hamiltonian on N qubits and Z be a connected region with less than O(log(N))
sites. Then

oy o s (Itr\2 (| Ex)(Ex|) — tryz(|E)(E)]1 = 6) < exp (—06N1/2/53/2) (B11)

Jor a constant c, with £ the correlation length of the microcanonical state of energy E. We denote by tr\z the partial
trace over the complement of Z.

Proof. Proposition 7 gives that for a fixed Hermitian matrix O with ||O| =1 over d = elog(N) sites:

oo B (O (B (Bil) = tryz (BB > 6/2) < exp (—eoNY2/6272). (B12)
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Consider a §/2-net N over the set of all Hermitian matrices of unit operator norm. We have |Nj| < (1/8)02*.
Using the union bound
Pr tryz (| Ex)(Ek|) — tryz (| E(E >4/2
LB (B ED) - (BN ED] > 6/2)
< P tr(O(t Ei)(Ex|) —t EN(E >0
S B ess (gggé r(O(tr\z (| Ex) (Ex]) — tr\z([E1) (E]))) = )
< INGlPris)mess (s (O(n 2 BB — i 2B ED) > o)
< |Ns|exp (—C5N1/2/§3/2) < exp (—0’5N1/2/§3/2) ) (B13)
for € > 0 a constant sufficiently small.
O
b.  Off-Diagonal Elements are Small
The next lemma, from Arad, Kuwahara and Landau [24] (and attributed to Hastings), shows that for a local

Hamiltonian, eigenstates well separated in energy are not connected by local operators. Its proof uses similar ideas
to the proof of the Lieb-Robinson bound:

Lemma 9. [Theorem 2.1 of [2/]] Let Ilj.s ) and Iljg o be projectors onto the subspaces of energies of H that are > ¢’
and < g, respectively. For an operator O, let Eo be a subset of interactions terms such that [H,0] =3y p_[hx, O],
and let R:=3 v p [lhx||. Then
Tljer o) OThg | < (O] ==721), (B14)
with X == (2gk)~ with k the locality of H and g an upper bound on the number of local terms involving each particle.
The result has a straightforward corollary, which we state for future use:

Corollary 10. Let |Ey,) and |Ey,) be two eigenstates of a local Hamiltonian and Z a connected region. Then
07 (i) (B ) 1 < 080 ~Bral =212 (B15)

with Z the size of Z and A\ > 0 a universal constant.

c.  Proof of Theorem 1

Theorem 1. Let H be a 1D translation invariant local Hamiltonian and E be such that the microcanonical state at
energy E has finite correlation length (independent of system size). Pick |E;,),...,|E;,) uniformly independently at
random from Sg = {|E;) : B; € [E — /N, E +V/N|}, where {|E;)}; is a basis of translation-invariant eigenstates of
H, and k = log(L) = Q(log(N)). Then with high probability they form an [[N,k,d,¢]] AQECC with ¢ = O(1/N)*/#
and

d = min (Q(log(N)),p;r;iel[lL] |E; —E; | — O(log(N))> . (B16)

Proof. The theorem is a consequence of Corollary 8, Corollary 10 and Corollary 5. Indeed, the union bound and
Corollary 8 show that with high probability, for every p # ¢ € [L] and Z with |Z]| = O(log(N))

_z2
[tz (| Ei, ) (B [) = tr\z (1B ) (Ei, [)[[2 < N73. (B17)
Corollary 10, in turn, gives that for every p # ¢ € [L] and Z with |Z| = O(log(N))
0z (1B, (B ) Iy < e B = s 1= 02006(0)), (B13)

These two conditions and Corollary 5 allows us to bound the error of the code as
e < 22k+d(e—,\(|Eip—Eiq|—Q(1og(N))) +N—§)1/2 < O(l/N)1/4, (B19)

choosing the several constants appropriately. O



11

Observation 1: One drawback of the theorem is that if the minimum energy gap is less than Q(log(N)), then the

distance is zero. With high probability this will not be the case (since the energy window is 2v/N, we pick O(log(N))
elements uniformly at random, and the energy distribution of eigenvalues of a random model is normal [22]). However,
if we want to make sure that this bad case will not happen, we can consider a variant of the theorem in which we
consider energies [E, E 4+ 2V/N,..., E + L\/N| and pick each state uniformly from Spiojyw for j € [L].

Observation 2: The only feature we used of being in one dimension is that the microcanonical states at finite energy
density always have a finite correlation length. Therefore the theorem generalizes to higher dimensions for eigenstates
with finite energy densities (albeit with a worse scale of the error of the code).

Appendix C: Parent Hamiltonians from local symmetries

Let He be a 1D translation invariant classical Hamiltonian with periodic boundary conditions acting on N qudits
with local dimension D. The statement that H¢o is classical means that there is some tensor product basis B =
{|s1,-.-,8n)}, with s; € {1, ..., D} for each ¢, such that we can express Ho as

He =" He(s)ls)(sl
seB

Let G be a locally generated group of symmetries of Ho. Since He is translation invariant these generators are
k k
described by a set of k-local invertible linear maps r1,...,r,, with r; : CP° — CP" for each i = 1,...,p, and their

translations. The action of r; on sites j,...,j + k is expressed by |s1...8;...8j4k---.SN) = |81...73(Sj...Sj+k)...Sn). Since
r; describes a symmetry of He it follows that

Hclsy...85...8j4k-.Sn) = He|s1..7(85...8j+k)...SN)

for all 4, j, k and for all s € B. Furthermore, for each |s) it follows that all of the states in the orbit G(s) = {|g(s)) :
g € G} also have the same energy with respect to Ho. These orbits partition B into subsets By, ..., By,.
For each local symmetry generator r; and each site j € {1, ..., N} we can define a local projector

L1
Il =3 Do Usiesirrd(sieesinl +17(sjeesjn)) (5505548

85 rSitk
—|r(sj.-8j4)) (88 j4k| = 185.85100) (P (85--8540)1), (C1)
and if H is the Hamiltonian defined by the sum of all these projectors

N p
H:ZZHgi.

j=1lr=1

then the ground space of H is m-fold degenerate, and it is spanned by states which are uniform superpositions of the
states in each orbit,

Ymd =5 32 ), ()

Appendix D: Heisenberg spin chain AQECC

The Hamiltonian of the spin 1/2 quantum Heisenberg chain on N sites with periodic boundary conditions is

N
1
_ Y _y
H——52(03-”0;“+Ujaj+1—|—aja;+1). (D1)
j=1
To study this system we use the o*-basis consisting of states |s), where s = (s1,52,...,55) € {—1,1}¥ and each

s; € {—1,1} labels the eigenvalue of o7 . Let M = Zjvzl 0% be the magnetization operator and define M(s) =
(s|M|s) = vazl s;. Since [M, H] = 0 the model (D1) has an N-fold degenerate ground space, with ground states
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that are labeld by magnetization values m € {—N,—N +2,—N +4,...,N — 2, N}. We denote these ground states
by |hY), where m is the magnetization and the system size N is made explicit because we will also consider ground
states of the Heisenberg chain on connected subsets of the IV sites. As is well known from the exact solution of (D1)
the state |h)) can be expressed in terms of the o*-basis states as

1
)= 3 (D2)
(N/2+m/2) s:M(s)=m

As part of the verification of the error correcting conditions we will use expressions for the d-body connected reduced
density matrices of these ground states. By taking d to always be asymptotically smaller than N we can express the
Schmidt decomposition of (D2) along the cut between the d spins where the error acts nontrivially and its compliment,

‘ O [ el
IhN> _ Z |hd>|hN:d)> [ d/2+r/2) \N/2—d/2+m/2—7/2 ] ) (D3)
r=—d (N/2]-i\-fm/2)

It follows from (D3) that the reduced density matrix on d sites that pg(m, N) = try_q (|hl))(h2}|) (note that try_g
refers to the trace over the (N — d)-neighboring sites) is given by

d d d (d/2j—r/2) (N/Q—d/];]—:;i/2—r/2)
pa(m,N) = |hf) (| N : (D4)
—d (N/2+m/2>

a. Proof of Proposition 2

Proof. We separate the approximate error correction condition into two parts. First is the nonexistence of a d-body
operator that maps different codewords to each other. More precisely, this corresponds to the case i # j in Eq. (2).
Note that (RY|E|hY,) = 0 by construction whenever m and m’ are distinct codewords, since |m — m/| > 2d and F
is the error operator supported on a connected region of d-sites, so it can change the magnetization by at most 2d.
Noting that a d-local operator can change the magnetization of s by at most 2d, define I = 2d+ 1 and define the code
space to be

C = Span ({|h%) SN = —Mmax, —Mmax + Ly ooy Mmax — 1, mmax}) . (D5)

where mp.x is a multiple of I to be chosen later. The second approximate error correction condition is the local
indistinguishability of the d-body reduced density matrices of the codewords. More precisely, this corresponds to the
case i = j in Eq. (2). Below we show that an arbitrary observable has approximately the same expectation value
for all of the codewords by computing the trace distance between the local reduced density matrices pgs(m, N) =
try—q (|AD)(RY])  pa(m/, N) = try_q (|h)(hL,|) on the support of the error (note that try_g refers to the trace
over the N — d sites where the error acts trivially. The error is assumed to act on d-neighboring sites). Using the
d-body reduced density matrices (D4) this distance is

d
/ - d
lpa(m, N) = pa(m’, N)|l, = Tzz_d (d/2 + r/2>

(N/27d/1;/J:7(riL/27r/2) (N/Zfd/é\;_rs’/Zfr/Q)

(D6)

(N/Qfm/Q) (N/2—]i}{m//2)

Since max,, my |m — m'| < 2Mypax and 0 € d < 2Mpax < N 1/2 we can apply the asymptotic approximation for the
2a+1

binomial coefficients inside the absolute value, <a/2ib/2) R %e_bz/% to approximate (D6) by
d
2-d /N 1 2 _ 2 1 2 o 2
3 O T L PO (5 Gl 0) S A Gl UV BV
d/2+r/2) /N —d 2\ N N —d 2\ N N —d

r=—d

Note that the asymptotic expression does not apply to (d/Zir/Q) for all values of r, so instead we can use (d/Qir/Q) <
2¢/1/d to obtain an upper bound on (D7),

£ il b5 - () o
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Applying a Taylor series expansion (again using 0 € d < 2Mypax K N 1/ 2) to the term inside the absolute value,

m? —m/? ~(m— (d+7)?—(m —(d+7r)?] |2(m—m')(d+7) B d(m? —m'?) (DY)
N N —d N N —d N(N —d)
2(m —m/)(d+r) d(m? —m'?)

< D1

= ’ N-d NN —d) |’ (D10)
and we see that the second term in Eq. (D10) has a subleading contribution to the scaling of the error, so
VN 2|m — m/| d32m —m/| d3?m

N) - ""N)|lL = = I LSS i 2 Tmax ) D11
lpa(m, N) = pa(m’, N)||s = © ( o 0 ( i ) 0 ( o ) (D11)

To encode k = |log, dim(C)] logical qubits it suffices to take mmax = d - 2¥. Therefore for any a,b > 0 with
5a/2 4+ b < 1/2 the ground space of the spin 1/2 Heisenberg model contains an [[N, k, d, ¢]] AQECC with k = alog N

,d=blogN, andez@(%). O

Appendix E: Motzkin spin chain AQECC
Proof of Proposition 3

Proof. Let H be the Hamiltonian of the spin 1 Motzkin model on N sites with periodic boundary conditions. For a
SZ basis state |w) with w = (wy,...,wx) € {—1,0,1}", define the magnetization M (w) of |w) by M(w) = Zfil W
For each m define |g¥) to be the normalized superposition of all basis states with magnetization m,

= S jw),

|g | w:M(w)=m

where gV is the set of S*-basis states on N sites with magnetization m, and |gX| denotes the cardinality of this set.
The ground space of H is spanned by the states {|gY):m = —N, ..., N } Noting that a d-local operator can change
the magnetization of |w) by at most 2d, define I = 2d + 1 and let Mmax be a multiple of I to be chosen later. We
will next show that the subspace

C = Span ({|g%> PM = —Mmax, —Mmax + Ly .., Mmax — I7mmax}) . (El)

is an AQECC. For the case i # j in Eq. (2) we note that (g)|E|gY,) = 0 by construction whenever m and m’
are distinct codewords, since |m — m/| > 2d and E is a d-local error so it can change the magnetization by at
most 2d. Next for the case i = j in Eq. (2) we show that an arbitrary observable has approximately the same
expectation value for all of the codewords by computing the trace distance between the local reduced density matrices
P = try—q (lgo) (g ]) O = try_g (Ig)(gN.]) on the support of the error (note that try_g refers to the trace
over the N — d sites where the error acts trivially). As discussed in the introduction we assume that E is an arbitrary
error which acts on d consecutive sites. To compute the reduced density matrices we use the Schmidt decomposition,

d 1/2
S [g’“ T'gr'] g g), (E2)

=L lonl

and using Eq. (E2) to compute the reduced density matrices pg(m, N), pa(m’, N), the trace distance between them is

d

lpa(m, N) = pa(m/,N)[x = Y _ |g]
r=—d

d N—d
|gm | |gm’7r

gl 9|

(E3)

The quantity |gZ| can be computed as follows: for i > 0 we can have a number of flat steps equal to f =0, ..., L — 1,
and for each f these flat steps can be arranged in (?) ways, and to achieve magnetization ¢ we must insert L 2j * up
steps in L — f positions. The case i < 0 is similar, therefore

-3 (0 2o () =y

F=0
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When i = O(v/L) an asymptotic expansion for (E4) is given in equation (30) of [35],
L 3L+1/2
97| = ﬁ

Restricting mmax to be O(V/N) in (E1), upper bounding the first binomial coefficient with |g¢| in Eq. (E3) and
applying this asymptotic result to Eq. (E3) yields

L B O T O T

wd(N —d) r
Taylor expanding the exponentials inside the absolute value,

3 ()] oy [3 (2 ]| 8 ) (mo

eXp[4 N (N-d N N—d

e—3i%/AL (E5)

lpa(m, N) = pa(m/, N)||l1 <

4

N (N—Jd

Ty

The term in the absolute value satisfies

(m?2—m"?)  (m—7r)2—(m —r)? _|2(m —m/)r r(m? —m'?) (E7)
N N_d T N_d N(N —d)
2(m —m/)r r(m? —m'?)
<
—‘ N—d || Nv-ad | (E8)
and since the second term in (E8) is subleading we have
VN|m —m’|d? d®/?lm — m/| d3/?>m
- ' —o| X0 o) o e
1pa(m, N) — pa(m, W)y = O ( ) =0 ( " ) 0 ( N ) )

To encode k = |log, dim(C)| logical qubits it suffices to take mmpax = d - 2¥. Therefore for any a,b > 0 with
5a/2 + b < 1/2 the ground space of the spin 1 Motzkin model contains an [[N, k,d,e]] AQECC with k = alog N ,

dzblogN,andszO(%)- =
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