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The di:lgon:ll P:ld6 apprt)xim:ults ol the perturb:ilion se r ies  for the eigenvalues of the anharmonic os-  
eill:ltor (;i lJg.t perturlmlion of p2 . K2) converge to the' eigenvalues. 

Recently there has b e e n  considerable interest 
in applying the method of Pade approximants It i 
to strong interaction physics [2]. This interest is 
based on the assumption that the diagonal Pad6's 
based on the Feynman series for the partial wave 
scattering amplitude converge to the "correct 
a n s w e r " .  We r e p o r t  h e r e  a s tudy of the Pad~ ap- 
p i ' o x i n m n t s  for  the e n e r g y  l e v e l s ,  Enid) .  of the 
a n h a r m o n i c  o s c i l l a t o r  whose  H a n i l t o n i a n  i s  
p2 + ~¢2 + 3K4. Our  m a i n  r e s u l t  is  that  the d i agon -  
al P a d d ' s  b a s e d  on the R a v l e i g h - S c h r 6 d i n ~ e r  
s e r i e s  fro" an ,(~t p e r t u r b a i i o f  of [ 2 ~ K 2 c o n v e r g e  
fo r  any e i g e n v a l u e  and that the l imi t  is  the ac tua l  
e i g e n v a l u e .  

We fee l  that  th i s  r e s u l t  is  of s o m e  i n t e r e s t  
both  in i t s e l f ,  and in r e l a t i o n  t o t h e  w o r k  of 
B e s s i s  et al. and Cop ley  and M a s s o n .  The H a m i l -  
t o n i a n p 2  , a,2 +~K4 is c l o s e l y  a n a l o g o u s  I o a  
f i e ld  t heo ry  with the Hami l to ; l i an  d e n s i t y  :7:.2: + 
+ :(VO)2: ~'m 2 : 0 2 :  +fl :04: .  The ana logy is  
s t r e n g t h e n e d  by the fact  that the p e r l u r b a t i o n  
s e r i e s  fo r  the G r e e n ' s  func t ion  d i v e r g e  in both 
c a s e s .  F o r  the a n h a r m o n i c  o s c i l l a t o r  it ha s  b e e n  
p r o v e d  and fo r  the f ie ld  t heo ry  it is hoped that 
the s e r i e s  is  a s y m p t o t i c  to the ac tua l  G r e e n ' s  
funct ion .  What we p r o v e  h e r e  is  that  for  the 
t'~,"t'Ht'¢tltr('S of the a n h a r m o n i c  o s c i l l a t o r ,  the 
Pad6  a p p r o x i m a n t s  f o r m e d  f r o m  the d i v e r g e n t  
R a y l e i g h - S c h r i S d i n g e r  p e r t u r b a t i o n  s e r i e s  con -  
v e r g e  to the r ight  a n s w e r .  

We f i r s t  r e c a l l  that  the Pade  a p p r o x i r n a n t s  

t 'ndcr  contract of C.I.C.P. 
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a s s o c i a t e d  with a f o r m a l  p o w e r  s e r i e s ,  ~ a .  z n.  
31 "" a r e  de f ined  a s  f o l l o w s : / [ "  . M i l s  that  unique r a -  

t iona l  func t ion  of d e g r e e  M in the n u m e r a t o r  and 
N in the d e n o m i n a t o r  s a t i s f y i n g  

M+N 
Jl o ( z N  * M  + 1 ) / N ' M [ ( z )  - ~ a n ~  = 

0 

Our p roo f  of c o n v e r g e n c e  wil l  d ep en d  on a n a l -  
y t ic  p r o p e r t i e s  r e c e n t l y  e s t a b l i s h e d  fo r  the an -  
h a r m o n i c  o s c i l l a t o r  e n e r g y  l e v e l s  a s  f unc t i ons  of 
the coup l ing  c o n s t a n t  t [4 ,5] .  E x p l i c i t l y .  we use :  

(a) E n i d ,  has  an an a l y t i c  con t inua t ion  to a cut 
p l ane ,  cut a long  the nega t ive  r e a l  ax i s  :it. 

We r e t u r n  to a p r o o f  of t h i s  f ac t .  which  is  the 
h e a r t  of the a r g u m e n t ,  n e a r  the c o n c l u s i o n  of the 
note .  

(b) Im E r ( d )  0 if Im /3 0. 
Thi s  fo l lows  f r o m  the s i m p l e  o b s e r v a t i o n  

Im El~(fl) : hn 3(.v4>. 
(c) The R a y l e i g h - S c h r i S d i n g e r  s e r i e s  is  a s y m p -  

tot ic  to En(3) a s f l  - -  0. u n i f o r m l y  in [ a r g 3 ;  ~ . .  
F o r  t) 0. t h i s  fo l lows  f r o m  r e s u l t s  of Kato 

[7]. F o r  a r b i t r a r y  ft. it can  be p r o v e d  d i r e c t l y  

t The e:lrliest studies of analytieity used a non-rigor- 
ous WKB rel ; l ted ap l i rox im; l t ion [31. In the f ie ld  
lheory ease. there are  no exact theories  ,.,,hose an:ll- 
ytic proper t ies  c;In be sin/ihlrlv analyzed, ttowever. 
one is very close It) :l {d)4)2 Ih(;ory ft~r which the Pad0 
:ipproxim:lnts might converge [61 . 

:~ This is a n.m-trivi:il si;itement since E n (/3) has in- 
finitely many hraneh points near 2 0 [.t1. They 
happen to lic on the second sheet. 
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u s i n g  H i l b e r t  s p a c e  a r g u a a e n t s  [4] or  f r o m  K a t o ' s  
r e s u l t s  and the a n a l y t i c  and p o s i t i v i t y  p r o p e r t i e s  
(a). (b} [5] .  

(d) For/3  l arge  and f ixed  n. iEn(~3)[+ C [fl) '/:'*. 
C o n s i d e r  the H a m i l t o n | a n  p2 + c~ K2 /]~¢4 (or 

r e a l .  ~ 0) with  e i g e n v a l u e s  En(a.[~). As S y m a n -  
z ik  has pointed out [8].  s i n c e  the s c a l i n g  p--'fl~/'~p; 

.... /3-~";n i s  u n i t a r i l y  i m p l e m e n t a b l e ,  En(1./~)  = 
=i]~:~En(B - ~ , 1 )  f o r  fl r e a l .  By a n a l y t i c  c o n t i n u -  
a t i o n ,  t h i s  h o l d s  in t he  e n t i r e  cu t  /t p l a n e .  S ince  
E n(ot. 1) i s  ana ly t i c  at o~ = 0. the bound f o l l o w s  
wi th  any C E n ( 0 . 1 ) .  

(e) Fix  n. If a m a r e  the  R a y l e i g h - S c h r i k t i n g e r  
c o e f f i c i e n t s  f o r  En(fl) .  t h e n  a m ::- C D  m m m .  

T h i s  f o l l o w s  f r o m  the u s u a l  r e c u r s i v e  r e l a t i o n s  

for  the a m by an i n d u c t i v e  a r g u m e n t  [4]. 
Now o n e  p r o v e s  tha t  any  d i a g o n a l  F a d ~  s e -  

q u e n c e ,  j - [ N . N ' j I ( f ] )  (j  f i xed ) ,  f o r  an  e i g e n v a l u e ,  
E([J). c o n v e r g e s  u n i f o r m l y  on  c o m p a c t s  of the  cu t  
p l a n e .  F r o m  (a). (b}. (c) and {d), it f o l l o w s  tha t  

a o  

a n = (- 1)n÷l j£  ) n d p ( y )  f o r  n : 1 (1) 
u 

w h e r e  

dp(~,) = { lim0+[7,7]-1~ Im E ( -  7 -1  + i~)dy (2} 

F r o m  (b).  we  c o n c l u d e  tha t  dp(y)  i s  a p o s i t i v e  
m e a s u r e  s o  tha t  ( - a  n ) d e f i n e s  a s e r i e s  of S t i e l t j e s .  
It t h u s  f o l l o w s  f r o m  g e n e r a l  t h e o r e m s  on Pad6 
a p p r o x i m a n t s  [ I ] .  t h a t f [ N N ) l c o n v e r g e s  f o r  any  

f i x e d . )  ~'. s a y  to.ffljS). E a c h . f j  o b e y s  (a) .  (b).  (c) 
and  t h u s  b o t h  (2) a n d  

d p j ( y )  = l i m  (:TV) = l l m f j ( - ' y  - l + i { ) d ~ '  

-- ,0  ~- 

s o l v e  the  moment~_,,, p r o b l e m  f o r  the  (an) .  i . e . .  o b e y  
By (e) .  2 _ ; l a n I - 1 / ( 2 n + l ) .  = co s o ,  by a t h e o r e m  (1). 

of Car leman [1] .  p = pj. T.hus f j  - E is entire and 
h a s  a z e r o  a s y m p t o t i c  s e r i e s .  L e . .  f j -  E = O. 
T h i s  c o m p l e t e s  the  p r o o f .  

We h a v e  m a d e  n u m e r i c a l  c a l c u l a t i o n s  f o r  the  
g r o u n d  s t a t e  to c h e c k  the  r a t e  of c o n v e r g e n c e  of 
the  Padd  a p p r o x i m a n t s ,  h~ t a b l e  1. we  l i s t  

f[20.20](fl)  f o r  fl = 0 .1 ,  0.2 . . . . .  1.0 c o m p u t e d  u s -  

ing  the  R a y l e i g h - S c h r & t i n g e r  c o e f f i c i e n t s  found  
by B e n d e r  and  Wu [38, We  c o m p a r e  f[20,201 wi th  

* Using (b) :done, [}no canl}rOVC ;E n) ] ) [  C il:ll. This  
~ould imply (1) f(}r n 2 ~hich would suffice l or  our  
r t ,sul ts .  
In rcf. l. this is only proved for  j " 0. when cq. (1) 
holds~ t towever .  (-E(/3)) -1 obevs (al-(d) with the in- 
ve r se  power  s e r i e s  so ( - E - l ) (  N. .V.j] - E [ N ' ) . N I  
converges .  One of us (B.S.) x%ould Iikc t o t h a n k  Pro f -  
e s s o r  D,Masson for  a d i s cus s ion  of this  point. 

"l'able 1 
Conll)arison of I}a{tt ~ with r igol 'ous hounds. 

i] Upl)(_'r bound (a) I,ow{,p hound (b) f120. 201 ((') 

O.l 1.065 286 l .065 2x5 1.065 2x?} -}09 54:3 
0.2 1.118 2.(}3 1.118292 1.118 2!)2 654 3(57) 
0.3 1.16-t 055 1 .16.1 0t l  l .16.1 047 156(23-t) 

0.4 1.20-t ~-t8 1.204 791 1.204 ,~10 3i ({} 603} 
0.5 1.241 .(157 1.2.11KII 1.241SS"~ {1(48 135) 
{).6 1.276195 1.275 9{)9 1 .275 983 (105974) 
0.7 1.308 110 1.307 32 l ( ~ I .:/07 7,t7(246 30I) 

0.8 1.33~ 096 1.337 397 I .:137 54( 1 726 579) 
0.9 1.2664,t2 1.364:|.t9( ) 1.365 6{i(2 398 :}l 1) 
1.0 l .393 371 1 .:392 131 l .:/92 3(37 481 Xtil ) 

(a) F r o m  l~,azlcy-Fox 1121. t ab le  1. A l~ayh, igh-l),ilz 
method was used ()n the I i r s t  five (wen par i ty  levels .  
(b) F r o m  Reid 1121. t:d}h, ;I (,xccpt as nt}h.d hy 1'1 which 
are  tak(,n | r o m  Bazley- l . ' ( )xl l2  I. 
I(') Wc have thrown out the last thrc(, digits  f rom a 
douhh, prec is ion  a n s w e r  a s s u m i n g  them insignificant 
becaus{' (}I roun(l-off ePro r .  "l'h(_, fig'urcs in )al-tlq}tll(,~es 
Pcl}rt, sent  digi ts  which art, not ('(}nsttlnI fPomfl  ' / I  o n  

Tal}l 4. 2 
.flN'N}0~3) for/3 ~ I.  

N f~ 0.1 3 0.2 fl 1.0 

1 1.063829787234 l . l l l  111 111 I l l  1 .272727272727 
2 1.065217852490 1.1175.t057X275 1.34828:)096707 
3 1.065280680051 1.118 [~3011 861 1.373 79:} ~64 :}56 
• t 1.065285049128 1.118 272 722 955 1.3X3756,t:17228 

5 1.065 285 455 329 1.118 288 405 206 1.:}88 075 603 3~9 
6 1.065 285 502 030 1,11X2:)l (i.ql 12X 1.390103 75.t 651 
7 1.065285508357 l . l lx2923X286( )  1.391 116612108 

l 06528550:)335 1.11~ 292 576 357 1.39164801X14X 

9 1.065 285 50.{) 503 1.11~292630404 1.391 .q3X365335 
1(} 1.065 285 509 535 1.118 292 646 573 1.3:}2102 495 07,t 
i l  1.06528550:}5,tl | .1 i~2i)2651 703 1.392 1.()X0099,t2 
12 1.065285509543 1.118292653416 1.3.()2 255 ()10 02l 

13 | .065 285 509 5,t3 1.1182:.t265401.t 1.3:)22X(.I7~',ISX0 
14 1.06528550954::1 1.11S 2!}2 654 231 1.392311,t24 163 
15 1.065285509543 1.11x29265,t313 1.392 325157 322 
16 1.0652X5509543 1.11x292651 245 1 .392 :3:~3 991 01.t 

17 1.065 285 5():) 543 1.I1~ 2!)2 651357 1.392 338 97:| 5.10 
18 1.1)(15 2x5 50.(} 543 1.11~:'_)9265,t 35k 1.392 33:155!1160 
1.9 1.(165 2~15 5()9 543 1.118 292 65.1352 I.:{}12:1.11 33:IX(i,t 
20 1.065 '>x5 509 543 1.11s2!)2{;5.t:157 1.392:/:37.t81S(;1 

r i g o r o u s  u p p e r  and  l o w e r  b o u n d s  a s  c o m p u t e d  by 
B a z l e y - F o x  and  Re id  [91 t:. We no te  f o r  c o m p a r i -  
s o n  thai  the  s u m  of the  f i r s t  41 t e r m s  of the  
R a y l e i g h - S c h r & l i n g e r  s e r i e s  i s  of o r d e r  1026 

Notice that we give this lower  hound only as  a check 
of the numer ica l  ca lcula t ions .  Indeed / I f / -N] .  for  pos -  
itive fl is i tself  n e c e s s a r i l y  a lower  bound of E(/3). 

657 



Volume 30B. number 9 P H Y S I C S  L E T T E R S  22 December 1969 

e v e n  f o r  /3 = 0.1. In t ab le  2. we show the  r a t e  of 
c o n v e r g e n c e  of flN.Nl(/3). Th i s  get  w o r s e  a s  fl in-  
c r e a s e s  which  is  to be e x p e c t e d  sincefIN'N](13) 
s o m e  c o n s t a n t  C N as  fl ~oo whi le  E{fl) ~ Cfl  ll:~ as  
fl - -  ¢¢. 

Let us r e t u r n  to the p r o o f  of (a). the cut p lane  
a n a l y t i c i t y  f o r  En(fl). The  a b s e n c e  of p o l e s  and 
non r a m i f i e d  i s o l a t e d  e s s e n t i a l  s i n g u l a r i t i e s  fo r  
Im /3 ¢ 0 i s  a d i r e c t  c o n s e q u e n c e  of the  H e r g l o t z  
p r o p e r t y  (b) [4,5 I. When fl i s  r e a l  and p o s i t i v e .  
a n a l y t i c i t y  is  a c o n s e q u e n c e  of the K a t o - R e l l i c h  
t h e o r e m s  on reg-ular  p e r t u r b a t i o n s .  

To e l i m i n a t e  n a t u r a l  b o u n d a r i e s  and b r a n c h  
p o i n t s  a m o r e  d e t a i l e d  s tudy  i s  n e e d e d  [5]. The 
b e s t  c h a r a c t e r i z a t i o n  of an e n e r g y  l eve l  f o r  r e a l  
a and fl 0 is  the n u m b e r  of z e r o s  of i t s  wave  
func t ion  in , r  s p a c e .  It t u r n s  out that  t h i s  not ion  
can  be g e n e r a l i z e d  to c o m p l e x  a and ft. Le t  us  
s t a r t  f r o m  the wave  equa t i on  

I I~ : ( -  :22  +a . ,2  +.,4) : E (a ,1 )  ~h(., ' .a.E) 

with the b o u n d a r y  cond i t i on  

1 e x p -  ~.~3 fo r  x ~ + co 

The  e n e r g y  l e v e l s  a r e  g iven  i m p l i c i t l y  by 
~ (x  = 0. a .  E) = 0 fo r  odd l e v e l s  

. . . .  LP(x = 0. a .  E) = 0 fo r  even  l e v e l s  

w h e r e  ~P(.r = 0. a .  E) is  e n t i r e  in a and E. Around  
a point  a o E  O. w h e r e  E 0 is  f i n i t e ,  the  e n e r g y  is  
an a n a l y t i c  func t ion  of a f r a c t i o n a l  p o w e r  of a - a  O. 

What we can p r o v e  by i n t e g r a t i n g  ~ * ( z ) [ H - E  I × 
× ~ (z )  a long  r a y s  in the c o m p l e x  z p l ane  i s  the 
fo l lowing :  fo r  l a r g a ]  ~ - e .  e a r b i t r a r i l y  
s m a l l .  [~[ is  s t r i c t l y  p o s i t i v e  fo r  

I -  , ~;7 1_  ~, ,  - e  a r g z  , and - ~,, - . a r g z .  -~,-r + e '  

and fo r  i z [  l a r g e  if l a r g z [  }7,. T h e r e f o r e  if we 
v a r y  a c o n t i n u o u s l y  and h e n c e  E c o n t i n u o u s l y  ((f 
i/ does  nol go /hrough inf ini /y  ) the n u m b e r  of z e -  
r o s  of the wave  f u n c t i o n s  in the s e c t o r  [ a r g z [  
.. ~n cannot  va ry .  That  E wil l  r e m a i n  bounded  
d u r i n g  th i s  c o n t i n u o u s  mo t ion  in the a p l ane  i s  
e s t a b l i s h e d  a s  f o l l ows :  when we s t a r t ,  wi th  a on 
the r e a l  a x i s .  we have  a f in i te  n u m b e r  of z e r o s  n 
in th i s  s e c t o r ,  a l l  of which  a r e  r e a l .  Now i n t e -  
g r a t i n g  the  wave equa t i on  f r o m  the o r i g i n  in the 
V o l t e r r a  f o r m  we can p r o v e  that  E l  cannot  get  
too l a r g e  fo r  c o m p l e x  a b e c a u s e  if it did the 
" f r e e "  so lu t ion  s in  (v~fi.:z.) o r  c o s  (v'Ez) would d o m -  
ina te  f o r  f in i te  iz[ and .  app ly ing  the Rouch6 
t h e o r e m  to a s u i t a b l e  f in i t e  r e g i o n  i n s i d e  [ a r g z  ] 

,}~ we would get a n u m b e r  of z e r o s  l a r g e r  than 
n.  which  would  be a c o n t r a d i c t i o n  * 

Since  E r e m a i n s  bounded ,  the only p o s s i b l e  

s i n g u l a r i t i e s  of E ( a )  a r e  b r a n c h  po in t s .  H o w e v e r .  
if we tu rn  a r o u n d  s u c h  a b r a n c h  point  and c o m e  
b a c k  to the r e a l  a x i s  we fal l  back  on a r e a l  wave  
func t ion  wi th  the s a m e  n u m b e r  of z e r o s  z as  the  
one we s t a r t e d  f r o m .  T h e r e f o r e  t h e r e  cannot  be 
any b r a n c h  point  fo r  [ a r g a [  it,. If we r e t u r n  
t h ro u g h  s c a l i n g  to the v a r i a b l e  fl we f ind that  a l l  
e n e r g y  l e v e l s  En(~) a r e  a n a l y t i c  in a cut p lane .  

F i n a l l y  let  us d i s c u s s  the e x t e n s i o n  to K 2m 
p e r t u r b a t i o n s  and s e v e r a l  d i m e n s i o n s .  F o r  K 2m 
p e r t u r b a t i o n s ,  t h e r e  a r e  i n d i c a t i o n s  that  a n 

c D n n (  m - 1 ) n  so  that  C a r l e m a n ' s  c r i t e r i o n  
~ [ a n [ - 1 / ( 2 n + l )  =oo b r e a k s  down at K 8. S ince  
C a r l e m a n ' s  c r i t e r i o n s  is  su f f i c i en t  but not n e -  
c e s s a r y ,  our  p r o o f  t h a t f j  = E b r e a k s  down but 
the equa l i ty  may  s t i l l  hold.  A n u m e r i c a l  a n a l y s i s  
of th i s  K 8 p r o b l e m  i s  in p r o g r e s s  [10]. S i m i l a r l y  
f o r  s e v e r a l  d i m e n s i o n a l  coup led  a n h a r m o n i c  o s -  
c i l l a t o r s ,  one p a r t  of the p r o o f  b r e a k s  down:  fo r  
the p r o o f  that  En(fl} has  no b r a n c h  p o i n t s  in the 
cut p l ane  d e p e n d s  on k e e p i n g  t r a c k  of z e r o s ,  a 
m o r e  c o m p l i c a t e d  a f f a i r  in s e v e r a l  v a r i a b l e s .  

It i s  a p l e a s u r e  to thank A. D icke .  H. E p s t e i n .  
V. G l a s e r .  D. M a s s o n ,  E. Stein  and K. S y m a n z i k  
fo r  v e r y  va luab le  c o m m e n t s .  Two of us  (A. M. 
and B. S.) a r e  g r a t e f u l  to N. N. Khur i  fo r  a r r a n g -  
ing a m e e t i n g  which  s t i m u l a t e d  th i s  work .  

* We hope to find an argument which does not make ex- 
plicit use of the wave equation to show that E remains 
bounded, but the mat te r  is not yet completely clear.  
It would obviously be bet ter  for it could be generalized 
to more  degrees  of freedom. 
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