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A Additional figures

Figure A. Average spectral clustering ARI
for nine clusters for DCSS, count, variance,
and index of dispersion thresholding on the
data matrix from the mouse cortex
scRNA-Seq experiment |1| and the clustering
workflow of . We vary the error tolerance €
with & =5 for DCSS. Increasing the error
tolerance decreases the agreement between
clusters.

Figure B. Average spectral clustering ARI
for nine clusters for DCSS, count, variance,
and index of dispersion thresholding on the
data matrix from the mouse cortex
scRNA-Seq experiment and the clustering
workflow of . We vary the dimension & with
fixed error tolerance ¢ = 0.1 for DCSS.
Increasing the dimension increases the
agreement between clusters.

Clustering adjusted Rand index

Clustering adjusted Rand index

0.05

=—a DCSS 9 cluster
a—a Var. 9 cluster
oo Count9 cluster
o o 1D.9 cluster

0.10

0.15
¢, for k=5 DCSS

14
©

e
<

14
o

o
@

14
=

=—a DCSS 9 cluster
a—4 Var. 9 cluster
oo Count9 cluster
1.D. 9 cluster

oo

7 9
k for DCSS, ¢=0.1

11 13 15

January 10, 2019


https://core.ac.uk/display/216294727?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

B Brief linear algebra review [3]

The singular value decomposition (SVD) of any complex matrix A is A = USVT,
where U and V are square unitary matrices (UTU = UUT =L, VIV = VVT =1), T is
a rectangular diagonal matrix with real non-negative non-increasingly ordered entries.
UT is the complex conjugate and transpose of U, and I is the identity matrix. The
diagonal elements of X are called the singular values, and they are the positive square
roots of the eigenvalues of both AAT and ATA, which have eigenvectors U and V,
respectively. U and V are the left and right singular vectors of A.

Defining Uy, as the first k£ columns of U and analogously for V, and 3j the square
diagonal matrix with the first k entries of X, then Ay = UkEkVL is the rank-k SVD
approximation to A, and Ty = AV, = U3 is a rank-k SVD truncation of A.
Furthermore, we refer to matrix with only the last n — k columns of U,V and last
n — k entries in 3 as U\, V\;, and 3y;.

The Moore-Penrose pseudo inverse of a rank r matrix A is given by
At =V, x Ul

The Frobenius norm ||A[|r of a matrix A is given by ||A||F = y/tr (AAT). Recall
that the trace has a cyclic property. The spectral norm ||Al|2 of a matrix A is given by
the largest singular value of A.

The Eckart-Young-Mirsky theorem [4] states that, for A = UXVT the SVD of A,
and B any complex matrix with compatible dimension to A and rank < k,

Ay = argminrank(B)ngA - Bl|r
i A —Bllp = \/tr (2, 271). 1
ran%%gk” [P =/tr (B Xy) (S1)

The minimizer Ay, is unique if and only if o1 # o, where o; are the respective
non-increasingly ordered singular values in X.

A square complex matrix F is Hermitian if F = Ft. Symmetric positive semi-definite
(S.P.S.D) matrices are Hermitian matrices. The set of n x n Hermitian matrices is a real
linear space. As such, it is possible to define a partial ordering (also called a Loewner
partial ordering, denoted by =) on the real linear space. One matrix is “greater” than
another if their difference lies in the closed convex cone of S.P.S.D. matrices. Let F, G
be Hermitian and the same size, and x a complex vector of compatible dimension. Then,

F<G < x'Fx<x'Gx vx # 0. (S2)

A few simple consequences of the Loewner partial ordering are as follows. If F' is
Hermitian and S.P.S.D., then 0 < F, where 0 is the zero matrix.

If F is Hermitian with smallest and largest eigenvalues Apin(F), Amax (F),
respectively, then,

Amin(F)I 2 F < Apax (F)L (S3)

Let F, G be Hermitian and the same size, and let H be any complex rectangular
matrix of compatible dimension. The conjugation rule is,

If F < G, then HFH' < HGH'. (S4)

In addition, let A;(F) and X\;(G) be the non-decreasingly ordered eigenvalues of F, G.
Then,

If F < G, then Vi, \;(F) < \(G). (S5)
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Since the trace of a matrix F is the sum of its eigenvalues, trF = >, A\;(F), and the
Loewner ordering implies the ordering of eigenvalues (Eq [S5)), the Loewner ordering also
implies the ordering of their sum,

IfF <X G, then trF < tr G. (S6)

Let F1,G1,F3, Gy be Hermitian and the same size. Then if F; < Gy and Fy < Go,
then

Fi+Fs <Gy + Go. (S7)

As a simple consequence of Eq consider the real matrices FFT and GGT, and
the vector x which has a one in row ¢ and a minus one in row j, and zeros elsewhere.
The Euclidean distance between rows 4, j with respect to G is d; ;(G):

d; j(G) = xTGGTx. (S8)

Thus, if FFT < GGT, by Eq [S2] with appropriate vectors, d; ;(F) < d; ;(G)Vi, j.

Furthermore, let F be Hermitian and dimension n, Uy be a semi-orthogonal
rectangular matrix (ULUk =1I) of compatible dimension n x k, 1 < k < n, and A\;(M)
refer to the non-decreasingly ordered eigenvalues of a matrix M. Then the upper bound
of the Poincaré separation theorem states,

Ai(ULFUR) < Ayppi(F) i=1,... .k (S9)

We will also use the von Neumann trace inequality. Let F, G be complex matrices of
compatible dimension and minimum dimension n. Let o;(F), 0;(G) be the respective
non-increasingly ordered singular values. Then

Re(tr FGT) < Xn:ai(F)m(G). (S10)

C Proof of Eq

Eq [2|is a generalization of Lemma 2 in [5]. The proof is as follows. The minimum norm
solution to the least-squares minimization problem miny ||A.x — a;||3 is,

% =Afa; =V, 5, 'Ula,. (S11)
And, by definition,

I1%]|2 = al U2, ' VIV, 2, 'Ula; = al U, 2, 2Ula; = 7:(Ay). (S12)

D Proof of Eq [9

The upper bound (Eq@) in Theorem [1| follows from the fact that 0 < I — SS” and the
conjugation rule (Eq[S4),

0 < A(I-SST")AT = AAT —cc”. (S13)

This upper bound is true for any column selection of A. A second application of the
conjugation rule gives the upper bound in Eq[9]

For the lower bound (Eq@, consider the quantity
Y =3, 'UTA(I-SST)ATU,X, ! = Vi.T (I - SST)Vy. By the conjugation rule (Eq
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on Eq 0=<Y,s0Y is S.P.S.D. By the construction of DCSS (Eq

trY =30 Zle V7 =€ < e, and because Y is S.P.S.D., Apax(Y) < tr'Y. By Eq
and the previous facts, Y < A\pnax(Y)I < el. As a result of the conjugation rule applied
to this upper bound,

U, YS, UL = AL AT — U, UTCCTUL UL < eApAT
(1-eArAl < U, UTccTu,Ul, (s14)

providing the lower bound of Eq [0}
For Eq the lower bound of Eq [J] implies,

(1-etrA AT < trUfcc’Uy,, (S15)

by EqJ:S'El and the cyclic property of the trace. Similarly, Eq[S13]implies

trCCT < tr AAT. Since Uy, is semi-orthogonal (U0, =1), by Eq every ordered
eigenvalue of U{CCTUIc is smaller than its counterpart ordered eigenvalue of CCT.
Since the trace is the sum of eigenvalues, this implies Eq

(1—-etrA AT <trUTCC’U, <trCcC” <trAA”. (S16)
Note that if A is full rank and k = rank(A) = n, then Eq|§| becomes,

(1-e)AAT =< cc’ < AAT. (S17)

E Proof of Eq for random sampling

The following theorem pertains to a new spectral bound for the square C selected by
rank-k subspace leverage scores and the random sampling procedure from [6]).

Theorem 1. Let A € R"*? be a matriz of at least rank k and 7;,(A},) be defined as in
Eq . Construct C by sampling t columns of A, reweighted to \/%ai, with probability
pi = (1i(Ag) +v1(7:(Ag) = O))/(X:El:1 p;), where 1() is the indicator function and v is
a small, positive, non-zero number v = min,,(a,)>o(7i(Ax)). Let

m = Z?Zl 1(m(Ak) =0), Zle p; =k +my. If the number of selected columns
t> %(k + my) (1 + %e) In (%), then with probability 1 — 0, the matriz C satisfies:

(1-eARAT < U, UFCCTUL UL < (1 4+ €)ALAL. (S18)
If A is full rank and k = rank(A) = n, then Eq becomes,
(1-e)AAT < CCT < (1 +¢)AAT. (S19)

The proof of Theorem [1|is similar in structure to Theorem 3 in [7]. Theorem 3 in [7]
pertains to a different type of leverage score.
Consider the quantity Y = 2;1U£(CCT — AAT)U;CE;. Note the sign change

from Section This can be rewritten as,
t
17T (0 T T -1
Y = ) 3'Ul(ce] - 1AAT)ULS;
j=1

t
Y = > X,
j=1

Vi, (X)) = %E;lUf(p%aialT —~ AAT)U,E; ' with categorical probability p;.

(S20)
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If [[Y||2 <€, then —el <Y < €I, and Eq[S1§| follows from this and the definition of
Y. Thus, the proof of Eq[S18|relies on showing that |[Y]||2 < e. We use an intrinsic a
dimension matrix Bernstein inequality ( [§] , Theorem 7.3.1), specialized to Hermitian = o
matrices, to show that |[Y||2 is small with high probability. The Bernstein inequality 03
requires that, for a finite sequence Y = 23‘:1 X; of random Hermitian matrices X; of o

the same size, 05
1. Vj,E(X;) =0, %
2. V5, |IXll2 < L, o7
3. and that >, E(X;XT) = V. o8
Then, for € > /[[V|[2 + L/3, %
P([Yl: 2 ) < 878 exp (— st ) (s21)
Requirement [1] is satisfied because, 100
d d
E(X;) = Zpi(xj)i = %zglug(z aal — AATYU,E !t =0. (S22)
i=1 J=1
To show that requirement [2] is satisfied, we need the following fact: 101
2, U a2l U st < 7(AR)L (S23)
Eq follows from the fact that for all y € R¥, 102

y'ULE; UL a2l Us ULy = tr ((yy7) (UpZ; ' Ul a,a] Up S, 'UT)) < 1(AR)yTy.

where the inequality comes from the Von Neumann trace inequality (Eq[S10) applied to .

o
)

the product of two rank 1 matrices. Using Eq[S23]in the definition of X; gives, 104
X;= -2 Ulaal Uy St — 11 < fr(Ap)I - {1
— (ktmy)7i (Ak) I-11
- Z(ﬂ(Ak)Jrvll(n(Ak):O)) t
< Ay (S24)
and ||X]ls < L = @ follows immediately. 105
To show that requirement [3] is satisfied, we compute directly, 106

E(Y?) = tE(X;X])
d
= > pi( (43UL (Ll - AATULSY)
i=1
(3= Ul (el - AAT)ULE ) )

i

d
= > p (430U GLaal - AT UGS (3 Ul el U, )
=1

t

d
=t b (ﬁﬁ;1UfaiaZTUk2,:2UZaiaZ_TUkE;1) 1y
i=1

IA

d
) (tp%zllezaiazTUkzngi(Ak)I> — 1
1=1
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t

d
< Hm N (5 U aal U s ) = B = v (S25)
i=1

It follows immediately that |[V||s = £ and tr vV = FEma),

t

Then, for € > @ + kfﬂ%,

P([Yll2 > ) < Skexp (— grmsyizrn ) < 59 (S26)

(k+m~y)(e/34+1)

Solving for ¢ as a function of ¢, §, and v gives,

t>Z(k+my)(1+5e)ln (%) (S27)

Eq also holds for C selected by the DCSS algorithm, as a consequence of Eq [9]
Thus DCSS selects fewer columns with the same accuracy for power-law decay for Eq

[S1§ when [O] < t.
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