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1 Introduction

Recently, it was discovered that four-dimensional N' = 2 superconformal field theories
(SCFT) have protected subsectors described by two-dimensional chiral algebras or vertex
operator algebras (VOAs) [1]. This relation defines a map (or functor) from the set of
four-dimensional N' = 2 superconformal field theories to the set of two-dimensional chiral
algebras, or more precisely the Vertex Operator Algebras (VOA),

X : {4d N =2 SCFT}/ (marginal deformations) — {2d chiral algebra (VOA)}. (1.1)



Under this map, various observables of the four-dimensional theory, which are invariant
under exactly marginal deformations, are mapped to quantities in the two-dimensional
chiral algebra [2-4]. Aspects of chiral algebras arising from four-dimensional N' = 2 su-
perconformal field theories have been discussed in [5—16]. In the following we give a list of
observables, which are captured by the protected two-dimensional chiral algebra:

4d N =2 SCFT 2d chiral algebra
superconformal symmetry Virasoro symmetry
SU(2)R current stress tensor
conformal anomaly cyq central charge cog = —12¢y4
global symmetry g affine symmetry g,
moment map operator conserved current
flavor central charge kyq level koy = —%k4d
Schur index vacuum character
Higgs branch associated variety
Surface defect non-vacuum module
Macdonald index ‘refined” vacuum character
lens space index “twisted character”

The purpose of the current paper is to add the last line to this already rather extensive
dictionary.

The superconformal index of an N/ = 2 SCFT admits various simplifying limits [17,
18]. The “Schur limit” of the superconformal index is of particular interest in the four-
dimensional N' = 2 SCFT/two-dimensional chiral algebra correspondence, since it precisely
matches to the vacuum character of the chiral algebra. The “Macdonald limit” of the index
counts the same set of i—BPS operators as the Schur index. However, it has one more
variable and therefore carries more refined information than the Schur index. A way to
compute the Macdonald limit of the index from the chiral algebra has been proposed in [2].
It is interesting because the supercharge used to define the cohomological construction of
the chiral algebra is not compatible with the extra grading needed to define the Macdonald
index. Nevertheless it was possible (at least for simple cases) to define a graded vector space
associated to the chiral algebra capturing the Macdonald index, thanks to a filtration
structure in the vacuum module for the chiral algebra (or VOA) [19, 20].

The goal of the current paper is to identify a two-dimensional quantity that captures
the lens space index [21], or — equivalently — the supersymmetric partition function on
St x S3/7,.. We give a definition and detailed review of the lens space index in appendix A.
One first important feature of the lens index is that one can turn on discrete holonomy
for background gauge fields of the flavor symmetry, which will partially break the flavor
symmetry group. Thus the lens index is parametrized by such a choice of holonomy,
which we shall collectively denote as m. Upon gauging the flavor symmetry group, we are
supposed to sum over all possible choices of the discrete holonomy. Another important
feature of the lens index is that there are zero-point energy contributions to each matter
multiplet. As we shall see, we will have to first strip off the overall zero-point energy
contribution, in order to properly take the Macdonald limit of the lens index.



The orbifold-prescription, which is being imposed at the level of the lens space L(r, 1) =
S3/Z,, can be translated into the two-dimensional chiral algebra by taking a quotient on
the chiral algebra plane C/Z,. Schematically, this will lead to the following condition on
the fields in the chiral algebra

o(cF2) = g0(2) (1.2)

where g is an element of the symmetry group (or automorphism of the vertex operator
algebra) of the theory, such that ¢g" = 1. This can be thought of as a twisted sector upon
mapping C/Z, — C, via z — z". This map acts on the Virasoro generators as Ly, + 7Ly,
which in turn has the effect of rescaling ¢ — ¢". We will be required to account for that
rescaling when we compute the twisted character of the chiral algebra and match it with
the lens space index.

Similar to the Macdonald limit of the round superconformal index, we observe that
the supercharge

Q=0 +8°? (1.3)

used to define the chiral algebra in [1] is not compatible with the Z, action on the chiral
algebra plane. Nevertheless we shall explicitly observe that the lens space index can be
associated with a character of the chiral algebra defined via the supercharge @Q.!

Indeed, we find that the (refined) character of a twisted module V(*) precisely repro-
duces the lens index in the Macdonald limit:

I (am #0g > g'/"t = T),  (A#£0),
Xin (s, T) = (1.4)
I, (a,m=0,g = ¢"/" t = qT),  (A=0),

where the twist parameter A in the chiral algebra depends on the choice of holonomy
m. One immediate point to notice is that one should take two distinct limits of the
four-dimensional lens index to match with the two-dimensional chiral algebra. Similarly,
we observe that the left-hand side of the correspondence is given in terms of the refined
character as defined in [2]. Typically, when we take T' — 1, the refined character becomes
the usual character. However in some cases, the 7' — 1 limit (or ¢ = ¢" limit of the lens
index) diverges, and in these cases, the correspondence works only if we keep the extra
fugacity of the refined character.

The twisted module V*) we define here is quite different from what is commonly known
as a twisted modules. Firstly, depending on the twist parameter A, the highest-weight state
carries non-zero eigenvalues of the flavor current algebra. Secondly, the highest-weight state
can be an eigenstate of the zero modes of the current generator. These features are unusual,
but we verify that these conditions precisely give us the lens index of the four-dimensional
superconformal field theory in question.

'A similar phenomenon was demonstrated in [22]. There, the line operator Schur index was found to
be written in terms of the characters of the associated chiral algebra even though the BPS line operator is
does not preserve the supercharge Q.



In this paper, we will mainly focus on the “simplest” four-dimensional N' = 2 super-
conformal field theories, namely free theories and Argyres-Douglas (AD) theories [23-27].
Similarly, the corresponding chiral algebras [9, 11, 15, 28] are rather straightforward to work
with. The (round sphere) superconformal indices for the (generalized) Argyres-Douglas the-
ories have recently been computed using various independent methods. We will explicitly
employ the recently found four-dimensional N’ = 1 Lagrangians, which were shown to flow
to Argyres-Douglas theory in [29-33], to compute the lens index of such N' = 2 theories.
In particular, using such N’ = 1 Lagrangians to compute the round Schur or Macdonald
indices were explicitly shown to agree with other methods, such as employing topological
field theory arguments [14, 34-38], or BPS monodromies [3, 22, 28, 39, 40].

This paper is organized as follows. In section 2, we explicitly work out the correspon-
dence between the lens index and two-dimensional chiral algebra twisted characters for
free four-dimensional N' = 2 superconformal field theories. In section 3, we define and
compute the lens index for four-dimensional Argyres-Douglas theories using the NV =1 La-
grangians introduced in [29-31]. In section 4, we work out the twisted characters for some
examples of affine Kac-Moody algebras, and their precise relation to lens indices arising
from the corresponding four-dimensional Argyres-Douglas theories. Finally in section 5,
we conclude by discussing our results and mentioning a few interesting future directions.
In appendix A, we review the definition of the lens index in detail.

2 Twisted chiral algebras for free theories

In this section we identify the chiral algebra corresponding to the lens index of free four-
dimensional N' = 2 superconformal field theories. We start by treating the 8 — v system,
which corresponds to a free four-dimensional A/ = 2 hypermultiplet, and then discuss the

(b, ¢) ghost system, corresponding to a free four-dimensional N' = 2 vector multiplet.

2.1 The twisted B — v system and the free hypermultiplet

The chiral algebra for the free A’ = 2 hypermultiplet is given by the system of symplectic
11
272
discussed in detail, for example in [41, 42]. Let us first write down some generalities about

bosons or equivalently a 5 — v system with (hg,hy) = (5,5). Aspects of this theory are

the chiral algebra corresponding to the free hypermultiplet:
e The chiral algebra is generated by two fields: (§(z) and ~(z).

e The OPE between the fields 5 and  are given as:

1
B()7(0) = =1 (2)B(0) ~ —. (2.1)
e The stress-energy tensor reads
1
T = 5(:587:—:786 D, (2.2)
where :: denotes the usual normal ordering. It follows that the theory has ¢ = —1

and both 8 and ~ have weight %



e There is are su(2) currents generated by 2, 37, and 2. They generate the affine
Kac-Moody algebra su(2)

_1.
2
e The vacuum character of this chiral algebra is simply given by

1

xv(aiq) = Tryg“a” = (2.3)

1 1 )
(¢2a;9)(q2a™ "5 q)
where (z;q) = [[22,(1 — 2¢") is the g-Pochammer symbol. This is identical to the
Schur index of a free N = 2 hypermultiplet in four dimensions.

Let us now consider a twisted module for the S —~ system. We introduce the following
twisted boundary conditions for the fields

ﬁ(egm‘z) _ e—27ria6(z)7 7(627@2) — eQm’a,}/(z)’ (2.4)

This will not change the boundary condition for the stress-energy tensor nor will it affect
the OPEs of the § — ~ system, however it will break the su(2) symmetry down to u(1).

Given the above “twisting action”, we may write down the mode expansions of the
fields as follows (the subscript for each modes is chosen in such a way that it is identical
to the Lo weight)

B(z) = Z Bn"""‘""% _ Z B+ (2) = Z ’7”_0""'% _ Tn—X (2.5)
- sntatl T n-i—%—i—)\ ) v - sn—at+l T TH-%—)\ ’ :
nez nez ? nez nez #

where we define A = o + % The modes satisfies the following algebra

[5n+a+%7’7m,a+%] = Ontm+1,0 5 (2.6)
or equivalently
[Bnxs Ym—A] = Ontm,o- (2.7)
We define the vacuum state as
Bal0) = 7410) = 0, fora>0. (2.8)

The character for the twisted vacuum module can be computed by counting the descendant
states. When X # 0 these are

Bi4xs Boogr, B34, -+,

(2.9)
T=Xs V=1-X5 Y=24X, """ -
Therefore we get the following twisted vacuum character for A £ 0
1
Xy (a;q) = (2.10)

(¢**a;q)(¢Pa"15q)



where the first and second factor comes from the S-modes and y-modes respectively. The
fugacity a is for the U(1) global symmetry. Without twisting, we set & = 0 or A\ = % So
we see that the untwisted vacuum character is given by

1
1 1 )
(q2a;9)(q2a™1;q)

Xy (a;q) = (2.11)
The case with A = 0 for the twisted module is special, and the character is given by
(qa; q)~'(q/a;q)~. But this case is not connected to the lens index as we shall see later.

Therefore, we use the symbol V() to denote the case of untwisted module (a = 0), instead
of the case with A = 0.

2.1.1 Refined character

One can also consider the refined character [2] for the twisted 5 — v system. Let us
briefly review the notion of the refined character. The chiral algebra admits an filtration
Vo CVy2 CV1 C ..., given by

Vi = span{X(i}l)1 : X(f;”l Q) :ng > > nm,Zw(X(ij)) < k}/{null states} ,
j=1
(2.12)

where €2 is the highest-weight state and X(_l,)L are the generators of the chiral algebra with
the subscript denoting modes in a Laurent expansion. Here w(X) denotes the “weight”
of the generator X, that we assign.? From this filtration, we can construct an associated

graded vector space, given by

Vo = @Vi = o @ (Vi) - (2.13)
=0

>0

with V; = V;/V;_1 /s, fori > 0 and Vo = V. The refined (super-) character is now defined as

X5Hq. T) = Try, (1) gher?, (2.14)
i>0

where L,, are the Virasoro generators. When the underlying four-dimensional theory has
a global flavor symmetry, the chiral algebra contains global symmetry generators that
commute with the Virasoro algebra. In this case, we write

(20, T) = Y Try, (-1)Fgho2FT7, (2.15)

i>0
where F' denotes the Cartans for the global symmetry. We also use the short-hand notation
2F = izf ‘. To summarize, the extra fugacity T counts the number of generators that
are acting on a vacuum |{2) to create a particular state carrying the quantum numbers

2 As of now, it is unknown whether this weight w(X) can be determined purely from the associated chiral
algebra without referring to the four-dimensional A" = 2 superconformal field theory data.



Loy, and F. On top of this, one should take care of null states and the relations among
the generators.

The chiral algebra of the § — v system is freely generated and there is no null state in
the vacuum module V. By assigning w(f) = w(y) = %, we obtain

1
1 1
(T2¢'*a;)(T2q a5 q)
1
(T2q%a;q)(T2q2a"1;q)

Xty (a5, T) = (twisted) , (2.16)

Xty (a; ¢, T) = (untwisted).  (2.17)

Lens index for a free hypermultiplet from the twisted character. The Macdonald
limit of the lens space index (p — 0) for a free (full-)hypermultiplet is given by
1
(t2g™a; q")(t2gma=Ls q")
T 1 0o, t) = 219
b T 1
(ta;:q")(t2a 55 )

, whenm #0,

, when m = 0.

Here a denotes the flavor fugacity and m denotes the choice of discrete holonomy for the
U(1) ¢ SU(2) flavor symmetry. We have removed the zero-point energy contributions,
which becomes zero as we take p — 0. Throughout this paper, the Macdonald limit p — 0
refers to the limit upon removing the overall zero-point energy contribution of the form
(B2)*, for some € € Q.

Let us first note that the untwisted, refined character for the 5 —~ system (2.17) agrees
with the Macdonald index (2.18) for m = 0 upon rescaling

¢ = ¢/", and t = ¢T. (2.19)

When we turn on the discrete holonomy, the index agrees with the refined character upon
rescaling

g = ¢/", t =T, and X\ = % (2.20)
The usual (unrefined) character can be obtained by taking 7" — 1. Notice that the iden-
tifications of parameters is different for the twisted (m # 0) and the untwisted (m = 0)
cases. In later sections, we will demonstrate that this is a general phenomenon.
In summary, we find that the (refined) twisted vacuum character of the g — 7 system
is identical to the Macdonald/Schur limit of the lens space index:

T3 7, (a,m # 0t = qT,q"/7) = Xﬁff%)w (a;T,q),  (whenm #0), (2.21)
Ty z, (am =05t =T,¢"") = X5l p (@ Tq),  (when m =0), '

where YV [B7] is the twisted vacuum module (twisted-VOA) generated by the 8 —~ ghost
system (or symplectic bosons).



2.2 The twisted (b, c) ghost system and the free vector multiplet

The chiral algebra of the free vector multiplet is given by the (b, ¢) ghost system of conformal
weight (hp, he) = (1,0). This is “essentially” the fermionic version of the § — 7 system
discussed above. The chiral algebra is generated by two fields b(z) and dec(z) that are
fermionic (i.e. anti-commuting) fields. We remove the zero mode of ¢(z) in order to match
with the free vector multiplet. The OPEs of this system reads

c(2)b(w) = b(z)c(w) ~ +-e (2.22)

zZ—Ww

with nonsingular OPEs amongst each other. Defining the mode expansion

c(z) = Z 2", b(z) = anzfnfl, (2.23)

nez\{0} nez

the OPE gives the canonical anti-commutation relations among the modes

{Cmabn} = 5m+n,0 . (2.24)
The stress-energy tensor is given as

T(z) = Y Lpz ™% =:0c(2)b(2) 1, (2.25)

ne”

with normal ordering such that annihilation modes are to the right (with minus sign when
fields are interchanged). The vacuum state is defined as

cm [0) = b, ]0) = 0, Ym>0,n>0. (2.26)
Thus, we easily see that the (refined) vacuum (super-) character is given by

X5 (6 T) = (6:9)(qT5q), (2.27)

where the first factor comes from the modes of dc(z) and the second factor from the modes
of b(z). To get the refined character, we assign the T-weights as w(c) = 0 and w(b) =1 [2].
There is a ghost-number 1(1) symmetry generated by

J =:¢e(2)b(2) 1, (2.28)

under which ¢ has charge +1 and b has charge —1. Now we can define a twist (or boundary
conditions)

C(e2rriz) — 627Ti)\c(2), b(627riz) — 6727ri)\b(z)’ (229)

where A € [0,1). This twist does not affect the OPEs, but it does affect the mode expan-

sions, namely

c(z) = ch,Az_kJ“\, b(z) = ZCng)\z_é_l_)‘. (2.30)

keZ [4<y/



The condition on the vacuum state is the same as before, so that we have
Ck_,\’0> = bg+,\‘0> =0, fork>M, £>-1—\. (2.31)

Now for nonzero A, in order to express J and T as a mode expansion we have to include
additional terms
AA=1)

SR (2.32)

J(z) =:¢c(2)b(2) : —|—§, T(z) =:0c(2)b(z) : +

where now the normal ordering is such that ¢,—x and b, (1) with n > 0 are moved to
the right. Then the modes contributing to the twisted vacuum character for A # 0 are

b*l*A; b727A7 b*3*A7"'7

(2.33)
C—Xs C—1-Xs C—2-), " -
One can now compute the super-character for a given A € [0,1),3
xvo(aiq) = Tr((=1)"a”¢™) = (ag*;9)(a "¢' 7 q), (2.34)

where the first and the second factor are generated by b(z) and dc(z) respectively. Notice
that when m = 0, or r = 1, we have to be careful to remove the zero-mode c_), which in

turn removes a factor of (1 — a), and we get
Xy (aiq) = (1—a)™(ag’;q)(a ¢ M q). (2.35)
One can refine the index by assigning w(b) = 1 and w(c) = 0 for the ¢(z) to obtain
(@0 T) = (-0 ) T ). (2:30

Now, let us compare this result with the lens space index for a free vector multiplet.
We shall turn on the flavor fugacity for a single vector multiplet. In the Macdonald limit,
only the gauginos contribute to the index. Notice that the two gauginos contributing to
the index are charged oppositely under the gauge symmetry. See table 7, for example.

Therefore, the lens index in the Macdonald limit is given as?

TS 7, (aom) = (1= a)’mro(agt™; g7y (a gl ")

(2.38)
_ (1 - a)é,\ﬁ(aqr)\;qr)(a—ltqr(l—/\);qr)7
which agrees with the (refined) character for the A = "-twisted module we computed
above, upon the replacements
g = ¢", and t o T, (2.39)

3For simplicity we remove all the ¢/24-factors and normalize such that the expansion will start as 1+4---.
“Here we have introduced the notation

(@], = {ke€{0,....,r =1} | k = = modr} , (2.37)

which we use throughout the paper.



for A # 0. Here we notice that when A = 0, the Macdonald index is identical to the

character with a different parameter identification ¢ — /" and t — ¢T. To summarize,
Ty g, (a,m # 05t = T,¢"7) = X5im) (a; T, q) (when m #0), (2.40)
T3 g, (a,m = 05t = ¢T, ") = Xk, (a; T, q) (when m = 0). (2.41)

Akin to the free hypermultiplet, we find that the map of parameters depends on whether
we turn on external background holonomies.

3 Lens space indices of Argyres-Douglas theories

In this section we outline in some detail how to compute the lens index for Argyres-Douglas
theories of type (A1, Ay) and (A1, Dy). We will use the N' = 1 gauge theories that flow to
N = 2 Argyres-Douglas theories discovered in [29-33]. See also [33, 43, 44] for the study
on the three-dimensional version of the corresponding flows, and see [45] for a study on the
conditions for the SUSY enhancement.

In order to compute the index, we use the N' = 1 gauge theory description of the
N = 2 fixed point theory. This theory has an anomaly-free U(1) global symmetry that
can be mixed with the overall R-symmetry (or equivalently two candidate R-symmetries,
following the notation of [46])

1
Rip = Ro+eF = 5(J++J,)+§(J+—J,). (3.1)

The superconformal R-symmetry in the infrared (equivalently the value of €) is determined
via a-maximization [47].

We will first compute the N' = 1 index and then later recast it into an A/ = 2 index.
The N =1 index is defined as

TN=V(p, q:6) = Te(=1)Fphti-2gln-5¢7 (3.2)

where (ji1,j2) are the Cartans of the Lorentz group and R is the generator of the R-
symmetry. We omitted any other flavor fugacities except for the F = %(J+ — Jo), which
is the global U(1) symmetry that mixes with the R-symmetry in our setup. In the end,
we recast this into the canonical fugacities for the N/ = 2 superconformal field theory. The
N = 2 index is written as

TN (p,q,t) = Tr(=1)Fpi e sgliaid s, (3.3)

where I is the Cartan of SU(2)g and r is the generator of U(1), symmetry. We can map
the N/ =1 fugacities to N/ = 2 fugacities by taking

£ — (t(pq)_%)ﬁ, (3.4)

where  has to be fixed separately; it depends on the normalization of U(1)r inside
SU(2)r x U(1),.

~10 -



o) | (i) (Fo, F) o

g vl 3D s

G2 N (1,—4N —2) (FAN=1 AN g%ig

¢ adj 0,2) (1,-1) 2
M; (i=1,...,N) 1 (0,4N 4+ 4i+4) (2N +2i+2,—2N — 2i — 2) 41\67]-\;42;4
X, (i=1,...,N)| 1 (2,2 — 44) (2 — 2i,2i) 12N-4184i

Table 1. Matter content of the ' = 1 gauge theory, which flows to the (A, Aon) Argyres-Douglas
theory. The (J;,J_) are two candidate R-charges. The superconformal R-charge R;jr = Ro + eF
is given by a linear combination of the two, which is determined via a-maximization. From this we

6N+ The last column denotes the superconformal R-charge at the IR fixed point.

obtain € = N0

3.1 The (A1, A2n) AD theory

In order to obtain the lens index of the (A1, Aoy ) Argyres-Douglas theory, we start with
N =1 Sp(N) SQCD with an adjoint chiral multiplet ¢, and two chiral multiplets ¢1, g2 in
the fundamental representation of Sp(N).? We also have N singlets M;, withi=1,... N
which couple to g2, and another N singlets X; with ¢ = 1,..., N, which acts as Lagrange
multipliers to project out Tr¢?’. The matter content is given in table 1. The superpotential
is given as

N N
W =Tr(qidq) + > MiTr(gae®™ ™ %g0) + Y~ X, Tre* (3.5)
i=1 =
where we take the trace over the gauge indices.®

We shall now use the N' = 1 lens index ingredients as specified in appendix A.2 to write

AN + 4i + 4 12N 418 — 4
2(N+i+1) 2
Hsan).r H < B s vy ) Fur <€ Y0 N T > (3.6)

1 2
X —_— dz Ly , ) ( )]T)I ,T (zaéla [a<m)]r ) )
g_:o Wl 7{ GE{O} v . 6N +9
1 6N +8 AN +3 2N +6
xII@mG%%Mmm%Nia (€5 b, L)
PERt

Here, I;Xfl(z,m,R) denotes the free N' = 1, L(r,1) lens index for a chiral multiplet of
R-charge R. The variable z is the fugacity for the global/gauge symmetry and m labels the
discrete holonomy for the corresponding symmetry. By Ivfl(z, m) we denote the N' =1,
L(r,1) vector multiplet contribution, where m denotes the discrete holonomy associated

®Qur convention for the symplectic group is such that Sp(1) = SU(2).

5This is a simplified version of the original A" = 1 gauge theory discussed in [29-31]. Here we removed
operators that get decoupled along the RG flow and also introduced Lagrange multiplier fields X; to take
care of the would-be decoupled operators Tr¢?¢. In the three-dimensional version of our RG flow this term
turns out to be crucial for the supersymmetry enhancement in the IR [33, 43, 44].
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with the gauge group. By a € AU {0} we denote the roots of G = Sp(N) including rk (G)
times the zero-root. Furthermore we have adopted the standard notation that

2% = Hzf”, and a(m) = Zaimi, (3.7)

where «; are the roots of the gauge group in some basis of the Cartan subalgebra, and
similarly for the weights p of the representation R. In this instance R; denotes the funda-
mental representation of Sp(N). Also here and in the rest of the paper we denote by [dz],,
the Haar measure of the corresponding (broken) gauge group, given by

. _rkGdZ 1 -
@ = lom| 11 (3:8)

i=1 acAU{0}

Let us also remind the reader that the sum over my, is over all the possible discrete
holonomies of G, i.e. £ € {1,...tk(G)}.
In order to write the index in canonical N = 2 fugacities, we replace

€ (ton) )™ (3.9)

and we arrive at the N' = 2 index, which we denote as I{\f/‘ii‘%),r. Let us remark that
in this case there is no freedom to turn any external/flavor discrete holonomies and as we
discuss briefly in section 4.1, it follows that the lens index in the Macdonald limit will equal
the round index upon some rescaling of the fugacities. From the chiral algebra point of
view, the reason for that is that the OPEs for the associated minimal models do not allow
for any twisting action.
Using Mathematica we can expand the simplest cases in terms of t, where for conve-
nience we have replaced the fugacities as follows
t3 t!
p = By, ¢ = —, t—= —. (3.10)
Y v
For instance, in the case of the (A1, As) theory, the L(3,1)-lens index can be expanded as
| p2/BA/5 4 3/5¢6/5 4 (,6/5(12/5 4 (8/5(16/5 | 9/5(18/5

14 B) 2475
( +:/5) 1 pl4/528/5 | (_1 i U3) ¢ _ %t32/5 (3.11)
v

4 3/5 (_2 + v3) {36/5 _ 4/5¢38/5 | (U + U4) & +0 <t41/5) ‘

Liay,42),3(6 95 0)

We can revert back to the original (p, g,t)-variables and find

2/5 3/5 3/5 6/5 6/5
_ 2/5 . 2/5,\4' " [ PTqg" VA 6/5
Lay 4,350 1) = 1+ (p p t) 25 T s pq+ 1675 q

Vit

8/5  9,8/5 9/5 9/5 2.2 12/512/5
(Pp )8/5+<pp> o5 P4 P4

$8/5 $3/5 $9/5 +4/5 t +12/5
14/5 ,14/5 3.3 18/5,18/5 4.4
p g pq p g pq 21/5
T Tt ms T +0 (q ) : (3.12)
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SUN) | UMB | (J4, /o) (Ro, F) R

q N +1 | (1,-2N+1) (1-N,N) N

q N -1 | (1,—2N +1) (1—N,N) A

¢ adj 0 (0,2) (1,-1) s

M; (i=2,...,N) 1 0 (0,2N +2i) (N +14,-N —i) 2%
X;(i=2,...,N) 1 0 (2,2 —29) (2 —1i,4) 6]?’:;\;3322

Table 2. Matter contents of the A/ = 1 gauge theory flowing to the (A;, Asn_1) theory. The
(J4,J-) are two candidate R-charges. U(1l)p denotes a flavor symmetry. The superconformal
R-charge is given by Ry = Ry + €F where € =

In the Schur limit p — 0 and t — ¢", the index is the same as that of the round sphere
index, up to rescaling ¢ — ¢*/”. We re-iterate that this reflects the fact that there is
no twisted module of the chiral algebra associated to the (Aj, Aon) theory. Actually we
can make this more precise: in the integral (3.6) the leading order contribution (in p) of
the zero-point energy will arise from the sector where my = 0. Therefore upon an overall
rescaling (such that the index starts with 1 4 ---) and taking the Macdonald p — 0 limit
only the my = 0 sector will contribute. It is then easy to see that by taking the limit
g — ¢/, the integrand reduces precisely to the round index integrand, and thus we will
get the same Macdonald limit independent of the parameter r. This is in agreement with
chiral algebra considerations as we shall outline in section 4.1.

3.2 The (A1, A2n-1) AD theory

To get the lens index of the (A1, Aon—_1) Argyres-Douglas theory, we start with an A/ =1
SU(N) gauge theory with two fundamental chiral multiplets and a number of singlets.
The matter content and the charges are summarized in table 2. The superpotential of the
theory reads

N N
W= > MTr (" q) + D X,Tr¢'. (3.13)
=2 1=2

The lens index of the ' =1 IR theory is then computed as

N . N .
. 9N + 924 . 6N +6—061
_ N-
T = e (€700 5505 ) <D (20755
=2

1=

2
;O{M Flash, I o Glatml)z,, (2% fatml, o)

aceAU{0}
< T Zor (P €V, [ plm) + ma)l, 2 ) L (3.14)
pgf , < P 3N + 3) }

In the case of the (A, Aan—1) theory, there is a U(1) flavor symmetry (except for the case
of N = 2, where the flavor symmetry is actually enhanced to SU(2)), and thus we introduce
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a continuous fugacity a and a discrete holonomy m, € {0,...,r — 1} for this symmetry.
We also used the standard shorthand notation

f (mi,:lzm) = f(z,m) f(z™t,—m). (3.15)

And finally, as before, by A U {0} we denote the roots (including zero-roots) of the gauge
group G = SU(NV) and by Ry the fundamental weights of SU(N). In order to map to
N = 2 fugacities we perform the replacement,

£ <t (pq)‘2/3)N1“. (3.16)

Again using Mathematica we can compute this as a series expansion in t and then
revert back to (p, ¢,t)-fugacities. For the example of the (A1, A3) Argyres-Douglas theory,
the L(3,1) lens index with (discrete) SU(2) holonomy m, = 1 is given by’

P\ 2/9 t
Taans(e ) = (2) {1 +ad’tg+ <a2 + a4t2> ¢+ (2t + a*#) ¢

t2
+ (azt +— +ad’t a8t4> q*
a

t 2
+ (2 +— +a't? +a't? + a10t5> ¢°
a a
t3
+ (275 +2t7 + — + a4 Ot + a12t6> q° (3.17)
a
t? t3
+ <a2t +— +3a? + — a4 Bt + a8t5> q
a a

t o 3t 40, B 43, t 4,4, 10,5) 8
+ *2+72—|—2at +*2+2at —|—*8+at +a 't q
a a a a
O

We remove the prefactor coming purely from the zero-point energy and then we take the
p—0andt—1, ¢g— ¢/"

limit to get®
1 1
T a0 ) > 10t () @ (2 af) g (20t 4t gt
2 4, 10\ 5/3 1 6, 12\ 2
+|5+2a +a” )¢+ |4+ 5 +2a°+a7 g
a a

3 2 8) ,7/3 8/3
+<a4+5a +2a>q —i—@(q >7 (3.18)

which precisely agrees with the (%)—twisted character of the su/(E) 1 Kac-Moody algebra
3

as we discuss in the next section.

"In order to specify the data for the continuous flavor fugacity a as well as the discrete holonomy ma,

we shall denote the (A1, A2n—1) lens index as I( ) ,(a,mq) in the following.

A1,AoN -1
8In our “big and little O”-notation, the terms dubbed o (p2/ 9) vanish in that particular limit, i.e. more

(o3 . O (e
O(Zf’a ) — 0, whereas limp_,0 % = constant, for some a € R.

generally lim;,_,o
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SUN) [ U(M)1  U(1): (4. J-) Rig F
@ N 1 2N —1 (1,0) s 3
@ N -1 —2N+1 (1,0) O 3
@ N 1 ~1 (1,—2N +2) e 2!
3@ N -1 1 (1,-2N +2) e 2!
é adj 0 0 (0,2) = -1
M; (i=2,...,N) 1 0 0 (0,2N +2i—2) 2NR=2 1_N_;
X;(i=2,...,N) 1 0 0 (2,2 — 27) -2 i

Table 3. Matter contents of the N/ =1 gauge theory flowing to the (Ay, Day) theory. Here U(1);

and U(1)s denote two flavor symmetries. We also write the superconformal R-charge Rjp = Ro+eF
3N—2

with € = 255=.

3.3 The (A1, D2n) AD theory

To obtain the lens index for the (A1, Doy ) Argyres-Douglas theory, we start with an N =1
SU(N) infrared theory with two chiral multiplets in the bifundamental and a single one
in the adjoint representation of SU(N). The matter content is detailed in table 3. The
superpotential is given as

N N
W o= Tr(q@ioq)+ Y MiTr (0" 'go) + > X;Trg' . (3.19)
=2 1=2

Now, the lens index can be computed as

; 2N +2i—2 27
—N—i+1
A1,D2N HI , T <§ ! ?07 3N ) H <§Z 0 2 3N>

z{ s, 10 ot 5

» @ IT T Gnlatnl) 7, (6 ot o)

me=0 |W | acAU{0} v : SN
2N-—1 N+1

% ., z”ala 1)i§ 2 |t (pim)+ mgl) — mgQ) ) )

pg[{f |: X ( 2 |: < >:|'r 3N

I, < Pa a%” 1 5%7 [j: <p(m)+mgl)+(2n—l)mg2)>} ’3]?;\—[1)}}7

(3.20)

where we have used the same notation as introduced previously. The theory has a U(1); x
U(1)2 symmetry and thus we have introduced corresponding continuous fugacities a; and
discrete flavor holonomies mg ), for ¢ = 1,2. In the infrared, the flavor symmetry is enhanced
to SU(2) x U(1), for N > 2 and to SU(3), for N = 2. In order to write it as a canonical

N = 2 index, we perform the redefinition

2=

£ - (t(pq)‘2/3) . (3.21)
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In this paper, we pay particular attention to the case of the (A, D) Argyres-Douglas
theory, where the associated two-dimensional chiral algebra is given by the 5u/(3\)_% affine
Kac-Moody algebra. This is thus far the only available N' = 2 SCFT with SU(3) flavor
symmetry of which we can compute the lens space index. This theory provides a non-trivial
test case for our conjecture.

3.3.1 The (A1, D4) AD theory

The (A1, D4) Argyres-Douglas theory has SU(3) as an enhanced flavor symmetry. In order
to observe this enhancement in the index, we perform the following replacements of the
U(1)1 x U(1)9 flavor fugacities

a; — ag/4, ay — a}/Q 1/4, (3.22)
and discrete holonomies m((f)
m — zm((f), m® - %m((ll) + %m((f). (3.23)

Notice that given the integrand in (3.20), the new flavor holonomies only make sense if their
difference is an even number, due to taking the whole expression modulo r. As we shall
see further below, matching the corresponding twisting of characters of 53(3)7 3 to choices
of m((li) seems somewhat arbitrary because of precisely the above redefinition of mgi).

Now we can compute the lens index of the (Ay, Dy4) theory for a variety of examples.
For instance in the case of the L(3,1) lens index with a choice of (mgl), m((f)) = (3,1), we

can expand the index as’

.5 ((a1,3), (a2, 1))

1 a
:1+[ 2 +a1a22+1]tq
a1=as as

+ 1|t | ai“a2 + 5 T — +1 1 2+a1a2 +72 q
ai1a9 aq ai1*as ag

1 1 1
+ [3t + t2 <a13a23 + —3 3 + a13 + —3 + a23 + 3>
a1~ a9 al ag

Y 4—3 3
—%.3 1%ag® + q
ajl-ag 2

1 9 . ai 9 1 a® 2 2, 2a1
+ [t 3 +aja”+— | +t7 | a1 (I2 +ﬁ+7+7+2a1a2 + —
al1“ag a9 al1=ag al a1 a9 as

1 1 a14 al
+t3 < = T s T artaz® + — + a1a2® + —
a1°ag a1°ag ag ag

1 4
+#( 7 + a1t +>}f
ai a2 a2

9As before, in order to specify the data for the continuous flavor fugacities a; as well as the discrete
holonomies mS”, we shall denote the (A1, D2n) lens index as 4, p, .y, ~((a1, m& )) (ag,mg ))) in the fol-

lowing.
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Sp(N) | SOB3) | (J4,J-) Rig F
a1 2N 3 (1,0) % %
” IR I B
¢ ad] 1 0,2) T -1
M;(i=1,....N)| 1 1| (0,4N +4i) 454 9N 2
X; (i=1,...,N) 1 1 (2,2 —4¢) 1204 2

Table 4. Matter content of the N' = 1 gauge theory flowing to the (A, Doni1) theory. The
superconformal R-~charge is given by Ryr = Ry + eF in terms of the IR data, with € determined via

a-maximization. By doing so, we obtain € = g%ié The last column denotes the superconformal
R-charge at the IR fixed point.

+ 1|t | ai“as + 5 T — +1 1 2+a1a2 +7+3a1a2+ 5 T —
ai1an aq ai1=as 2 ai1an al

1 2 as 2a 1 as?
+3 [ ai°a a’a 24 2 2
3< 17ay" + a1%ay 44,5 14,2 7T 207 2 5
ai“az®> artaz® @ az”  aaz’>

1 1 (115 a12
+tt < 5t 5+ at®as” + — + ar®ay” + —
aiaz aip’az az az

1 5
+t5 (a110a25 + CL15CL210 + a2 ) :|q + O( ) (324)

where again we have removed the prefactor coming from the zero-point energy prior to
taking the p — 0 limit. In the ¢ — 1 limit, this precisely matches the (f 7) twisted

character of 33(\3)_ 3 for some given vacuum. For the convenience of the reader, and
since it is one of the prominent checks of our conjecture relating the lens index to twisted
characters, we shall provide several examples of the lens index of the (Aj, D4) theory in
section 4.3.3.

3.4 The (A1, D2n+1) AD theory

The (A1, Dan+1) Argyres-Douglas theory can be obtained by the renormalization group
flow from an NV = 1 theory with Sp(N) gauge group, with matter given by two chiral
multiplets in the fundamental and another chiral multiplet in the adjoint representation
of Sp(N). On top of this, we add a number of singlets. The matter content is given as in
table 4. Furthermore, the superpotential reads

N N
W = Trqioq + Y MiTrgee™ 1%, + 37 X Trg™ . (3.25)
=1 =1

Notice that we remove all the would-be Coulomb branch operators Tr¢?* from the chiral
ring. In the IR, the M;’s become the operators parametrizing the N/ = 2 Coulomb branch
moduli space.
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Now, the lens index is computed as

N . .
: . 4N 4+ 44 : 12N 4+ 6 — 44
—2N—-23 2
Lia, Do or)r({0mPY) = T Ze.r (5 0, 6N+3)IX7T (g Y0 N3 >
=1

r—1 1 ) » 2
X H;O {Wm’ jé [dz],, H Iy , (2% [a(m)]T)var (z &1 [a(m)],., 6N+3>

acAU{0}
bk 6N +2
x H Ly H <Zpa §2,[p(m) +V(ma)]r7w>
pER; vev
AN+1 2N +2
Z PE 2 — . 2
T (6 ,[p<m>]r,6N+3)} (3.20)

Here v € V denotes the product over all weights of the vector representation of SO(3),
which is the flavor symmetry group of the (A1, Doy 1) theory. In order to arrive at the
N = 2 lens index of the Argyres-Douglas theory, we make the replacement

& — (t(pq)2/3)2N1+1. (3.27)

Again we can compute the index as an expansion in the fugacities (p, ¢, t). For matching
with twisted characters of the associated chiral algebra, we are mainly interested in the
case (A1, D3) (which is equivalent to (Aj, Ag)). For computational reasons however, we
focus on the computation of the (A1, A3) lens index. Nevertheless theories with N > 2 are
interesting since the protected chiral algebra is given by the Kac-Moody algebras @ k
with affine level k = —%. We have checked some cases of the (A1, D5) lens index, and
matched it to twisted characters of the corresponding chiral algebra. Even though we shall
not explicitly explore them more in this paper, let us provide an example of the lens index
of (A1, D5); namely we take

r=3, and (mM m®)=1,2). (3.28)

Upon removing the zero-point energy, and taking the Macdonald limit (p — 0), we find
the following index

ac — 1
Do (@1, (72) = (i) £ (P )a

+a? () + (2t + )’ + O ()

It turns out that it is computationally extremely labor intensive to go to higher order
than this, but we already see a pattern emerging; in particular we see that if we fix a
certain vacuum in which J§ [vac) # 0 this is precisely the form a twisted refined character
is expected to have. The fact that we have to pick a particular vacuum is not particularly
surprising, as we shall see in the following.
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4 Twisted chiral algebras for Argyres-Douglas theories

In this section we shall first describe in some detail the twisted versions of the chiral algebras
associated to some Argyres-Douglas theories and then explicitly compare them to limits
of the lens index of the corresponding four-dimensional superconformal field theories, as
computed in the previous section.

4.1 The (A;, A2n) theory and its twisted chiral algebra

The chiral algebra corresponding to the (A1, Aan) Argyres-Douglas theory is given by the
(2,2N + 3) Virasoro minimal model. In this case we do not have any freedom of introducing
twisted boundary conditions. The only field in the chiral algebra is the stress-energy tensor,
which cannot have any twisting action, without modifying its OPE. Similarly we have seen
that in the lens index there was no way to include any nontrivial discrete holonomies,
because there is no global flavor symmetry.

Given these reasons, we expect that after stripping off the overall leading order (%)E -
prefactor (for some € € Q), taking the p — 0 limit, and then rescaling ¢ — ¢'/", we end up
with the usual untwisted vacuum character of the Virasoro minimal models from the lens
space index. One can explicitly check this in a variety of examples. For instance, taking
the p — 0 limit in (3.12), we end up precisely with the usual round Schur index/Minimal
model vacuum character of the (2,5) Virasoro minimal model.

It might look like a somewhat trivial check, but it is worth pointing out that prior
to taking the p — 0 limit, the lens index is vastly different from the round index for the
(A1, Aan) Argyres-Douglas theories.

4.2 The (A1, D2n4+1) theory and its twisted chiral algebra

In the case of the (A1, Dany1) Argyres-Douglas theories, the dual chiral algebra is given
by the Kac-Moody algebras su(2), of level

AN
k= — . 4.1
2N +1 (4.1)

In this section we shall first explicitly describe the possible twistings of su/@ s Subse-
quently, we shall explicitly compare the twisted characters of such twisted affine algebras
to the lens index of the (A;, D3) = (A1, A3) Argyres-Douglas theory.

4.2.1 The twisted ml/(?)  chiral algebra

—

The su(2), affine Kac-Moody algebra can be written in terms of three currents J, a =
1,2, 3 satisfying the following OPEs

Je (Z) Jb (z) ~ k_(stzz Jc(w)

o TRy (42)

In order to obtain raising/lowering operators, we define

J=—Ut+J), P=-—Ut-J), J =7, (4.3)

Sl
G-
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such that we have the following system of OPEs

IO (2) J* (w) ~ £ éi(ifu)) +--, (4.4)
O(w

JT(2)J (w) ~ G —kw)2 + (22;]_(10)) , (4.5)

JO(Z)JO(ZU)NQ(sz)Q"i'"" (4.6)

Now let us introduce twisted boundary conditions for the fields as follows
JO(2) = JO>e*z) = J0(2), (4.7)
J:i: (Z) N J:t(€27riz) — e:l:?wi)\J:I: (Z) )

It is easy to see that such a twisting action with arbitrary A € [0,1) leaves the above OPEs
invariant. The mode expansions consistent with the twisting action are then

J(2) = ZJ,?Z_’“_I , (4.9)
kez

Tt (2) = Y JE e (4.10)
keZ

J(2) = ZJ,;W\Z_I‘:_P/\. (4.11)
keZ

It is now a simple exercise to check that the modes satisfy the following commutation

relations
0 + +
[er Jny)\] = :l:Jm+n1)\ ) 4.12)
[‘]rz—)\’ J;+>\] = 2Jron+n +k (m - )‘) 5m+n,0 ) (4.13)
km
[T Tl = =5 men0 - (4.14)
The energy-momentum tensor
T(2) =) Loz "2, (4.15)
neL

can be given in terms of the affine current generators via the Sugawara construction. Being
careful of keeping track of the zero-modes as well as the factors of A, we find for Lg

1 _ —
= iy (X U U i)

m€Z>0

+JQIS 4+ T TS+ (1 —2X) J§ — (1 — 22X + ho) h0> , (4.16)

where hg labels the “vacuum”, i.e. in the vacuum representation

o) = holho), JElhe) = 0, v>0, (4.17)
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Given Lg, the commutation relations read

L+ A

2
_ =X __
(Lo J=g4n] = 5 Jera (4.19)

It is now straightforward to write down the twisted character for this theory as an expansion

(Lo, J5p 5] = ——T5 . (4.18)

by counting states and keeping track of null vectors.

4.2.2 Twisted character from the lens index

Let us now explicitly compare the twisted refined character of @_% with the Macdon-
ald limit of the lens index Z, 4., . of the (A1, D3) = (A1, As) Argyres-Douglas theory,
computed in the previous sections 3.2 and 3.4.

Let us write down the definition of refined character [2] for the affine Lie algebra g
algebra. The definition for the current case almost goes through as in section 2.1.1, except
that we need to take into account the relation between the Virasoro generators L, and
the current generators Ji. This is due to the fact that we would like to assign the same
T-weights for the L, and J,, w(L) = w(J) = 1, but there is a non-linear Sugawara relation
between L’s and J’s. Therefore, we consider the filtration Vo C Vi C Vo C ...,'0 where

Vi = span {X(_%)l e X(_Z;"Tl 1) tip+ - F iy < k:} /{null states & relations}, (4.20)

with X € {J7, L}. Then we construct the associated graded vector space Vy, = @, Vi =
D, (Vi/Vi—1). As before, each V; can be further decomposed into the eigenspaces of Lg as
Vi=6&, Vi(h), so that we define the refined character as

ref ZZX hTz (421)

>0 h

where X(Vh(i)) denotes the (finite) g-character.!!

The refined character for the twisted module can be computed by first enumerating
the states in the Verma module generated by negative modes of J*,J~ and J°, and then
removing the null states and their descendants. The refined character for the Verma module

can be easily computed (see also section 3 of [2]) to give

1 T T2
X, <A) (a;¢,T) = PE[ (qT—I—q1 ATq? +q’\Ta_2> T
Peams 1 l—q¢ 1-al,7, (4.22)
_ ﬁ (1 — ¢ 277?) :
= o (1 — qn—i-lT)(l — ql—)\+nTa2)(1 _ q)\+nTa—2)(1 _ qn+2T) )

where we have removed the overall shift that comes from ¢/24 or hg. The plethystic
exponential is defined as

Elf ({zi})]e,y = exp (Z f({;:?})) . (4.23)

0There is no half-integral T-weight generators in this chiral algebra.
1YWe removed (—l)F since we do not have any fermionic generators in this chiral algebra.
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The first term in the PE comes from the twisted 511/(5) generators, and the last two terms
come from the Virasoro generators L_, and the Sugawara relation of the form L, ~
Yo JE_ . The 5/(5) and the Virasoro generators contribute more or less independently
in the refined character, up to the relation among them given by the Sugawara construction.
This relation is responsible for the negative sign of the last term of (4.22) inside the
plethystic exponential. Let us notice some differences here as compared to the untwisted
vacuum module. One thing to notice here is that the last two terms inside the PE of (4.22)
start at order ¢ instead of order ¢2, differ from the untwisted case. In the case of untwisted
vacuum module, the L_; |0) state is null. But for the twisted module, L_; |0) state is not
null in general. And we also have a Sugawara relation even at the level 1 of the form
L.y~ Jy J1+_ y with A > 0. When there is no null state in the twisted module Vf(:;) with
the highest-weight hg, this is the refined character for the non-degenerate module. Here,
we find that there are null states for the @_ 4 -module if we choose hg appropriately.
Moreover, we claim that it is identical to (the Macdonald limit of) the lens index of the
(A1, D3) Argyres-Douglas theory upon a suitable map of parameters.

Let us first summarize the map and then discuss a number of examples in detail. In
order to match with the character, we first strip off the factor

rk(1=XA)A

= (5) . (4.24)

from the lens index as before. Now, the twisting parameter of the chiral algebra is given
in terms of the discrete holonomy as

A = 4.25
” (4.25)
We then take the p — 0 Macdonald limit!'?
Mg, 1) = lim |Z(p.q.t)/TV(p,q.1)| . (4.26)
p—

rescale ¢ — ¢'/", and finally either put t — ¢T, if [2m], = 0, or t — T, otherwise. The
former limit will always lead to the round index in the “Schur” limit (¢ — ¢) and thus we
shall name it the round limit. Together we get the following identification

. T gy (am # 05 = ¢t = T), (A #0)
X;e(x)(a; q,T) = (4.27)

ho Mac

TR 4y p(@m =0¢ > ¢/t = qT),  (A=0)

—

where Xy, denotes the A-twisted su(2)_s character for a shifted “vacuum”
hg 3

0) > |ho) = ‘”3‘1>. (4.98)

When we take T' — 1, we recover the twisted character of the corresponding module. We
demonstrate this correspondence in detail for a few cases now.

12Recall that I<0>(;0,q7 t) is the zero-point energy of the (A1, As) Argyres-Douglas theory. In particular
it is precisely given by Z,E’O; in equation (4.24) upon identification of A as given in (4.25).
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Lens index for L(4,1). Let us consider the lens index for r = 4 and with the external
discrete holonomy m = 1. The Macdonald limit of the index (after removing the zero point
piece) takes the form

t
M
I0K Dy), r=ala;m =1) =1+ ¢* <a? - a2t> <2t +—+ a4t2>
t
+4¢° <2+a2t+2+a2t2+6+a6t3>
a a a
4 3 +2
+ q8 <a8t4 + —= + a4t3 + 74 + a4t2 + — + 2t2 + 2t> (429)
a a

3t?
—|—q (3& 24+ +ad%t+ >
a?

+ 0O (q12) .
On the other hand, the refined character for the Verma module for A = 3 is given as
1+ ¢*/? + 5 ) T+aq |20+ L) 72
gy, =1 e (e ! Tt
3/2 2, 1 2, 2 2 1 6\ 73
+4q a“+ 5 | T+ (2" + 5 |T°+(5+a | T
a a a (4.30)
1
+q2[2T—|—<a~l— —|—4>T2—|—<2a + )T3 (8 8>T4]
a

+0(¢"?).

Now, it turns out that taking the ¢ — 7' limit and rescaling 9= ¢'/*, this precisely
matches with the (A, 1 — \) = (%, %)-twisted refined character of 5u( )_a with vacuum
3

|ho) = [0). (4.31)

The first null states of the twisted chiral algebra appear at order 3212, given by

<9Jj - fﬁ JO1 + J+ J+ 1> 0) , (4.32)
2

as well as the state with J* < J—. Notice that the third term contributes with 72 instead

of T3. This is because of the Sugawara relation L_y ~ J©, J~;, which allows us to write
2 2

J+ ‘]+ T [0) ~ T L1 ]0) € Vo C Vs, (4.33)
2 2

where Vj, is defined as in (4.20). Hence, the state given in (4.32) lives in Vo = Va/Vy, and
contributes with T2 before its removal by the definition of the refined character (4.21).

1
(a2 + a2> ¢**T? (4.34)
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from the refined character. At the order ¢, we find two null states with su(2) weight
J% = 0 and a null state with weight J° = £1 each. Therefore, we remove

2 (27?4 o173 £ 4.35
q a +a2 (4.35)

from the refined character upon counting the T-weights. We find that the refined character
indeed agrees with the lens space index.

Next let us discuss the case with » = 4 and m = 2. The lens index after the appropriate
limit is given by

1 1 1
I0h Dy, a(a:2) = 1+ [<1+2+a2>+<2+a2+a2>q4+<2+a2+a2)q8+”lt

11 12
+[(1 —4+—+a +a> <2+ +—+2a —l—a>4

+ {5+ +—+4a —|—2a>q8+--~]t2

+
1 1 1
—|—[<1—|—6++—|—a +a +a>

2+—+—+—+2a + 2a* +a>q4+---]t3
t4) (4.36)

Taking the round limit, i.e. rescaling ¢ — ¢'/* and then taking ¢t — ¢T gives back the
round index/usual vacuum character of the chiral algebra. This works with our analysis

[2m],

as A = = 0 and thus we precisely expect this to happen.

Lens index for L(5,1). Next let us discuss a couple of examples for the case with r = 5.
First we take m = 1 and take the Macdonald limit to find

42 3 7 2
t q" (t+1t2)
M 3 5 4,2
1, s, 1)—1+ L ta PPt + e 27t + <at +a6>+a2
t4 23 (4.37)
8 2 2,2 9 6,43 .
+q <at+at +ag>+q <a4+a4+at>

+ 0 (qlo) .

—

Taking the ¢ — 1 limit, this precisely matches the (%, %)—twisted character of su(2)_ . if
we take the highest weight/vacuum condition l

lho) = ’—115> (4.38)

By picking this vacuum we precisely obtain the correct nullvectors. In this example they

7/5

first appear at order ¢'/° with contribution

. (4.39)
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We can go to high order in ¢ and compare that the other nullstates appearing with this
vacuum precisely make the character match to the correct limit of the lens index.
Let us provide a second example with » = 5, but now we take m = 2. After taking the
above limit, we find
t
I by rms(0,2) = 1+ a’qt + a1 + a1 + ¢* <a2 + a8t4) +q° (2t +a'°t)
+¢% (a®t + a®t* + a'*°%) + ¢ (a*t? + a*t® + a'*t7)
st 6,3 6,4 16,8 ot t*
+4q g—i-at +att+at" ) +q ?—i-?
+0 (qw) .

Taking ¢ — 1 and rescaling ¢ — q'/?, this precisely matches the (%, %)—twisted character

—

of su(2)

(4.40)

_ 4 if we take the vacuum
3

lho) = ‘—;> (4.41)

Again we can check that this leads to the correct nullstates to match with the lens index.
Also let us mention that at order ¢” there is the term a'®(qt)? missing. This is simply
because of the cutoff in our expansion when we calculate the lens index.

Lens index for L(6,1). Finally let us write down one case with r = 6; we shall pick
m = 1. After taking the appropriate limit we get the following result

2
M _ q 1 2\ 4 1 6 1 4, 2\ 3
I(A?(,:Ds),r6(a’1)_1+a2+<a4+a>q +<a(5+2>q +<a8+a +§ q
1 2
+<(110+a4+2a2> q10+(9(q11) . (442)

Taking the ¢t — 1 and ¢ — ¢'/® limits, we find precise agreement with the (%, %)—twisted

character of m _a, if we take the following vacuum
3

lho) = ‘—;>- (4.43)

General structure. In table 5 we explicitly list the identification of the lens index with
the twisted character for cases of “small” r. Among other examples, we have checked those
cases as an expansion in ¢ to a very high order and were to identify the correct null vectors
to reproduce the lens index.

Let us make a comment for the general (A1, Dony1) case, where the chiral algebra is

given by f@_ S As we have seen in (3.29), the general form of the lens index does not
always admit a well-defined “Schur limit”, but rather one has to work with the Macdonald
limit. We especially note that there are states of the weight ¢°. From the chiral algebra
perspective, it is possible to obtain these terms by imposing Jg |vac) # 0. As we will

see shortly in section 4.3, the seemingly unusual condition on the vacuum (more properly
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L(p,1) : (my,m2) | limit | (A1, A2)-twisted character : vacuum: |hg)
LB (L2) |1 (3.3) I
@D |t (5:5) e
L(4,1) ! (1,3) |t—1 (3.9) o)
. (2,2) | round (0,0) 1 10)
3 (3,1) |t—1 (3.2) 3 0)
L(5,1)3 (1,4) | t—1 (2,2) 3 |—15)
@3 |t (5:5) B
B2 |t (3:%) )
BCOBEES (3.3 I
L(6,1) | (1,5) |t—1 (3.%) S
@) |1 (42) G
. (3,3) | round (0,0) 1 0)
(@) |11 (2.8) Y
L) [t (3:3) 1

Table 5. We list here examples of the lens index of the (A;, D3) Argyres-Douglas theory for a
few value of r and their precise identification with the twisted chiral algebra of EI(\Q)ig . The first
two columns list the lens index data. We then identify the correct limit in the third column, which
allows one to precisely match to a twisted character with (A\,1 — \) — as specified in the fourth
column — and the vacuum/highest-weight prescription given in the rightmost column.

highest-weight state) gives rise to a highly non-trivial match between the (Macdonald limit
of the) lens index and the (refined) character of the corresponding module. It would be
interesting to find such a condition for general N > 1, akin to the N = 1 case. We leave
this for future work.

4.3 The (A1, D4) theory and its twisted chiral algebra

In this section, we will focus on the (A, Dy) Argyres-Douglas theory, for which the pro-
tected chiral algebra is given by the affine Kac-Moody algebra su(3)_ 3. We shall now
2

extend this to the case with non-trivial twisting.!?

4.3.1 The twisted fj(?) s chiral algebra

N

Let us now introduce the twisted su(3)_ 3 chiral algebra. We proceed as before by first
introducing a twisting action that is consistent with the OPEs of the (untwisted) chiral
algebra and then compute the (refined) character for the twisted module.

13 As it is clear which flavor symmetry we are talking about here, we shall remove the subscript for the
discrete holonomies, and simply write m = m, in the following.
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We shall first introduce the standard generators for the s@ i Kac-Moody algebra
normalized such that

K (J“,Jb) = Trpung (J“Jb> — gab. (4.44)

—

The OPEs corresponding to the standard basis of the su(3), algebra read

k(gab abCJc
LS W) (4.45)

(z — w)

J4(2) J* (w) =

(z — w)

where a,b € {1,...,8} are the generators and fe¢ are the usual structure constants of
SU(3). We shall put this into a more convenient form by defining

1/J8 1/J8 J®
H1:<+J3>, H2:<—J3>, 0 = -,
2\v3 V3 V3 (4.46)
1 1 1
EYE = 5 (JC£iJ7) , E>* = 3 (J*FiJ?) , B3 = 3 (J'£iJ?) .
Of course by doing so, we have introduced a spurious Cartan generator and we shall account
for that in the following. The OPEs then read

A 0 1 -1
4 . EiE
H(z) B9 (w) ~ im”&, mij = | =10 1 |, (4.47)
z—w
1 =10
as well as
, , Aiik;
H' (z) H’ ~N—— 4.48
() H w) ~ 5 (4.43)
where A is the (affine) Cartan matrix of su/(E) i and finally
A A k ahET . H
EPT (2) EP (w) ~ 4.49
@) ) ~ e (4.49)
) . . ERT
EYE (2) B9 (w) ~ feih —— (4.50)
z—w

where we have denoted by ai’i -H = oy (Ej’i) H*_ where oy, (Ej’i) denotes the k'™ root
of the corresponding generators.

Now let us proceed to introduce the twisting action relevant for comparing with the
lens index. From the OPEs it is clear that we are only allowed the following twist

H/(z) — HI (62“12) = H(2),

. ) . . ) 4.51
Ej,:i: (Z) N Ej,:i: (eQmZ) — e:i:27r1>\jE],:|: (z) ’ ( )

where A3 = —A; — A9 mod Z. As usual we shall choose \; € [0,1) and therefore A3 is
uniquely fixed. Thus our twisted index is defined by two constants Aj o € [0, 1).
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As before we can now introduce mode expansions for the twisted fields
EE(z) = > B S (4.52)
meZ

and we can compute the commutation relations of the modes from the OPEs above to obtain

[H,, H]] = m—kAl I Smtn0 5 (4.53)
[H’ Ejl;} - mlJEﬁrian)\ , (4.54)
B Bi | = BT (4.55)
(4.56)

(Bl BiD] = ke (ms 2) +ap™ - H, 4.56

where we have adopted the notation used for the OPEs in (4.47)—(4.50). With this we can
read off the twisted characters by counting states and taking into account possible null
states along the way. -

Now depending on the chosen twisting, we define the (twisted) vacuum of the su(3),
chiral algebra by the following data

*lvac) = 0, v>0,i=1,23,
Hi|vac) = 0, v>0,i=1,2,3,
[vac) = ) (hd, h2, h3) ; “’> 0 S , (4.57)
Hi|vac) = hg|vac), 1=1,2,3,

EZO’ |vac) = ef)o’i|vac>, iff A, =0, ip €{1,2,3},

where ho,ego’i € R. Note especially the fourth condition we impose on the “vacuum?”;

this seemingly unusual condition is imposed if and only if one (and only one) of the twist
parameters \; become zero. We shall discuss it further in some detail below.

4.3.2 Comparison with the lens index

We shall now compare the twisted character of su/@ 8 against the lens index of the
(A1, Dy) Argyres-Douglas theory computed in section 3.3.1. Let us first state the general
result and then go over a few examples.

We start by removing the following prefactor from the lens index

A(riAg, )\2 A3)

(0) pq
AVNINIRE (t) : (4.58)
where
A1 T A2y A1 - T3], YRR I
A(rs A, d, Ag) = ALl | [rd Al [rde - v (4.59)
r T r
The Macdonald index is then obtained as before vial*
IM“(q,t)Zlng) Z(p,q.t)/T0(p,q,1)| . (4.60)
p—

14Recall that Z(* (p,q,t) is the zero-point energy of the (A1, D4) Argyres-Douglas theory. In particular
it is precisely given by Z,E’O; in equation (4.58) upon identification of (A1, A2) as given in (4.62).
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We obtain the general relation

Iy ami # 05 = g7t > T), (A, A2) # (0,0),

XV(Al A2) ((l q, T) = Mac 1 (461)
vac) Lo oy rlami =0, > ¢/" t = qT), (A1, A2) = (0,0).

Notice that the identification of the lens index with the character depends on the choice of
the twisting parameters \; or the discrete holonomies m; as in the other cases.

The precise identification of the lens index with the twisted character involves a few
more identifications of parameters. Firstly, matching the discrete holonomies (mi,ms) of
the lens index to the twisting parameters is slightly nontrivial, as we redefine the natural
fugacities in the computation of the lens index of (Aj, D4) Argyres-Douglas theories (see
equations (3.22) and (3.23)). Studying various examples, we find that

[m1 -+ 2ﬂ’L2] [—le — mg] [m1 — mg]

M= =", M= ", (4.62)
r r r

gives the correct identification of the twisting parameters in terms of the discrete holonomies
of the (A1, Dg) Argyres-Douglas lens index.

Secondly, we need to impose conditions on the “vacuum” state (or more precisely the
highest-weight state). The vacuum conditions appearing in (4.57) are shifted to

1 1 1
h = 5(Ag—Ag), hE = 5(Al—Ag), hy = 5(Az—Al), (4.63)

and, if one of the twisting parameters vanishes, we have a further “vacuum” condition
given by

e%’J“e%’_ =—2, if \j=0 and N #0, Vi#£j. (4.64)

We have checked these rules in a large amount of examples, and find precise agreement to
rather high order in ¢- and (g, t)-expansions.

Let us make some remarks on the ordinary character limit 7' — 1 of the refined
character. There are the same two limits as in the 511/(3) . case, but there is also a limit,
which we dubbed mized, where taking ¢t — 1 does not in fact lead to a twisted character.
In this case one is forced to use the refined character, since there is no proper unrefined
limit we can take. This mixed limit appears as soon as one and only one of the twisting
parameter \; vanishes. Together we find the following identification

hmI(Al porl@m#05q— g7 1), Ni#0, Vi=1,2,3,

le(xl>xg)(Q) = 1 ) (4.65)
vac %EI;I(A1,D4) (a,m=0;9g—q'",t), \i=0,Vi=1,2,3,
with the ordinary characters. If there is exactly one iy € {1,2,3} with A\;, = 0, we do
not get any identification with the “unrefined” character but we are still able to precisely
match with the refined character.!

5Notice that when two of the \;’s are zero, it becomes untwisted since Zle A =0.
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4.3.3 Examples of the lens index for the (A1, D4) theory

Let us discuss some examples of the lens index of the (A;, D4) Argyres-Douglas theory.

We shall elaborate in some detail how to identify the lens index (in the limits discussed

above) with the appropriately twisted characters of su(3)_s.'6

N

Lens index for L(4,1) with (m1,m2) = (1,3). Let us start with an example for
r = 4. We pick (m1,mg) = (1,3), and find after taking the appropriate limit

I?.AA??D4),4 (((11, 1)7 (a27 3))
1 a a 1
:1+qt[ 5 2]+q2[<1+2)t+<4 2+a12a24>t2]
a1=ag a2 al a1%as

1 1 1
+q¢° K S+ a12a2) t+ <3 + a23> 2 + <6 -+ a13a26> t3]
a1a2 al a1-az
1 2 2 1
4l3p 4 —+Ci+a2 tadar®) 2 + tajas® ) £
a;dag®  as? ai®as
+ < 3 +a1 a2 > ]
al a2
5 1 2 2
+q 5, +a1a2 3 +26L1@2 t
ai’a

1
m‘i‘ﬂ"ﬁ‘i‘i—al a2> ]

+(’)(q6) )

(4.66)

Let us first compute the refined character for the (A1, A2)-twisted Verma module. As in the
case of (4.30), this can easily be computed by enumerating generators and relations inside
the plethystic exponential. This gives

o qT qT?
9 <,\ a4 N az> _
(quZ z +1—q 1-¢

where we have used a short-hand notation z® = [] j z?j . The first term inside the parenthe-

. (4.67)
q,T,z

ref
XV(M»AQ) PE

Verma

sis comes from the s1(3) generators and the last two comes from the Virasoro generator and
the Sugawara relation. The refined character for the (2 I 4) -twisted Verma module reads

1 al 1
Xre(fJ 1 =1+q T["‘al%} 'HI% [( >T+<a1a2+ +) Tz}
al ax a1 aq a1a2

Verma

1 1 1
+qs <2+a%a2>T+<a§+a%a2+3+ >T2
ajas a} = aia; (4.68)
36, 3, 1 1 3
+ a10a9 + Ay + -3 + 6.3 T
ai = afa3
+0(q").

16 As it is clear which flavor symmetry we are talking about here, we shall remove the subscript for the

discrete holonomies, and simply write m; = mgf) in the following.
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We see that the lens space index agrees with the twisted character for the Verma module

1/4

upon ¢ — ¢/* and t — T up to some extra terms. These extra terms are removed by

choosing the vacuum state to be

11
‘(h(l),h%,hg) ;e(jf’k> = ’<_8’8’0> ;®> , (4.69)

where h} = —h(l) - h%. For example, we obtain a null state at level % given as
1 _3_
(7 8% - 58% ) lwe). (1.70)
4 4 2 2
which removes the term
1
q2T?az (4.71)
ai '
from the character.!” We get four null states at level % given by
3 _ 1 _
—2E*TE*] + EVTE*TE*T ) |vac) | ——EBE"TE*] + ENVTEYTE*T ) vac)
2 1 3 i T4 1 2 -1 3 1 Ti 1%
1 4 1 _o_
(B8 - 58" ) ) (BB 58 o). Ty
4 2 4 4 2 4
These null states remove
3 3
T3 172
q%T?’a% , 7 T q%TQa%ag , and q472 , (4.74)
aj aipasy

3 §)_
404
with highest weight/vacuum prescription given

respectively from the Verma module character. In the 7" — 1 limit, we recover the (

twisted (ordinary) character of m
in (4.69).

_3
2

Lens index for L(4,1) with (mj,m2) = (1,1). As a second example let us discuss
a case where one has to look at the mized limit of the lens index, in order to match it to a
refined character. We still keep r = 4, and pick (my, mg) = (1,1). The corresponding lens
index in the Macdonald limit is then given by

I(I\fxic,m),z; ((alv 1)’ (a2’ 1)) (4.75)
2 2
—1+ (al+a2+1)t+ (‘“2+a22+a1+a2+1>t2+~-
ax  ap a?  ay as  ay

+ [(a12a2 + a1a22) t+ (a13 +a1?as + ajas? + a23) 2. ] q

=+ [(a14a22 + ar13as® + a12a24) 2. ] ¢

"Tn our convention, the root vectors are chosen so that the charges for the generators are given as

ai
——, E* > aa3, E¥T o . (4.72)
ajasz az

EY
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TN (R N I (I R PR
CL12CL2 CL16L22 CL13 a12a2 CL1(L22 CL23 4

2 2

a a a a 3a 3a

+ Kl+2+3)t+<12+22+1+2+3>t2+-~]q4
a2 a1 a2 ai a2 ai

+ [(a12a2 + a1a22) t+ (2&13 + 4ai%as + daras’® + 26123) 24 ] 7

+0(¢°) . (4.76)

Since the ¢"-order goes as an infinite series in ¢, the t — 1 limit is not well-defined. In
particular the states that appear at this order are “supposed” to appear only at order ¢*
(or rather ¢! after rescaling ¢ — qY/ 4). So the structure of these states is reminiscent of
the lens indices where the round limit is the appropriate limit one should take to compare
to the chiral algebra. Therefore we have called this case mized. As none of the strict limits
give a character, we have to resort to the refined version of the character.

1/4

Either way, after rescaling ¢ — ¢*/*, we can carefully analyse the spectrum. We find

2, 1,0)-twisted character of su(3)_s,
2

that the above index precisely reproduces the refined (Z’ I

with vacuum given by
13 1 _ 1
1g2 g3y, Bk\ _ |22 1), +3,-3__~
)(h07h07h0)ﬂ60 > = ‘( 33 4> €0 €0 2> : (4.77)

The first nullstates we can observe in this case have contributions at order ¢/t (they are
part of a null space which give also contributions at order ¢°/*t?). In particular the first
contribution is precisely given by

(azai + a3a1) g% (4.78)

At higher order in ¢, but second order in ¢ we further find the following contributions of

1 1
<2 + 2) ¢*'t?,
aijay  aja

<2a2 +22t 4 3> gt (4.79)
al a9

null states

2 (aga% + a%al) q5/4t2 , ete..

We can explicitly check that these null vectors are precisely necessary to match the ( %, i, 0)—
twisted character with highest weight/vacuum in equation (4.77) with the lens index.

Lens index for L(5,1). Let us present one case with r = 5. We shall pick (mq,mg) =
(3,3). After taking the Macdonald limit, we find the following lens index

M
I(Aa1C,D4),5 ((a’lv 3)7 (a27 3))
2 2
a a a a a a
—1+ <1+2+1>t+(12+22+1+2+1>t2
a2 a1 az al a2 ay

+ [(a12az + ala22) t+ (al3 +aras + a1ag® + ax’) t? + - 1q
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+ [(a1*a2® + ar®a2® + ar1?a?) 2 + -] ¢*

U (R N P (L P
CL126L2 ala22 a13 a12a2 CL1a22 6123 4

2 2

a a a a 3a 3a

+[t<1+2+3>+t2<12+22+1+2+3)+~--]q5
a9 al as ai as ay

+0 (¢°) . (4.80)

As in the previous example we have to look at the refined character in order to match it

with the lens index. Again, after rescaling ¢ — ¢*/°

41
5757

) 1 2 3 +,3 -3 1
) . ) )
’(hl,h2,h3);e > — ‘( ]075a_> ’€C 60 = — > . (481)

In this case we find the following low order null state contributions

, we find that the above index precisely

reproduces the refined ( 0)—twisted character of su(3)_s, with the vacuum
2

(azai + adas) ¢'/¢%,

1 1 4.82
(2 + 2) q4/5t2 y etc. . ( )

Lens index for L(6,1). Let us close this section by detailing a case with r = 6, and
(m1,m2) = (2,0). After taking the appropriate limit, the lens index reads

I&??D;;), 6 ((alv 2)7 (a27 0))

1 a
—1+{ 2+2+afaz]q2t

a1a2 ai
1 a 1 a2 (4.83)
+[< - +1+a1a§>t+<“+§+a%a§)t2]q4
ajaz a2 aja;  aj

1 1 1
- [3t+ <3+a§+3+33+a§+a{’a§) t2] ¢ +0(d) .
aj ag  ajay

After taking the limit ¢ — ¢'/%, and ¢t — T, this precisely matches with the (%, %, %)—twisted
refined character of su(3)_s, given the following vacuum
2
1722 13). .k
’(h()ahOahO) ;60 > = ‘(07070)7®> . (484)
It reproduces the ordinary character in the limit 7" — 1 as expected.

Matching for more general cases. Finally in table 6 we write down the explicit match-

ing of a large class of examples of (A1, A2)-twisted characters of su(3)_s, with the appro-
2

priate limits of the (A, Dy) Argyres-Douglas lens indices, IXA?C,DZQ,?"(%? m;).

5 Discussion

In this paper we introduce a new “observable” in the dictionary between (a protected
sector of) four-dimensional N' = 2 superconformal field theories and two-dimensional chiral
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L(p,1) (m1,ms) Limit | (A1, A2, A3) ; Vacuum: | (hd, k3, h3) ;e™)
LB 22,63 fromd | 000 [0,0.0:2) |
,,,,,, (1,3),0.2), (4,0) | t 21| (3.53) | [0,00:2) |

0 (0,4),(2,0),(3,1) | t—1 | (2,2,2) | | (0,0,0);2)
LAy T (3 ro1| (L) [(3.-4.0):2)
,,,,,, i, w3y et ] (Gi3d) ,i, s
| (1,1) mixed | (3,5.0) 1 [(~§ & 1) e =—3)
1 (3,3) mixed | (1,5.0) | [(=§§ 1) e 0 = -5
f (2,0),(2,4) | mixed | (%,0,%) } [(:0,7)se0%eg™ = —3)
1 (2,2) mixed | (§,5,0) | [(=1.4.0)5¢ e = —3)
i (4,2) mixed | (0,%,7) i | (0,—%,1) 10 %e0 = —3)
L(51) ! (2,0) t=1| (33,2 | (4,0,—%);2)
1 (4,0) t=1] (53535 | | (5:0.—5):2)
| |
| (6,0) t= 1| (53:5) |(=35.0.3):9)
1 (8,0) t—1] (353 | | (—15:0, 15) 5 2)
,,,,,, SN A o 12 10 IS R AR /S
| (10,0) round | (0,0,0) 1(0,0,0);2)
,,,,,, U89 jrowmd ) 0,09 o 199%0958) ]
: (1,3) mixed (%,O, %) : } (%, —%, —%) ;6?)’+68’ = —%)
} (3,1) mixed | (0,3, 3) }}(—%w—%f%)w%*eL =—3)
| (1,1) mixed | (3,2,0) 1 | (=55 —10) ¢ €0 = —3)
1 (2,4) mixed | (0,2,2) | [ (55—, —10) i€ e = —3)
‘ . I _
i (4,2) mixed | (3,0.3) 1+ |35 —i0) e e = —3)
4y mixed | (3,3,0) | [ (=i 5m0) i e = =3)
} (2,2) mixed | (3,3,0) }\(—%n%n%)m%*%’==—%>
| (3,3) mixed | (5,4,0) ' |(~1p: 2 )€ ey = —3)

Lmi)i (2,0),(4,2) t—11] (322 1 (0,0,0);2)

,,,,,, 40,24 Jto1) G 00059
,,,,,, (31,653,105 | t=1] (68s) . |G-50:9
(3 to1 | (had) [(3-1.0);9)

Table 6. We list here examples of the lens index of the (A4, Dy) Argyres-Douglas theory for a few
value of r, and their precise identification with the twisted chiral algebra of @_ 3 The first two
columns list the lens index data. We then specify the correct limit in the third column, which allows
one to precisely match to a twisted character with (A1, A2, A3) — as given in the fourth column —
and the vacuum /highest-weight prescription in the final column.
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algebras. On the four-dimensional side, the observable is given by the lens index (in
a particular limit) and on the two-dimensional side it corresponds to the character of
a certain twisted module of the chiral algebra (or more properly the generalized vertex
operator algebra).'® We have demonstrated this by working out the precise dictionary for
the cases of four-dimensional N = 2 free theories as well as Argl\res—Douglas i}Eories with
and su(3)

protected sector corresponding to Virasoro minimal models, su(2) affine

_4 _3
3 2

Kac-Moody algebras.

This is strongly suggestive that a similar correspondence between lens indices and
twisted characters should hold for general four-dimensional N = 2 superconformal field
theories. However, we have observed in this paper/tgat the pre/ci&e identification is actually
rather nontrivial; as discussed in the examples of su(2) _1 and su(3)_s Kac-Moody algebras,
the identification of the (well-defined) lens index with a two-dimensional twisted character
requires the precise definition of the correct null states. It turns out that this requires us
to impose a particular set of conditions on the vacuum/highest-weight state. For generic
four-dimensional superconformal field theories, and their corresponding two-dimensional
chiral algebras, the structure of the required vacuum conditions is not evident thus far.

We further observed that there are in general three different types of limits, of which
only two (the t — 1 and ¢t — ¢ limit) give the precise two dimensional twisted characters.
The third limit (essentially the Macdonald limit), which we called the “mixed limit”, only
gives an identification with the refined (twisted) character, as introduced for the (untwisted)
vacuum characters of Kac-Moody algebras in [2]. We have further seen that the refined
character correctly reproduces the Macdonald limit of the (lens) index away from any
choice of limit. This further supports the claim that the notion of the refined character
is well-defined more generally. It would be desirable to have an explicit derivation of
the connection between the lens index and the twisted chiral algebra (or VOA). It would
especially be interesting to have a top-down approach for identifying the choice of vacuum
state. This problem may be related to finding a purely four-dimensional interpretation of
the filtration [19, 20] used to define the refined character in the current paper.
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A Definition and review of the lens index

In this appendix, we carefully define the A' = 2 superconformal lens index [21] (see also [49—
51]). At the end of the appendix we also write down the ingredients to calculate the N' =1
lens index, since we use them in the main text.

A.1 N = 2 lens index

The (round) superconformal index is defined as follows!?
7 = Try (—1)F <t> piiz gl Ha{i e P (A1)
pq ;
where
0y- ={Qy, Q)Y = E—2ja—2R+r. (A.2)

We have used the usual definitions, i.e. ji,jo are the Cartan generators of the SU(2); X
SU(2)a ~ SO(4) isometry of R*, j15 = jo — 71 and j34 = j;1 + jo correspond to rotations of
the two planes Cio ® C34 = R%, and R, r are the Cartan generators of the superconformal
R-symmetry group SU(2)gr x U(1),. Finally the trace is taken over the Hilbert space of
states on S' x S3 for the round superconformal index.

In the case of the lens index we modify the above definition to only allow for the trace
over states in the Hilbert space of S! x S3/Z,.. Here the orbifold acts on the Hopf fiber via
Zr C U(1); € SU(2); x SU(2)2 ~ SO(4). The precise definition then reads

t\" L .
T, = T, (-1)" (L) g T af e (A3)
[

Let us first focus on the free bifundamental hypermultiplet (i.e. in a bifundamental
representation of SU(N) x SU(NV)). Without the lens action, this is simply given by

B Vit 2L (& al
IH‘PE[u—mu—w(“” ><Z> <Z>]

N
=JIr (\/f(axiyj)i;p, q) : (A.4)
ij=1
where x;,y; are SU(N) flavor fugacity, and a is a U(1) flavor fugacity, and PE stands for
the plethystic exponential defined as

PE[f ({z:})] = exp (z “ﬂf”) . (A5)

We further used a short-hand notation where repeated signs implies the product of each
combination, for instance I'(az*;p,q) = T'(az;p, ¢)T(az"1;p,q), and the elliptic Gamma

function is defined as
-1, m+1 n+1

1—2""p q
Pzpag)= [ —— T (A.6)

m,n>0

19We adopt the notation used in [1].
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Letters E 7 o R r T
¢ 1 0 0 0 -1 Bg
. 2 3 0 2 -3 | P
Ayt 3 0 3 3 i —t
Fiy 2 0 1 0 0 g
O_ A +o, A =0| 3 0 1 L -1 »q
Q 1 0 0 % 0 Vi
b 3 0 3 0 -1 —
O+ 1 +3 3 0 0 s q

Table 7. Here the contributions to the index by the single letter operators are listed. The first
section refers to the vector multiplet (¢,<5,A£,5\Id,Fa5,F dB) (including an equation of motion

constraint) and the second to a half-hypermultiplet (Q, Q,Ya, 1/7a) Finally in the last section refers
to the spacetime derivatives.

Now let us turn to the lens index. The single letters contributing to the hypermultiplet
index are of the form

0.)°Q,  (0.1) 9y, with kLeN. (A7)

We denote by j; the momentum around the Hopf fiber of S (we shall denote this curve
in the following). The orbifold now acts on the Hopf fiber by a rotation of 27 /r. Hence to
obtain the lens index we require states to survive this projection and thus we only include
states with j; = 0 mod r. Let us for now forget about the SU(N) x SU(N) symmetries
and only focus on the U(1) flavor symmetry. We can then introduce the fugacity as above
and consider states (more generally) which transform by a nontrivial phase e € U(1),
with m € {0,...,r — 1}, by going around . In other words we are turning on non-trivial
holonomy for this flavor symmetry group around the non-contractible cycle v. Thus now
the states/operators O contributing to the index are supposed to satisfy the condition

j1(O)=m modr. (A.8)

This argument can of course can be extended to any global (or gauge) symmetry. In
particular if we have some symmetry G (global or gauge — see below), we also have to
specify holonomy conditions for the fugacities around the cycle 7. In particular we have
continuous fugacities around the temporal S' cycle and discrete fugacities around the
nontrivial Hopf cycle v. In other words, we have to specify commuting group elements
a, B € G such that

o =1, [, B] = 0. (A.9)
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Up to conjugation « is then a discrete element which can be chosen to be in the maximal
torus of G

a ~ {e%imi/r}if, (A.10)

where we have expanded « in terms of the generators of the maximal torus of G.

In the case of the bifundamental free hypermultiplet with SU(N) x SU(NN) x U(1), one
can turn on different discrete fugacities for all three components. Hence in order to define
the lens index we have to specify m;, mj,n € {0,...,N — 1}, with > ,m; = > ,m; =0
mod 7, along with the usual continuous fugacities which are also present in the round
sphere case. The discrete data tells us what kinds of projection conditions the fields have
to satisfy under the orbifold action, i.e. by going around < the fields will have to come
back to their original value up to the holonomy specified by m;, m; and n. Thus for each
component of the fields, by expanding in terms of Cartan generators, we require that the
ith component satisfies the condition j; = m; mod r and j1 = m; mod r for the two
SU(N) parts, and similarly for the U(1) part.2’

Now let us briefly discuss which operators precisely contribute to this index. To begin
with, we shall set (m;+m;) =0 mod r for the corresponding components of the generator
of the Cartan of su(N) x su(N) xu(1). In that case we can more or less treat this as a U(1),
and we have no non-trivial holonomy around ~ (see above). In the round case, a particle
X with given charges j12(X), ja4(X), R(X) and r(X) contributes as follows to the index

Xipiqjin(pq)k{i@uqe)—l} -2 ( Ly > (A.11)
k=0

i,j=0 =0 l-=pg\l-=¢q¢ 1-p

where

X = pia(R) (%) gisa () () () £ R(X) (A1)

Now the orbifold only acts on j;, and thus in order to satisfy the condition j; =0 mod r
we require that only operators of the form

~ A~

@0, )" (0_)*X, with ki —k+i(X) =0 modr (A.13)

~

contribute to the index. The j;(X) part is an overall shift and can be factored out into
the X-part, and so we obtain for the single letter the following expression

“ l—=pg\1—¢q¢~ 1—p" )"

=0

(A.14)
Now let us add some nontrivial holonomy around -~ in the Cartan of SU(NN) x SU(N). We
shall fix a single Abelian sector and add now the prescription

1 = —(m;+mj+n) modr. (A.15)
~—_— —

m

20Tf we want to gauge this symmetry we of course have to sum over all the possible such discrete
holonomies, in the same way one has to sum over twisted sectors in a usual orbifold theory.
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Exactly as above, this means that now that (k1 — k2) € rZ + m and (ke — k1) € 7Z —m
and thus our sum is restricted to terms like that. Consequently we obtain

s s s X [m]» r—[m];
k (r+[m], lr—[m], _ q p
X E (pq) {E P [m] + g q [m] } — — (1_qr + —p ) (A.lﬁ)
= /=0 /=1

k=0 =

Here we have introduced the notation
[, ={kef0,....r—1} |k = & modr} , (A.17)

which we use throughout the paper. Let us emphasize that we have only looked at a single
U(1) Cartan sector of the full symmetry group SU(N) x SU(N) and we will have to include
all discrete fugacities m; +m; + n as well as continuous fugacities such as a, x; and y;.

As an example, let us write down the lens index for a N’ = 2 free hypermultiplet in a
bifundamental representation of SU(N) x SU(N)

N - -
1 p[s(mz—l-mj +n)]r qr—[s(mﬁ—mj +n)|r < pq> :|
+ Vit — 2= ) (azy;)°
Zl_pq< 1_pr 1_qr \/E ( y])

N
=2y T 0 (vt (aigy)*pa.p”)
ij—=1
s==1

Ty = IV PE

T ( Vg (g0 6 pq,qr) . (A18)

Finally Ig,]) corresponds to an overall factor arising from the Casimir energy of the theory
on S' x §3/7Z,. It is given by

1 ~ 1 ~ 2
0 PN {5 s [smatimg )]~ L[s(ma+im; )2}
) = () -

t (A.19)

This factor plays an important role by giving certain selection rules for states in the inter-
mediate channels in the Macdonald limit (p — 0), see for instance [49]. It is also the most
crucial piece in the Coulomb branch limit (p,q,t — 0,5 = u) of the lens index [16, 52].

Now let us turn our attention to the free vector multiplet. The arguments work very
similar as for the free hypermultiplet. The single letter for a free vector of the round
superconformal index is given by

. 1 1 P Pq ]
1y —t A .20
ZV’S3_1—pq (1—q+1—p>[t P —q+pqg+pq ( )

By the same rule as before we find for the lens index

q[m}f

. 1 p'=me\ rpg
by, 832, = 1= g (1 7 + = ) [7 +pg—1t— 1} + )0 - (A.21)

Here we have to be slightly more careful, since A\l has nonzero j; charges and come with
an equation of motion constraint. For [m], # 0 the only contribution to the index can
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come from (87 J-r)\ﬁr) and (8 " 4)&), which have zero j; charge. However they are related to
one another by an equation of motion, whose part we have to subtract, thus the full single
letter contribution is

(-p) Pe+ () D Péd+pg Y P
0720 1720 1720
i—j+1lerZ+m i—j—lerZ+m i—jerZ+m

_ )y pr—lml,
. (q + P > (A.22)

:1—pq 1—q" 1-p"

The same initial formula holds for [m], = 0 however in evaluating one has to be a bit more
careful, i.e.

(=p) >, Pd+(=9) D> Pd+pq Y, v'd

0,50 0,50 0,50
i—j+lerZ i—j—lerZ i—jEr
1 1 r
—1- -2 ) (a2
I—=pg\1—¢" 1—-p"

Thus as an example, we explicitly find for the free vector multiplet of a gauge theory
G =SU(N)

[m’i'}’r rf[mi']'r .

_ 70 I A Pq a;

Tvm = Iy PElg (1_pq (1_qr L ) (7 +pq—t—1> +5[mm,0) aj]
(v}

:I(0)< (P3P )oo (P73 9" ) oo >N_1 IT @-=/z)7"
VoD (tpg.p") T (tq";pq, q") v

i)
m;=m;
<[] T (tsp[m"‘mﬂ*zz-/zj';pq,pr> r (tsq’”‘[mi‘mf]rzi/zj;pq,q’“) : (A.24)
i
s=U,

(0)

. _— 0 . .
where m;; = m; —m;, and the zero-point contribution Z;,” comes again from the Casimir

energy and is given by

1 N L 2
0 pq\ — 3 (0= [misle— 1 [mis17)
W= (7)) |

t (A.25)

Gauging operation in the lens index. Let us mention the operation corresponding to
“gauging” a flavor symmetry. We start with some initial theory 7T;, with global symmetry
group Gy, and we want to gauge a subset of the flavor symmetry group G C G¢. The lens
index of the theory after gauging is schematically given by the following operation

r—1

Z M%[dz]m IngTin ((z,m),--), (A.26)

myp=0

where Z7._ ((a,mg) - - - ) denotes the index of the initial theory Ti,, which is ungauged, Z‘g’: m
is a vector multiplet in the adjoint representation of G, and by (a,m,) we denote the

40 —



totality of fugacities and discrete holonomies associated to the subgroup G C Gy. The
sum is taken over all possible discrete holonomies {mg}zkz(lG ). Furthermore [Win| is the
cardinality of the Weyl group of the subgroup G, of G preserved after the introduction of
the discrete holonomies m (remember that they generically break the associated group).
Finally by [dz],, we denote the Haar measure of the preserved subgroup G,, C G, more
precisely

G )
[dz],, = [H 27Ti] H m, (A.27)

i=1 aeAU{0}

where AU{0} denotes all the roots (including the number rk (G) of zero-roots) of G. This
might look divergent, however the factors coming from the zero roots are cancelled by the
vector multiplets that are gauged.

Macdonald limit. Let us briefly mention the appropriate Macdonald limit of the single
letter indices. The Macdonald limit for the round index is defined by taking the p — 0
limit. Similarly for the lens index the single letter indices simplify as follows

ir,55/2, — (5m,0 n 1q_ qr> Vi, (A.28)
. m(t+1
ZV7 S3 /7, — _ql(—qr) + (5m,0 . (A29)

It is clear right away that these formulas precisely agree for the ones of the round sphere
index if m =0 and r = 1.

Generally, the naive Macdonald limit p — 0 of the index vanishes due to the zero point
energy contribution. However in order to end up with twisted modules for chiral algebras,
we exclusively take the limit, after having removed the overall zero point energy piece.

A.2 AN =1 lens index

We use the formulas of the N' = 1 lens index in the main text and thus we briefly write
down the appropriate ingredients here. The counting of states works the same way as
reviewed above for the N/ = 2 lens index and so we shall not review the derivation of the
N =1 lens index here (for details see [21, 51]). For the chiral multiplet we obtain

R R
Iy,r (m,u, R) = ZO) (m,u, R)T ((PQ) 2 qr_mu;q’",pq> r ((pq) 2 pmumﬁm) ,
(A.30)
where
- m(g—m) m(r—n;%(r—?m)
70 ) = (00 7 t) T (1) (A.31)

is the zero-point contribution, and R is the R-charge of the chiral multiplet. As an example
let us write down the lens index of a free N' = 1 hypermultiplet of R-charge R in a
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bifundamental representation of SU(N) x SU(N)

Ix,r, bif((u7 m)v ('UJ, TL) ( H H I(O mz + L] + O)]Ta (ulw]a) 7R)
i,j=1s==%1

L ((pq)R/ 2 qrlelmitnivollr (uanja); g, pCJ>

xT ((pq)R/ 2p[s(m"*"j*"”r(uz-wja)sspr,pq) :
(A.32)

Here u, w are the fugacities corresponding to the SU(NV) flavor symmetry and m, n are the
corresponding (discrete) holonomies, i.e. m;,n; € {0,...,7 —1} for 1 <4,5 < N — 1, and
my = — ZZ 1 ml as well as ny = — Zfi_ll n;. Similarly a corresponds to the fugacity of
the U(1) flavor symmetry and o € {0,...,r — 1} its discrete holonomy.

Similarly for the lens index for a free N'= 1 vector multiplet we obtain

I\(B)r (u, m)

. _ A.33
v (em) (1 —u=1)?mol (gmu=t; q", pg) T (pr—mu=L;p", pq) ’ (439
where
mlr—m m(r—m)(r—2m)
o _% q 127
20, () = ()7 (1) - (31

For instance for a free N' =1 SU(NV) vector multiplet we have

0) (a
Iy, (LT% [m; — mj]r)
Ty, (a,m) = I] — -
i<j (1 —a;i/a;)’mo0 (q[mi’mf“;j; qﬂm) r (p”’[mi’mj“;j;pr,pq)
0
I, (aj/ais [mj = mi),)
(1 —aj/a;)’moT <q[mﬂ'*mi“%; q’“,pq) T (p“[mfmi“%j;pﬁpq)
(A.35)

X
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