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Band edge exciton wave functions and energies

We chose the Bloch functions uf , ,, , of the I's conduction band and uz2,,, (1 = £3/2,+1/2)

of the T'g valence band (point group Ty) according to Ref.[1]:

U§/2,1/2 =51, u§/2,—1/2 =51, (S1)
and
1 . 1 .
U3/2,3/2 = NG (X +iY) 1, Ug/2,—3/2 = 7 (X —iY) |,
1 , 1 .
uz/2,1/2 = % [— (X +1iY) | +2Z2 1], Uz/o,—1/2 = % (X —iY) 1T +2Z ] . (S2)
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Here S and X,Y,Z are the orbital Bloch functions for the s-type and p-type band edge
symmetry, respectively. The spinor functions 1 and | are the eigenfunctions of the electron
spin projection operator s, = +1/2.

The electron wave functions for the electron ground state 1.5, level in a spherical NC can
be written as

Ve, (r) = Re(r)Yoouijg,s. (S3)

Sz

where spherical harmonic, Yy (6, ¢) = 1/v/4n, and Re(r) = +/2/asin(rr/a)/r is the nor-
malized radial function, where a is the NC radius and r is the radial coordinate. The first
size-quantization level of holes in a spherical NC is a 1S3/, state®? characterized by to-
tal angular momentum F' = 3/2 and is four-fold degenerate with respect to its projection
M =3/2,1/2,—1/2,—3/2 on the z axis. The wave functions of this state can be written in

the hole representation as*

[ 3/2 3/2
15'3/2 —9 Z M 3/2 Rl<r) Z / / }/l,mu3/2,u : (84)
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Here (I, % !} are the Wigner 3j-symbols, and the spherical angular harmonics Y;,,(6, ¢) are
defined in Ref.[5]. Note, that the factor (i)' introduced because we use the definition of
spherical harmonics Y, as given in Ref.[5] while in Ref.[4] the spherical harmonics were

defined according to Ref.[6]. The radial wave functions Ry and R, in Eq.(S4) are given by:

Jo(knna)

Ry(r)=A (Jo(khhr) = o (kma)

o)) Falr) = = (Galhuar) + 220D ) ).
(S5)
where ky, = /Bkpy and ky;, = \/ngm/h are connected with the energy of the 153/, level
€1s,,, determined by equation: jo(knna)jz(kina) + jo(kina)jo(knna) = 0.%27 Here 8 = myy/mpp
is the ratio of the light, my,, to the heavy, myy, hole effective masses and the constant A is

determined from the normalization condition [ [R3 (r) + R3 (r)] r?dr = 1.



For the 1P3/; hole state the wave function can be written as:

. | I 3/2 3/2
\1111\5/ =9 Z(_l)M*3/2(1)lRl(r> Z Yz,mUS/Z,;A ) (S6>

1=1,3 mip=M \ m pu —M
where the radial wavefunctions for these states are given by,

j1(k’hha)

jl(khha)
jl(]fma)

Rl (T) =0 (jl(khhr) - jl(klha)
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(S7)
where ky;, = V/Mhn€1SP3)2 /h are connected with the energy of the 1P3/5 level €;p, /29 deter-
mined by equation: 971 (knna)js(kina) + ji(kima)jz(knna) = 0 and the constant B is set by
the normalization condition, [[R?(r)+ Rj (r)]r*dr = 1. As described in the main text,
the quantum size level energy difference between the 1P5/,15, and 153/,15, excitons, in the
absence of fine structure splitting or Coulomb corrections, was calculated using the 6-band
model, expressions for which are derived in Ref. 3, rather than using the 4-band expressions
for the QSL energies. Use of the 4-band expressions causes a 57 meV error in the QSL energy
at the smallest radius calculated, a = 1.2 nm, relative to the 6-band expressions, which is
unacceptably large. However, using the 4-band wavefunctions creates a much smaller error

of ~ 12meV in the Coulomb corrections at a = 1.2nm radius, while greatly simplifying the

analytical expressions.

Short range exchange interaction

The short range electron-hole exchange interaction between an electron and a hole can be

written following Ref.[8] as

. 2 3
HSR 8exchafg |:_
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where €., 18 the short range exchange constant, ag is the lattice constant and J is the spin
matrix of the momentum J = 3/2. Eq.(S8) describes the absolute position of the exciton
fine structure levels in the bulk relative to the energy of the bulk exciton in the absence
of exchange, in contrast with Ref.[9], where only the splitting of the exciton fine structure
levels was calculated. One can see from Eq.(S8) that the lowest bulk exciton state with total
momentum |(1/2)o. + J| = 2 is not affected by the electron hole exchange interaction. '
Straightforward averaging of Eq. (S8) over the wave functions of the 155,15, confined
exciton states results in the Hamiltonian of Eq.(1) of the main text, where the exchange
constants nfSRS/Ql s, and ﬁfﬁ/ﬂ s, are defined through dimensionless constants x1s, ,1s, (3) and

X18; 218 (), respectively: %10

3 3
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These constants depend only on the ratio of light to heavy hole effective masses, [.
For the 1P5/,1S, exciton manifold the averaging of Eq.(S8) over the wave function of
the 1S.1Ps/, exciton states result in the Hamiltonian of Eq.(9) of the main text, where

the exchange constants 77%2/21 s, and ﬁf]%/gl s, are defined through dimensionless constants

X1P3/21Se (/B) a:nd Yng/nge (6)’ I‘espectlvely 10,11
3 a 9 9
a 22, 11RE(r) — 9R3(r)]
X1P3/518e ID ; drr®RZ(r) = ’
+ a [ AR3(r) + 24R3(r
X1Py 518, = g/ drr2R§(T)[ 1(r) = 3(r)] . (S10)
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Long range exchange interaction

The non-analytic, or long-range, part of the electron hole exchange interaction between an
electron and a hole can be written following the approach outlined by Ajiki and Cho.!?

This approach, developed initially for homogeneous bulk semiconductors, was generalized



to quantum dots in the strong confinement regime.!® According to Ajiki and Cho'? any
given exciton state is accompanied by a transition dipole density P(r) and consequently an
optically induced charge density p(r) = —(V,. - P(r)). The long range exchange interaction

can be written as the Coulomb energy of this optically induced charged density:'4
He[;p]zh = /dg’f’l /d37“2(—v7.1 . P(T‘l))*U(Tl,Tg)(—VTQ . P(’I"Q)) s (S]_l)

where U (71, r3) is the Coulomb interaction. For a bulk semiconductor, U(ry, 73) = €2/ (€n|r1—
r5|) with Coulomb charge e screened by the bulk semiconductor dielectric constant, €;,. How-
ever, in a semiconductor NC, the Coulomb interaction should include corrections due to the
dielectric discontinuity at the NC surface. These corrections can be viewed as the interaction
between the electron and the hole with the image charges associated with the other carrier.

We write these corrections generically as Vi, (r1,72):

62

U(’l"l,’l"z) = + V;m('r'l,’l"g) . (812)

Em\Tz - 7“1|

To calculate the exchange interaction using Eq.(S11) we will express the two terms within
Eq.(S12) in a multipole expansion appropriate for spherical geometry. For spherical NCs one

can write,
1

€Eina

Ulri,ra) = — > G (r1,m2)Y;™ (61, 61)Y," (03, 62), (S13)

l,m

where C]"(r1,79) is a function of the radial coordinates only, and is given by,

At arl (€m — €out) (1 + 1) /179!
m = = 14
Cr(r1, m2) 20+ 1) Ll;l el + eom+ 1) < a2 ) ! (514)

€out 18 the dielectric constant of surrounded medium and r- or r. is the greater or lessor value
of ro or 1. The first term in Eq.(S14) originates from the usual direct Coulomb multipole
expansion'® while the second term represents the corrections associated with the dielectric

discontinuity at the NC surface.



In the strong confinement limit, when the exciton Bohr radius is larger than the NC
radius, a, the wave function of the exciton is just the direct product of the electron and hole
wave functions: W_ (e, 1) = VE, ('r‘e)\Ii?\//IQ(rh) defined in Eqgs. (S3), (S4) and (S6). In this
case the dipole density connected with a transition between one of the M hole states and

one of s, electron states can be written:

e

Poan(r) = i= [ @ llp Ve, (r)o(r — i) (s15)

mow

where my is the mass of a free electron, w is the transition frequency, T is the time-reversal
operator, and p. is the momentum operator that acts only on the Bloch component of the
electron and hole wave function. The eight components (2 x 4 = 8) of the transition dipole
density Ps, p(re) between a 1.5, electron and a 153 /2 or 1P3/; hole level results in an 8 x 8
matrix representation of the long range exchange Hamiltonian, H LR defined in Eq. (S11),

for the corresponding sub-space.

Results for the 153,15, exciton manifold

Substituting Eq. (S15) into Eq.(S11) and using hole wave functions from Eq.(S4) leads, after
some cumbersome but straightforward calculations, to the long-range exchange Hamiltonian

that we determined for the 153,515, exciton manifold:

N 3
A s, =185, |31 (0 P (516)

The exchange constant, 771LSR3/21S5 in Eq.(S16) can be written as,

hw Ao\ 3 € — € Q‘Q(l)(5)|2
LR . LT exr in out 0
77153/2156 - 4 ( a > [5153/2156 (/8) + (EZ” + QEOut) 3 . (817)



In Eq.(S17) Awrr is the bulk longitudinal-transverse splitting for wurzite semiconductors:

2F, h2e?
hwrr = P S18
LT einag’x m()Eg ) ( )

where F, is the Kane energy parameter, F, is the bulk energy gap, a., is the Bohr radius of
the bulk exciton and my is the mass of free electron. The dimensionless functions ;g 1218, (B)

and Q(()l) (B) are defined as a sum of integrals involving the electron and hole radial functions:

1
€usy s (6) = o= () — 2180+ 183) s19)

where,

o

If) = /lezdﬂ?l/o 3 ( )%(iﬂl)%(»’@)
/0 ' 2dm /0 1 x2dx2( )qg(xl) (36*’2;?) +q6<x2))
LYy = /0 22dm, /0 ( )(3‘12;1 )+q6(a:1)) (3%;;) +qg(x2)) . (S20)

Here the dimensionless integrand functions ¢r(x) and ¢;(x) are expressed via the radial

PN
o=
Il

vw||/\ \/'\3|I/\

functions Ry and R, defined in Eq. (S5) as qi(7) = v2n2jo(mz)a®?Ry(x) and ¢ (x) =
dqr,(x)/dz. The other dimensionless function, associated with the dielectric corrections, can

be written as the dimensionless integral,

(()1)(6) = /0 ridz qo(x) = V2or? a3/2/0 v2dz jo(mz)Ro(z) . (S21)

The expressions Eq.(S20) and Eq.(S21) only involve contributions from the [ = 1 terms
within Eq. (S13).

We have verified that the expressions above, derived using the method of Ajiki and
Cho,'? reduce to the corresponding expressions derived by Gouplav and Ivchenko using k-

space integration. !’



Results for the 17,15, excited state manifold

Applying the expressions above to determine the long-range exchange corrections within the
1P5/51S, exciton manifold we find that all of the exchange corrections are associated with
the [ = 2 multipole in Eq.(S13). Performing the integrations as described previously we

find the expression for the long-range exchange interaction within the 1P3/,1S, excited state

manifold:
R 5)
Hﬁ%QlSe = 771L1]D§/21se {511 + (o - F)} : (S22)
The exchange constant, 7# 15, in Eq. (S22),
LR . FMAJLT (aex)i’* 5 (/8) + €in — €out ‘QgQ)P(ﬂ) (823)
MPy18. = 7y a 1Ps/215¢ 2€in + 3€out 5 ’

is expressed via dimensionless integrals &;p, /2135(5) and ng (B). The function & p, 1215, (B)

can be written as,

I
iryys. = 5= (10 + 618 +9183) | (524)

where,

) (22 o
) ("5 = i ) (424 4 o))

) = / led:gl lxgdxg (E) (4q‘°;c(x1)+q§,(:v1)) (4@+qg(xg)). (S25)

1 2

Here the functions ¢ (z) are defined now via radial functions R; and Rz from Eq. S7. The

other radial integral, associated with the dielectric corrections, can be written,

Q?)(ﬁ)/o w3dr q(x) = Vor? a3/2/0 3dx jo(mz)Ry(z) . (526)



The effect of the long range exchange interaction and
crystal field splitting on the oscillator transition strength.

The relative oscillator transition strength of the upper versus lower optically allowed tran-
sitions depends on the splitting between the heavy- and light-holes, A, defined in Eq. [2] of
the main text, and the magnitude of the exchange constant, nis, 15, = Ufﬁ 218 T nf£ 1318,
As described in the main text, the relative transition strengths of the optically allowed tran-
sitions £1Y, £1% and 0V can be calculated using Eq. 28 from Ref.[9] by replacing nfSR?)/Ql s,
by the total value s, ,15, = nlLSR3/2158 + 771%?;/2155-

The experimental size dependence of the relative oscillator transition strength of the sum
of the 1Y and 0Y exciton lines and the energetically lower £17 exciton line, reported in
Ref.[18], are shown in Fig.S1. In the same panel we show the result of calculations with and
without including the long range exchange interaction. The dashed lines in the figure were
calculated using a fixed internal crystal field, where the splitting A;,,; of the 153/, hole level
is proportional the bulk crystal field splitting Ac.: Ay = Agvrs, /2(6). The dimensionless
function vy, ,(B) is defined and plotted versus mass ratio 8 in Ref.[9]. Using the light- to
heavy-hole mass ratio of CdSe (8 = 0.275),% it has the value vg,,(0.275) = 0.915. The
solid curves, labelled A., in the figure, include, in addition to the fixed internal crystal field
term A;y;, the shape anisotropy term Ay, for ellipsoidal NCs.!'® These were calculated using
the experimentally determined size variation of the nanocrystal ellipticity for the samples
measured in Refs.[9,18]. For reference, in Fig.S2, we plot A, the splitting connected with
the hexagonal internal crystal field, A, reflecting the contribution of the experimental
NC shape, and the total splitting, A., = A + Ag,. The experimentally determined
size variation of the NC ellipticity, u, is plotted on the right-hand vertical axis of Fig.S2.
The ellipticity versus radius was calculated using a polynomial fitting expression to the
experimental measurements of the size and shape, provided in note 30 of Ref.[9].

One can see in Fig.S1 that the model which includes long-range exchange as well as



the experimental shape distribution clearly represents a much better quantitative match to
the measured oscillator strength data than the original model of Ref.[9], where long-range
exchange was neglected. Moreover, the calculations which neglect the shape anisotropy
term Ay, completely fail to describe the experimentally measured oscillator strength with
either exchange model. This is because the fabricated NCs were significantly prolate, with
measured ellipticity, u, (defined in Ref.[19]) increasing from +0.03 at radius 1.2nm to +0.32
at radius Snm. This creates a significant effect by reducing the total A, with a maximum
reduction, Ay, = —11.8meV occurring at a radius 2nm (see Fig. S2). Because the oscillator
strength of the lower transitions decreases as A decreases for a given exchange constant, this
effect must be accounted for in quantitative modelling of the optical transition strength of

non-spherical NCs.
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Figure S1: The relative oscillator transition strengths calculated with and without the long
range exchange interaction are compared with the experimental results of Ref.[18] for various
models of the light-heavy hole splitting A described by Eq.[2] of the main text. Curves
labelled A, = 25 meV were calculated for spherical shaped NCs with fixed bulk crystal field
splitting parameter A.. = 25meV. The curves labelled A., include, in addition to the bulk
crystal field splitting, the splitting connected with the NC shape anisotropy Ag.'? The total
experimental splitting A., = A + Ay used in calculating these curves takes into account
the experimentally determined size variation of the NC ellipticity (see note 30 in Ref.[9]),
which is plotted in Fig. S2, along with the calculated values of A;,; and Agy,.
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Figure S2: Splitting parameters calculated using the experimentally determined size variation
of the ellipticity, p, of the CdSe nanocrystal samples measured in Refs.[9,18]. The total
splitting, A.. = A + Agp, is plotted against the left-hand vertical axis. This parameter
takes into account the contribution, A;,;, of the hexagonal internal crystal field, and Ay,
reflecting the contribution of the experimental NC shape; these parameters are also plotted
against the left-hand vertical axis for reference. The experimentally determined size variation
of the NC ellipticity, u, is plotted on the right-hand vertical axis. The ellipticity versus radius
was calculated using a polynomial fitting expression to the experimental measurements of
the size and shape, provided in note 30 of Ref.[9].
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