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We extend the perturbative classical double copy to the analysis of bound systems. We first obtain the
leading order perturbative gluon radiation field sourced by a system of interacting color charges in arbitrary
time dependent orbits, and test its validity by taking relativistic bremsstrahlung and nonrelativistic bound
state limits. By generalizing the color to kinematic replacement rules recently used in the context of
classical bremsstrahlung, we map the gluon emission amplitude to the radiation fields of dilaton gravity
sourced by interacting particles in generic (self-consistent) orbits. As an application, we reproduce the
leading post-Newtonian radiation fields and energy flux for point masses in nonrelativistic orbits from the

double copy of gauge theory.
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I. INTRODUCTION

The possibility that perturbative gravity is somehow the
square of gauge theory was first concretely realized in the
context of string theory, by the results of Kawai, Lewellen
and Tye [1] (KLT), which formulated certain factorization
identities relating S-matrix elements in closed and open
string sectors. In the limit of infinite string tension, these
KLT relations connect tree-level gluon scattering ampli-
tudes to corresponding ones involving graviton external
states. More recently, Bern, Carrasco and Johansson (BCJ)
identified a more general perturbative “duality” between
scattering amplitudes of Yang-Mills and gravity theories
[2-4], which includes as a special case the earlier results of
[1]. Roughly speaking, BCJ duality states that once a Yang-
Mills scattering amplitude is written in a certain canonical
form, the corresponding gravity amplitude can be obtained
by performing a simple set of color to kinematic replace-
ments. Although in field theory this correspondence has
only been established at tree level [3], there is evidence of
its validity at loop order [4]. See [5] for a recent review and
a comprehensive list of references.

If, as implied by BCJ duality, gravitons can be inter-
preted as a “double copy” of gluons, it becomes natural to
ask if other observables exhibit analogous structure. Of
particular interest is the question of whether the computa-
tional challenge of attempting to solve Einstein’s equations,
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even perturbatively, can be sidestepped by applying a
classical version of the double copy to analogous but
relatively simpler solutions in Yang-Mills theory.
Investigation into this classical double copy was initiated
in Ref. [6] and further pursued in [7-9] in the context of
Kerr-Schild solutions of pure general relativity. Recently,
we [10] showed that the classical double copy can be
applied to the analysis of classical radiation fields and time-
dependent sources. Specifically, we found that the leading
order." classical bremsstrahlung radiation fields in Yang-
Mills theory and dilaton gravity theory are related by a set
of color to kinematic replacement rules, similar to those
used in the context of scattering amplitudes. This implies
that, in the context of bremsstrahlung, all physical quan-
tities of interest measured at asymptotic infinity predicted
by gravity-dilaton theory can be derived from the computa-
tionally simpler vertices of gauge theory.

In the classical bremsstrahlung configurations considered
in [10], the sources on the gauge theory side correspond to
point color charges that start out widely separated and,
therefore, noninteracting in the far past. This setup is
sufficiently similar to the case of a five-point tree-level
scattering amplitude in the context of BCJ duality [12] that
it is perhaps not unexpected that a consistent gravitational
double copy holds in the classical limit as well. See
[13] for recent discussion. In this paper, we extend
the results of [10] to the case of particles in general

'"The perturbative double copy for classical static sources
beyond leading order in perturbation theory was considered
more recently, in [11].
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time-dependent orbits. Our interest is primarily in the case of
nonrelativistic bound orbits, with the eventual goal of
making contact with post-Newtonian compact binary
inspirals [14]. From a more formal perspective, such orbital
configurations correspond to highly excited bound state
poles in S-matrix elements, so that a simple tree-level
interpretation of the radiation field and its double copy
would be inadequate. As such, these bound systems provide
a new test of the classical double copy beyond fixed order
perturbation theory in powers of the gauge coupling.

In Sec. II, we consider configurations of classical color
charges in general time-dependent orbits, and solve the
Yang-Mills equations to second order in a perturbative
expansion. The radiation field obtained in this way is then
mapped onto an effective energy-momentum tensor 7# in
dilaton gravity via a set of time-dependent color to kin-
ematics transformation rules that we define in Sec. III,
generalizing those used in [10]. These transformation rules
also map the equations of motion of the color charges to
those of the corresponding point sources in the gravity
theory. The resulting double copy radiation fields are
consistent with the relativistic bremsstrahlung solutions
found earlier but apply as well to more general orbital
configurations. As a special case, we work out in detail the
case of nonrelativistic configurations, finding agreement
between the double copy prediction and earlier results in the
literature [15,16] on tests of scalar-tensor theories of gravity.
Throughout, we work in d = 4 spacetime dimensions, but
our results generalize trivially to any d.

II. CLASSICAL YANG-MILLS RADIATION
FIELD FOR GENERIC ORBITS

Ref. [10] computed the long distance radiation field from
a system of interacting color charges in classical Yang-
Mills theory, for the case of orbits that are unbound, with
the particles coming in from spatial infinity. Our goal in this
section is to show that the same methods can be applied to a
much broader class of time-dependent orbits, including the
case of bound systems in quasiperiodic trajectories. We
begin by reviewing the setup of [10].

By a color charge, we mean a point particle moving
along a spacetime trajectory x*(z) that carries a degree of
freedom ¢“(7) transforming locally [at x*(7)] in the adjoint
representation. A concrete model for an ensemble of such
particles is the worldline Lagrangian

_ —Zm /dr +Z/d bwkiDwa(z,). (1)

where the quantity w(z) is a degree of freedom that
transforms linearly in some representation of the gauge
group2 In terms of this variable, the color charge is then

2 . .
Our conventions are D, = 0, — igA;T*.

c“(7) = w'T%. For a fixed background gauge field, the
equations of motion are expressible in terms of these
adjoint color charges

dph

T = —ges(r)G, (x,) v (o). (2)
dcg, _ abe , f b c

I —gf va(T)Aﬂ(xa)ca(T)7 (3)

where the field strength is —igGf, = [D,.D,]". In fact,
these equations of motion are independent of the specific
model Lagrangian, in that, for dynamical gauge fields, they
follow entirely from the Yang-Mills equation

0

= —gJu(x) = _Msppv (4)

D,G"(x)
together with covariant conservation of the source
current, D”J’,ﬁ =0, and conservation of stress energy,
0,(Thhy + %) = 0.

Our interest here is in configurations of color charges
that remain sufficiently far apart that the dynamics is
perturbative over macroscopic time scales. We consider
particles separated by a typical distance scale r, and
carrying energy E = m. The classical limit then corre-
sponds to orbital angular momentum L ~ Er > 1 (we use

units with ¢ = A = 1). In terms of a, = ﬁ—; < 1 there are
two types of perturbative corrections in the regime L > 1.
Specifically, we are performing a double expansion in
a,c2/L < 1, which controls the size of corrections to the
orbital and color time evolution, as well as a parameter
a,c, < 1 that counts insertions of the classical gauge self-
interactions. This latter quantity can only dominate the
parameter o, << 1 that counts quantum loop effects if the
color charges ¢, are parametrically large in units of 7. In
fact, it was found in [10] that a consistent double copy of
radiating solutions requires the charges to be in a regime in
which they scale as ¢ ~ L > 1. In this case both expan-
sions coincide, and

eym = ;¢ < 1 (5)

is the small quantity that determines the size of perturbative
corrections for generic kinematical configurations.
(Another scale in this problem is the typical frequency w
of emitted radiation. We specialize to the case wr < 1 later
on, but for now we keep it generic.)

To set up the perturbative expansion, it is convenient to
work in Feynman gauge, d,As = 0, in which the gluon
equations of motion can be recast in the form

DAY (x) = =g (x), (6)
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where we have defined an “effective source current” J% (x)
which is conserved, 8ﬂji’, =0, and sourced by both the
particles and the gauge field itself,

Ja(x) = Ja(x) + fAD(x)(0“A% (x) = G (x)).  (7)

This current contains all the physical information that is
accessible to observers at asymptotic infinity. For example,
the radiation field at retarded time ¢ is given by

d
limAt(x) = -2 [ 42

_ g —iwtjl; , 8
r—c0 drr 27re (9) (8)

where on the rhs, Ji(q) = [d*xe*J5(x) is evaluated at
the on-shell four-momentum ¢* = w(1, i), where 71 = % is
the unit vector that points from the source to the detector.
This quantity also encodes the asymptotic distribution of
energy momentum and color radiated out to infinity, which
can be expressed in terms of weighted integrals of the
square of the polarized “amplitude”

A(q) = ge, J*(q). 9)

with ¢> = 0 and ¢ - ¢(q) = 0 both on shell.

The perturbative calculation of J%(x) can be expressed in
terms of diagrams constructed from standard Yang-Mills
bulk vertices and propagators, as well as insertions of the
point particle currents. Up to order O(g?) beyond leading
order, the relevant diagrams are shown in Fig. 1. We now
compute these diagrams for arbitrary time-dependent tra-
jectories (xf, c%)(t), generalizing the results in [10]. The
contribution from Fig. 1(a) to the emission amplitude is
simply given by

J*(q)|worldine = Z / dx* (1) ,c4(7)eid%a(®)
a
; i
= Z / dre'?*a
a q- Vq

X [cg{i/o‘,—q.vav’é}—l—v’&ég], (10)
q - Vg

where we have introduced the shorthand notation
Xg = X (1,), Vo= Xa(t,), ¢4 = cl(r,) (we parametrize
the worldlines by proper time 7). Note that to obtain the
second equality we have performed integration by parts to
put it in a form that will be convenient below. The
contribution from the cubic vertex, Fig. 1(b) is

@ «

ta
Hqﬂ/\ﬂuva R pa

P [

15}
(@) (®)

FIG. 1. Leading order Feynman diagrams for the perturbative
expansion of J% (k).

jay (q) |cubic = ngZ / dTadT/idﬂa/i(q)fabCCZC;
ap

|30 o) =P + @) -0
(1)

where we have neglected terms which, after integration by
parts, involve time derivatives on the worldline degrees of
freedom and therefore subleading in powers of the gauge
coupling [see Egs. (14), (15) below]. The momentum
integral measure is defined as

d4f eifa~xa d4fﬁ eif/"xﬁ
dﬂaﬁ(‘l)—[ . z}{ Z 2] m)*
(2n)* ¢ [ 12n)* ¢
Xﬁ(l’ﬂ(1+f/1_Q)’ (12)

with poles at #3=0 and ;=0 corresponding to the propa-
gators in Fig 1(b). It is understood that propagators obey
retarded boundary conditions, 1/k2=1/[(k’+ie)2—k ]
and 1/q-v=1/(q- v+ ie), as is appropriate for classical
observables.

These expressions can only yield consistent solutions
that obey the Ward identity g,J%(q) =0 if the color
charges satisfy the classical equations of motion. To leading
order in perturbation theory, the time-dependent variables
(x4, c4) source a classical gauge field given by

d4f e—if-x
Aall(x) = Q/W7]aﬂ(f)

d4f e—iﬁ(x—xl,) .
_ gza: / e s ). (13)

Plugging Eq. (13) into Egs. (2) and (3) yields the equations
of motion of the color charges at leading order,

. ) d4f e—if-x{,/j
myVy = ZQZZ / dT/iWT (ca : C/;)
B

X [(vg - vp) 2" = (£ - va) v, (14)
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d4f e —ilXgp
=Y [ s s ). (15)

where x,; = x, — xp. Inserting (14) and (15) into Eq. (10)
and adding the result to Eq. (11) then gives the total current
at O(ay):

74q) =Y, [ drudepdos(a)
ap

Ca
|:lfubcc(lc/}“4ad/ ( (P C/;) m_A{::| ’ (16)
where the amplitudes A7, | are given by
JZ 1 g H
+(q - vp)va = (g~ va) vy, (17)

and

£ q-t
w_ __Ya . o pou
A= g Vg [(U“ Uﬁ)(’/ﬂ/’ q-vava)
(g vt (g vﬂw} (1)

It is manifest from the form of this equation that
q,J4(q) = 0. Note v4(r) and c4(r) satisfy the equations
of motion but are otherwise arbitrary.

A. Consistency checks

The result obtained in Eq. (16) holds for general orbits
that obey the leading order equations of motion (14), (15).
It contains as a special case the result of Ref. [10], which
considered classical scattering solutions, with orbits that
asymptote to

Xo(7 = —00) = bly + Vi,

c*(t - —0) = ¢4, (19)

with constant b, vf, and c¢ in the far past. Indeed, simply
inserting constant orbital and color parameters into Eq. (16)
exactly matches the solution found in [10].

We now verify that the general formula Eq. (16) also
reproduces the correct nonrelativistic limit. Consider a
system of particles in nonrelativistic orbits (bound or
unbound). In this limit, the virial theorem implies that
the typical velocity » and orbital radius r are related by

2
mv? ~ 2554 (20)

r

and thus for the scaling ¢ ~ L = muvr relevant to the
double copy (see below), the expansion parameter is v ~
a,c, < 1 in agreement with the discussion in the section
above. In this limit the typical frequency of the orbits,
Wy, ~ v/ 1, is the same as the that of the color factors,
since i— ~ W~ AgCoy| T~ Doy

Working to leading order in > < 1, we can choose a
Lorentz frame in which the particle trajectories take the
form

1. 7,) + O(v?), (21)

where to the order we work to, 7, = dx,/dx’ is the
ordinary three-velocity, with |7,| < 1. For such orbital
configurations, the frequency of emitted radiation is para-
metrically of the same order as the orbital frequency, and
the components of the outgoing gluon momentum obeys
the scaling rule ¢* ~ (v/r,v/r). On the other hand, the
momentum (potential) exchange between the particles is
typically off shell with components that scale as
" ~ (v/r,1/r). In this case, we may expand our general

result in powers of g - X, ~ O(v) (the multipole expansion)
or powers of #°/ |LZ | ~ O(v) (retardation effects), but must

treat £ - X, ~O(1) nonperturbatively. In this limit, the
equations of motion (14) and (15) reduce to

d3f lfxa/;( ) .
£ 7

mava :_1922(611 Cp / ) 7

(c
= , 22
B o e 2
and
b d3f ezfxaﬂ( )
=31y [ G
fabc cacﬂ
, 23
TR, =)
respectively.

Given the scaling of radiation and potential momenta, it
is easy to see that in the nonrelativistic limit with ¢% ~ L,
the contribution from A% in Eq. (16) is comparable to that
of A” Our solution for J%(g) at O(a,) is manifestly
gauge 1nvar1ant, but it is convenient to calculate the
radiation field in a gauge where the gluon polarization is
purely spatial, in which case the relevant part Eq. (16)
simplifies to
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d3bﬂ ezt’xa,; ;2
) iot
=g ag /dte / = [m—i—ie
E (caiiy, + covl, ——E f“b‘aﬂ/(z

) 1
i faem] L
w + 1€

at leading order in the NR limit. The last term can be
written as

. Qg iwt abc )_C)a
zg/dte Zf cﬁ

|Xq, ﬂ|

/ dte"‘”anxa,

(25)

so that after integration by parts on the first term, the
leading order nonrelativistic current becomes

- / dteiwa(cg}?a + ¢4%,)"
a

- / dtei pi (1), (26)

where p,(t) =>_,c%x, is the net color electric dipole
moment of the system of charges. The emission amplitude
A“(q) = iwe;Ji,(q) is precisely what we would have
obtained from a composite nonrelativistic object that carries
a time-dependent dipole p,(7) along its orbit and couples to
the color electric field through a point-particle interaction
that takes the form

-

S = / A5, (1) - E(1.0), 27)

in the composite object’s rest frame. We therefore recover
the expected answer to leading order in the velocity
expansion [17].

III. DOUBLE COPY

We now generalize the classical double copy rules
discussed in [10] to the case of general time-dependent
orbits, building on the result in Eq. (16). By applying the
formal substitution rules

The replacement rules listed in (28) are slightly different than
those used in [10]. In particular, the structure constant and color
charge mappings are different by factors of i. Despite this,
applying (28) to the gluon emission amplitude due to brems-
strahlung will give the same result as given in [10] up to an
irrelevant phase.

c? )
(—i(ca )m—aﬂ f“bccacﬁva> f“bccgczf’]

()
zfx,,/, — (24)
o7 or'
[
CZ(T) - imava(T)7
1
fabccgcz - EmamﬁK a Uﬂ)<fﬂ - fa)u + Vg - (”ﬂa + CI)W;

— Vg (l’ﬂ/} + q)vl[/)’]’
u

Mo V(t) = myuvh(7), (28)
and g — 1/2mp,, to the current J%(g), we obtain an object
Ta(q) = iT"(q)* with

mamﬂ/dfadrﬂdﬂaﬁ(q)

vp) (€ — o)
(v @)t = (v - q)vz) &,

- (s ot (29)

which is symmetric and for on-shell momenta ¢> =0
satisfies g, T/““(q) = 0. The on-shell tensor 7#*(gq) defines
a self-consistent® perturbative solution in a theory of point
sources coupled to gravity.

This solution corresponds to a system of weakly gravi-
tating sources, which is true for generic kinematics when-
ever the expansion parameter ¢, ~ GyE/r < 1 (we define
Gy = 1/32zm3)). Specifically, T#(q) sources a helicity-2
radiation field given by

“In our expression for 7(g) we have dropped terms sub-
leading in ¢, that involve the accelerations 4,, and have added an
“improvement term,” proportional to ¢g#, which does not affect
physical quantities to write

(a0 (3060 =222 z)

q - Vg

A f(l
A’;
q va

(e @it (- v,»vz} .

Note that the Ward identity is satisfied as a result of
cancellations between the terms involving the amplitudes A% .
and AY. This requires that the terms in Eq. (16) involving
different powers of the color charges c¢“ are of comparable
magnitude, which for generic kinematics implies that the charges
must scale as the orbital angular momentum L >> £ of the system,
as was assumed in Sec. II A.
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hy(t,n) . 7 +

_ 4GN/d_a’e—iwt€*ﬂv(q) Iu(q),  (30)

as well as a radiation scalar

o\ — @ d_(U —iwtTu
pei) = [ L. G
Given the analytic structure of the integrand in 7#*(gq), this
theory of gravity must be local. In particular, the residue of
the double pole in the integrand at 75 = £} = 0 is analytic
in kinematic variables, so encodes the local cubic inter-
actions among the fields in the gravitational sector.

Indeed, for the case of inelastic scattering with constant
velocities v, (to leading order in €,), Eq. (29) precisely
matches the results of [10], which identified the double
copy amplitude 7#*(q) with relativistic bremsstrahlung
scattering solutions of a particular dilaton gravity theory,
whose action in d = 4 is given by

S, = —me,l / d*x\/=g[R — 29" 0,40,¢]

- m, / dre?. (32)

More generally, we now see that Eq. (29) yields solutions of
this theory with particles in general orbital configurations.

A. Application to post-Newtonian systems

As a test of the general result Eq. (29), we consider
particles in nonrelativistic orbits, with velocities
vh = (1,7,) + O(v?). The integrals in Eq. (29) are then
dominated by momentum regions of potential exchange
¢ ~ (v/r,1/r) and radiation g ~ (v/r,v/r) (the systemat-
ics and general power counting for this expansion are
discussed in [18]). The orbital equation in gravity is
obtained by applying the mapping defined in Eq. (28) to
either the nonrelativistic color or orbital equations in gauge
theory, Egs. (22), (23). To lowest order in velocity this is

d3f oif%ap
e 4mglz I

mamﬁxa/)’
2GNZ B (33)

implying the conservation of energy E = %Zamaﬁﬁ -
ZaﬁGNmam/)’/|}aﬂ| - Z ma(% 7_;(% + }a ' )_C)a) Note that by
defining Gy as in pure Einstein gravity, Eq. (33) differs by a
factor of two from Newton’s law, reflecting the additional
contribution of dilaton exchange to the potential.

We find it convenient to work in a gauge with purely
spatial graviton polarizations, in which case the relevant
terms at leading order in 7#*(q) at order v ~ ¢, are

T(q) =

mey ﬁ/dt la)t/ d3l/ﬂ e’fx"/’
e 3 - =4
4mP] 2

[f’ﬂ -

dt iot i
/ ¢ Zma{w—i—ledt Vi)

a

Gmy (5 Xapap
2T, (‘”‘w )]
B ap af

Using the identity

Z Gymgmg J
| |3 a/)’ a/}
af ”

(vt + v{,f’
o + ie

(34)

DR ST
p

‘ X, af

S i o ). (39
we can write 7%/(g), after integration by parts
Ti(q) = /dtei“”Zm [ld—zxixé—éif)? X, (36)
s aly g2 7@ a " ta

This yields a canonically normalized graviton and scalar
emission amplitude

iw?
iAy(q) = dte''ej;(q) QY (1), (37)

4m Pl

i , 5 1
=—— [dte’"y m,| 2=, Xyt = (X 2),
s | ;a S Fat 5 )

(38)

with quadrupole moment QY = 3" m,(xixh — 16U72).
Equivalently, the radiation fields at null infinity (r — o
and retarded time ¢) are to leading post-Newtonian order,

2GN

hij(t7 ﬁ) [Qu( )] ’ (39)

. 142
0.7 =D, (b g ). )
where 7T denotes the transverse traceless part, using the
projector &;; — n;n; (recall 7 = X/|X|).
This is the radiation pattern that is sourced by a
composite particle at rest at the origin, whose stress tensor
is of the form
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Fij(s 7 ldzi' ije . ¥ | S3(%
T(1,X) = za:ma {Eﬁx“% — 68X, - xa} 5(X). (41)

At the linear level, the interactions of this composite
particle with gravity are given by a worldline Lagrangian
of the form [19]

-] -
S = [ dr0y(09(0.0)+ 5 [ 10, (0(E, - 0:0,9)(0.0).

(42)

where the “gravito-electric” field is related to the Weyl
tensor, E;; = Wy;;, and the scalar monopole charge Q,(t)
is proportional to the nonrelativistic Lagrangian of the point
particles,

4 2 - 4 GNmam/j
t) ==L =— E 2 = E EEre—
Q(/)( ) 3 3 ~ m(lv(l + 3 aﬁ |xaﬁ|

2 . s
= §Zma(17§ — 2%, Xy). (43)

The scalar dipole moment is proportional to P= > Mo as
which is constant at this order in the velocity expansion so
does not contribute to radiation. Note that, on shell, the
linearized quadrupole interaction can also be expressed in
terms of the Riemann tensor associated with g, = e’ 9w
simply as 5 [ dtQ;;(1)Rop;.

It follows from Eq. (42) that the total (time averaged)
graviton energy flux is given by the standard quadrupole

radiated power is given by
. 1 ..
Py=4G (@) +355)) @

Refs. [15,16] computed the radiation fields and energy
fluxes in generalized scalar-tensor theories of gravity,
which include as a special case the dilaton theory defined
in Eq. (32). We have verified both by direct calculation and
by comparison with [15,16] that Egs. (39), (40) are in
agreement with the radiation fields of dilaton gravity (see
for instance Eqgs. (2.18), (2.19) of Ref. [15]), providing
a consistency check of the generalized double copy
formula Eq. (29).

IV. CONCLUSION

We have extended the classical double copy to the
analysis of gravitational radiation sourced by point sources
in generic orbits. In order to do this, we introduced a natural
generalization of the color to kinematics replacements rules
used in [10], which maps the gluon field of a generic
configuration of interacting color sources into a radiating
solution in dilaton gravity coupled to point particles.

For nonrelativistic bound orbits, the double copy takes a
particularly simple form. The color dipole moment p,, of the
gauge theory bound state maps onto a gravitational quadru-
pole moment Q;;, which couples to the string frame
Riemann tensor component R‘Ol‘()j’ and to a scalar charge
proportional to the gravitational Lagrangian of the particles,
which measures the nonconservation of the dilatation
current. To make contact with sources in pure gravity, such
as the inspiral events recently reported in [14], a systematic
way to remove the contributions due to dilaton interactions
needs to be developed. For progress in this direction see [13].
It also remains to be seen if the classical double copy of
radiation via the rules in Eq. (28) continues to hold beyond
the leading order in perturbation theory. Given the relative
simplicity of the nonrelativistic limit, the analysis of such
higher order corrections to the double copy might be more
transparent directly in terms of an effective Lagrangian with
manifest velocity power counting [18], and with Feynman
rules that are optimized [20,21] for post-Newtonian systems.
Finally, the effects of intrinsic spin in the gravitational
dynamics [22], which are important for astrophysical
sources, must be accounted for within the double copy.
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