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Abstract

We introduce the sparse operator compression to compress a self-adjoint higher-order
elliptic operator with rough coefficients and various boundary conditions. The operator
compression is achieved by using localized basis functions, which are energy
minimizing functions on local patches. On a regular mesh with mesh size h, the
localized basis functions have supports of diameter O(h log(1/h)) and give optimal
compression rate of the solution operator. We show that by using localized basis
functions with supports of diameter O(h log(1/h)), our method achieves the optimal
compression rate of the solution operator. From the perspective of the generalized
finite element method to solve elliptic equations, the localized basis functions have the
optimal convergence rate O(h) for a (2k)th-order elliptic problem in the energy norm.
From the perspective of the sparse PCA, our results show that a large set of Matérn
covariance functions can be approximated by a rank-n operator with a localized basis
and with the optimal accuracy.

1 Background

1.1 Main objectives and the problem setting

The main purpose of this paper is to develop a general strategy to compress a class of
self-adjoint higher-order elliptic operators by localized basis functions that give optimal
approximation property of the solution operator. To be more specific, suppose L is a
self-adjoint elliptic operator in the divergence form

Lu= Y (=1)'D(as, x)D"w) (1.1)
0<lo,ly|=<k

where the coefficients a,, € L°(D), D is a bounded domain in R, o = (o1,...,04) is
a d-dimensional multiindex. We ask the question: given an integer n, what is the best
rank-n compression of the operator £ with localized basis functions? This question arises
in many different contexts.

Consider the elliptic equation with the homogeneous Dirichlet boundary conditions

Lu=f ueHSD), (1.2)
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where the load f € L?(D). For a self-adjoint, positive definite operator £, Eq. (1.2) has a
unique weak solution, denoted as £~1f. We define the operator compression error of the
basis ¥ as follows:

Eoe(W; LY :=  min L7 =KWy (1.3)
Ky,eR"™x", K, >0

which is the optimal approximation error of £~! among all positive semidefinite operators
with range space spanned by ¥. Using Eoc(¥; (£ +Ag) 1) for some Ag > 0 to quantify the
compression error is useful for operators that are not invertible, such as — A with periodic
boundary conditions.

Without imposing the sparsity constraints on the basis ¥, the compression error
Eoc(¥; £71) achieves its minimum A, 1(£7!) if we use the first # eigenfunctions of £~
to form ¥ (A, is the nth eigenvalue arranged in a descending order). However, the eigen-
functions are expensive to compute and do not have localized support [20,40,49]. In many
cases, localized/sparse basis functions are preferred. For example, in the multiscale finite
element method [12], localized basis functions lead to sparse linear systems and thus
result in more efficient algorithms, see, e.g., [1,2,5,10,11,22,23,28,36,39,44]. In quantum
chemistry, localized basis functions like the Wannier functions have better interpretabil-
ity of the local interactions between particles (see, e.g., [26,29,30,40,47]), and also lead
to more efficient algorithms [15]. In statistics, the sparse principal component analysis
(SPCA) looks for sparse vectors to span the eigenspace of the covariance matrix, which
leads to better interpretability compared with the PCA, see, e.g., [8,25,45,46,49].

1.2 Summary of our main results

In this paper, we study operator compression for higher-order elliptic operators. We
assume that the self-adjoint elliptic operator L is coercive, bounded and strongly elliptic
(to be made precise in Sect. 6.2). Under these assumptions, we construct # basis functions
gloc — [w{"c, oo }q"c] that achieve nearly optimal performance on both ends in the

accuracy-—sparsity trade-off (1.10).

1. They are optimally localized up to a logarithmic factor, i.e.,

1
ooy < C11080D) oy i, (14)
n

‘supp(xb

Here, |supp(¢}°c)| denotes the area/volume of the support of the localized function
I/fil“ in R%, and the constant C; is independent of 7.

2. If we use a generalized finite element method [1,10,22,44] to solve the elliptic equa-
tions, we achieve the optimal convergence rate in the energy norm, i.e.,

LY = WL W) flly < Cov/An(L DIl Yf € LA(D), (1.5)
where L, is the stiffness matrix under the basis ¥!°¢, || - || is the associated energy

norm, and C, is independent of #.
3. For the sparse operator compression problem, we achieve the optimal approximation
error up to a constant, i.e.,
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Eoc(W!o5L£71) < C2an(L7Y), (1.6)

where Eqc (W10 £71) is the operator compression error defined in Eq. (1.3).

We will focus on the theoretical analysis of the approximation accuracy (1.5) and the

localization of the basis functions (1.4).

1.3 Our construction

To construct such localized basis functions ¥1°¢ = [IHOC, oo gﬂ},"c], we first partition the
physical domain D using a regular partition {z;}” ; with mesh size 4. We pick {‘Pi,q}gﬂ
to be a set of orthogonal basis functions of Pj_1(t;), which is the space of all d-variate
polynomials of degree at most k —1 on the patch r; C D,and Q = (k+j_l) is the dimension
of the space Px_;(z;). For r > 0, let S, be the union of the subdomains 7; that intersect
with B(x;, ) (for some x; € 1;) and let wilf;c be the minimizer of the following quadratic
problem:

I . 2
Wi,(,}c =argmin [¥ H
veH

s.t. fs I/f(p]‘)q/ = Siqrjq’ V1 S] S m, 1 S 6]/ S Q)

Y(x) =0, xeD\S, (1.7)

Here, the space H = {L7f : f € L?(D)} is the solution space of the operator £, and
|| - |l is the energy norm associated with £ and the prescribed boundary condition. It
is important to point out that the boundary condition of the elliptic problem is already
incorporated in the above optimization problem through the solution space H and the
definition of the energy norm || - ||. This variational formulation is very general and can
take into account lower-order terms very easily.

Collecting all the I/IL{(;IC forl <i<mand1l < q < Q together, we get our basis gloc e
will prove that for r = O(hlog(1/h)),

1. they achieve the optimal convergence rate to solve the elliptic equation, i.e.,

1L~ — wloep Loy I |1y < CHE|f |l Vf € L2(D), (1.8)

where the constant C, is independent of n.
2. they achieve the optimal approximation error to approximate the elliptic operator,

ie.,

Eoc(W°; £71) < C21%k, (1.9)

Wk e,

For n = mQ, we can show that the nth largest eigenvalue of £~ is of the order
An(L71) = O(h%*). Therefore, the optimality above is exactly the optimality described in

Egs. (1.5) and (1.6).

1.4 Comparison with other existing methods

Our approach for operator compression originates at the MsFEM and numerical homog-
enization, where localized multiscale basis functions are constructed to approximate the
solution space of some elliptic PDEs with multiscale coefficients; see [1,2,5,10,12,22,28,
35,36,39,44]. Specifically, our work is inspired by the work presented in [28,36], in which
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multiscale basis functions with support size O(hlog(1/k)) are constructed for second-
order elliptic equations with rough coefficients and homogeneous Dirichlet boundary
conditions. In this paper, we generalize the construction [36] and propose a general frame-
work to compress higher-order elliptic operators with optimal compression accuracy and
optimal localization.

We remark that although we use the framework presented in [36] as the direct tem-
plate for our method, to the best of our knowledge, the local orthogonal decomposition
(LOD) [28], in the context of multidimensional numerical homogenization, contains the
first rigorous proof of optimal exponential decay rates with a priori estimates (leading
to localization to subdomains of size /log(1//4), with basis functions derived from the
Clement interpolation operator). The idea of using the preimage of some continuous or
discontinuous finite element space under the partial differential operator to construct
localized basis functions in Galerkin-type methods was even used earlier, e.g., in [16],
although it did not provide a constructive local basis. In addition to establishing the expo-
nential decay of the basis (for general nonconforming measurements of the solution, we
will generalize the proof of this result to higher-order PDEs and measurements formed
by local polynomials), a major contribution of [36] was to introduce a multiresolution
operator decomposition for second-order elliptic PDEs with rough coefficients.

There are several new ingredients in our analysis that are essential for us to obtain our
results for higher-order elliptic operators with rough coefficients. First of all, we prove an
inverse energy estimate for functions in W, which is crucial in proving the exponential
decay. In particular, Lemma 4.1 is an essential step to obtaining the inverse energy estimate
for higher-order PDEs that is not found in [28] nor [36]. We remark that Lemma 3.12
in [36] provides such an estimate for second-order elliptic operators, by utilizing a relation
between the Laplacian operator A and the d-dimensional Brownian motion. It is not
straightforward to extend this probabilistic argument to higher-order cases. In contrast,
our inverse energy estimate is valid for any 2kth-order elliptic operators and is tighter than
the estimation in [36] for the second-order case. Secondly, we prove a projection-type
polynomial approximation property in HX(D). This polynomial approximation property
plays an essential role in both estimating the compression accuracy and in localizing the
basis functions. Thirdly, we propose the notion of the strong ellipticity to analyze the
higher-order elliptic operators and show that strong ellipticity is only slightly stronger
than the standard uniform ellipticity. Very recently, the authors of [37] introduce the
Gaussian cylinder measure and successfully generalize the probabilistic framework in [35,
36] to a much broader class of operators, including higher-order elliptic operators without
requiring the strong ellipticity.

As in [28,36], the error bound in our convergence analysis blows up for fixed oversam-
pling ratio r/k. To achieve the desired O(/X) accuracy in the energy norm, we require
r/h = O(log(1/h)). There has been some previous attempt to study the convergence of
MSFEM using oversampling techniques with r// being fixed, see, e.g., [18,41]. In particu-
lar, the authors of [18,41] showed that if the oversampling ratio r/# is fixed, the accuracy
of the numerical solution will depend on the regularity of the solution and cannot be
guaranteed for problems with rough coefficients. By imposing r/i = O(log(1/h)), the
authors of [18,41] proved that the MSFEM with constrained oversampling converges with
the desired accuracy O(h).
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There has been some previous work for second-order elliptic PDEs by using basis func-
tions of support size O(h), see, e.g., [2,21]. However, they need to use O(log(1/k)) basis
functions associated with each coarse finite element to recover the O(k) accuracy. The
computational complexity of this approach is comparable to the one that we present in
this paper. It is worth mentioning that the authors of [21] use a local oversampling oper-
ator to construct the optimal local boundary conditions for the nodal multiscale basis
and enrich the nodal multiscale basis with optimal edge multiscale basis. Moreover, the
method in [21] allows an explicit control of the approximation accuracy in the offline stage
by truncating the SVD of the oversampling operator. In [21], the authors demonstrated
numerically that this method is robust to high-contrast problems and the number of basis
functions per coarse element is typically small. We remark that the recently developed
generalized multiscale finite element method (GMSFEM) [5,10] has provided another
promising approach in constructing multiscale basis functions with support size O(%).

Another popular way to formulate the operator compression problem is to solve the
following /! penalized variational problem:

n n
. 2
min Zl il +A; I1¥ill1,
= =

st. (Y ¥j) =6;; Y1<ij<n

(1.10)

where || ;| i is the energy norm induced by the operator L. In problem (1.10), enforcing
il to be small leads to a small compression error, enforcing ||v;]1 to be small leads
to a sparse basis function, and A > 0 is a parameter to control the trade-off between the
accuracy and sparsity.

The sparse PCA (SPCA) is closely related to the above /!-based optimization problem.
Given a covariance function K (x, y), the SPCA solves a variational problem similar to
Eq. (1.10):

in  — ) (Y, Ky) +2 ) il
min ;w v ; Vil i

sit. (Y, 101) = 5,')]‘ V1<ij<mn

where (Y, Kvii) == [}, [, K(x y)¥i(x)¥i(y)dx dy. In the SPCA (1.11), we have the minus
sign in front the variational term because we are interested in the eigenspace correspond-
ing to the largest # eigenvalues. Although the /! approach performs well in practice, neither
Problem (1.10) nor the SPCA (1.11) is convex, and one needs to use some sophisticated
techniques to solve the non-convex optimization problem or its convex relaxation; see,
e.g., [8,26,40,45,49).

In comparison with the /!-based optimization method or the SPCA, our approach
has the advantage that this construction will guarantee that v;, decays exponentially
fast away from t;. This exponential decay justifies the local construction of the basis
functions in Eq. (1.7). Moroever, our construction (1.7) is a quadratic optimization with
linear constraints, which can be solved as efficiently as solving an elliptic problem on the
local domain S,. The computational complexity to obtain all # localized basis functions
{ W}OC}?:l is only of order N log?’d (N) if a multilevel construction is employed, where N is
the degree of freedom in the discretization of £; see [36]. In contrast, the orthogonality
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constraint in Eq. (1.10) is not convex, which introduces additional difficulties in solving
the problem. Finally, our construction of {W}OC};’I:l is completely decoupled, while all the
basis functions in Eq. (1.10) are coupled together. This decoupling leads to a simple parallel
execution and thus makes the computation of { W}OC}?zl even more efficient.

The rest of the paper is organized as follows. In Sect. 2, we introduce the abstract frame-
work of the sparse operator compression. In Sect. 3, we prove a projection-type polynomial
approximation property for the Sobolev spaces, which can be seen as a generalization of
the Poincare inequality for functions with higher regularity. This polynomial approxima-
tion property is critical in our analysis of the higher-order case. It plays a role similar to
that of the Poincare inequality in the analysis of the second-order elliptic operator. In
Sect. 4, we prove the inverse energy estimate by scaling. In Sect. 5, we use the second-
order elliptic PDE to illustrate the main idea of our analysis. In Sect. 6, we first introduce
the notion of strong ellipticity and then prove the exponential decay of the constructed
basis function for strongly elliptic operators. In Sect. 7, we localize the basis functions and
provide the convergence rate for the corresponding MsFEM and the compression rate for
the corresponding operator compression. Finally, we present several numerical results to
support the theoretical findings in Sect. 8. Some concluding remarks are made in Sect. 9
and a few technical proofs are deferred to the “Appendix.”

2 Operator compression

In this section, we provide an abstract and general framework to compress a bounded
self-adjoint positive semidefinite operator X : X — X, where X can be any separable
Hilbert space with inner product (-, -). In the case of operator compression of an elliptic
operator £, K plays the role of the solution operator £~! and X = L?(D). In the case
of the SPCA, I plays the role of the covariance operator. In Sect. 2.1, we introduce the
Cameron—Martin space, which plays the role of the solution space of L. In Sect. 2.2, we
provide our main theorem to estimate the compression error. We will use this abstract
framework to compress elliptic operators in the rest of the paper.

2.1 The Cameron-Martin space

Suppose {(A,, e4)}5c ; are the eigen pairs of the operator K with the eigenvalues {1,}7° ;
in a descending order. We have A, > 0 for all # since I is self-adjoint and positive
semidefinite. From the spectral theorem of a self-adjoint operator, we know that {e,)}°° ;
forms an orthonormal basis of X.

Lemma 2.1 Let K(X) be the range space of K. We have

1. K(X) is an inner product space with inner product defined by

Ko, Kpa)u = (Ko, 92) VYo, ¢ € X (2.1)

2. K(X) is continuously imbedded in X.
3. K(X) is dense in X if the null space of IC only contains the origin, i.e., null(C) = {0}.

Proof 1. Since Kis self-adjoint, we have (o1, Kgo)y = (KCwa, K1)y . Thelinearity and
nonnegativity are obvious. Finally, if (K¢, K¢)y = 0 for some ¢ € X, then (K¢, ¢) =
0. Suppose that ¢ = )", a,e, by expanding ¢ with eigenvectors of K. Then, we have
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Ko, 0) =5, )\naﬁ = 0. Therefore, o, = 0 for all A, > 0. Equivalently, we obtain
¢ € null(K), i.e., Lo = 0.
2. Since )»f, < ApAy for all n € N, we have K2 < 11 /K. Then, we obtain

VKo, Ko) < V(K ¢) = Vv (Ko, Ko, (2.2)

where we have used the definition of (-, )y in Eq. (2.1) in the last step.
3. If null(XC) = {0}, we have span{e,, » > 1} C K(X). Then, K(X) is dense in X. O

We define the Cameron—Martin space H as the completion of C(X) with respect to the
norm /(- -)y. Then, H is a separable Hilbert space and we have the following lemma.

Lemma 2.2 1. H can be continuously embedded into X.
2. H isdense in X if null(K) = {0}.
3. Forally € X and allf € H, we have

(b K)w = (). (23)

Proof 1. By the continuous imbedding from K(X) to X, we know that a Cauchy
sequence in [C(X) is also a Cauchy sequence in X. Therefore, we have H C X.
By Eq. (2.2) and the the continuity of norms, we have (¥, ) < A1(¢, )y for any
v e H.
2. Itis obvious from item 3 in Lemma 2.1.
3. If f € K(X), Eq. (2.3) is exactly the definition of (-, -)i in Eq. (2.1). By the continuity
of the inner product, Eq. (2.3) is true for any f € H. ]

2.2 Operator compression

Suppose H is an arbitrary separable Hilbert space and ¢ C H is n-dimensional subspace
in H with basis {¢;}? ;. In the rest of the paper, P((I,H) denotes the orthogonal projection
from a Hilbert space H to its subspace ®. With this notation, we present our theorem for

error estimates below.

Theorem 2.1 Suppose there is a n-dimensional subspace ® C X with basis {¢;}}_, such

that
lu = P ullx < kullullr  Vu € K(X) C H. (2.4)

Let V be the n-dimensional subspace in H (also in X) spanned by {K¢;}!_,. Then

1. Foranyu € K(X) and u = Kf, we have
lu = Pyl < Kallfl1x. (25)
2. Forany u € K(X) and u = Kf, we have

lu — PP ullx < K211 l1x. (2.6)

Page 7 of 49
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3. We have
H
1K —PEKI < k2 (2.7)
where || - || is the induced operator norm on B(X, X). Moreover, the rank-n operator

Pl(f)lC : X — X is self-adjoint.

In Theorem 2.1, by using a projection-type approximation property of ® in H, i.e.,
Eq. (2.4), we obtain the error estimates of the multiscale finite element method with
finite element basis {K¢;}" ; in the energy norm, i.e., Eq. (2.5). We will take ® as the
discontinuous piecewise polynomial space later, which is a poor finite element space for
elliptic equations with rough coefficients. However, after smoothing ¢ with the solu-
tion operator K, the smoothed basis functions {K¢;}?_; have the optimal convergence
rate. This data-dependent methodology to construct finite element spaces was pioneered
by the generalized finite element (GFEM) [1,44], the multiscale finite element method
(MsFEM) [12,22,24], and numerical homogenization [28,36].

Our error analysis is different from the traditional finite element error analysis in two
aspects. First of all, the traditional error analysis relies on an interpolation type approxi-
mation property where higher regularity is required. For example, the error analysis for
the FEM with standard linear nodal basis functions for the Poisson equation requires the
following interpolation type approximation:

lu — Tyul1op < Chlulyop Vu € HX(D), (2.8)

where 7y u is the piecewise linear interpolation of the solution u. In Eq. (2.8), one assumes
u € H*(D), but this is not the case for elliptic operators with rough coefficients. Secondly,
in our projection-type approximation property (2.4) the error is measured by the “weaker”
| - lx norm, while in the traditional interpolation type approximation property the error
is measured by the “stronger” || - || norm. In this sense, our error estimate relies on
weaker assumptions. As far as we know, this kind of error estimate was first introduced
in Proposition 3.6 in [36].

Proof of Theorem 2.1 1. Foranarbitraryv € W, due to the definition of ¥, we can write
v=K(Q L, ci¢i), and thus we getu —v = K(f — >_7__; ci¢;). By Lemma 2.2, we have

n
lu—viiz; = (u —vf- Zcm)

i=1

= (u—v—Pg)(u—v),f—Zcm) + (Pg)(u—v),f—zczfpi).

i=1 i=1

By choosing ¢; such that > /" ; cip; = Pg( )(f ), the second term vanishes. Then, we
obtain

lu— vl = (u v = PP —v),f - Zcigo,)
i=1

< llu—v =P = lxllf =P Ox < kalle = viiglfllx

Therefore, we conclude ||u — v||y < ku||f |l x-
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2. We use the Aubin—Nistche duality argument to get the estimation in item 2. Let
v=K@u- P&fi)u). On one hand, we get

(u—Pff)u, V—P\(If{)V)H = (u—P\(f)u, V)H = (u—P&f{)u, u—Pg{)u)x = ||u—7?$1)u||§(.
On the other hand, we obtain
=Py v =P < =P ullirlv—PE Vil < kallf I Knlle— PG x.

We have used the result of item 1 in the last step. Combining these two estimates,
the result follows.

3. From the last item, we obtain that ||ICf — ’P\(If[)/CfIIX < K2||flx for any f € X.
Therefore, we conclude || — Pg{ )IC|| < k,zl. Now, we prove that PL(I,H)IC is self-

adjoint. For any w1, xo € X, by definition of H-norm we have
(1, PEOKxs) = (Koer, PEY Koo

Since 77\(:{ ) is self-adjoint in H, we have
(Kxr, Py Kxa = (PGP Krn, Ko = (PGP K, 2),

where we have used the definition of H-norm again in the last step. O
Although the basis functions {K¢;}? ; have good approximation accuracy, they are
typically not localized. Therefore, we construct another set of basis functions {;}?_;
for W via the following variational approach, which results in basis functions with good

localization properties. For any given i € {L,2, ..., n}, consider the following quadratic
optimization problem

Y =argmin |yl
veH

stt. (Y, (p]‘) = 5,‘,1‘, j=L2...,n (2.9)
Define ® € R"*”" by
0 = (Kgs, ¢)). (2.10)

It is easy to verify that {ICg;}?_; are linearly independent if and only if ® is invertible. We
will write ® ! as its inverse and @i’_jl as the (i, j)th entry of ® 1. It is not difficult to prove
the following properties of y;, which is defined as the unique minimizer of Eq. (2.9).

Theorem 2.2 Ifnull(K) N ® = {0} holds true, then we have

1. The optimization problem (2.9) admits a unique minimizer \;, which can be written
as

n
Wi = Z @;jl/cgoj. (2.11)
j=1
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2. Forw € R", Y1 wiy; is the minimizer of |y ||y subject to (¢j, ¥) = w; forj =
1,2, ..., n. Moreover, for any yr which satisfies (pj, ) = wj forj = 1,2, ..., n, we have

2
+
H

(2.12)

> wi

i=1

Iyl =

2
H

v = wii
1

i=

3. (Wi Y)n = 0y

With a good choice of the space ® and its basis {¢;}/_;, the energy-minimizing basis v;,
defined in Eq. (2.9), enjoys good localization properties. We will prove that the energy-
minimizing basis function ; decays exponentially fast away from its associated patch.
The localization property justifies the following local construction of the basis functions:

1 : 2
¥;°¢ = argmin |||
veH

st (W) =6 j=12...n (2.13)

Y(x) =0, xeD\S,

where S; C D is a neighborhood of the patch that v; is associated with. Compared with
Eq. (2.9), the localized basis I/fl«loc is obtained by solving exactly the same quadratic problem
but on a local domain S;.

To compress elliptic operators with order 2k, we take ® as the space of (discontinuous)
piecewise polynomials, with degree no more than k — 1. We take its basis as {fﬂi,q}ﬁg =1
where Q := (k+jfl) is the dimension of the d-variate polynomial space with degree no
more than kK — 1 and {¢i,q}§=1 is an orthonormal basis of the polynomial space on the
patch 7;. Two main theoretical results in this paper are as follows.

1. The basis function v; decays exponentially fast away from its associated patch; see
Theorems 6.3 and 6.4.

2. The localized basis function 1//}“ approximates v; accurately; see Theorem 7.1.
Meanwhile, the compression rate Eo.(¥1°% £71) is the same as Eoc(¥; £L71); see
Theorem 7.2 and Corollary 7.3.

3 A projection-type polynomial approximation property

The following projection-type polynomial approximation property in the Sobolev space
H*(D) plays an essential role in both obtaining the optimal approximation error and
proving the exponential decay of the energy-minimizing basis functions. It can be viewed
as a generalized Poincare inequality.

Theorem 3.1 Suppose Q@ C R? is affine equivalent to Q, i.e, there exists an invertible
affine mapping

F:%€Q—>F&) =Bi+beQ (3.1)

such that F(Q) = Q. Let h be the diameter of Q and 8h be the maximum diameter of a
ball inscribed in Q. Let the mapping T1 : H*T1(Q) — Pi(Q) be the projection onto the
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polynomial space with degree no greater than k in L*(Q2). Then, there exists a constant
C(k Q) such that for any u € H**Y(Q) and any 0 < p < k + 1

lu — Mulpse < Clk Q8 PH P uliy 100 (3.2)

To prove Theorem 3.1, we use a basic result about the Sobolev spaces, due to J. Deny
and J.L. Lions, which pervades the mathematical analysis of the finite element method:
over the quotient space H**1(D) /P (D), the seminorm | - | k+1,D is a norm equivalent to
the quotient norm. We will use the following theorem (Theorem 3.1.4 in [6]), to prove
Theorem 3.1.

Theorem 3.2 For some integers k > 0 and m > 0, let H"‘H(ﬁ) = Wk+1’2(§) and
HW’(Q) = Wm’z(ﬁ) be Sobolev spaces satisfying the inclusion

H*(Q) c H™(Q),
and let T1 : Hk+1(§) — H”‘(Q) be a continuous linear mapping such that
Mp=p  VpePuQ)

For any open set 2 which is affine equivalent to the set Q (see Eq. (3.1)), let the mapping
g be defined by

—

HQV = ﬁ/l/\,
Sforall functionsv € Hk+1(§) andv € H*Y(Q) in the correspondence (¥ : Q- R)— (v=

VoF1:Q — R). Then, there exists a constant C(T1, Q) such that, for all affine-equivalent
sets €2,

v = Tlavlmae < CIL Q8" K" liiine Vv e H(Q), (33)
where h = diam(Q2) and Sh is the diameter of the biggest ball contained in Q2.

By specializing the operator I to be the projection of HX +1(Q) to the polynomial space
Pk(ﬁ) in L2($2), we can prove Theorem 3.1.

Proof of Theorem 3.1 Let m: Hk+1(§) — Pk(ﬁ) be the orthogonal projection in Lz(ﬁ).
Let F : Q@ —  be the invertible linear map and write F(x) = Bx + b. Define Ig as

—

qv =1y,

for all functions v € Hk“(ﬁ) and v € H*1(Q) in the correspondence of the linear
mapping. In the following, we prove that [Tg : HXt1(Q) — H**1(Q) is indeed the
orthogonal projection from H*+1() to Py (L) in L(K).

First of all, we have v = (T19) o F~! from definition. Since M e ’Pk(ﬁ), we have
Mov € Pr(2). Secondly, for any v € Pi(Q),V=voF € Pr(), and thus 7 = 7 by the
definition of TI. Therefore, we have qv = Vo F~1 = v for any v € Px(2). Thirdly, by
changing variable with x = F(&), for any v € H**1(Q2) and any p(x) € P,(R2), we have

/ (v(x) — (Mgv)(*)) px)dx = fA (@) — (IM@) pR)dZ det B = 0.
Q Q
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In the last equality, we have used the fact thatp € Pk(ﬁ) if p € Pr(R2) and the fact that
n:H k+1(§) — Pk(ﬁ) is the orthogonal projection in Lz(ﬁ). Therefore, the kernel space
of I, is orthogonal to its range space, i.e., Py (£2). With the three points above, we have
proved that g is the orthogonal projection from H k+1(Q) to P () in L2(R2).

Finally, applying Theorem 3.2 with I and I, above, we prove Theorem 3.1 with the
constant C(k, ﬁ) = C(ﬁ, @) in Eq. (3.3). O

We also give the following theorem, which is a direct result of the Friedrichs’ inequality;
see, e.g., [34].

Theorem 3.3 Let ), be a smooth, bounded, open subset of R? with diameter at most h.
There exists a positive constant Cy such that

lulpog, < CrH Plulyyq, Yu € Hy (). (3.4)

Here, Cy = Cy(d, k) depends only on the physical dimension d and the order of the derivative
k.

4 An inverse energy estimation by scaling

In the sparse operator compression, we will show that for a large set of compact operators,
the basis functions {y;}?_; constructed in (2.9) have exponentially decaying tails, which
makes localization of these basis functions possible. The following lemma plays a key role
in proving such exponential decay property.

Lemma 4.1 Let 2, be a smooth, bounded, open subset of R® with diameter at most h and
B(0,8h/2) C Q2 for some § > 0. For k € N, consider the operator L = (—=1)k Zm:k D?°
with the homogeneous Dirichlet boundary condition on 02y, i.e.,

(~DF Y D*u@) =f(x)  xe D
lo|=k (4.1)
uy € H{;(Qh)

Let Ps be the space of polynomials with order not greater than s. For y > 0, there exists
C(k, s, d, 8) > 0, such that

ILunl 2, < Clhs,d h  lunlyog, Vun € L7Psy. (4.2)

Proof Let Gy, be the Green’s function of Eq. (4.1). After multiplying u; on both sides
of Eq. (4.1) and integration by parts, we have |uy|x20, = th uy(x)f (x)dx. Recall that
Luy, € Ps_1, and thus Eq. (4.2) is equivalent to

/ P)dx < (Clhs,d 8)° / / Gyo DpIpO)dxdy, Vpe Poy. (43)
Q Qy JQy

Let {p1, p2, ..., po} be all the monomials that span Ps_;. It is easy to see Q = (S+Z_1).

For convenience, we assume that {pi},-Q=1 are in non-decreasing order with respect to its
degree. Specifically, p1 = 1. Let u,; be the solution of Eq. (4.1) with right hand side p;,
and Sy, M;, € RR*Q be defined as follows:

Sn(i,j) = / / Gupipj = / upipp  Mp(ij) = / pipj- (4.4)
Qp Sy Qp Qp
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Then, Eq. (4.3) is equivalent to
My, = (Clk s, d,8)* ks, (45)

where A < B means that B — A is positive semidefinite. The change of variable x = hz
leads to u;(x) = h2k+oi u1,i(z) where u;; is the solution of the following PDE on Q; =
{x/h : x € Q)

(—D* Y D*urie) =pilx),  x e
lo|=k (4.6)
ui; € HY (),

and o; is the degree of p;. Therefore, it is easy to check that
Suli ) = WIS ), MG ) = BTG ), (47)

where S1(5/) = [q, o, Gipipj = [q, wripj and Mi(ij) = [o pipj, which are inde-
pendent of 4. Notice that both S; and M; are symmetric positive definite, and let
Amax (M1, S1) > 0 be the largest generalized eigenvalue of M; and Sj. By choosing

C(k; S d) QI) =V )Mmax(Mb SI)) (4'8)

we have
My < (C(k s, d, 1)) 1. (4.9)

Combining (4.7) and (4.9), Eq. (4.5) naturally follows. In “Appendix A,” we prove that
C(k s, d, 1) can be bounded by C(k; s, d, §), and this proves the lemma. O

For the case s = k = 1, we can take

C(L, L, d8) =2d(d+2)s 1792

as proved in Proposition (A.1). In this case, we have the estimate

8d+2h2|9h|

2
u > _—
lnling, = 4d(d + 2)

where |Q2},| is the volume of Q2. The above bound is tight: when €2y, is a ball with diameter
h, the equality holds true. Making use of the mean exit time of a Brownian motion, the
author of [36] obtained a different bound

) - 5d+2h2+dVd
|Mh|1,2,Qh = —25+2d )

where V; is the volume of a unit d-dimensional ball. The two estimates have the same
order of § and %, but our estimates from Lemma 4.1 is much tighter. Moreover, Lemma 4.1
give estimates for any order k and any degree s, which plays a key role in proving the
exponential decay in high-order cases, but the mean exit time of a Brownian motion is
difficult to generalize to get these higher-order results.
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5 Exponential decay of basis functions: the second-order case

The analysis for a general higher-order elliptic PDE is quite technical. In this section, we
will prove that the basis function v; for a second-order elliptic PDE has exponential decay
away from t;. When ¢ = 0, this problem has been studied in [36]. When ¢ # 0, it has been
recently studied in [38] independently of our work. The results presented in this second-
order case are not new [36]. We would like to use the simpler second-order elliptic PDE
example to illustrate the main ingredients in the proof of exponential decay for a higher-
order elliptic PDE, namely the recursive argument, the projection-type approximation
property and the inverse energy estimate.

Consider the following second-order elliptic equation:

Lu:= —V - (alx)Vux)) + c(x)ulx) = f(x), x €D, 51
u € HY(D), 51
where D is an open bounded domain in R4, the potential ¢(x) > 0 and the diffusion
coefficient a(x) is a symmetric, uniformly elliptic d x d matrix with entries in L>°(D). For
simplicity, we consider the homogeneous Dirichlet boundary condition here. We empha-
size that all our analysis can be carried over for other types of homogeneous boundary
conditions. We assume that there exist 0 < @min < dmax and cmax such that

aminly < a(x) < amaxls, 0 < c(®) < cmax x €D. (5.2)

To simply our notations, for any ¥ € H and any subdomain S C D, ||| x(s) denotes
( sV -avVy + cwz)l/ ?, For the second-order case, the projection-type approximation
property is simply the Poincare inequality. The following lemma provides us the inverse
energy estimate. It is a special case of Lemma 6.2 and can be proved by using Lemma 4.1.

Lemma 5.1 For any domain partition withh < hy = 2“:;’;, we have

1LVI2@) < VamaxC@d O Vi) YWwe ¥, Vi=12...,m, (5.3)

where C(dl 8) = 8d(d + 2)87171»1/2‘ Imeax = O, i‘e‘l C(x) = O’ Eq‘ (53) holds truefor all
h>0and C(d,8) = /4d(d + 2)5~179/2,

Now, we are ready to prove the exponential decay of the basis function ;.

Theorem 5.1 Forh <hy=mn /Z”Cmﬁ, it holds true that

2 < 1- 2 2 5.4
13 e < @ (1= 72) Willfio) (5.4)

with | = <11 + C(d,8)), /% and C(d, 8) = /8d(d +2)(1/8)"/**. If cmax = O, ie,
c(x) =0, Eq. (5.4) holds true for all h > O with [ = en;l(l + C(d, 8)) Z:_?;( and C(d, §) =

Vad(d + 2)81-4/2,

Proof Letk e N,I > 0Oandi € {1,2,...,m}. Let So be the union of all the domains z; that
are contained in the closure of B(x;, kli) N D, let S be the union of all the domains 7; that
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Fig. 1 lllustration of So, S7 and S*

are not contained in the closure of B(x;, (k + 1)/h) N D and let $* = S§ N S{ N D (be the
union of all the remaining elements z; not contained in Sq or S1), as illustrated in Fig. 1.

Let by := ||Wi||%1(sg), and from definition we have by = ”%”%ﬂD)’ bry1 = ||1pi||}1(51) and
by — bry1 = i ||12,_1(5*). The strategy is to prove that for any k > 1, there exists constant
C such that by 1 < C(by — br11). Then, we have by < CLku for any k > 1 and thus

we get the exponential decay by < (CLH)k’lbl < (CL_H)k’lbo, We will choose [ such that
C < ﬁ and thus get by < e!~%by, which gives the result (5.4). We start from k = 1
because we want to make sure 7; € Sp; otherwise, So = @ and 7; € S*.

Now, we prove that for any k > 1, there exists constant C such that byy; <
C(bx — bgs1), ie., ||wi||%{(sl) < C||1pi||?{(s*). Let n be the function on D defined by
n(x) = dist(x, Sp)/ (dist(x, Sp) + dist(x, S1)). Observe that (1) 0 < n < 1 (2) n is equal
to zero on Sy (3) 1 is equal to one on 1 (4) | V7llzeo) < %.1

By integration by parts, we obtain

/ VY-aVyi+ / nelyil® = / (=Y - @V + cvr) — / ViV - aVy;. (5.5)
D D D D

L I

Since a > 0 and ¢ > 0, the left-hand side gives an upper bound for ||[¥;]| z(s,). Combining
Vn = 0on Sp U S; and the Cauchy—Schwarz inequality, we obtain

172
I = IVhlize oy | ¥ill 12(s%) </5 Vi 'dVlﬁi) v/ Amax
* (5.6)

1
= 75 Willza» 1¥illr s/ @max.

We have used ¢ > 0 to get (fs* Vi - aV%)l/z < IWillg(s* in the last inequality. By
the construction of v; (2.9), we have fD Yipj = 0 for i # j. Thanks to (2.11), we have
—V - (aVy;) + cy; € ©. Therefore, we have fSl nyi(=V - (@Vy;) + cy;) = 0. Denoting n;
as the volume average of n over 7j, we have

"I Valizep) := esssup [Vi(x)].

xeD
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b= [ (9@t en) == 3 [ 0= - @V + ev)

‘[jES* Y

1
<7 D Wille) €9l (5.7)

. *
7;ES

Up to now, I; and I are some quantities of i; purely on §*, and we only need to prove that
both of them can be bounded by HI/’i”%[(S*) (up to a constant). By applying the Poincare
inequality, we can easily do this for 1, as we will see soon. However, I involves the high-
order term || L] 12(z) which in general may not be bounded by the lower-order term
1¥ill (%) Fortunately, this can be proved since Li; € ®, the piecewise constant function
space. For the current operator Lu = —V - (a(x)Vu) + c(x)u with rough coefficient a and
nonzero potential ¢, Lemma 5.1 implies ||£wi||Lz(r}_) < VamaxC(d, 8)h_1||¢i||1.1(tj) when

h < hg = m_/2ma Then, we obtain
2Cmax

amax C(d, 8)
I < m)l(—h||1/fi||L2(s*)|Wi||H(S*) Vh < ho. (5.8)

By the construction of ¥; (2.9), we have fr, ¥; = 0 for all ; € S*. By the Poincare
inequality, we have ||1/’i||L2(r/) < IV ||L2(Tj)h/n, and then we obtain

1+Cd$) [a
Iill}ys,) <D +h < ; il 5o (5.9)
min
By taking / > e;—l(l + C(d, §)) Z“r::: , we have the constant #&‘i"” ‘;‘:‘]—;‘r’“ < ﬁ With
the iterative argument given before, we have proved the exponential decay. ]

Remark 5.1 We point out that boundary conditions may be important in several applica-
tions. For example, the Robin boundary condition is useful in the application of the SPCA.
The periodic boundary condition is useful in compressing a Hamiltonian with a periodic
boundary condition in quantum physics.

The above proof can be applied to the operator £ in (5.1) with other boundary conditions
as long as the corresponding problem Lu = f has a unique solution u € H*(D) for every
f € L*(D). For other homogeneous boundary condition, the Cameron—Martin space is
not H(}(D). Instead, we should use the solution space associated with the correspond-
ing boundary condition. The proof of Theorem 5.1 can be easily carried over to other
homogeneous boundary conditions, and the only difference is that a different boundary
condition leads to slightly different integration by parts in (5.5). For the homogeneous
Neumann boundary condition or the periodic boundary condition, the proof is exactly
the same because the integration by parts (5.5) can be carried out in exactly the same way.
For the problems with the Robin boundary condition, i.e.,

Lu:= =V - (alx)Vu(x)) + cx)ulx) = f (x) x €D,
(5.10)

9
U a)ulx) =0 x €D,
on
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where a(x) > 0, the Cameron—Martin space is the subspace of H! (D) in which all elements
satisfy the Robin boundary condition and the associated energy norm is defined as

||u||f1=‘/ Vu~aVu+/ cu2+/ au’. (5.11)
D D aD

In this case, for a subdomain S C D, the local energy norm on S should be modified as
follows:

||u||§{(5) =fVu~aVu+/cu2+/ au’. (5.12)
M S aDNas

Similarly, we can define the Cameron—Martin space and the associated energy norm for

the homogeneous mixed boundary conditions.

6 Exponential decay of basis functions: the higher-order case
In this section, we will study the case when K : L2(D) — L*(D) is the solution operator of
the following higher-order elliptic equation:

Lu:= > (=)D (ag,*)D"u) =
0<lolly|<k (6.1)

fel?’D), ueHD).

Here, we only consider the case when £ (thus K) is self-adjoint, i.e.,
/ (Luyy = / w(Lv)  Vuve HSD). (6.2)
D D
The corresponding symmetric bilinear form on Hé( (D) is denoted as

B(u,v) = Z fagy(x)D“uDyv. (6.3)
o<lollyl<k *P

We assume that B is an inner product on H(])‘ (D) and the induced norm (B(x, u))l/ s
equivalent to the Hg (D) norm, i.e., there exists 0 < dmin < @max such that

amin|u|]2(,2)D <B(u,u) < ﬂmax|u|[2<,2,D Vu e H(l)<(D) (6.4)

Thanks to the Riesz representation lemma, Eq. (6.1) has a unique weak solution in Hé (D)
for f € L*(D).

6.1 Construction of basis functions and the approximation rate
Suppose D is divided into elements {;}1<i<u, Where each element t; is a triangle or a
quadrilateral in 2D, or a tetrahedron or hexahedron in 3D. Denote the maximum element
diameter by 4. We also assume that the subdivision is regular [6]. This means that if /4;
denotes the diameter of 7; and p; denotes the maximum diameter of a ball inscribed in t;,
there is a constant § > 0 such that

Pi

— >4 Vi=12...,m
h; —
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Applying Theorem 3.1 to 2 = 7j, forany u € H*(D) and any 0 < p < k, we have
= ity < Ck = LTS PH P lulga g,

where T1; : HX(z;) — Px_1(1;) is the orthogonal projection to the polynomial space
Pr_1(t;) in L*(1;), and T; is some reference domain that is affine equivalent to 7;. Notice
that the constant C(k — 1,7;)§ 7 can be bounded from above by a constant C, for all the
elements {7;}1<i<m, because all elements in {7;}1<; <, are affine equivalent to an equilateral
triangle or square in 2D, or a equilateral 3-simplex or cubic in 3D. Therefore, for any
ue Hk(D), anyl <i <mandany0 < p < k, we have

|u - Hiu|p,2,ri < Cphk_p|u|k,2,ri- (6‘5)
Specifically for p = 0, % € L*(D) with %|,, = I1,u, we conclude that
lu — Tl 2p) < Coh* |l (6.6)

Let X = L2(D) and H = H(])‘ (D). We use the standard inner product for L?(D) and use
the inner product (1, v) = B(u, v) for H. Further, we denote K : L?(D) — L%*(D) as the

operator mapping f to the solution « in Eq. (6.1). Let {90134}3:1 be an orthogonal basis of

Py_1(x;) with respect to the inner product in L*(z;), where Q = (k +2_1) is the number of

d-variate monomials with degree at most k — 1. We take
®=span{p;g:1<qg=Ql=<i=m}, V=Ko (6.7)

Without loss of generality, we normalize these basis functions such that

/ PiqPiq = |Ii|8q,q/- (6-8)
T

i

A set of basis functions of W is defined by Eq. (2.9) accordingly, i.e.,

. 2
Vig =argmin [V |l5

HK(D
YreHy (D) 6.9)
s.t. / ViqWq =08igjq ¥1<qd' <Q 1<j<m
D
Combining Egs. (6.4) and (6.6), we have
k
00 Cph
lu —Pg ullr2p) = lullg, Yu e H. (6.10)
o “IL2(D) amin
Applying Theorem 2.1 with X and H defined above, we have
1. Forany u € H and Lu = f, we have
(H) Cphk
lu— Py 'ulng < f Nl 22(p)- (6.11)
Amin

Here, C, plays the role of the Poincare constant 1/7.
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2. Foranyu € H and Lu = f, we have

" 2h2k
lu - P§ )”||L2(D) < —\f 2y (6.12)
Amin
3. We have
2h2k
Ik - P{PKl < 2—. (6.13)
Amin

Notice that the eigenvalues of the operator £ (with the homogeneous Dirichlet boundary
conditions) in (6.1) grow like 1,,(£) ~ n*/4 (see, e.g., [7,32]), and thus, the eigenvalues of
IC decay like A, (KC) ~ n~2k/4_ Meanwhile, the rank of the operator Pg{ )IC, denoted as #,
roughly scales like Q/h% where 1/h? is roughly the number of patches. Plugging n = Q/h?
into Eq. (6.13), we have

C202k/d
A < Mu(K). (6.14)

Amin

Ik —PEk) <

Therefore, our construction of the m-dimensional subspace W approximates K at the
optimal rate. In Sect. 6.2, we introduce the concept of strong ellipticity that enables us to
prove exponential decay results. In Sect. 6.4, we will prove that the basis functions ;4
defined in Eq. (6.9) have exponential decay away from ;.

6.2 The strong ellipticity condition
In our proof, we need the following strong ellipticity condition of the operator L to obtain
the exponential decay.

Definition 6.1 An operator in the divergence form Lu := Zos\a|,|y|5k(_1)‘alDd
(aoy (x)DY u) is strongly elliptic if there exists O min > 0 such that

S oy @88, = Ogmn 3 &2 VxeD, ¢eR(T), (6.15)
lo|=ly|=k lo|=k

where ¢, and ¢, are the o’th and y’th entry of £, respectively. One can check that (k +Z_1)
is exactly the number of all possible kth derivatives, i.e., #{D°u : |o| = k}.

For a 2kth-order partial differential operator Lu = (—1)¥ > lal<2k 4D, £~ is strongly
elliptic if there exists a strongly elliptic operator in the divergence form £ such that
Lu=Luforalue Cc2k(D).

Remark 6.1 For a 2kth-order partial differential operator Lu = (—1)F ZI <2k G D%u, its
divergence form may not be unique. It is possible that it has two divergence forms, and one
does not satisfy the strong ellipticity condition (6.1) while the other does. For example, the
biharmonic operator £ = A? in two space dimensions have the following two different

divergence forms:

Lu= Y D%asyD’u)= Y Dy x)D"u) (6.16)
lo|=ly|=2 lo|=lyl=2
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where
1 1 0 1 0 0
(acy)=|1 1 0|, (@y)=|0 1 0}, (6.17)
0 0 0 0 0 2

when {D°u : |o| = 2}isordered as (32, 92 dx, Ox,). Obviously, the first one does not satisfy

x1? “Xx9’?
the strong ellipticity condition (6.1) while the second one does. These two divergence forms

correspond to two bilinear forms on Hg (D):
B(u,v) = / Aulv, Buv) = / D%u: D%, (6.18)
D D

2, D2y — % 9%
where Dy : D*v = Zi,j Bardx, B

The strong ellipticity condition guarantees that for any local subdomain S C D, the

seminorm | - |2 s can be controlled by the local energy norm || - || (s).

Lemma 6.1 Suppose Lu = 205|a\,|y\5k(_l)‘U|DU(“oy(x)Dy”) is self-adjoint. Assume
that as,(x) € L°°(D) for all 0 < |o|, |y| < k and that for any x € D

« L is nonnegative, i.e.,

Y @, =0 veer(E), (6.19)
0<|olyl<k

o L is bounded, i.e., there exist Opmax = 0 and Oy max > 0 such that

k+d
3 oy sty < Okmax Y &2 +0omix Y &2 VaeD VeeR(K),

0<lol,ly|<k lo|=k lo|<k

(6.20)

o and L is strongly elliptic, i.e., there exists Oy min > 0 such that

k+d—
Y oy @8y, = i Y &2 VxeD VeeRCE) (6.21)
lo|=ly|=k lo|=k
For any subdomain S C D and any y € H*(D), define
Wik = > [ an w0y, (6:22)
S

0<lolyl<k

Then, the following two claims hold true.

o If L contains only highest order terms, i.e, Lu = Zlg‘:‘ylzk(—l)“"D" (agy (x)DY u),
then we have

—-1/2
Vlkas < OVl V¥ € HX(D). (6.23)

Page 20 of 49
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o If L contains low-order terms, for any regular domain partition D = U t; with

2k 02 .
diameter h > 0 satisfying hz(llihhz ) < 1690,m:’(’52‘maxc3, and any subdomain § = U,_, 7,
we have
1/2
Widlkas < (2/0min) " Wiglus) Vo ¢S, 1=q=Q (6.24)

Here, A is any subset of {1,2, ..., m}, and ;4 is defined by Eq. (6.9).

Proof The first point can be obtained directly from the definition of strong ellipticity. In
the following, we provide the proof of the second point. For S stated in the second point
and any ¢ € HX(D), we have

W= 3 / Goy DYDY+ Y / Goy DT YD Y

lol=ly|=k lol.ly|<k
J1 J2
+ Z / agy + aye)D° YDV . (6.25)
lo|=kly | <k
J3

From the strong ellipticity (6.21), we have

N1 = Ominl¥ [ 5- (6.26)
From the nonnegativity (6.19), we have
J2=0. (6.27)

Combining the nonnegativity (6.19) and the boundedness (6.20), we can prove that

1/2
Y oy +ayo)D7 YD Y| < 2| fpmaxOkmax Y IDTYI* Y D7y
lo|=kly|<k lo|=k lo|<k
Therefore, using the Cauchy—Schwarz inequality, we obtain
12 ,1/2
Vsl < 200 O | ¥ k2.1 - 1,25- (6.28)

Thanks to the polynomial approximation property, for any 7; ¢ Sand 1 < g < Q, we

have
B (1 — )
Wiglk 125 = Co—1 57— Vidlkas (6.29)
P 2(1—p2k ezmin
Combining Egs. (6.28) and (6.29), for L (ll_hhz ) < 1690,ma/?<9k,maxC1%’ we have
9/<,min 2
sl = 0y 2, (6.30)

Combining Egs. (6.25), (6.26), (6.27) and (6.30), we prove the second point. O

Page 21 of 49
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Remark 6.2 When L contains low-order terms but there is no crossing term between
D°uy (lo| = k) and D°u (lo| < k), i.e.,, J3 = 0, we can directly get the same bound in
Eq. (6.23) for all & > 0.

The strong ellipticity condition above is different from the standard uniformly elliptic
condition (see Definition 9.2 in [42]), i.e., a linear partial differential operator Lu =
(—=1)¥ Zlal <ok @eD%u is uniformly elliptic if there exists a constant ¢ min > 0 such that

Y au®)E = Ominl€, VxeD, EeR (6.31)
la|=2k

On the one hand, it is obvious that a strongly elliptic operator with smooth coefficients
is uniformly elliptic, by taking ¢, := &° in Eq. (6.15). On the other hand, the relation
between the uniform ellipticity and the strong ellipticity turns out to be closely related to
the relation between nonnegative polynomials and sum-of-square (SOS) polynomials. In
fact, the strongly ellipticity condition (6.15) is equivalent to that there exists O i, > 0
such that

Z Aoy (%)E°EY — Ok min Z €] = Sum-Of-Squares (SOS) polynomials.
lo|=lyl1=k lo|=k

Using the famous Hilbert’s theorem (1888) on nonnegative polynomials and SOS polyno-
mials, we have the following theorem. Readers can find the proof and more discussions in
[48].

Theorem 6.2 Let a, € C""'_k(l_))fork < |la| < 2k, ay € C(l_))for le| <k, and Lu =
(=1 > laj<2k @aD%u for all u € C?X(D). Then in the following two cases, if L is uniformly
elliptic it is also strongly elliptic.

o d =1or2:one- or two-dimensional physical domain,
o k = 1:second-order partial differential operators.

For the case (d, k) = (3, 2), i.e., fourth-order partial differential operators in 3-dimensional
physical domain, all uniformly elliptic operators with constant coefficients are also strongly
elliptic.

For the case (d, k) = (3, 2), we are not able to prove that strong ellipticity is equivalent
to uniform ellipticity for elliptic operators with smooth and multiscale coefficients, but
we suspect that it is true. For all other cases, there are uniformly but not strongly elliptic
operators. Fortunately, for small physical dimensions d and differential orders &, strongly
elliptic operators approximate uniformly elliptic operators well and counter examples are
difficult to construct.

6.3 Exponential decay of basis functions |

In this subsection, we prove the exponential decay of basis functions constructed in
Eq. (6.9) for higher-order elliptic operators that contain only the highest order terms.
We will leave the proof for the general operators to the next subsection. The proof follows
exactly the same structure as that in the second-order elliptic case.
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Theorem 6.3 Let Lu = (—1)K Zlalzlylzk D% (ayy D" u) and as, (x) € L(D) forall |o| =
|y | = k. Assume that for any x € D

+ L is bounded, i.e., there exist nonnegative Oy nx such that

S oy @8ty < Oima Y. &2 Ve ROE, (6.32)

lo|=ly|=k lo|=k

o and L is strongly elliptic, i.e., there exists O min > 0 such that

S oy @808, = O 3 82 Ve e REE, (6.33)

lol=ly|=k lo|=k

Then forany 1 <i<mand1 < q < Q, it holds true that
r
1Vig 310 < €XP (1 — E> g7 (6.34)

with /12 —1 > (e — 1)C,,C,(C1 + C(k, d, 8))y/ g Hkm“‘x . Here, C1 and C,) only depends on k
and d, Cy, is the constant in Eq. (6.5) and C(k, d, 8) = C(k k d, 8) from Lemma 3.1.

Proof The proof follows the same structure as that of Theorem 5.1 and [36] (Thm. 3.9).
Letk € N,/ > 0andi € {1,2,..., m}. Let Sp be the union of all the domains 7; that are
contained in the closure of B(x;, klh) N D, let S1 be the union of all the domains 7; that
are not contained in the closure of B(x;, (k + 1)/1) N D and let S* = S NS¢ N D (be the
union of all the remaining elements 7; not contained in Sg or S7). In the following, we will
prove that for any k > 1, there exists constant C such that ||wi,q||?{(51) < C||¢,;q||%{(5*).
Then, the same recursive argument in the proof of Theorem 5.1 can be used to prove the
exponential decay.

Let n(x) be a smooth function which satisﬁes (1) 0 <n < 1,(2) nlu,km = 0, (3)
B, (k+ 1)) = 1 and (4) 1D nllzeop) < (lh)m forallo.

By integration by parts, we have

/n‘/ftqﬁ‘/fzq— Z /ﬂay(x)Da(m//Lq)D Yig-

lo|=ly|=k

Making use of the binomial theorem D” (nY;q) = 1D g + > o1+0,=0 (5 ) D7 1D Vg,

lo1]>1
we obtain
Z /naay(x Dg(l/ftq)Dywzq—/ m/flq»Cl//zq
lo|=lyl=k —_

L

-y Y ( ) / oy (X)D7LD2 ;DY Yy (6.35)

lo|=ly|= k“‘lﬂ"z =0
01>

L

Since Z\a|=|y\=k Aoy (X)D° ;g DY r;y > 0 for every x € D, the left-hand side gives an

upper bound for ||¥;4 ”?-I(Sl)' Since D°'n = 0 (|o1]| > 1) on both Sy and S1, we obtain

-y Y < > / oy ()DT DYDY Yrig (6.36)

lo|=ly|= kfflﬁf"z =
o1
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2\ 1/2
o
: Z/ pa (0 )Dm”D@‘”’?q 1Wiqllrst) v Ormax (6.37)
o=k U5 |ortog=0 "1
lo1]=1
k 1/2
< C1ICy | DU Wigli_gpse | Wigls)v/Bmax- (6.38)
s'=1

Here, C; is a constant only dependent on k and d. We have used the Cauchy—Schwarz
inequality and the bound (6.32) in Eq. (6.37). We will defer the proof of the last step in
Eq. (6.38) to the “Appendix.” Since ¥, L Px_1 locally in L?, we obtain from Theorem 3.1
that

!
[Wigli—s,osx < Coht® |Wiglios.

Therefore, we get
1/2

k
L < CiCyOkmaxCp | Y 1> Wiglias | 1Wigllrse (6.39)

s'=1

CICU\/ ék llaXCP| | || ”
/72 I A k; ,S A *

In the last inequality, we have used Zf,zl [~% =

=<

(6.40)

IS P U
2-1 — 2-1°

By the construction of ¥;, given in (6.9), we have [, V49,4 = 0 for i # j. Thanks
to (2.11), we have Lv/;; € ®. Therefore, we get fSl nYiqLYiq = 0. Denoting n; as the

volume average of 1 over t;, we obtain

C
L= [S MigL¥ig = Y | = mWiglig = 71 D Wigllia 1 £vigl 2y,

ccx VT ek
TGES U 7ES

(6.41)

By using Lemma 6.2, which is stated in the beginning of Sect. 6.5, we have || L/, 4| 12() =
Ok max C(k, d, 6)h_k Vg ||H(rj) for any /7 > 0 because £ contains only the highest order
derivatives. Then, we obtain

1~ VO CiClk d 5)
2 =

Tk 1Vigllr2slVigll (s
VOkmaxCn C(k, d, 8)C
< Y oma l P \iglkass 1Wig sy (6.42)

where we have used Eq. (6.5) in the last step.
Combining Egs. (6.40) and (6.42), we obtain

6
L+ <,/ %Cncp(cl + C(k d, )| Viglia,s<1¥ig | H(sx)

By the strong ellipticity (6.33) and Eq. (6.23), we have [;4lx2s+ < el:nlﬁnlﬁi,q”H(S*)'
Therefore, we have

%
||1/fi,q||12_1(51) < m&,@(& + C(k d, 8))||1/fi,q||?1(5*). (6.43)
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By taking vI2 — 1 > (e — 1)C,,C,(C1 + C(k, d, 3)) k fnax the exponential decay naturally
follows. O

6.4 Exponential decay of basis functions I

The following theorem gives the exponential decay property of v;4 for an operator £
with lower-order terms. Similar to the proof of Theorem 6.4, we need the polynomial
approximation property (6.5) and the Friedrichs’ inequality (3.4) to bound the lower-
order terms, and we get an extra factor of 2 in our error bound.

Theorem 6.4 Suppose Lu = ZOSIU\,lylsk(_l)la‘Da (@oy (%)DY u) is self-adjoint. Assume
that as,(x) € L®(D) for all 0 < |o|, |y| < k and that for any x € D

o L is nonnegative, i.e.,

k+d
Y a8, =0, VaeD vreR(K), (6.44)
0<|ol|lyI<k

o L is bounded, i.e., there exist Opmax > 0 and Oy max > 0 such that

k+d
Y Ay @ty < Okmax Y Lotlomn p &2 VxeD, v eR(L),

0=<lo}lyl<k lo|=k lo|<k
(6.45)
o and L is strongly elliptic, i.e., there exists Oy min > 0 such that
2 (k+d—1)
Y oy @, = Okmin Y &2 Ve e RO, (6.46)
lo|=ly|=k lo|=k

Then there exists hg > O such that foranyh < hg, 1 <i <mand 1 < q < Q, it holds true
that

r
1V ety < &P (1= 2) Wiglp) (6.47)

with /12 — 1 > 2(e — 1)C,C,(C1 + C(k, d, 8)),/9km‘"‘x Here, C1 and C, depend on k and
d only, C, is the constant given in Eq. (6.5), C(k, d, 8) = C(k k, d, §) is given in Lemma 4.1
and O max := Max(6o,max> Ok max)- The constant hy can be taken as

h2 _ h2k 1 h2(1 _ h2k)
ho = h>0: < —,
0 sup{ R T R A
6 o
< . k,max k,min
= min 5 5 )
(290,max Cf 1690,max9k,max Cp > }

where Cs is the constant in the Friedrichs’ inequality (3.4).

Proof The proof follows the same structure as the proof of Theorem 6.3. All we need to do
is to use the polynomial approximation property (6.5) and the Friedrichs’ inequality (3.4)
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to bound the lower-order terms when they appear. First, the ; in Eq. (6.35) contains all
the lower-order terms and its estimation should be modified as follows:

h=- Z Z ( ) / agy X)D7 N DYy D i g (6.48)

0<|o|, ‘y|<k U‘1+02 =0

oy 172
o
<> > (01>D“lnD“2wlq 1ig 215y y/Oomax (6.49)
lo|<k o1+oy=0
lo11>1
X 1/2
< GG, ZZ(H«) igltgns | IWigllisnvOemax (6.50)
s=1s¢'=1

Here, O max := max(fo,max Okmax)- We have used the Cauchy—Schwarz inequality and
the bound (6.45) in Eq. (6.49). We will defer the proof of the last step in Eq. (6.50) to the
“Appendix.” Since ;4 L Py_; locally in L?, we obtain from Theorem 3.1 that

J
|Wi,q|s—s’,2,5* =< Cphs |wi,q|s,2,S* V0 < s <s<k

Therefore, we have

1/2
I < C1Cyy/OmaxCp ZZF”W,MS* il r(se) (6.51)
s=1g¢=1
x 1/2
C1Cyy/OkmaxCp
< Yoo qum 1¥iqll(s%) (6.52)

T

_< i |¢zq| o ||wzq|| .

If we compare the above estimate with Eq. (6.40), we conclude that Eq. (6.52) contains all

(6.53)

the lower-order terms. We will use the polynomial approximation property (6.5) and take
hi:]};z" <1/ CI% to guarantee that Eq. (6.53) is valid. When £ contains lower-order terms,

by Lemma 6.2, we have ||£1p,-,q||Lz(,j) < /20K maxC(k d, a)h—knwi,an(,j) forany 7 > 0
h (1 th) kaax

1-n2 = zeo,mxcf2

satisfying Therefore, using Eq. (6.42) we get

[Vigli2,s1VigllH(s*) (6.54)

1 - VPoman CyClhs 4, 9)C,
2 =
]

BA=r*%) _  Okmax
1-h2 = 20pmaxC>
0,max f

to bound [/ 4125+ We get

73
1Wiql ) <2 /mqqﬂ(a + Clk d, )i 50y (6.55)

2
hz(l—hﬂ() < Gk,min
1-h? — 1660,max maXC2 ’

when / satisfies . Finally, we need to use Eq. (6.24) instead of Eq. (6.23)

where we have imposed another condition on 4, i.e., By taking

ViI2—1>=2(e—1)C,Cy(Cy + C(k d, 8)) 6"‘:"‘ we prove the exponential decay. O
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Remark 6.3 As we have pointed out in Remark 6.2, when £ contains low-order terms but
there is no crossing term between D°u (Jo| = k) and D°u (lo| < k), Eq. (6.23) can be
used to bound |/; 4|k 2,s+. In this case, the constraint on [ is

9
VP =1 3> 2(e - 1)C,C,p(C1 + Clh d, 8)) | m2

k,min

and the /i can be taken as

—n* 1 ra-n* 0
ho=supih>0: _ ( )< k max '

< b _—
1-hr2 —CF 1-n 290,maxcf
6.5 Lemmas
In this subsection, we will prove the following lemma, which is used in the proof of
Theorem 6.3 and Theorem 6.4.

Lemma 6.2 L is defined in Eq. (6.1) and the space V is defined as above. Assume that for
anyx € D

S oy 0808y < Omax Y 2+ omax Y &2 Ve eR(E) (6.56)

0<lo|,ly|<k lo|=k lo|<k

Let Cy be the constant in the Friedrichs’ inequality (3.4). Then for any domain partition
R2Q=h*) . Okmax

with o = 200,maij?’ we have
||£V||L2(r/.) < V20 max C(k d, 8)h7k||v||H(T],) YveW,Vi=12...,m, (6.57)

where C(k, d, §) = C(k, k, d, 8) from Lemma 4.1.
If the operator L contains only the highest order terms, i.e, Lu = (—1)F Zla\:\yl:k D°
(@) DY u), we have ||£V||L2(tj) < VOkmaxClk d, 8)h’k||v||1.1(fj)for allh > 0.

We will use Lemma 4.1 to prove this result, but we need to deal with the variable
coeflicients a,, and the low-order terms 4., with [o| 4 |y| < 2k before we can apply
Lemma 4.1. Our strategy is to transfer the variable coefficients to constant ones by the
variational formulation (see Lemma 6.3) and to use the polynomial approximation prop-
erty to deal with the low-order terms; see Lemma 6.4. For this purpose, we first introduce
the following two lemmas.

Lemma 6.3 Let 2 be a smooth, bounded, open subset of R?. Lu = ZOS‘U|,|)/|SI<(_]‘)‘U|DO-
(aoy x%)DY u) and Mu = ZOSIUI,\yISk(_l)la‘DU (boy (%)DY u) are two symmetric operators
on H(/)‘ (2). Moreover, we assume that the bilinear forms induced by both L and M are
equivalent to the standard norm on H(])‘(Q). Let G and G aq be the Green’s functions of £
and M, respectively. If for any x € D we have

Y @i, = Y by, veer(E, (6.58)

0<|olyl<k 0<|olyl<k

then for all f € L*(),

/ f G ) ) ()dx dy < / / G (V) ()f () dy. (6.59)
QJIQ QJIQ
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Proof Letf € L*(Q). Let ¥, and ¥ o be the weak solutions of L/ = f and My = f
with the homogeneous Dirichlet boundary conditions on 9€2. Observe that 2 and ¥ a
are the unique minimizers of I (u, ) and In(u, f) with

ewf=5 X [ aneoruru— [ w ueni@

0<lo|,lyl<k

1
Im(f) = 5 > /D by (x)D° uDY u — /Q uf, ue HE Q) (6.60)

0<lolyl<k

At the minima v, and ¥ A, we have

1
IC(I/fﬁff) = _% /Q 1ﬁL‘f = _5 Z /Dagy(x)DowﬁDy'ﬂb

0<|ol|lyI<k (6.61)
1 1 ’
LuWmf)==5 [ vaf=—5 Y [ 4oy @D YD Y.
2/9 2Osrfl,lylsk‘/D
Observe that
IeWe f) < Ie(Wan f) < ImWan f) (6.62)

where the first inequality is true because v is the minimizer of I, and the second
inequality is true because I (u,f) < Im(u,f) for any u € Hé(Q). Combining Eq. (6.61)
and (6.62), we obtain [ ¥ \mf < [ ¥f. This proves the lemma. O

Lemma 6.4 Let ), be a smooth, convex, bounded, open subset of R® with diameter at most
h. Let Gy, be the Green’s function of Lu = (—1)k Z\a|=k D¥y+¢ Z|U|<k(—1)“D2"u with
the homogeneous Dirichlet boundary condition on 02, and Gy, be the Green’s function of
Lou = (—1)¥ Zm:k D?° u with the homogeneous Dirichlet boundary condition on 3y,
Here, ¢ > 0 is a positive constant. Then, for any f € L*(Q},)

Jo, Ja, Gnlx y)f x)f (y)dx dy
i T = 6.63
W5 Toy Jo, Grots @ O)dxdy | (6.63)

Gp(xy)f ®)f (y)dx d k
Ja, Joy OHV )y > 1/2 for all h > 0 such that A o 1

Moreover, oy GroG Y WDy = = = 2

Proof Let v, be the solution of Ly, = f with the homogeneous Dirichlet boundary
conditions on 92, and V¥, ¢ be the solution of Loy, 0 = f with the homogeneous Dirichlet
boundary conditions on 9€2j,. Let

1 C
Ip(uf) = §|”|12<,2,Qh T Ellu“’%_l’z’ﬂ” - ./sz &4
h
2" (6.64)
L) = Sluliog, = |
h
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At the minima v, and v, we have

L) = ——/ i = =5 (WlRaq, +clal}_ya0,)-
(6.65)
Ieaen) == [ Vo = —Ewh,oﬁ,z,gh.

Note that Eq. (6.65) implies that I, (¥5,0,f) < 0. By the definition of Green’s function, we
further have

| [ Gusnrerorcay= [ wnf =210 = Wilka, + a0,
, J, o

(6.66)
//Ghox, (@) ()dxdy = /mf 2L (Unonf) = ol
Q,

Ja, Ja,, Grlsy)f G)f G)dx dy
Jo, Jay, Grotes) @ 0)dx dy
h > 0. Applying the Friedrich’s inequality (3.4) to [[¥,0ll7_, , o, We get

Since Iz, (u, f) < I(uf) forany u € Hg(Q), we have

< 1for any

cC]?hz(l — h2ky )
=21 (Yo, f) = —2Iro(Uno. f) — 7|Wh,0|k,2,gh

cC2H2(1 — h2)
= -2 (1 — 1_—1/12>)1E0(¢h,0’f)-

Here, we have used Eq. (6.66) in the last equality. Therefore, we have

Jou o, GH@& W Odxdy  —2(ypf) _ —2e@Wnof) _ CGRO—ID
Jo, Jo, Gro@w ff dxdy — —2Leo(Wno.f) ~ —2Leo(Wnof) 1-hr

where we have used I (Y, f) < Iz (¥y,0,f) in the first inequality. By using the above upper
bound, we prove the lemma. O

Now, we are ready to prove Lemma 6.2.

Proof of Lemma 6.2 Letv =Y 1", Z{?:l Cig¥iq. Thanks to Eq. (2.11), we have

Ly = Z ZC""I WIQ'%q

g jq
Let g = Zf;,:l 2ig Ciﬂ®i;j'q’ @;4'- Due to the construction of ;,/, we have
2 a2
1£v122 ) = 19112 6.67)
Furthermore, v can be decomposed over 7j as v = v; + va, where v; solves Lv1 = gj(x) in
T with vy € H(]f(tj), and v, solves Lvy = O withv, — v € H(])‘(tj). It is easy to check that

||v||12_1(rj) = |n ||12-1(r,~) + ||V2||12_[(rj). We denote G; as the Green’s function of the operator £
with the homogeneous Dirichlet boundary condition on 7j, then

1y = f n(x)gdx = / / G5 1)gi(@)g () dy.
j j YT
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Thanks to Lemma 6.3, we have

1
il = 5o [ [ G nggidsdy (6.6
4 7%

where G is the Green'’s function of the operator (—1)k > o=k D¥y+ g’é:zz 2 lo)<k(=1)°

D% y with the homogeneous Dirichlet boundary condition on 97;. Thanks to Lemma 6.4,
k
forall i > 0 such that 200 o Okmax e have

1=i = 20omaxC}

/r /T G;F(x, ¥)gi(x)gi(y)dx dy > % /T /T G;‘O(x, ¥)gj(x)gi(y)dx dy, (6.69)

where G, is the Green’s function of the operator (—1)k > o=k D*u with the
homogeneous Dirichlet boundary condition on d7;. Denote v as the solution of
(1)K D lol=k D* v = g on 7; with the homogeneous Dirichlet boundary condition,
ie,vyolx) = fr, G;fo(x, ¥)gi(¥)dy. Since g; € Py_; in 7; in this case, Lemma 4.1 shows that

191132 = (Clk ks d, 8) ™2 fr | /r Gyl g @g 0)dx d. (6.70)
] ]

Combining Egs. (6.68), (6.69) and (6.70), we have
181172y < 2(Clo K b 8))* H™* Opemma Vi Iy < 2(Ck o dy 8) B Opmax V117 -

Therefore, we have proved Lemma 6.2. We point out that when the operator £ contains
only the highest order terms, i.e., Lu = (—1)F ZI6\=\y|=k D?(as, D? u), we don’t need to
Batgy = (Clh ko d, ) ™ VI for
all 7 > 0 in this special case. O

pay a factor of 2 in Eq. (6.69), and thus, ||g;|

Let £y lr e Hé( (7;) be the unique weak solution of the following elliptic equation with
the homogeneous Dirichlet boundary condition

Lu=f(x) xetw, uecHw) (6.71)

We define Mg, Ag € RR*Q as follows:
Mo, q") = / GigPiq» Aolgq) = / 0iqLy (apiq). (6.72)
Ti Ti

Let Amax (Mo, Ap) be the largest generalized eigenvalue of the eigenvalue problem Moo =
MApo, which can be written as

T 2
Vv M()V ||§0||L2 i
Amax (Mo, Ag) = sup T = sup —1—(21) (6.73)
veRQ VAV pepy(n) 1L, go”H(r,-)
The proof of Lemma 6.2 also implies that
VA max (Mo, A0) < /20 max C(k d, 8)n ™. (6.74)

If the operator £ contains only the highest order terms, we have

Vimax Mo, Ag) < /Omax C(k d, 8)h K. (6.75)
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7 Localization of the basis functions

Theorem 5.1 or Theorem 6.4 allows us to localize the construction of basis functions v;,
as follows. For r > 0, let S; be the union of the subdomains 7; that intersect with B(x;, )
(recall that B(x;, 84;/2) C t;) and let wi{‘;c be the minimizer of the following quadratic
problem:

1 : 2
ij,(,}c =argmin ||y H
VeHS(S)

(7.1)
s.t. / Gqg¥ =08igjg V1<j<m 1<4 <Q
We will naturally identify E”,'lf,}c with its extension to H¥ (D) by setting ¢i{<{}c = 0 outside of
S
If the elliptic operator L is given with some other homogeneous boundary condition, the
localized problem (7.1) should be slightly modified as follows such that the basis function
¥;4 honors the given boundary condition on 9D:

! . 2
Iﬁi,‘,}“ = argmin ||W||H
veH

s.t. /wj,q“// =digjy V1=<j<m 1% 9 <Q (7.2)
Y(x) =0 x e D\S,.

When 9S, N dD = @, Eq. (7.2) is equivalent to Eq. (7.1). However, when 3S, N 9D # @,
Eq. (7.2) only enforces the zero Dirichlet boundary condition on 3S,\3dD, but honors the
original boundary condition on dD.

From now on, to simplify the expression of constants, we will assume without loss of
generality that the domain is rescaled so that diam(D) < 1.

h2k) < ek,max

1 "2 - 200,maxcjg ’

Lemma 7.1 For any domain partition with I it holds true that

1 2d+19kmax i d/2—k
Clg < Clhkd )| —=— h™ 47k, 7.3
1Wigln < Clod ) | =5 (73)

If the operator L contains only the highest order terms, it holds true that ||1/fl,l,(;c|| H <

172
C(k d, 8) (2 9:(;““") h=42=K for any h > 0.

Proof Consider

flq—ZA Ly %q’

where A 1 is the inverse of A (defined in Eq. (6.74)) and L, 1<p,',q/ is the weak solution of
the local problem (6.71) with right-hand side ¢; ;. From the definition of Ay, we know that
/, o Yiabiq = 844 Notice that ¢;; € H(l)( - Hg (Sy). Therefore, ¢; 4 satisfies all constraints
of wi{‘;c (see Eq. (7.1)), and thus,

1%l < 12oqllm- (7.4)
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Making use of (Egl(p,;q, ﬁalgoi,q/)H = ffi go,;q/jglgoi,q/ = Ao(g q'), we obtain

o )\max (MO; AO)

6iqllfy = 49" (@ @) < Amax(4g ) o
1]

(7.5)
We have used Mo(q, ¢') = |718;; (due to the normalization (6.8)) in the last inequality.
Combining Eq. (6.75) (or (6.74)), (7.4) and (7.5) and |7;| > V,(8h/2)%, we complete the
proof of Eq. (7.3). O

Theorem 7.1 Under the same assumptions as those in Theorem 6.4, there exists hy > 0
such that foranyh < hg, 1 <i <mand1 < q < Q, it holds true that

g9 r—2h
1iq = Vi Iy < G~ K exp(—— =), (7.6)
where
1/2
2d+19
C3 = Clk d, §) | Z5—tomax
Vd(sd

1/2

kmin kmin

2
k6 0
x (2c1c,7cp ; fmax | 1) +2 | Mk d,5)C,

Here, all the parameters are the same as those in Theorem 6.4.
When the operator L contains only the highest order terms, i.e., Cu = (—1)K ZW 1=l =k D°
(aoy DY u), Eq. (7.6) holds true for all h > 0. In this case, the constant C3 can be taken as

1/2
€290 max /
V84

2
k6 6
< [(c1c,Cp [2m L 1) 4+ [k 4,8)C,
9/(,min elgmin

Proof Let So be the union of the subdomains 7; that are not contained in S, and let S; be

C3 = Clk d, 9) (

1/2

the union of the subdomains 7; that are at distance at least / from So. (We will assume

that So # @ and S; # 0. If Sy # 0, the proof is trivial. We can choose r > 24 such that

S1 # #.) Let §* be the union of the subdomains 7; that are not contained in either Sy or

S1, as illustrated in Fig. 2. Note that in this case, we have S; in the inner region and Sy in

the outer region. This is the opposite of the scenario that we consider in Fig. 1.

Let n be a smoocth cut-off function such that 0 < < 1, nls; = 1, nls, = 0 and
n

1D nllzepy < T for all o. Since wil";c satisfies the same constraints as those in the

definition of ¥, 4, thanks to Eq. (2.12) we have
1Wig — Vis iy = 1o 10y — Wi 110 (7.7)

Define I/fji’; as the (unique) minimizer of the following quadratic optimization:

iy = argmin [[¥]l7,)
v EH (Sy) (78)

st | Vg =gy Y1sj=m 1=q=Q
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Fig.2 lllustration of S;, Sp, S1 and S*

Note that 1//},“ = 1//}’; Let wigr = [ nViq@;q and Yiar — i1 23,21 Wig w}f’;,. Thanks

to the orthogonality between v, ; and ¢; 4, i.e., the constraints in Eq. (6.9), we have

‘ZI» 10c+ Z Zw]q 1//z,r

5 CS*q

Using (3) of Theorem 2.2, we have (wl"c W’r )H @i’q]q,, where @' is defined by Eq. (2.10)
with K : L2(S,) — L%(S,) being the inverse of L with the homogeneous Dirichlet boundary

condition on 9S,. Therefore, we have

Q
A2 1y = Ilse i+ | 3 Zw;qfw,i” 23 Yweolh 79)

T CS* q'=1 [CS* q'=1

By (2) of Theorem 2.2, we know that Ipff’r is the minimizer of the following quadratic
problem:

ivqﬂ‘ = arg min ||1/f||%1(5r)
WEH(I)((SV)

[ w0 = [ mage isj=mo1sq < 0a0)
; D

Noting that ni; 4 satisfies the same constraint, we have ||1ﬂ1if]’r
this estimate with (7.7) and (7.9), we obtain

17, < In¥iqll?. By using

Q
Wig = Vio Wiy < InWiqlir — IWiglF +2| D Y wig®f o). (7.11)

‘L’]'CS* q'=1

I

I

It turns out that /; and I play almost the same role as I; and I did in the proof of
Theorem 6.4 and can be estimated in a similar way. We will estimate these two terms as
follows.

Let’s first deal with I;. Since n|s;, = 1 and nl|s, = 0, we have I = ||n1ﬁi,q||?_[(5*) —
|Wi:q”12-1(s*uso) < ||77Wi,q||?.1(5*)~ In “Appendix B.2,” we give a bound for ||y 4 |1 (s*) using
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a similar technique that we used to obtain Eq. (6.53) from Eq. (6.48) in the proof of
Theorem 6.4. With this bound, we obtain

2

I G C?% 2 2
L= | 5 Wiglkase +1) 7 Wigligg s + CalVigliase 1Wigllrsy + 1Viglzyssy | -

A

(7.12)

where C3 = C1C;,Cy/2k0) max. With the strong ellipticity (6.46) and the bound (6.24),
we conclude

k ek max

k,min

2
L < <2c1c,,cp + 1) Wi 1 sey (7.13)

Applying the exponential decay of Theorem 6.4 to || 4 rr(s+), we get

2
ko =
L < <2clc,,cp fmax 1) L (79 (7.14)
ek,min
We now estimate ;. Combining (3) of Theorem 2.2 with the definition of H-norm (2.1),
we have
I A It iy
,q ,q =g ¢,§;/)H(S,) = (LYo ﬁ;/)LZ(s,)

Thanks to Ewi‘;‘f |l € span{wj,q/}(;:l and the orthogonality between ® and W;’; ,,» we have

loc
| 5= Z ®zq jq' ¥’

Since {g;, q’}qQ=1 is orthogonal and normalized such that [ ;49,4 = |7j|84, we get

1/2

1LY i) = 15112 Z(@iq;;)2 : (7.15)

Moreover, we obtain wj, = [}, 1;q@;4 by definition, and thus we get
Q 1/2
-1/2 2
G2 Y wig | < Invigllegg < 1Wiglli), (7.16)
q'=1

Here, we have made use of 0 < 1 < 1 in the last step. Combining (7.15) and (7.16), we get

L =2 Z Z Wig © tqiq

TiCS* q'=1
1/2 1/2
2
<2), Z<®W 2 Wi
5 CS* \g'=1 q'=1

<2 ) LY gy 1¥ig 2,

7 CS*
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Now, we arrive at exactly the same situation as I (see (6.41)) in the proof of Theo-
rem 6.3. With the same derivation from Egs. (6.41) to (6.42), i.e., applying Lemma 6.2 to
||£1//i1,<6>1€ ||L2(r,-) and Theorem 3.1 to ||V ||L2(r,-)» we obtain

Iy < 23/20maxC(k d, 8)CplWriglia,s+ 1V N1 11(s%)

Ok max loc (7.17)
<4 9’—C(/<, a, 8)CpllVigl s Vg (s
k,min

where we have used 6 max = max(fo,max Okmax)> the strong ellipticity (6.46) and the
bound (6.24) in the last step. Applying the exponential decay of Theorem 6.4 to both

1Wigllr(s) and 19,5 | r(s+), we obtain

9k _r=2h
I <2 | 22 C(k d, 8)Cpe™ T ||1pi,q||H(D)||WL’1,(:]C||H(D)- (7.18)

k,min

Combining Eqgs. (7.11), (7.14) and (7.18), and using Eq. (7.3) to bound ||1/fi1,‘;c||H(D) and
Vgl D) (recall Vgl o) < ”W},ZC”H(D))r we complete the proof of Eq. (7.6).

When the operator £ contains only the highest order terms, i.e., Lu = (—1) Z|a|=|y|=k
D%(asyD? u), Eqs. (7.14) and (7.18) hold true for all /z > 0. In this case, we can get rid
of the factor “2” in both Egs. (7.14) and (7.18). Therefore, we obtain the estimate on C3

stated in the theorem. O

Theorem 7.2 Let u € Hg(D) be the weak solution of Lu = f and 1//1.1,0; be the localized
basis functions defined in Eq. (7.1). Then, for r > (d + 4k)lhlog(1/h) + 2(1 + [log Ca)h,

we have
2C
inf |lu—v| < 2 1fl;20 (7.19)
vewlo o) = = W ey

where Cy = Céfe (Qamin)'/?, and Cs is defined in Theorem 7.1, amin comes from the norm-

equivalence (6.4), and C, is the constant such that |[ul|;2py < Cellf |l 2(p) holds true.

Proof Letvi :== Y 1, Zqul CigVig and vy == Y17, 23:1 ciql//l{?]c with ¢iy = [ ugiq.
Estimation (6.11) gives that

C, h*
e —vill < —Z=Ifll 2(p)- (7.20)

Amin

Using the Cauchy inequality, we have

m  Q
1
v = vallu < max g — il Y Y leig]
4 i=1 g=1
1/2

m Q
1 1/2 2
< max |Yig = Yigflln Y QY2 | Dl
4 i=1 q=1

Thanks to the orthogonality of{gol',q}f;:1 (6.8), we have | 1;| ’1/2(2321 Iciq 12)1/2 < || ull[2(z;)-
Then we obtain
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m
1 1/2 1/2
v = vallar = max g = Y3511 Q P31l Pl 2y
’ i=1

= max [V = Vi 1 (@D lull2 oy

Using the energy estimation ||u;2(py < Cellfl;2(p) and Theorem 7.1, we obtain

d r—2h
v = vall < C3C.QY*h™ 2  exp <‘W) I 1l 22(o)- (7.21)
Combining Egs. (7.20) and (7.21) together, we conclude the proof. O

By applying the Aubin—Nistche duality argument, we can get the following corollary.

Corollary 7.3 Let Ebilf,}c be the localized basis functions defined in Eq. (7.1). Then for r >
(d + 4k)lhlog(1/h) 4+ 2(1 + [ log Cy)h, we have

4C?
Kl < =2, (7.22)

Amin

H
1< — P,

where all the constants are the same as those defined in Theorem 7.2.

Corollary 7.3 shows that we can compress the symmetric positive semidefinite operator
K with the optimal rate #** and with the nearly optimal localized basis (with support size
of order /1log(1/h)).

Remark 7.1 All the results and proofs presented above can be carried over to other homo-
geneous boundary conditions. Given a specific homogeneous boundary condition, one
only needs to modify the proof of Lemma 7.1. Specifically, when the patch z; intersects
with the boundary of D, the constructed function ¢;, should honor the same boundary
condition on dD. The scaling argument in the proof of Lemma 7.1 still works for other
homogeneous boundary conditions.

8 Numerical examples

In this section, we present several numerical results to support the theoretical findings and
to show how the sparse operator compression is utilized in higher-order elliptic operators.
In Sect. 8.1, we apply our method to compress the Matérn covariance function (8.1) with
v = 1/2. We show that our method is able to achieve the optimal compression error with
nearly optimally localized basis functions, which means that we are able to get optimality
onboth ends of the accuracy—sparsity trade-offin the sparse PCA. In Sect. 8.2, we apply our
method to a 1D fourth-order elliptic equation with the homogeneous Dirichlet boundary
condition and show that our basis functions, when used as multiscale finite element basis,
can achieve the optimal 42 convergence rate in the energy norm. In Sect. 8.3, we apply
our method to a 2D fourth-order elliptic equation and show that the energy-minimizing
basis functions decays exponentially fast away from its associated patch.

8.1 The compression of a Matérn covariance kernel
In spatial statistics, geostatistics, machine learning and image analysis, the Matérn covari-
ance [31] is used to model random fields with smooth samples; see, e.g., [14,17,43]. The



Hou and Zhang Res Math Sci(2017)4:24 Page 37 of 49

Matérn covariance between two points x, y € D C R is given by

1—v

Kol y) = 022 (mlx—yl)”Kv <@M> 8.1)
I'(v) o P

where I is the gamma function, K, is the modified Bessel function of the second kind,
and p and v are nonnegative parameters of the covariance. Its Fourier transform is given

by

—(v+d/2) d._.dj2 v
-~ 2 2 r d/2)(2
R() = cypo <712)+""'2> | oy e XL A A7)V (82)

(v)A2v

where f(a)) is the Fourier transform of f. For both sampling from the random fields
and performing basic computations like marginalization and conditioning, we need to
compress the Matérn covariance operator K : L%(D) — L*(D), which is defined through
the Hilbert—Schmidt operator with kernel K, (x, y), by a rank-# covariance operator:

Eoe(W;K):= min  |K— K|y, (8.3)
0

Ky eR™>1, Ky >

where ¥ = [y, ..., ¥,] spans the range space of the approximate operator WK, ¥,
Recent study [4,27] shows that the Matérn covariance and the elliptic operators are
closely connected. With proper homogeneous boundary conditions, the Matérn covari-
ance operator with v + d/2 being an integer is the solution operator of an elliptic oper-
ator of order 2v + d. For example, the Matérn covariance operator with v = 1/2 is
the solution operator of a second-order elliptic operator (2/o?)~! (1 — ,02%) when the
physical dimension d = 1 and is the solution operator of a fourth-order elliptic operator
(8mp%0?) 7! (1 —2p>A + p*A%) whend = 3.

Based on Egs. (2.10) and (2.11), we can also compute the exponentially decaying basis
functions from the covariance operator K. In this example, we apply our method to
compress the following exponential kernel

K(xy) =exp(—lx—y)) xye[01] (8.4)

which is exactly the Matérn covariance (8.1) withv = 1/2,0 = 1and p = 1. This problem
has been studied by different groups; see, e.g., [3,9,13,20]. We remark that since the
Matérn covariance function corresponds to the solution operator of an elliptic PDE with
constant coefficient, one can compress the Matérn covariance kernel by using a piecewise
linear polynomial or wavelets with optimal locality and accuracy. It is not necessary to use
the exponential decaying basis to perform the operator compression. We use this example
to illustrate that our method can be also applied to compress a general kernel function.
We partition the interval [0, 1] uniformly into m = 2° patches and follow our strategy

to construct basis functions. By the Fourier transform, we know that it is associated

d2
T a2
constant functions and then compute ¥ by Egs. (2.10) and (2.11). In Fig. 3, we plot ¢33
and Y33, which is associated with the patch [1/2 — /,1/2]. We can see that the basis

function 35 clearly has an exponential decay. We take m = 2/ for 0 < i < 7 and

with the second-order elliptic operator % (1 ) Therefore, we take ® as piecewise

compute the compression error E(¥; K). The result is shown in Fig. 4. We can see that
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Fig. 3 Basis function associated with patch [1/2 — h, 1/2]
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Fig.4 Operator compression error £(¥; K) (8.3) for the exponential kernel (8.4) with exponentially decaying
basis functions ¥. They have nearly same compression error as that given by the global eigenfunctions of 1

the exponentially decaying basis functions ¥ have nearly the same compression rate as
that of the eigendecomposition.

One can easily verify that the exponential kernel (8.4) is the Green’s function of the
following second-order elliptic equation

—%u”(x) + %u = f(x), 0<x<lLu—40)=0 ul)+u41)=0 (85

with boundary condition #(0) —#/(0) = 0, u(1)+#'(1) = 0. The associated energy norm

is

1 1 , 1
||u||?_[(D) =3 (u(0)2 + u(1)? +/0 u')? +/0 u2), (8.6)
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Solving the localized variational problem (7.2), we can get localized basis functions gloc,
With different sizes of the support S,, we compute the compression error E(¥1°%; K) for
m = 2! (0 < i < 7). The results are summarized in Fig. 5. In the left subfigure of Fig. 5,
we take the support with size Ch, for C = 3,5,7,9 and 11. In the right subfigure of Fig. 5,
we take the support with size Chlog,(1/h), for C = 2,2.1 and 2.4. For a support of size
Chlog,(1/h), it contains [C log,(1/h)] patches, where [C log, (1//)] is the smallest integer
of Clog,(1/h). We can see that the oversampling strategy with r = ck does not give the
optimal convergence rate , while the oversampling strategy with r = chlog,(1/#) gives the
optimal second-order convergence rate as guaranteed by Corollary 7.3. For m = 27 and
r = 2.4hlog,(1/h), the constructed localized basis functions achieves the same operator
compression error as that using 128 eignefunctions.

8.2 The 1D fourth-order elliptic operator

Consider the solution operator of the Euler-Bernoulli equation

d? d’u
d_x2 (a(x)d—xz> =f(x), O<x<1,

u0) =40 =0, u(l)=4(1)=0,

(8.7)

which describes the deflection u of a clamped beam subject to a transverse force f €
L?([0, 1]). The flexural rigidity a(x) of the beam is modeled by

K
alx) =1+ % sin (Z k™% (&g sin(kx) + o Cos(kx))) , (8.8)

k=1

where {glk}{f:l and {;‘2/(}2(:1 are two independent random vectors with independent
entries uniformly distributed in [—1/2,1/2]. This oscillatory coefficient is also used
in [22,33,39] and has no scale separation. We choose « = 0 and K = 40 in the numerical
experiment. A sample coefficient is shown in Fig. 6.

We partition the physical space [0, 1] uniformly into m = 2° patches, where the ith
patch I; = [(i — 1)A, ik] with i = 1/m. In this fourth-order case, our theory requires the
piecewise polynomial space ® be the space of (discontinuous) piecewise linear functions,

Compression Error of ¥''°°

Compression Error of ¥'°°

10 > 10
P ——2 hlog,(1/h)
2.1 hlog,(1/h)
<) S ——2.4 hlog,(1/h)
5 ) ° ) ——Eigen Decom
g 10°7 g 10
7] ——3h )
8 sh 8
[e% ——7h o
g ——9h g
o ol 11h o
10 ——Eigen Decom 10
10° 10° 102 108 10° 10° 102 108
patch number: m patch number: m

Fig.5 Operator compression error £(¥'°%; K) (8.3) with basis functions ¥'°¢. The oversampling strategy with
r = ch (left) does not work well, while the oversampling strategy with r = chlog,(1/h) (right) gives the
optimal second-order convergence rate
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flexural rigidity: a(x)

0.9

0.8

0.7

0.6

0.5

Fig. 6 Highly oscillatory flexural rigidity without scale separation

which has dimension #n = 2m. We have two ¢’s, denoted as ¢;1 and ¢; 2, associated with
the patch J;. Solving the quadratic optimization problem (6.9), we obtain the exponentially
decaying basis functions. We also have two {’s, denoted as ;1 and ¥, 5, associated with
the patch I;. We plot ¢;1 and ¢; 2 associated with the patch I3y = [1/2 — /4, 1/2] in Fig. 7 A.
In Fig. 7b, c, we plot the basis functions /33,1 and 32, which clearly show exponential

decay.
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To demonstrate the necessity for W to contain all piecewise linear functions, in the third
column of Fig. 7, we also plot the basis functions associated the patch /32 when & is the
space of piecewise constant functions. In this case, we have only one ¢, denoted as ¢;,
associated with the patch /;. In the third column of Fig. 7a, b, we plot ¢32 and ¥33. Solving
the quadratic optimization problem (6.9), we obtain only one basis function v, denoted
as ¥, associated with the patch ;. In Fig. 7c, we plot the basis function 3, in the third
column. Note that ¥35 also shows an exponential decay, but its decay rate is much smaller
than that of Y321 and ¥32,2.

We have sampled a force f € L(D) from the same model (8.8) as the flexural rigidity.
Using the MsFEM, we use two different sets of basis functions {wi,q}ﬁi g=1 and {;}7" | to
solve the corresponding fourth-order elliptic equation (8.7) and get solutions u;,; and 1,
respectively. We show their errors in the energy norm, i.e., |luy; — ullg and ||up0 — ullH
in Fig. 8. We can see that |lu;,; — u||y decays quadratically with respect to the patch size
h, while ||uj,o — ullg decays only linearly. Therefore, to obtain the optimal convergence
rate 42 in the energy norm, it is necessary to include all the piecewise linear functions in
the space @, as we have proved in Theorem 2.1 and Eq. (6.11).

8.3 The 2D fourth-order elliptic operator
Consider the solution operator of the 2D fourth-order elliptic equation on domain D =
0,1

07 (a20(%, y)0}u(x, y)) + 05 (a0 (% )] u(x, )
+ Zaxy(ﬂll(x’ J’)Bxyu(x» M=fxy), ue Hg(D)» (8.9)

which describes the vibration u of a clamped plate subject to a transverse force f € L*(D).
The coefficients in the operator are given by
1 (11+4sin(2rx/e1) 1.1+ sin(2wy/er)
a0 y) = a0(% ) = 6 <1,1 +sin(2nwy/e1) 1.1+ cos(2mx/eq)
1.1+ cos(2mx/e3) 1.1+ sin(2mwy/eq)
1.1 +sin(2ry/e3) 1.1 4 cos(2mx/€q)

+ sin(4x2y2) + 1> ,

K
1 _
aifxy) =1+ 5 sin E k™% (&1x sin(kx) + &k cos(ky)) |, (8.10)
k=1
102 Patch size vs Energy norm error
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12 Y2 by

Fig.9 Three basis functions associated with patch [1/2 — hy, 1/2] x [1/2 — hy, 1/2]
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Fig. 10 Three basis functions associated with patch [1/2 — hy, 1/2] x [1/2 — hy, 1/2] in log-scale

where €; = %, € = %, €3 = 1—17, €4 = %, K =20, = 0, and {{1/(}{((:1 and {;2/(}5:1
are two independent random vectors with independent entries uniformly distributed in
[—1/2,1/2].

Based on the uniform partition with grid size 1, = h, = 5—13, we construct the piecewise
linear function space ®, which has dimension n = 3m = 192. We solve the quadratic
optimization problem (6.9) with the weighted extended B-splines (Web-splines [19]) of
degree 3 on the uniform refined grid with grid size /i,y = h,r = 3—12 The 2D Gaussian
quadrature with 5 points on each axis is utilized to compute the integral on each fine grid
cell. The three basis functions associated with the patch [1/2 — &, 1/2] x [1/2 — k), 1/2]
are shown in Fig. 9. We also show them in the log-scale in Fig. 10. We can clearly see
that the basis functions decay exponentially fast away from its associated patch, which
validates our Theorem 6.3.

We point out that the stiffness matrix for the fourth-order elliptic operator (8.9) becomes
ill-conditioned very quickly when we refine the grid size. A carefully designed numerical
strategy is required to validate the optimal convergence rate. We will leave this to our

future work.

9 Concluding remarks

In this paper, we have developed a general strategy to compress a class of self-adjoint
higher-order elliptic operators by minimizing the energy norm of the localized basis func-
tions. These energy-minimizing localized basis functions are obtained by solving decou-
pled local quadratic optimization problems with linear constraints, and they give optimal
approximation property of the solution operator. For a self-adjoint, bounded and strongly
elliptic operator of order 2k (k > 1), we have proved that with support size O(klog(1/h)),
our localized basis functions can be used to compress higher-order elliptic operators with
the optimal compression rate O(h2). We have applied our new operator compression
strategy in different applications. For elliptic equations with rough coefficients, our local-
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ized basis functions can be used as multiscale basis functions, which gives the optimal
convergence rate O(/X) in the energy norm. In the application of the sparse PCA, our
localized basis functions achieve nearly optimal sparsity and the optimal approximation
rate simultaneously when the covariance operator to be compressed is the solution oper-
ator of an elliptic operator. We remark that a number of Matérn covariance kernels are
related to the Green’s functions of some elliptic operators.

There are several directions we can explore in the future work. First of all, the con-
stants in both the compression error and the localization depend on the contrast of the
coefficients, which makes the existing methods inefficient for coefficients with high con-
trast. Other methods (e.g., [16,28,35,36]) also suffer from the same limitation. Our sparse
operator compression framework can be used to deal with this high contrast case, and we
will report our findings in our upcoming paper. Secondly, in the application of the sparse
PCA, our current construction requires the knowledge of the underlying elliptic operator
L. We believe that it is possible to construct these localized basis functions using only
the covariance function. Moreover, given any covariance operator, which may not be the
solution operator of an elliptic operator, we can still define the Cameron—Martin space
and the corresponding energy-minimizing basis functions. We are interested in the local-
ization and compression properties of these energy-minimizing basis functions in this
general setting. Our preliminary results show that the energy-minimizing basis functions
still enjoy fast decay rate away from its associated patch, although the exponential decay
may not hold true any more. Thirdly, it is interesting to apply our framework to the graph
Laplacians, which can be viewed as discretized elliptic operators. Along this direction, we
would like to develop an algorithm with nearly linear complexity to solve linear systems
with graph Laplacians. Finally, we are also interested in applying our method to construct
localized Wannier functions and to compress the Hamiltonian in quantum chemistry.
Unlike the second-order elliptic operators with multiscale diffusion coefficients, all multi-
scale features of the Hamiltonian H = — A + V/(x) lie in its potential V (x). Some adaptive
domain partition strategy may prove to be useful in this application.
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Appendix A: More on Lemma 4.1
In this section, we prove that C(k s, d, 21) can be bounded by C(k, s, d, ) and give an
explicit formula of C(k; s, d, §) for the case k = s = 1. Before we do this, we need the

following comparison lemma.

Lemma A.1 Let Q be a smooth, bounded, open subset of R? and S is a smooth subdomain
in Q. Let Gg be the Green’s function of L = (—1)k " D* with the homogeneous
Dirichlet boundary condition on Q2 and Ggs be the Green’s function of L with the homoge-
neous Dirichlet boundary condition on 3S. Then for all f € L*(Q2), we have

/ / Gs(x y)f W) ()dx dy < f / Gals ) (K 0)dx dy: (A1)
SJS QJIQ
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Proof Letf € L*(Q). Let yq be the solution of L = f with the homogeneous Dirichlet
boundary conditions on €2 and s be the solution of L5 = f with the homogeneous
Dirichlet boundary conditions on 9S. Observe that g and Vs are the unique minimizers

of Io(,f) = 3 51—t Jo ID7ul* = [q uf with
Yo = arg min Iq(u, f), Ys = argmin Io(u, f)
ueHk (%) ueHy (S;%2) (A.2)

HK(S;Q) := {u € HX(Q) : u = 0 on Q\S}.

Moreover, we have

1 1
I f) =~ /Q vaf == /Q fQ Gl Y)f (3)f 0)dx dy,

X 1 (A.3)
s =5 w5 == [ [ Gstnreronsey
2 Js 2 JsJs
Since H(])‘(S; Q) is a subset of Hé‘(Q), we obtain
IQ(I//QJf) = IQ(l//S,f), (A4‘)
which proves the lemma. |

Note that Lemma A.1 in fact holds true for the general operator } o, |, |< ((=Dl°lDe
(@oy (x)D¥u) with various boundary conditions. Notice that Q1 is a smooth, bounded,
open subset of R? that satisfies B(0,8/2) C €1 < B(0, 1). By Lemma A.1, we are able to
bound the energy norm on ) by that on B(0, §/2) and B(0, 1). To simplify the notation,
we omit the subscript “1” in the rest of this section.

Proposition A.1 C(k; s, d, 2) (defined in Eq. (4.8)) can be bounded by C(k, s, d, ) which
only depends on k, s, d and 5. Moreover, we can set

C(1,1,d,8) =2/d(d+2)s '~/ (A.5)

Proof From the definition (4.8), we have

2
(Clh 5, d, Q) = Amax (M, S) = max Jo P (x)dx (A.6)

PP o Jo Gl y)p()p(y)dx dy’

where G(x, y) is the Green’s function of £ = (—1) > o=k D?° with the homogeneous
Dirichlet boundary condition on d€2. Notice that B(0,5/2) ¢ Q C B(0,1). Utilizing
Lemma A.1, we have

fB(O,l)pz(x)dx

Amax(M, S) < max = Amax(M, S),
e PePt [p0,2) Jp0.5/2) G2 Yp@)p(y)dx dy e

where Gj/7 is the Green’s function of £ with the homogeneous Dirichlet boundary con-
dition on 9B(0, §/2), Amax (M, §) > 0 is the largest generalized eigenvalue of M and S with

S(i,j) = / / Gsapipj = / Us i Djs M, j) = / pipj. (A7)
B(0,8/2) JB(0,5/2) B(0,5/2) B(O,1)
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Here, {p1, p2, . . ., po} are all the monomials defined in Lemma 4.1 and u, ,, = L 1p; with
the homogeneous Dirichlet boundary condition on dB(0, §/2). It is obvious that Amax (M, A)
only depends on &, s, d and §. Thus, we can choose

C(k s,d,8) = \/ Amax(M, S). (A.8)

Since Q has diameter at most 1, there exists xg € 2 such that Q C B(xg, 1/2). Therefore,
we have fQ pPrr)dx < f B(x0,1/2) p*(x)dx, and we have a tighter bound for M in the case
s=1M<M:= fB(xo,l/Z) dx = Ay_1/(d2%), where A,_; is the surface area of the
(d — 1)-sphere of radius 1 (set Ag = 2).

For the case s = k = 1, u,,,, (defined as £L7'p; with the homogeneous Dirichlet
boundary condition on dB(0, §/2)) can be solved explicitly:

Usjpy = ((5/2)2 - 7”2) /(2d).

Then we have

. 1 ) d+2 R 4
S=——| = Ag_y, M=A,;_1/(d2%).
2d12) (2) d-1 d-1/(d2%)
Since Amax (M, §) =M /§ in the case of s = 1, Eq. (A.5) naturally follows. O

Appendix B: Derivations involving /4
B.1. From Eq. (6.49) to Eq. (6.50) in the proof of Theorem 6.4
We want to prove that there exists a constant Cj (k, d) such that

2

k s
o 9
S M S G LRSS 3 Sl SR Y

lo|<k 5% |oytor=o s=1g/=1

Proof We re-arrange terms on the left-hand side with the same |o| and use the Cauchy
inequality:
2

k
ws= Y [ | X (7)o,

s=1 |o|=s 01=0,l01|>1

- Xk: Z Z <0)2 Z /S D7y 21Dy

o
s=1|o|=s \o1<0,lon|>1 ~ 1 o1<0,lo1|>1

k
<chey Y Y fs (D (B.2)

s=1|o|=s01=0,l01]>1

where we have used |[D°1y| < C,(lh)~1°1 and Cy,1 := max|y|<¢ Y o1<o o1 (;’1)2 We

re-arrange the terms in Eq. (B.2) by grouping terms with the same |01, and we get

Z Z (lh)72|01||D07(711/fi,q|2 < Z Z N(s, 01)(lh)72|01||D07011//i,q|2,

S*

|lo|=so01<0,|01|>1 s'=1|o1|=s
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where N(s,01) = Zlal:s Zo;sa,\al\zl 1. Suppose that N(s,01) < Cip foralll <s < k
and 1 < |oq| < s. Then, we have

D f (1)~ |p7 = "1wq|2<c1221h) ¥ gl ynse  (B3)

lo|=s 01<0,|01/>1

Combining Egs. (B.2) and (B.3), and denoting C; = Cl,lcll,/z2’ we have proved Eq. (B.1). O

Remark B.1 If there are no lower-order terms, we can obtain

2

k
o /
§ /S ) § (GI)D‘”;}D"Z%(Z gclzcgz ()™ Wiy 5o (B.4)

lo|=k o1+0y=0 d=1
lo1/>1

Here, we can take C; = C1,1C11)/22 with C1,1 = max = ZG’ISU:|UI|21 (;)2 and Cip =
maxj <|q; <k N(k o1). Of course, we can simply take the same C; as in Eq. (B.1).
Equation (B.4) is used from Egs. (6.37) to (6.38) in the proof of Theorem 6.3.

B.2. Estimation of || 9¥;q | H(s+) in the proof of Theorem 7.1
In this subsection, we will prove the following result that is used in in the proof of Theo-

rem 7.1: for all # > 0 such that 1= hhz < 2, we have

C C2
InYigllaEy < Ellﬂz;qlk,z,s* + \/thﬂi,qliz,g* + Cliglias 1¥iglm(sy + ||Wi,q||?_1(5*);

(B.5)

where C = C1C;,Cp/2k0 max.

Proof We begin by expressing the following integral as a sum of two terms:

LﬂayDU(UWi,q)Dy(WWi,q): Z /nﬂay(x)D qu (mﬂtq)

*
0=<lolly|<k 0<lolly|<k

I3

P YT ( ) | RECLR RN} (8.6)

O<|(7‘ |y|<k 0'1+0'2—0'
lo1]=

Iy

Repeating the same argument from Egs. (6.48) to (6.50), we obtain

1/2

s < C1C, ZZh i gnse | 1nWigllss)y/Okmax: (B.7)
s=1s'=1

Since ;4 L Py_1 locally in L?, from Eq. (6.5), we have

J
|Wi,q|s—s’,2,$* = Cphs |1pi,q|s,2,S*-
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Repeating the same argument from Egs. (6.51) to (6.53), we conclude

1/2
k s
I < CLCyCpy/Okmax | 2. Y Wiglinge | In¥igllese (B.8)

s=1s'=1
‘ 1/2

< CLCCpOkmax | Y s1iglias- | InViglluese) (B.9)
s=1

< C1CCp/ 2k Ok max | Vigli 2,5+ 1MVig  F(5%)- (B.10)

In the last inequality (6.53), we have used the polynomial approximation property (6.5)

2 2k
hl:ZZ < l/le to make it true.

Repeating the same process for I3, we have

again and take

L= > fnzagy(x)D"l/u,qD%,q
S*

0<lo|,lyl<k

Is

+ > > (;) fs Mgy @)D D7 g DY Yig

0<|o],|y|<k o1+oa=0
lo1[>1

(B.11)

Is

Here, we have exchanged the index o and y so that I has a structure similar to that of Is.
Since ZOs\al,lylsk Aoy (X)D° ;g DY ;4 > 0 and |n(x)| < 1 for every x € D, we obtain

Is < 1¥iq ;e (B.12)

Repeating the same argument from Egs. (6.48) to (6.50) again, we obtain

> (“) / aoy (X)1D” D" g DY Yy
01 S

0<l|o|,|y|<k oytoy=0
lo11>1

Is

o 172

1¥iq1l H(s*) v/ Ok max

IA
g
g
N
2 Q
SN——
=
>
2
=
>
S
s
ESY

1/2

k s
CLCyOemax [ YD h > Wiglogns | 1Wiglus- (B.13)

s=1s'=1

IA

The derivation of Eq. (B.13) is nearly the same as that of Eq. (B.1), and the only difference
is that we need to use [7D°y| < C,h~11! (thanks to |5| < 1) in Eq. (B.2). Using exactly
the same argument from Egs. (B.8) to (B.10), we conclude that for all # > 0 such that

1—h2k
iz =2

Is < C1CCpy/ 2kO0k max|Vigli, s 1Wig | H(s%)- (B.14)

Combining Egs. (B.11), (B.12) and (B.14), we obtain

3] < 1¥iq 12150 + C1CoCpy/ 2kt max | Wiglin,s+ Wi (s (B.15)
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Combining Egs. (B.6), (B.10) and (B.15), we have

||7l‘//i,q||%[(s*) < ||1//i,q||%1(s*)+C1CnCp 2k max |Vigli2,s (1Wigll s H Vgl Hs)):
(B.16)

Solving the above quadratic inequality, we have proved the lemma. o
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