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ABSTRACT

There have been several formulations of models for crude oil
production which tried to.identify the elements of user cost and show
their effect on production and investment decisions. In this chapter,
previous results are extended by incorporating the uncertainty regard-
ing the date of arrival of the backstop technology in the model. This
uncertainty adds a new element to the user cost identified previously

and is shown to affect the production and investment decisions.

THE EFFECT OF A RANDOM PLANNING HORIZON ON PRODUCTION AND QNVESTMENT
FOR PETROLEUM RESERVOIR -- A NOTE ON KULLER'S AND CUMMING'S MODEL

Introduction

Since the classical paper by Davidson [1], there haye been many
models which illustrate the role of user's costs in oil production.
However, a paper by Kuller and Cumming offers the most comprelensive
treatment of user costs by introducing the following assum—
ptions:

1. Total recovery, as well as annual production fateé from
natural drive, depends pot only on cumulative production,
but also on the rate at which production has taker place.

2. The recoverable stock, as well as the production fate,
‘depends on the time path of investment as well as{on
cunulative investment (i.e., the capital stock)

In their model, n firms are exploiting a given petroléum

reservoir under centralized management which maximizes the expected
profit function,ll,over a knowﬁ planning horizon T, subject Lo con—
straints reflecting the above two assumptions and non-negativity. They
identify four user cost elements: stock user costs, boundary|user

costs, user costs of capital consumption, and production user|costs.

Their policy prescriptions are simple: 1) produce at-.a rate|which




equates marginal net income to firm J and the user cost association C =¢C (R,V ,K)
tt’tht
with firm J's production, and 2) equate the marginal cost of investment
ac ac ac ac
(to firm J for capital-type k) with the-marginal present value of the —t>0 —t20, —t<o0,—Ltc<o
3’1 * th ’ 3VT ? aKt
reservoir-wide benefits associated with such investment. The latter . T#¢t

includes not only direct impacts on the marginal productivity of J's
r__ = the volume of petroleum extracted by firm J, J =1, .

Jt ey
capital.and J's future variable and boundary costs, but-also external
during period t
impacts on other firms' variable and boundary costs as well as on the
Rt = annual production rate by all firms during all periods,
recoverable stock [2].
i.e., Rt = (rll, T 5 vee3 T 5 eeey T 3 sessl ,
This note will extend the results of Kuller and Cumming by 21 al in-1 nt-1
introducing an additional source of randomness in the planning model, Tigr to rnt)
that which pertains to’ the planning period. Vike = 8ross investment by firm J in capital component k,
k=1, ..., q, during period t
The Effect of Random Planning Horizom
Vt = gross investment for all capital components by all firms
One element in the decision matrix of the oil producer is
during the periods 1, ..., t
uncertainty about the arrival date, T*, of the "backstop" technology
KJkt = firms J's stock of capital components k at the beginning
that will replace hydrocarbon fuels as the principal source of energy.
of period t
This uncertainty introduces another element into user cost and
modifies the production decision of the producer. Assume that the KJt = (KJlt’ et Kth)
‘central management of a field believes that T# is randomly distributed DJkt = net depreciation of firm J's stock of capital component k
on the range [0,T]. To facilitate comparison of these results with during period t
those obtained by Kuller and Cumming, assume further that their T
x = the recoverable stock
corresponds to the expected value of T* in this framework.
FJt = an upper (physical) bound on firm J's capacity to produce
Let K_ be the capital stock at period t; R_ = (r., r ,..., T )
t t 1’ 72 t
petroleum during period t
is the history of production; Vt = (vl, vz,..., vt)is the history of
= 1
investment; C_ is the generalized cost function of period t. Then, let Cjp = firm J's cost function during period t




And the problem is then:

Bt = a discount factor, (1 + r)-t where r is the appropriate T% n )
MaxE {: I [Pr, -C.(R,V,K )IB
discount rate t=1 J=1 t Jt JtT ottt Ittt
subject to T*
= unit price of petroleum during period t n
g i F &P P~ I I rpo+x(Ry,Vp)>0l=1
where!l T=1 J=1
K =K, =-D_ (r. ,v K. )
E?J_MKO BDJkt>o Mype 0 Tk, t+1  CJkt | CJkt ' Je? Ikt Ikt
v R} 3 - 7 3K -
Jkt JT Jkt < F. (RLVK.)
Tye = "o et
oF
aFJt <o aFJt >0 Jt > 0 I )
- - - <t < Tk,
or, . v, k. T 20, vy, 20 v J,kand t,/0<t<T
2 < o, = 50 Let T*obey a probability mass function, y,_,defined on {0JT] such
3riT vy t
’ that
T=1, ceos t; yt>0forostsi,yt=o t ¢ [0, T
i, J=1,2, «.., 0}
k=1, ..., q and
LceeT. T
I vy =1.
t=0 °©

Chance Constrained Formulation

Define the probabiiity that the "backstop" technology does mot
The problem will be formulated as a chance constrained opti-

emerge in the period 0 to t by Qt’ i.e., the probability that T
mizing decision [4]. In particular, the constraint relating to the

is in the range t to T is
total recoverable stock becomes of the form

T n o = g Y
Probability X(Rpys V. - I r_20 = 1 . R .
om0 TT =t

Let R be the production plan for the entire period 0 tolT.
lrhis "all or nothing" situation for the lifetime of the oil
industry is unrealistic, since it is known that oil will command a
positive price long after the emergence of the backstop technology.



Thus,

T t n
E{m@®}= ¢ ¢ [Pr._-C._(R,V,K.)]B
g1 Yo Ly oy TIT O UTTITITS T

or, changing the order of summation:

n T
E {r(R)} = I I 9 B[P Ty = Cpp (Rt,Vt,KJt)].
J=1 t=1
Let *
% n T
S(T)=x(R _,v )-Z ZIr
) ™’ ¥ J=1 t=1 Jt .
Then the problem becomes:
n T
Max I I ¢ B [P r., -C_ (R ,V ,K_)]
J=1 t=1 t 't tJt Jtt t’ t7 Jt

p(s(THH> 0) = 1

K = -
Tt - Bk T Pree et Ve Ko
£ < Fl. (Rt,Vt,KJt)

>0 VJ,kand t .

Tp 200 Ve 2

Jt
*
But p(S(T ) 2 0) = 1, under the assumption that Yt > 0 for

0<t< T,is equivalent [3] (up to a set of Yt—measure zero) to

S(t) > 0 for all t. Thus, the Langrangian for the problem is:

n T
L=% I ¢BI[Pr. -c, (R,V_,K )]
T n q
- I [ A B {k -K + D (r. v, K
tm1 J=1 k=1 Jkettl TtHl Ukl T Tkt T Tkt Je Jke’ Uk

- Vg By Lrpp - Fpp RLVLKGDD

t n
-8, (T - xRpU))
T=1 J=1
n q
+C._ B u._+ X ¢ o.,Bv
Jt Tt Jt J=1 kel Jkt t Jkt 1.

Characteristics of Optimum

Production Rates

or,

From the Langrangian expression:

T n ]

Cc
P - (Ptq)tst -t 1 L B o)
gr g, T=t 4=l dr)
q D T
kt
- Ia B JKt _y B + T I Y, B
S CIk,tHl e+l Jtt 2 ittt
k=1 arJt =1 i=1
T 9x
- til ag, @ - —a:-—) +0,,.B. =0
Jt
oc 3
Jt - _ _ _9x
@, - ) 9.8 = (B (A 3 ) + v B
gy Jt
T n F:{_T q BDJkt
SRR TP e B El By, e41Pri o
T=t i=1 rJt k= It
T dc T n 3¢
+ I Jt By 0t I I iTeT o
T=t+1 BrJ T=t i=1 BrJt
¢ i#J
-1 9% . .
+ I (), 1 -—— ) Vi, ¥ =1i, ..., n;
T=1 or,

it 1<t<T., .

d

ar
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Elements of User Costs

As in Kuller and Cumming, the following user cost components

can be identified.

Stock User Costs for Firm J
A measures the increase in net incomes from the reservoir
associated with an incremental change in the endogenously determined

stock; the stock user cost for firm J in period t is given by

ox
A (1 - 5;——').

T Jt
Boundary User Costs
Since wiT measures the increase in net incomes which would
result from an incremental relaxation of the restriction, the boundary
user cost is given by
T n
r I Y
T=t i=1

-
™
|

User Costs of Capital Consumption

The multiplier A associated with the capital equation

Jk, t+1
measures the marginal productivity of capital type k used by firm J in
all future periods t+l, t+2, ..., T; the user costs of capital consum-

ption is given by

g A B aDJkt
=1 Tk, t+17t+1 Et— .

Production User Costs

These user costs reflect the stock value of oil and gas to the
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firm, contributing to output as natural forces of productidn,| and are

given by
3 -5——30“3 + g L s
r=t+#1 Ty ' =t i=1 g

1,J=1,..:,n3 1St ST ,

However, a new user cost element is now introduced by the *andomness
of the planning horizon. This element will be termed "the|bdundary-

time cost." It is equal to

-1
I 08)Q - 33"
=1 it

) .

The Effect of the Optimal
Production Rates

Comparing these first order conditions with those pf |Kuller and
Cumming, the following can be noticed:

1) The net marginal benefit of producing one extra unit is:
decreased by a factor ¢t(<1). This decrease caudes the net

marginal benefit curve -te shift downward.

2) The effect of time-horizon uncertainty on marginal cost is
indeterminate, and depends on the relative magnitudesfof
changes of opposite directioms in the .terms of’tﬁe first-
order conditions-equa;ion."in compafison with the corres-

ponding terms in Kuller and Cumming, thé term

T n oF
iT
B ) [5=—| B8
Tel i=1 iT arJt t

1s greater, because of the additional uncertainty.
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The terms (AB)— (1 - . 9x ) are smaller and the terms
T SrJt
T 3¢ T n Bc,T
X AT g  and I I or.t BT ¢T may increase or decrease
=4l g 7T rer 121777
i#J

depending on whether the extra terms in the summation which correspond
toT =T%, T* + 1, ...T balance the reduction in each term of the

sumnation caused by the weighting factor ¢T.

T-1
T (M) _(1 -
=1

9x
Bri

On the whole, if ), the boundary time user cost,

is sufficiently large, then the marginal user cost increases in
comparison with that obtained from Kuller's and Cumming's formulation.

This means, that a reduction in marginal benefit causes a reduction in

production rate. In other cases, the effect on the production rate

is ambiguous, since it depends on the shape and relative shifts in

2

the marginal cost and marginal benefit curves.

Marginal Cost
or

Marginal
Benefit

Production Rate

T, &1 T
Figure 1

an comparing the effect of .the introduction of the boundary
time user cost on the production decision with that obtained from Kul-
ler's and Cumning's formulation, it is here assumed that their T
corresponds to the expected value of T* in this formulation. Thus,T > T.

Characteristics of Optimum
Investment Rates

From the Langrangian expression:

Jt Jkt ox
= B ¢ =-4 B8 + ABz <
akat t 't Jk, t+1 "t+1 akat T akat

i‘ n n

oF aC
+7 Y w8 Tit ] it ¢.B,
T=t i=1 Jkt i=1 akat
i#3
T n dC T-1 ~
it 9x

-7 ) B+ A8

Tet+l i=1 Vike ' ' =1 T e

These first order conditions state that the optimal level of
investment in capital-type k during any t, 1 <t 5_T is given
equating the present value of the marginal costs of such inv
adjust for the uncertainty of the planning horizon, to the a

benefits of the reservoir associated with such investment.| T

tion of the terms in the above expression follows closely tha
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firm J's

by

stment,
gregate

he interpreta-

t given

by Kuller and Cummings's [2]. Comparing with their results note

that the discounted marginal cost of the investment is reduced by a

factor of ¢ < 1 and that the aggregate benefit to the reservdir as




a whole has a new term as a result of the inclusion of uncertainty

in the planning horizon. However, even if D, F, x and C are the same
functions as those considered by Kuller and Cummings, the effect

on the aggregate benefit of the reservoir is ambiguous. Only, if
T-1 9x

I e, &

is large enough to swamp all the changes in the
=1 ¢ Vg

t

other terms on the right hand side of the first order conditions that
the aggregate benefit increases at all levels of investments for
all capital components. In -this case the optimal investment level

increases unambiguously.

See Figure 2.

Discounted Marginal Cost

Marginal
Values

S

Aggregate benefit

Investment rate

Figure 2
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This note captures the effect of only one aspect c¢f
uncertainty, that which is related to the time of the emergence
of the backstop technology. Other sources of uncertainty| rémain
unexamined, such as uncertainty related to the price path aI:
particularly the uncertainty regarding the prevailing price|of
the emerging alternatives. Moreover, a more realistic treakment
should deal with the situation where:

a) the oil commands a positive price after the emergeknce
of the backstop technology;

b) the strategic aspects provide the oil producers with a
strategy of delaying the emergence of the altermetive

technologies.

The preceding analysis demonstzates that the theory o: crude
oil production is affected by incorporating the type of uncertainty

considered in this note.
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