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Abotract

Assuning the individual and collective opiniocns givea as
choice fuactioas thc ncu formalization of voting prodlea 4s
conciceredy The notions of local <functiocanl oparatar end the
clocedness of doaainc in choice=functionnl spaco srulative %o
locul opeoruotors are iatrocuced. The problea of woting is roduced
to tibc analysis of three kinds of oparstors® classes and their
matual relationc,

The functionnal analogues of well-inowun in the theory of
Arrou paradox rocults are establisbod,

iy wordss: Votiong proulen, Choicec functioa, Functionml profilc,
local operatar, Ooerators' classes, Operatar®s closed-

notSe

1. Jutwoagetion

M exiomatic approach ¢o the probleas of woting £irct cu coo-
ted in Arrovu (196%) was furthor developed in two diroctions.
Accarding to tho £irot of then it is ascumed that both individunl
opinions and collectivc decision are forwalised as orderings of
wariants (or as binary rolations of a more genamul type)e The
rule which parforns the tranaforantion of individual dbiaary

Dre Fouad TeAlsskarov, Institutc of Coatrol icienccs,
Profcoyuzoaya 65, ikoseou 117342, ULSR



2.

relations into a collective ane may de called a voting opcrator
of typo 1.

Invostications of oparators of typoe I bave bean summnriged
in & ganoral forn in Ferejobn and Fiahdarn (1979), and Aizarman
and Aloskorov (1963%.

Tho socond directiocn dcals with the axiomatic analynis of
tho voting problecas with individoal opinions formalised as before
in the fornm of ordarinis (binary rolations), while a colloctive
docision 1s obtainod as a cholce fuactiom (soce Cen (1973),
gichclson (1976a), Grether and Plott (1962) and othars).

The oparators which parform such kind of tranafarnation
may be accordin’ly called as operetors of typo!’Il.

The above tuvo truonds havo directly lod to the eanalycis of
opcratars of a diffarent typc wi.ich arc spocifiocd on the choice
functions of votare and dctaermmin@ a colloctive choice functions
wacreas the "imput” aod "output” cholicc functions arc aot nccos-
suarily clesaically rational. Juch cparatosc will be called bare
tho operators of type )III.

This paper’’ is concarnod with tho cporators of this typs IIL

1) Accarding to Soa (1973) oparator of type II is called
“functional” (coatrary to thc "relational” rule for oparatars of
type I)e The torm "functional cparator’ is used bere in a diffo-
rceat scaue = Ato dofinition 48 sivea belows

2) The exthors do not know publications &n which such oparu=
tors were amlysed. The only tuwo papars (Blair (1975) and Parks
€1976)) ware concarnod with the axnmplss of operators of type III

for chocking of whether these oparadars had met the charactuaris-
tic conditians similar to thooc of Arzvw,

5)mm&mmcmmmnsmuum
and Aleskerov (19632 ). :
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The notian of "ardaring of wariants™ is not used hereafter alto-
gethers

Tho papar caonaisto of sevan sections,

Soction 2 introdaraes basic notions and the statcoent of the
problam, defines a local functional operutar and their list repro
contation®), All the results Gascribed have beem obtained using
tho list ropresentation.

Section 3intrudases charactaristic prupartias of local funce
tional oporatars and studies relationg dbotweon the classces of
cperators isalatod accardin; to soch propertias,

@action &4 considars warion "mochanisps™ of gsmmruting the

gparaters and the classcs which carrespyand to them in the oparo-
tar set.

Ghen the cperators of type III are regarded tho problan
arizes of replacing the standard conotraints (like transitivity,
acyclicity, etces uzsed 4in the anmalyuis of oporatars of typos I
and II) with other conctruaints which have to be imposced Just on
the choice functions, To solwe tbo prodblem the notion of clasod-
oces of domainos in choice=functional space salative to the opero=
tors in quoestiom is introdncod.

Section 5 analysas the conditions which bavc to b mot by
the oporators asod to "restore” in a specifiod dooain tho collsc=
tive choice function using the individanl choicc functions from
the sane domain.

Soction 6 establishes relations between tho classoes of opo=
ratols relative to shich tho domains in tho choice functions

4) A sinilar roprecentntion was usod in Aisermon and Ales-
xerov (196830) to dascridbe operntors of type I.
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epaco aro closed with the operator classes enalysad in sections
3 to 5. Particalar Amportance 18 glven to snalymis of oporutore
bolaongin: to a so= called Contral Bogion dalineated by $he con-
ditions natural for the woting oparatara,

Finally, soction 7 discasscs a possibility of obtaining a
colloctive cliodco function from the epocifiod domain using a
£ixod gparutor and cagparus the results odbtainod 4in section 6
with tloce from Alzarman and Alaskarov (1983 () pertincnt to the
opexrators of type l.

2. Jecal fuoctional opcpators end thoip list-forp

£eproventaticn

Cboice of wariants 18 ascuod to bo porforaod hero as £o0l-
lows (cee also Alzaruan and Lallshovsky (1981))t a finite set
A which consistc of m >/ varionts x, seees 1, 18 civang
overy nan-coty subsct X € {4 ,wbomﬂ:ZA\/zqﬁ_} » DAy bo
peesentod for chodce, and thc cicice ccasiscts 1a picking out tho
subset Y ¢ X (tho case Y = @ 4 1.0 a raofusal of choice, is
alloved too)e Tho sot of podrs {X,Y | V X e 4 is said
to be a choice function VY - C(-) « The space(set) of such func-
vions 18 denoted as (_ : C(-) ¢ C

Luppose that a group coasists ofn >/ wtersy n  is finite,
and N ={94eeeqn | 4c @ 26t of votors* indiscc. Bach woter
(¢ N independontly of otbars dofinos his omn fanction,ie.
asavset ¥, (i (-) forall X¢ 4 o The totality of cholce
gunctdons C (- ), L e A is oaid to bo a functional profilc
(or, for brevity, a profile) and Ganoted a8 { (. (- )} e Tho pro-
£0104(; (- )} bas to bo trmanfarned into a cbotoe functien (¥(),
which defincs a collective cboteo Y* = CA(X) , for ald X€A .

Tho ooppin; F . which tranaforos each profile 1C )%
into a collective choice function ( *(-) 48 roferred to as func-
tional voting oparator (of type III). An oparator F 18 dafined
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on p, =tuples of fanctions from (7 and it waloas are functions
gron (5 tooe

Lot "V (x,X; {CiL(-)]) bo a set of voter? indiccs for
which

Ve, X;{CC)})={ieNtxeC®)}

bolds, l.e.aaotV(xX {Ci(-)} )consists of such voters
L(:;\]\V‘/wmoavauant X from X by tbeir choice functions
Col) e

Dofinition 1. An opcratar F 48 refarred to as a local func-
ticnal ono (for trevity, [ —oparmtor) if for any two prafilos
{C.0)}and {C:(-)} » end ardbitrary z,X (ref €Al ) o shich
satisfy the coodition \ (z,X: J1C,,()].> Vi X; ic{_u}) '.ceC(X)
ter 2 C¥(X) boldo, stare C*()=F({G}) s E¥(-) =
=« F({C(11)

It can be eanily scen that local o :arators imply that the
inclusion of the variant T 4n the colloctive choico (% (X ) 4o
indopendent of otber Wariants y  £roo XNd{x} o

The cet of all local opurators 18 hareaftar denoted as .

let us introduco a list~form oscprosentetion of local funce
ticaal gpoeratorsce

Rufinition 2. An arbitrary subset o of A (w < pf) 4o catd
to bo a groupe 1et us put into corzxeBpandance to each pair Ve
whare T € X € L , o oet of (Foups Q(OC,X) {w(r,x) peees

W% 1, mhe st G2 (z,X) 1s raferred to as a 1ist for the
pair (x,)() » e will say tbhat oparntor / bas a list-form
ropresentation if thero axists a totality of licts
{Q(x X>}ze>(e{l such that for all z, X , whare :ceXeﬂ/
and all profiles {C; ()}, uere Ci()e o ¥ieN o
falloming qpremaion bolds
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The class of all operators for which there axists a list-
fom roprocantation is dmotod as P o Dafinitiocns 1 end 2 imno-
dintely imply that the classee < and ' coincide, i.6. every

|, =cperator has a list-form reprosentation ani, vico varem,
evary opcrator which has a list=form rop.escatation 41s locale

In cectd® 5 varions construints are imascd on lists
and sach constraints are intarprotal in terms of | —opcrators'
proparties.

Bepork. To analyse the oporators of type I Murakaml (1968)
asad the bBoolean functionst! techniqne.

The similar tochnigue can be usod in our study of operators
of type I1I,

Lot uc fatreduce the followlng logical variables £; (z x)

( Lalgeeepv )

ei, ¥ = 1, A TGCL’(‘X)J
(=) {°'“ ¢ Ci(X)

Thaon locality of a woting oporator is equivalant to the
cxlstance of a boolean function fi, (51), , ,)gn) o Which
Rtisfics the condition

)C(“CX)(KJ e):f“' iz '-CGC*'()())
5 »ns Lo.u xéC*(X)

The list-form repremantation of L =oparatars is directly
rolated to the abovo booloan function. Ranaly, each grog V(¥
1 the st ¢(*X) corrasponds to some totarity f: .....f,,, of
variables for which {(t,x)( .Qj gsesy -Qh ) =1, and w®X)
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consists jast of indices ( of those wariabloes l, 1o ens
totality which are egual to 1.

If tho function f(z,x) is reprcoanted in a parfect die-
Jmctive normnl fora (PDEP) , then the st o2(7;X) eane
aists of groups u)(t’x) wshich correspond to conjunctive ternms
of such PDIF. Each such gpoap W®X)  gonaists of indices C
of those variablcs which are included in a given tarm positivaly,
deCe ac EL s DOt 6¢ °

Qa the othcr hand, the reprosentation of a function f(r, X)
in & perfect coAjunctive narmal form (FCNF') creates a possibility
to canstruct anotbhar 1ist E) (a set of groups of indices)e Such
a 1ist consists of srows £(*') wehich cocresponc to disjunctive
torms of that FCIF and eoch :;roup as previosly inclodces indices

c}. of such variables Bd which bcloag to the coafornmable term
in a positive way, Using this "dual” list é (")X ) a "“doal"
list=form renresentation for ivea L-operato: ga: be odbtained

[2& (K= [3 £e 8GxX) Ve k0 =rh €]

3. Gharactepistic clagsco io the set of local operators

Introduce some characteristic comitionss) ainilar to those
coasidared in Arrow (1903), and fallowin: paporsinvestigatcd
operators of type I. These canditians and the corrovsponding
classoe in oL are ounbercd 80 1°,2%,eee45% In the farmlatiocns
berow C¥(-)= F({GOR

1. Sovareirnty (non-imposodness). This condition 18 divided
into tes conditionss

5) Botice that tho analogue of ArTce's main "independence of
irrelevant alternatives”™ condition ™ the locality cne:/:n oot
picked out separately. This coadition is i:icludod, by Gafinition
1o 10 the formulation of “opcrator's locality”, i.e. in the dafi-
nitiod of the sot o e
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1%, Pasitive sovareignty — forowery X o 1 @@ vc X
tharo exists a prufile {CL(.)}Mﬂnt zeC*¥(X) ]

1°. Nogative aovureisnty ~ forevary X ¢ f eod ¢ X
there oxiste a profile [(; (.)} mch that =z ¢ ¢ *(X)

The case whan both canditians 15 and 12 are eatiafied is
refarred to as sovareisnty condition 1°

The conditions 1° guaranteo for every X ¢ 4 that a cole
lactive choice Y *=(*(X) 48 dopendent on the profile and is not
pre—definod by the “woting systea” (by [, —operetor) indepondan—
tly of tho wotars® “opimions',

- iouotoniedty. Lot {C; (-)} omd {C. ()}bewopro-
£ilos aud far some X €4 holds © e (C¥(X) o Lot an gnclusion
N (x,X;4C()f)<V(xX; {€()}) balde Then 'reC*(X)
where(*()éFucw}) -

Tho moaotanicity condition zuarentces that 4f all voters
who bave alcctod o slven variont © 40 toe choic. from X main-
tain tbeir “opinlons”, and scas voterc who have farnorly mﬁgptod
this wvariant in choice chanje possibly thelr ™jadsenents™ anﬂ: ngw
eloct it, then this varisnt is includod in tbe now collective '
chotco®’if this variant T bave been included provimasly.

e sonvtonicity condition is a reinforcemant of locality
condit;iO“?) |

3%« lioatgaddty to Yarionte, Lot {C; (1] ana ¢/ ()} wo
profiles. If for evary X' X', ©', 7" euch that '€ X' x'cX*
holds 2' ¢ C; (x') ff z"€Cl(X") tar and  , then 2'€C¥'(x)
1eg 2" CY(X") o ware CT()=F({C /)f) and
cHO)=F ()} ) .

©) Voters® "gpiniocns™ with mcttom(y’ froa
set X ~{x} may ctance arbitruxlly.

7) X an operatax [ which is not sssuned to be local
saticfies the nmomotonicity conditien, them obays the locality
coadition wittingly,.
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Tho condition 3° is essentially a conbination of the two follo=
wing conditions.

3%°«-a. Jodepcendence of contgxt (on X ). let {ci()} and

{CL“(,)} be profiles. If for ewary X' X' and some z such that
reX ze X" wold e ( (X)) M xe(Cl (X") forald L,

then xeCH (') 4 xeC*(XY)

3°=b. Jndepgndence of wariant (on )e Lot {CL'( ) } end
{th'(,)} bo profiles. If for cvary r’ z’ and scme X such
tat z2'cX | 2'e X bl z'e ([ (X) M z’c(C/(X)
for all | othen ¢'c(C¥/(x) i8££ z"e(C*(X)

iach of the two conditions 3°-a and 3°=b 18 a reinforcement of
the locality condition.

4° Houtrolity % yobope. Lot 4 bo & one=to-cus mapping
(a bijocticn) of p/ oo Al o Whare A = {14eees L | 15 a set
of woters® tastess. Ten F({C:()})=F({ e ()}).

Tbe canditions 3° and 4° gunarmnteo the voting systaean to pro-
dict "tho s.me attitudo” to differant variants (and to their sets

X ) and to diffarent wotess accardingly.

5°, Unaninity condition (Pareto principle)e If x e C;(X) for
all Len o then = €(*(x)("positive unaninity”, denoted as =
5¢2)3 42 24 Co (X) forall ienN o then cd C*(X) ("negative
ananinity”, denoted as = 5°).

Introduco now a 1ist of boolean functions® properties I=V
which arc equivalent to the corresponding L-opmtora' pIoper=
tics specifiod by tho conditions 1°=5% ¥V x,X: z € X €A

' faxw (O)F0 v frexy(0)+ 1 &

II. gq function f(‘x,)()(@' 1s nomotonics

. fxy) (€)= Fex x) (E) V', Xix'eX'ef , e

f(x,x)[ﬁ)sf(ﬁ) ( T 1s sndapandant of = aaa X )y

I-a. T(xx) (£)= Ftx)(€) ¢ T 18 inaepeadent oz X )

v feex) (€)= Fxy (€ T 1s tndopendent o T )y
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IVe A function 7[ 18 synetric on {to argu=mto}

Ve dexy(, ,0)=4 ety ..0=0

It may be easily ahown by sone sxamples, that thare exist

| ,=operators which satiafy or do not satiafy each of these
charactaristic conditions, Hance the clasaos of | =operators (the
classes in the set | ) are isolated with these conditions.

The classes in | which are isolated with these conditicns
1°-5° are denotod 88 /|!° yeeey /5”7 .

Tho class in J 4n which the cooditions 1° and 2° are oksar-
ved is furthar referred to as Basic Hoglon; the class in shioh the
conditiono 1°,2° and 3° are obscrwved 48 refarrod to as Contral
Hogion, and the class in which the conditions 1°,2°,3° and 4° are
observed is roforred tc as Syxotrically = Contral
Rogion, Th.se iuglons are denotou as /L, /\ and /R, eccar-
din lye.

Apart froo tbose Roglons the following four spotial oparstors
are piciied out 4n J - two “trivial” .nd two "extrame” cparatorte

nopivial® oporatorss 1) operator ganerating for all Xe¢ AL
C*(X)= X inderendantly of tho profilc {C.(-)} v 2) oparutor
generuting far ali X€f} C¥(X)= ¢  indopendontly of tho
profilo {C ()] »

uxtroac oporators: 1) the operator "unanimity” swhich gcenaratos
a function C*(°) in the following wayr ¥ Xcf

)= N Gx)
LeEN
2) the oparatar "at lcast onec vo% ay”, which genarntes

C*m‘c% CclX) , YXef

Tho four oparators are hareanftar denoted as 1,0, U -ndV °
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Considor now a list-form represantation of | -opcrators apd
the subsets of the sot P (which 1s equal to J ), which are picked
out with the following conditioenss V)(g#nd Vt&x ]
. QX FP;
I.. 9(-7%)()%2”)’
II. let w(x,X)ég?@l)X) o Them for evary 5 such that
w5 bodds [ ¢ D (x,X)
L. G2 (=, K)= &2 (=, X') Vt K fr-,e)(’eﬂ\-)
e G2z, x)= 5202, X)) ¥ X eﬁ-7
b, G2 (2 X) = G2 (=, X) ‘v/ac’é)(
. tet () (2, X)={ 5N Sﬁ‘g} n be a amo-to-ono
nappiaz of A/ on ,\/ Deaote Q@)(IX)) {'L(Jwe‘“’
ad 1 (G X)) =A™, L, g () Jmes 2l
N (RGX))= Se(=K),
v, IJCQ(‘L X)'
V. P& G (=, X).

Zboorea 1. Classes in the set J picked oat with the following
charactoristic condli.ion 13, 12, 2% 3% 3°=8, 3°-D, &% 55, 52

coincide with tho classes of tha set § , which are isolated with

8) 4 Mst=forn represcatation of | =oporators which satisfy
tho condition 4° of ncatrulity to votoss may be as well as by con-
dition IV charnctarisod by the following equivalent condition

Ivte 54)(,1‘. 16)(679, w € Q(%,X),tho/Cw’)=
- cazap(w)—-—7w’e§2(t,x)
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conditiams I*,I", II, III, IXX=,, III=b, IV, V* and V", accomdingly.

The proaf of Thoorem 1 is imnediately ceen to follow fran
camparisan of dafinitions 1 and 2 aink C€ron conditiomes 1°=5° and
I=V canaidared above.

If a clese of | —cparetors for which the lists satiafy some
of conditicns IV is dancted 88 Al seees AL Sdem the formla-
tio: of thoorwn 1 mmy bo written dow 88 N3 = [\ seees ATm/)Y

It 1o aanlly seen that for twv classed isolated with two
coaditions [ and | the equality A”J:_/\"/)N bolds,

If tho conditions I-V of | .-cparator | given 4n the
list=forn are re=farmlated as tho correspomiing proparties of
the boalaan fuaction f(, x ) ©08 can be couvinced of the coln-
cidoooe of those with the conditians I*,ee.,V" of the boalean
functions, which have dbean established wien such re=fosmlation
of conditions 13geeey 5° baw becn parfarmod. 1his remark may be
reszardad as the endiruct proaf of Thoorem 1.

Thooren 1 explaings the "arrungancot” of L-apmmch
neet the conditions 1°=5° and in particalar, the conditions 3°
and 4°,

then {or example the condition 3°=-a (imdepandance of the
coataxt) 18 cboervod nona of the lsts <O (xX )aspends an tho set
X: G2 (=, X)=(2(x) rorait X , tee. L —oparator 10 1n the
cag. definod with totality of m Aists ( m=ca,w'(/]). whore A
18 a set of all vardamts) of the type GD (%, ), . .., G2 (z.)e e
class A" ®ar | —oparators satiafying the condition 3%=b of
indepandsuce of wariants, consists of operutore defined by 2 - {
usts G2 (X1 ) yeees Q(Xgm.4> for all noo-eapty subects X of
A o Finally, evary |, =operator for which the namtrality to
variants condition bholds, may be represantod by the uaiqgue list
$2 @ {4 goees ] torall = ana X . In particular, whea



13.

C2=9" ¢the 118t defines the [, ~cpemmtar 1. On the othar band
tho case Q=¢ supresants the |, -cparator 0O

Cansidor now mutual relations between | «operdturs® classcs
which peet the cooditions 1°=5°, i.e. establish the noo=-expty in~-
tarcoctions of the ¢lassap. These relations are convenianhly repre-
sanbed using tho Mler-VYomn's Alagrems.

Thoosen 2. let a profile { (: (- )] emmist of artitrary obaioe
functioas and C* () may be an artitrary ooc too?’. Then the clas-
868 /|'* geces /'~ are mutually related in the set J 4n euch
way as it 1s abown'®’ on Pig.1 and 2.

Froaf. There aro 128 canjunctions of the conditions 1:.....5:
and thoir necatiams. The implications considered below hold. Samo
of these irplicatiocns are obvious, and tho otber cass are easily
shoun to follaw fxum tho list-form ropresentation of |, —operatars.
It 15 obvims that 52 = 12, 52 = 12, 15/13°52° 12N3°500°
TINS5 5%, 15032 5, 15 02° 550 12 n2° >52.
Nm,zo* n1e. N3 = gﬁ . Indeed, 1° N3° 4mplles Q(’n,X).
«d ,¥z,X. zekef . The intarcection 33 13° 1ples
Q(z,%)=2" Y=, X o risanlg, 19 N3°>4° am 1 N13°54° 1p
dood, the conjanction 15 N 3° defincs a list-form represcntation
for which Q(’IE,)Q:fb ,Vr,x » and the conjunctioa 1° N3°
defings tho st 92(2X)=2" . ¥z X . bvicualy, no such
wzanﬁwdwmchancuybnwmmppusot//
oo N 48 perfarnsd. Only 38 conjuncticns from poosible 128 oncs
maintain the abowve properties. The other 90 canymxtiae isoclato
ampty class_o, which do mot inclode any L =operetars.

Those 30 conjunctions of the conditioms 1:..... 52 and their

X /N
9) The cases when functions Ci(-) as well as € (-) aroe sono-
bow imposed are studied in section S.
10) Aathars ask to aexpase thao for using figures in the state-

acnt of Theoren 2 and othar  thourwms,. Unf ¢
mmmmmwmm&?m



nagatiams pick ocat non-empty clasees of |, ~oparatares
1 Ti N1° n2°N3° nk°n%e N5°  20s 3% N AT 0T° n3e n4ense N5
23 15 N1 A2 N3°NT 155 N5% 238 15N T N2 N3°A4° 5% NEE
30 [ NA202°N3°NE° N353 NEL 228 T4 (4 NP AT NG°N52 N5
a3 15 N412N2°APAW 55 NEL 238 45 N4° NFARNE° 055 0152
S 15 N12N2°NFNAL°NES N5 s T3 N12 N2 T 1% NB2 52
61 15 N42 (]-2: N3° N4° N6% N5 258 12 N4° N2°N3°N4* N5 5o
21 15 N12 N2 N2 N4°N5S N52 263 45 N1 N2 NFNL°NT2 N 52
g1 4% N12 N2°NF NLON5L N 295 45 N4 N P ATNLNTE N5°
g1 15 N 12 N2°N° NA° N5 N5 283 TS N4° 012°NFN4°N53 N5S
10s 15 42 N2°N3°N4°05% N5Y 294 19 4% NP N3 N4°N 53 NEZ
a1s 15 NA% N2°N2°NA°N55 N 52 304 19 N42 N2°NFPN4°NAES (1 52
a2s 42 N12 02N3°N4°N5% N52 3, 45042 N3°N3°NG° (155 N 5°
azs 47 042 203 NA°N55 1B g2, 13 (42 N2°NF AN 5705
aa: 15042 0N N4 NETNET 550 15 (12 NF° N3 NG5S N5
as: 4% NAZN2°N3FNEPNES N5 g4, 13 (42 N2° N3°NTPN 55 52
a61 1% N2 NZN°NENSY 0BL 35, 18 N1202° NF AL NES N 52
a7s 19N1% 022NN NECNES 364 4% A1 N2°0FNL°N5S MBS
ags 13 NAZNPNNU N 5L N5 30 4% A A0 N NF AU N B N5
191 15 N 12 12°A P NL° 155 N52 384 1% N1° N2°N3°N4°N5S 52
iznples of L-cparutors for 26 conygmctians with their
nunbars givon arce shoon in Tedle 1., anch of this caalnnctiono
correspoads to its coluon which coanists of four rows indicating
1ists for tho follawing “varientesot” patrss (3,4 ), (=, iy} ),
(2, 5%,23) ana (% 47%%) , wnen A={x42} ana N =
= 142,3 o P otber pairs of type (t,X), where t#z, Xeft,
the 1lists may Yo exnctly like thoec for the carrespanding palre

of the type ('-’C)X) « Such 1ists are easily cbecied to satisfy
the corresponding canjunction end, hance, the class definod by
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this conjunction is not expty.

Bxamles of L-opmtwe for the coanjunctions wit:. the nom-
DEDE Of 6512410920921925929930933934,37 and 38 (which are not
ahoem in Table 1) oAy be obtainod by the @macples £of the conjunce

tions with the DUmbOrs of 4430,M838,1925,27,2893932,35,:04 36
accardingly, asanning that 3° 45 otcarvod and, the Mst () is
ascuned to be equal to () (%A).

|, —opcrator with G (w,XBz;ZS,Vc,x czeXefl o Lece
the cperator O 1S delined by conjunetion 30. Canjunction 24
definos e |, ~oparutor with (2 (=, X )= 2¥ Y, X : xe )(eﬂ)

1.0, opcredar 1,

The foct thet 36 canjunctiono are non—ampty and tho othor
90 conjunctions are eopty is fllastretod on Figoe. 1 and 2,

Fizs 1 and 2 imply that tho four conditions 13, 1%, 2°and
4° are jointly Andepandent, i.c. thare exist [, -oparatars,
which satisfy each of 16 possidle conjumtions of thooe conditions
and thoir nogaticns; class |\'* 1es within class /\'* and the in-
torsection of classos j\so* and _/\2° coincides with the intersection
of classes A mﬂA2 class /\°~ 18 located within clascs /-
and the elacs N~ coincidos with A "% 4 class A*° 1s
put strictly within tho intarsection A’* M-  emept for two
trivial operatory 1 mo:mmmmmmmm
clasces "% ana A°"?° accordingly.

In Fi.1 shows relation botwecn the conditions 1°,2°3° and
5°. The Basic Beglon AP® , in which the conditions 1° ana 2°
are simultanapuoly satisficd, ahadod. Oo Fig.2 with condition 5°
instoad of condition 4° shoun, the Camtral Macion A also shades.
In this Central Rezion tho cooditions 1°,2° and 3° (or, oquiva=
lently, 1:0 2% 3° and 52, or 12, 2°, 3°® amd 5:0 or 2'.5’05: and
52) bold.



Comdider now mechanisns generotin: | .eupwrutart. Being
intuitivoly epparent the notion can be farmnlated as scme dotear~
ainistic rule according to which variant 7 X 48 either incladed
or not into the chofce (¥ (X) depending on the inclusion of
mtochoicea()() of some voters. One can say that the emmare-
tion of such voters Jast define the rule.

The formulae defining opcretors (4 and V (esee soct. 3) may
be considered as exaaples of such mochanisms,

Usincgg.-asveuas émumMemm
mochanions which geperate |, —operators from Basic Regian /\ PR =
= N\°"2° | vat giret, ve define the notion of a bnsic st for
civon list Q(’%’O

Definition 3. The totality of croups {w(”'x)}tm the given
115t $2(x,X) 1s roferred to &s a basic st for =2 (x,X) and
deaotod as 92B(x,X) (Qﬁ(n,ku@,x))x

a) evary suparset of each of these groaps (L (%) bulangs to

Q%) a0 YE B2 o) = QR (xx)

) Do proper subset of any of these groass X/ balangs to
C3,0) 4 taee YO Scw &0 = B4 Q(xX)

For the L =oparatorsy which satisfy tbe candition 2° (in tde
case tho st 90 (%, X) satisfies condition II) it 18 obvicas that
the daste 1ot 2°(%, X)) 1s the totality of gromps >’ fraa
G2 (%X) minimal in set-incloaton (1ees the 11at SC° (=, X) 1s
definod only by copdition 0 ), end, tbarefors, given the basic
1st 22(1,X) tho whole 11st 52 (£,X) for sach cperutors s
defined 4o a anique way.

Definition &4, Lqem F ';s:efermpoasa'mton.‘
oz intersection” operator (mrung ul »y, sz SZBO::X)—— %_uh(:x

coes wsﬁ(:x)?) , shere oY N (YL = Tpeees SaX); S X)#0)

aro arbitrary nanaxpty sabdects of N/ .
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Ueing the boolean reyresemtation 1.y (f, .., ¢, ) of
| —operator F o operator "unicn of intersection” may be writ-

tet doum as
S(x,X)

3?(1,)() Cei)’ ")p“) = \/ /\ (,,,9 8;’ ;
d:& e
i.e. the varimt 7 s included ia the cbosce C*(X) , if ald
votars froo at least one gro@ wf"‘)x) include T 4o the
cootee (C; (X)
Using (erepreseatation of operstare /  the opcrator (
oey be ruprecented in anotbar form, mamely

' 1 ()
N VA
J=t Leg(

Such an operator is r_forred to as an "intersectioa of unions"
operator and oarked as 1 U

Tbe classas of operators |/l and [ U are harcafter demotod

UT (xX) Iu(xX)
as [\ and /\ accordin)\y, whaore the precame of the pair
(,,C)x) in paronthoois ampbacise the fact that the totalitics

S, X :
{wf‘/)o }1( ’x)ara definod for cvery pair (79 X) eeparutoly.
From the definitions royarded above it is advias that

R I(»X (=, X
1) NBR = AR o R SR

Now sume particular cases of cparatocs “"union of {ftwersa~
tioco™ and "iatersection of unions® will de amlyzad.

Defipitign S | -vparator | is referred to as a "partial
intersection cparator” (markin; - PI ) &f Qe(r,x>={w§x’”}
In the case, apparestly

tf(’°/X)<€i)“ ") gh): /\ e‘;

Le {,.)f‘) X)
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Definition 6. Lw F 18 refarred to as a “partial
union” oparetor (markinz = D(| ) &f Q.’g’(x,)()%wf”‘) ‘ anx))j
card (w(tx) ) i .VJ -1.000’{(1‘_ X) °

Basic &=1ist for cparatar Pl| 18 represanted a8 £F (. X)-
= [e»® ] . Baxe

]C(t,)ﬂ) (fi , P ) \/ g{,

ceg*®)
Pofinition 7. | <oporutar [ 4s rcfarred to 85 & "decidlve
votor SERCEY (mretag = 9V )y 1f RE(xX)- {0
card ( 1(“‘7())-1.1.9. wgnx)zgt*}
In the case

jt(r,»() (61),,, ; gh )z C.x

The classes of operators Pl o PU and DV are aemoted as
Api(t)X)’ APM('L,X)M A%V(t,)(). acc AUn-lve
Lefipition 8. | —operntor [ £8 reforrod to as & ® K(x,X) =
plarality” oparatar (marking P ), if Qg(x,X)c{ wi("»x) gecsy

(=, x,
W) ) e camd (W) = K (5 X) Vi-i,. .., Sxx) end

(xx (1)(
i x)= (50) , ebare (4 )) 15 the mumder of cobino-
tioas of n things k(x X ) at a tinme.
For " k(x,X) =plurality” cpardtars Bolds

S(ec,)()

7((r,x)(fi,.~;€n>= vV A L

J=1 Lew (29
d
kp(‘kX)
Tho class of all  «P=operators 1s denotod as A .
whea K ( X)>[ ]+ﬂ anopamtorﬁ‘k(x)()—-pm:nney"
m;bemmwodastm*pmmxtyM"(m&s..m

(1976b) ) defined for each fixed X
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and") X

Shooren 3. Tho intarsactian of the class of all ] wpaadarc
with the class of all pj/<cparutars coincidas with the clase

of all (y=cperatars. Tho iMoreection of the class of all
rP=cparators with the cless of operators: a) “decisive woter”,

b) "partial intemection” and c) "partial unicn” in the case

a) is emqpty, in the case b) cansists of the unigue cpcrator (4

in the cace c) consisic of the anigue cparatam ~\/ o 1.6e

G SR UTHS :.Avavcn,m APE0 NV y{;
kP (%) PI(LX) P,X) PU (x,
ATED A ; NTEP e

2

Proof. 1ct us proove tho first statamnt of Theorem . For
P1 —operctor the list QZ&@,X) 18 dofined with unique Grudp c{*Y
ond for Pl =cperator every group &) eroa Qe(n’x) bhos the
cardinnlity 1. It imnodintely proves the swatarxme,

a)for P =operctor vkan Kk & 1 the MQ&@)X) has 0 con=-

sist of all oneeclemont subscts of Al o end far operatar Pl the
11st \_174?’(1: X) ccasists of the unique indos ¢t e

b) An opcrutor Pl  4c defincd by tbe 1ist 923(1 )() iw (, x)g
If thic opurator 18 & kP =operator too, then w ,\/ vx )
reXefl g tee RPGX)=@ = (N1 . Toat 1o emctiy tho
1iot=Torn ropraesentation of an cparutar U

11) '.mankz;;{ tho application of the tarm “plurelity” to

«P —opamtor 18 1n somo seose conditional. In particular, when
K = 4 vaTiaot = by operatar <P bas to be included in the
choice 2rom X 4f this veriant is iAmlodsd in the choice from X
by at least cne voters in othar vards the aparatar © {(xX)=plara-
11ty" 13 the operator V . Apparentdy the cperator " h.(%X) =plu-
rality” 15 the oparator U .
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¢) An cparator P/ 1s Aefained by st (0 °(x )= { w0
essy u)(t’x) _?, o When card (&)L'(t'x)) s 1 5 V(: s 1gecey *L(r_,)() o

(=X
If thie cparator 18 a kP=cparator too, them spparently QE(*;U’
{’Li}w '\;{’L}} s Ve X zeXeA o That 18 axncte

1y the list-form represaptation of an operator V o

Pig. 3 illustrates ths matual relations between operators?
classes cabaldered, which follow from definitions 4=8 and Thooran
3 '

Caonsider nou come igpastant subclasses of the operators’
classes resarded above. (parator (/I is referred to as an indepan-
deat ono, 1f the booloan function (. x) 48 indspendam of
parunctaer X o i€ )L(,L,x)"—:][(z) or, in tarms of Q =eprosan=
tatton $2(xX)= (2(x) ) . The classcs of indspemiamt oparo-
tors, which are subclasses of those stated in definitions {=C,
are danotoed borein as ‘T : /fu“')7/\“(%)7/{’I (*) ana
A(P(x) . g Aq;v(z)

operator Ul 1a refercod to as neutral cne if the function
jc(t,)() is independant of X aswell as of LT o 1.0 f(x,x) Ef
(1a toras of Q‘mpmanfatlon. accardingly, Q(z,X)EQ)

The claosas of neatral coparatars, which correspond to thoce
stated in dofinitions 4=8, are bereafter denoted as /| LuI, N u) N,
etc.

Thooren 3, tho oquality (1) and the corrospoanding definitions
oo castly sem 80 IS, piayy

copoutery 3, AT VA=A |

. _AE,R (\ ‘A'so_o~ _ uI('*—)z ﬁ\d (T—)) AB& n Aa,"_a ﬂ[\gc: AKP(")

Gorpliary 3, A NAT= A" ATENT A® A K= K% N

. |
Using noutral cperetars allows defining the walue C (X) of
the coilective cholce function by the vaises ([ (X) of functions
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() only with the set=tlLoary cparetisns. Parmally, whean tho
"neutral union of intarooction" Operator is used, then for each
value (C*(X) bolds

cx0D=0 N ¢.0)

g1 rewy
For nocutral oparator 1 U s C*CX)=J;‘1 LLejij C.(x)
peutral oparatar PT s (C*(x)= (1 (C (x)
peutral operator PU s (™ (X)= LLJwiC (X)
noutral opurator g\ c*(x)-b i(X)
poatral  (Pegperatae (X (x)= U N C,(X) ; whare
card (wd-): K OVJ= 1.3, i_i(:\é)wd

Classcs of the abhove oparatars in tho"Amidspendant subsct” of
"] eatiafy tho relations vhich bave boon establishod by Thooran 3%
vhon corr.spondin; mariin;c are swbstitutods Furtbammaro, these
classes are mutually related as wcll as the classcc | '’ ond
A1) ana thoir subclassose(see ifze 3)e Cbviocusly, tho clas-
3cs8 of ncutral opaerators arc relatéd in the same way. In particu=
lar, the classas AT, /A’ ana A?Y me.t tho camaition AN N =
s,j'?v and whon card(N )=\ the cl.asa_/lgveonaists of exactly h,
operators (when T a 19000y 'L o accordingly).

Nomarlk. An cpemfgg%’union of intersections” may be redefinod
to envolue the cases when'either <o (z,X )= ¢ s+ OF QOD=gpty
totaltty K(x,X) = 4 W }5X)  constst of at least omo
eapty oet of indices w(’W ?ﬁ.z.e. P C2(x,X) o In the

firsct caso iet ‘f(x)x (51,, ) . pén)_O.mdmthesecond
oac ]CK'T.,XS (61:"';2}1 )Ej
The opcratar "intarsection of unions™ in the analogous cases

is re-dafined accardingly in the following mays when & (=X ) =2
let f(ﬁ,X) = i ® and when ¢€ g (T';X) ‘lw‘f(t)x)z—a «Botice
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that tho case (o) (x,X) - ¢ for aparatar (T eorrespands $0
é_(i>)(39}5 for operator ] (| o and, vice-varmm, the case
QR(xX)o ¢ comrmpamis to £ (x,X)=¢.

Sach re=definod oparatars arc maturally refarred to ag tri-
vial onas. Wben the oparnturs “neutral unian of intavactions”
and “neagtral intarsoction of unions™ are rogardsd, the re-dafini-
tiocn f£ixos the oparatars O and 1. In particalar, fa&@ the cpare-
tor “noatral union of inmtorcocticms"the case (7 = ¢ eorruspands
te the operatar O, amithecaseQéﬁcommdstotMopm—
tor 1. Ap;gamntlio the classas of oparators "union of Aatarscee=-
tion' £ " ("independent union of intarsection” and "indepen~
dant intogrsoction of unions™, “neutrul onion of fotarseciion™ and
"acutral intersoction of unio@s") re=cafinod 4in sach a way coincie
dog with cach othar too.

The cporators'clasces which coasist of the corresponding
trivial cperatars is rcferrod to as a "replenished class™ of ope-
rutors and donotod as ™ o For instaace thoraplenlshodclnés
of operators “uncgtrul union of intarsections” is easily seem to
beaunionofthetrivinlopcmtcrsﬁgandhandtheclatx‘mut-
ral union of intorcoction”, f.e. /=~ = A Uiot 0 {1}

The oguality (1) mny be gamerulizod whon the ro-dafinition
of the clnases in quostion {s performed in tho follovin: way
@ A= NEEO D
Thas the eqguality (2) ostablisbos the form of operators which
satisfy the monotonicity condition, amd tharefore froa (2) some
statcaonts aboat the form of oparators £roa intarsacticns A0

ANAE AT NN o eees NN NN follow

as siplo carollaries.

s2a



In previous sections we assumad that a profile {Cg («)g 2ay

consist of and [,-operator F may geperate any functions
m@ s I,8, the domein of operstor F 1s n=taple direct
orodact 0 x G x .. x5 and the range of cperator £ is

(5 o It 18 however interesting to consider sn operator I with
its arzuncots - functiocns C; (- ) = belang mot to the entire apace
(5 » dut to some restricted donein in this epace. Such domain

12)
may be named the settins dozain of operator - and denoted as

Qs ( Gs c(Ca
Loreover, it is interesting to restrict the range of the
operator [ to some predetarained doaatn (2, (5. In this case
we will assu.m that Qs=@7,=@ » 1.6. choice functions which
are accoptable as individual choicc functions are acceptadle as
collective onos as woell and vicc=vaersa. This situation 18 natu-
rally intarpreted as closcdness of the dozmain (3 to operstor F .
Bofinition 9, The doaain of cboice functions 2 CC 1s
521G to be closed rclatdve to operator F € L 12 F({C ()})eG
holds for any profile {Ci(’)} comprising the functlions C, e & .
the domain A €(5 1s treated as "cloood relative to suc class
of opcrators § < 1" 1£ 1t 15 closed relative to every operator
FeF . such class F will be called a "class of operator
closedness" for QQ@ « The largest, in set-inclasion class
A\ of opurator closednoss gor RC(5 (1.c. the class A eompo-
sod of all operators [ relative to whick the given dooain (3

12) In tuls case the domain of operator [ is hietuple
atrect product AsX@c X .., X Q¢ ggatnat he-tuple
diroct product @X, ,..X@m a gaumeral casee
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is closed) will be called a complete class of operator closedness
for @ and denoted as _/\_Q.

The following lemma holds

Leupma 1. Let ./\.Q« and f\,an be complete classes of operator
closedness for @' and @" e Then for complete class of oparator
closedness for intersection '/l Q" the inclusion _A,Qi ﬂA_Qu c
A@'na" holdse

Proof. Suppose Fe A@. ﬂ A@" e Consider an arbitrary
profile 1Ci()Y such that C;()e Q'NR" Yi . For C;(')eq’
and C;(-)e Q" 1t follows from closedness of (]' and
@®" relative to F that F ({Ci(']’])é @' and F({Q(-)})éﬂ"
and just F({C; (-)S) eQ'N Q" . This correlation means exactly
the closedness of domain (3'/]@" relative to F , i.es
Fe Nginge n

For the domains in @ considered below more rigid result
than established in Leuma 1 may be stated, namely, the inclusion
is transformed into equality A@, N /\_(ﬂ., gl AG'/I Q" « This
result will be established after the proof of Theorem 4,

Let us now introduce some characteristic properties of choice
functions, which isolate some domains in space @ .

Definition 10 Following13) to Aizerman and Malishevsky (1981)
a function (;(-)¢ (>  is said to satisfy the condition of

- H (Harivage)t YXi, X, 0 o€ N, C(X) 2 CO) N Ky
- C (Concordance)f qu, Xg, = C(XJ/]C(X;,) ‘—:C(Xi(/xz,)j

13) The papers in which the conditions H, C, O and K or
their analogues are introduced are cited in Aizerman and
Malishevski (1981).
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=0 (Imiependence of rejectins the outcast wariants)s yy1,)(2_a

Xa€ XN CO)DC K ) = Clx ) s

- K (Comstancy)s ¥ X¢ X, ¢ X,c X, X, nc(xl)#gﬁ =

= CO(i)‘”‘CO‘z.)ﬂ X1 -

San (1973 )= also Alserman and Galiohsvaid (1981)) show that
in tho space of all nom-ompty choice functions the coaditiom K
and intersoctions HNC and HNCNO 4solate functioms, which
ere geparated by palr<daminafft choice on an arbditrary rclatiaon of
the weak arder, acyclic relation and strict partial order, reep.
In space (5 of all choice functions the intersection { (. 180-
lates {unctions, which are ganeruted by the pair~daninant choice
an an arbitrary binary relation. Besides, the canditioan X and
interscction HACN O f£ix the functions which are ganersted by
maxinizin; choice with any one scalar criterion and n =tucle of
criteria, respe.

The domzin in @ which consist of functions mecting the
candltions H,C,0 end K will be dencted by the sams letterse.

«+6 will now amalyse conlitions emaring the closodness of
funiazental domains H,C and O and their intersections. The comp-
leto €las..es of oparator closedness for these domalns sre deaoted
as AH » Ac vo. Linco €tcCe

Let us introduce the second groap of conditions in list
sar=c.,

v Y X X', x. xeX'cXeR, n.oeQ(z,x);\'(va'?:wé&sd$&“3eQ(z,x‘))}

T, XI X” x !) w'! f\J: | N an r. I;
VI YR )L“-',’ | ) w X*X ,X ¢X} méX,Eﬂ"T.GX’éﬂ‘l
o' € L (= X ),w"eQ(x, X"), w0 w"so}'s/\/$&3€Q@ X OX").
) /)
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vim. ¥ X, Vn,ge X Y, & wel,X), w'qéQ(g,x))
wiw'e e wuw =>(f?)'e,Q(x,) X\{g})) Vae)(, z#g}

~

Yo' w" i w'd Q(z)}(), wNw'e &'e w'yw' >
> o' & Qﬁz)/’(\w})'

Thooren 4. The canditioms VI, VII and VIII are necossary
end sufficicat for closedness of domains H (condition VI),
C (condition VI1), O (condition VIII), resp., relative to the

set  of all local operators, leee /\° :AH,A““ =\, e

AT A,
The proaf is givea for the classes [\ AQ and j\aeepa-
rately.
1) glasg /\ 1 . Necessity. Assume VI to be fulfilled. Show
that CX( Je § .« Let on the contrary there exist a profids
{C&)},_X,X' d such that ze X' X ef, reCHk) ana
T & CF(x')« stmee T € CT(X) , theaV (e X;{G()})e Gz X)
since (. (1) e H 7JV‘L6AJ ) L«‘—V(-vc,x;{a(’)}) and
VXeX = xeCi(X') o tbeaVEX{e()]) e VinX, {e()}) -
since e C¥(X') Le.*\f(vc))(’,' {Cc(')})¢§2(n,)(') and the
condition VI fails.
sufficiencys Let (* (‘) € || o« Show that candition VI holds.
Let on the contrary there exist X, X', ®,w , & smch that
'xeKCXEﬂ,weQ(t/X),D),w and[l’)# Q(n,xl) e Considar the profi-
10 {C.()} such that ¥ie (W \w) 0WD) DzéCi(x), = di (XD s
Yie(Nw)NB Drde(x)  eore C(x)  sVicona =
:;166'(,()(), JCECL()(/) e It is obvious that each
of theoe denands does mot contrudict the condition H o Then fron
Vizg,X; 16O )=w V(= X' )10, ()})=T 1t follows that = e C*R)
ena x&C*(X')  , which fulls the suppositien CX(-) el o



27.

The statenent of theorem 4 about coincidence of classes ./\;V"
and /\ ,1is proofed.
2) clags /.. Becessity. Assumn VII to be fulfilled. Show
that C*(:) €(e Let on the coatrary thers exist & profile
{6y s X', XK',z such that x ¢ C¥*(x)()(((na
2 & ¥ (X UKo Stme e CH(X) o tham V(x X3 {00}
e G2 (e, X") o Slallarly, Ve X' 4G} )e §2 (5, XY
Let us consider L&V(‘x’_,)(}; {C;(:)})/)V(xl)(“). je; (,)}). Since
Co)elC , e Co(X UX") » then V(n,x'dq(.)})nv{,ﬁ)x"; jCcid)
€ (e, KUK, §CCY ) o For a{CH(X'UX) 18
immediately follows V(= X'UX" {¢; )j) ¢Q(x,,X'UX”) and Just
failure of condicion VII.
Sufficiencye Sippose that (*(')e(C o Sbow tbat candition
VII holds. Let on the contrary there exist X' X' =, ! w" &
suc that K ¢ X' X' X' xe X'UX' e (xX) ,felr)
Waw' cDen asd (5&GL (e, X'UX') « Galy 8 intarsections
of sets ' w' and (O and their complements are acceptable, onc
of which ic em .ty duc to o' NwW' ¢ Y o Lot us construct a profi-
le {C;(-)B satisfyins the followins condition (where X'= {ey],
= {t2l e CX)=X 412 Caad (X)=1):
e) Vicwnw' n® ¢ (X)= {2y CX")={x] Cl'ux)= 1z}

B) Y iew NINMW)ND 20 (x)=1x}; &) ={z], C.XOK")={xg]
o3 Yie W) Nw'nE €0 (X)={yk; C(x)= {2, €. (¢uXD= =2
ay Nie NN ) 0 E) D¢ ()= {rf ;G (X" fof, CcXUX')= {2 §
) Vic (NN ANG)D Colx )= {25 Cx)={=F,Cox'ox") = gt
£y VLN NN )NE 2 G (1)=1y] 5 Culx)={2f, G (XUXD= X UXY;
oy ¥ elha NN € ()= € ()= C UK )=
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Bone of tbese canditions a)=g) contredicts the coadition C
Benca, the profile {C.() ] s C;()eC o ¥ o for which
V(e,X5 4000 )=w, V2, X' {Ci)] )-wend (=, XUXVICOD

= o are fulfilled may be canstructed
It follaws 7 ¢ C*(X') » zeCY(X)and r4C*(X'UX") which con-
tradicts (Y () e

The statement of theurem 4 eboat caincidence of classes A%
and,/\~c is prooved,

3) class Ao, Two lezmas will 4ntroduce the proaf of the
Cu30.

Loy, 2. let oc.)ge)( Lo eQ@}))w’&Q(g’ )() .

enw! e & covw! o Then there exists the prufile 4C: (),
(YO v Yiwam Vi {c)])=,V(y,Xic ()} o,

V(x, Xy dec)l )= o

£roof of Jemma 2. Caly & intersecticns of sets cv ., (> eamd
their con.lements are acceptable three of which from coc > and
ScwUw! are empty. Let us consider the profile '{CCC')JI
shown in Table 2 where X={% 4,2 X={%} « In this
prafile C () €0, Yio aod the correlation required is fulfilled,

Leoma 3. let xy2e X » well(x,X) o WS4 (;,X)J
w”%@(z))() nweBewuw!, W ¢ G"e w'vw!
Then there exists e profile { Ci()},C.()eO, ¥ and

VG, X, 4e)d )= aD,—\f(ée,)()' 1C()f)= !, V(g X- 1C.()}) =",
V(x)Xs gy 4608 =8 , Ve Xoiyk ,de()j)=-&"

Proof of Jemma 3. lLet us coasider witlLout loss of ganarality

)(: ‘{ 1:2»23 « Gnly 32 intersections of sets w,w',w,’,’,&,éﬁ"
anc their complaments ninstem of which froam carrelations coc s,

r~

Sewuw, W'l D'ew'uw! are empty are accep-
tahle. Gansider the prafile {(,(.)} shown in Table 3. In this
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profile (. ()€0O VL ¢ and all relaticms reqguired are
satisfied.

Proof of theorem & about clase [\, o

Necessity. 5u pose VIIL. Iet us ahow that (. (<) c(O e

Acsume on the comtrary that for some X eithar A) —neQ*Q() v

$EC ) 0 e §CTO0YY) s 0r B) 24 CX(X) o
5&(:%()() R 26C*’<}(\i3}> are satisfied,

i) stnce €CF(X), y&Cr(x) o thom e V(= o X 3
16,08 ) e &2 (xx ) o WV XG0 )ERy.x) o™
85 =V (o, Ko iyl 4G 3) § Q2 (=, Xn 441 ) » Sbow that
Ww'e S cwUw!  is satiufied. indeedy V (¢ o\co! > ielS
since (€ wnid, tbam zeCi(X), y4.Ci(X) « For C;()eO
it follow % €Ci(X 1§}) , and tuerefore, i€ & o Furttormore,
Viel = tewU w! . The fcllowing four case are possibles
@) =y & C.(X) . Then we&Q(X%gJ) apd, therefore, L#c’:{ ]
02) =eC.(X),g4Ci(X) , In tbds case iec>  and, moreover,
tewuvw! gy xéf&(x),ge&(x) « Then (cw' o and bence
LeE LU w! 1 &) 2eClX),4eCilx) e Thon (e wnew’  and, all
the ore, L E€wWUW' o We have shosm that the inclusion

W el e wuw' bolds, Since 5§ G2 (=, X<{y} ) the first
part of the coniition VIII fails.

Tho sucond poasibility 18 = e C* (X) ,J%C*(X) ’

24 CF00, 2 0NYE ) L man VLR 4 {GOF)
e ¢ R0y, 0 WV @K1 )=w'E L(z,x),

'V(z,x\{g} JGO)) =w"e G2 (2, X {3}) o As previmaly damonst-
rated it may be shomn that the inclasion ¢\ c D ¢ W' (!
bolds end since on assumptica (U'€ &2 (2 X\14} )  tben the se-
cond part of the condition VIII 45 not met.

sufficlency. Let C*() € O . show tbat condition VIII
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holds. Acssune on the contrary that candition VIII is not met.

In the cass hovever accarding to lamma 2 and 3 for all X,"l,j,
2w, Wl w5, 0" there exists a profile 1C. ") j for

which the pelations V(= X;4C(DJ)= o V(yX; {c:()})s
= o Vg X;hec))) =" SV XMyl {a0})=&
Vi, X\ g, 40c0])= &' bolds. The
failure of condition VIII implics =e C*(X),244CK) ena
oitkor & (*(X\ighlor 2€ CX (X\{g}) o Lec. the fatlure of
the acsuption CA*( ) €0 o
Thecrem & 18 compleotely »roveds B
Three remarks to the Tusoren 4 will be givan belou.
Lieoapl: 1. Ehen we Lave proved Thecren & in the part which
Geals with the class /\, we have actually considerod the condi-
tion of clos.dacss oot of tue dosain O » but couc othar doanin
0’ o this comain O s picked cut with the following coodition
Yy K:geXCW=>C(XN {4t )=C(X) . %a asbitrary chosce func-
tica obeying condition ( saticfios condition o obviocuslye.

Por X={®y,2] condition VIII theraforc oust bo added to
the coadition charactarized the case whon the subcot {’%33 is
rejocted frou X e This additional coniition any be vritten
dous as

V&S o lw)e & cwiw' U w @&e@(«v X\{g,%})

Tho condition VIII charactorigcs honcc the closodness of
the domain (' , tut 4t will be shoun that tho conditicn of
cloocednoss of tho danain O may be uritton analogously and it
coasicts of the ocumbar of coaditions charactarieginz the closed-
noas of the domains O 0", etc These docains are 1dentificd
by the conditions of rojoctias of every  ‘F=alement subseto
( L= 1929000y LT4M ) of tho set .
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In thin case it turns ocut 4f the condition VIII 48 added
to tke closcdaess conditions of dozalns 0:; D" etce., tho
proyertios of tLe cpcrators class Aom aot changed, ie.ce tho
0ain pruparties of tho class A are édefined by the vary con=
ditica VIII and thor-forc when the claowdaans of the domain o
is consi.cred it wa: be restricted to study only the class AW,

~enqri. 2. Anons the oain assuptions of the paper there is
tbe c..dition cand(A)=imy 3  + The closcdnoss of the
dozaing | and © bowever as it bave boon 4a:lied by tho proof
of theorc. & Doy be establiched just in the case whon caw/@):z
Ia this pazer we usc the aotion cf thc coanloto

class £ cyerat.r ¢los.uness A for the domailn () <Genarall-
zin t,m.u .otion we could usc uho action of a class A@; WO

T3

coasict 2l all cucrat.pe vilch "coxgteuct'" oy the profile
{C.0VY ,CL(")&‘Q’,VL, a fusctica CY() e@"

It i Zound tbat when the dozzdins H ¢ and O a8 (/f and
tho dowsias NGy HNS, CN T aad HNCAC as @f wkeca Q’_c_ R oo

condiovret the cerosopoaciag cloacse A-CQ'?@") arc defincd
with tlue saoo coacitlicns VieVille ’

licace the follcwing Jeacralizetion of Theorc: &4 are perait-
ot

iheopem &' Por the function C7(-)  to be 4n the clasg

1) B ohareas @=H or @'=HNO of Q- HNC or Q'=HNCAO,

2) ¢ whereas ('=C or @'=CN0 or &' =HNCNO; ”

3) o whareas (V=0 or Q' =HAO or Q'=CNO or Q'-H1CNO
it is aeccscary and sufficient that tho list-represantation of

L=operator F (C¥()=F({Cc()]), C:()eQ') satisties tho

conditions 1 VIj 2) Y1I; 3) VIII, rospe

In the foraulatian of Theoren 4* the condition which defineo
the class /A (HNC>C) 1s not catoblished. This condition is
the oodification of tho candition VII and mny be written down in
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the folloudng ways

vire 5 X, W A8 XX XX, ceX e,
xeX"eft ,w el (X)), w'e Q(u,X"),
Wow' = =2 L e Q(l, X'Ux“)

Apparantly when the moaotonicity comdition 48 saticfied the
condition VII® coincides with the candition VIIe

The fecults established ia the Thearem 4' are easily impli-
cd by the proef of Thogrun 4.

‘bhecren 4' immodiately implicgs also the possibility of using
for tbe com:lete classces of o crator closedacss the carrelation
Aa'no"=¢/§‘t@'n/\a" for the domains H,C and O of the
space @ °

Theorem & establishes the list-farm representatioa of

|, =operatars the com:lete clasces A, , /A, amd /A, of opo=
rator closedness consist of. These represantations give a possi-
bility for studyin; the "disposition” of classes /|, , /|, and
/\_, 1n tho set & and tbeir colation with classos N .....Agil

Ihgoseg 5e Class.s A% yeers/\'  and classes Ay 4 A, ana
are aoutually related as enown‘m) by the huler-VYann's diagrans
on Pig. & (for /\, )y Fise 5 (for A. ), and Fig. 6 (for /. ).

Proofe 1) The gdasg /v . (Fig. 4). From 38 nap-empty possie
ble ccnjunctions of the conditions 1°=5° and thedir negations (sec
sect. 3) in this case only 30 conjunctians with the nuchors 4=5,
7=11, 13=15, 17=19, 21=24, =8, 30-32, 34=30, 38 are acceptablo.

It follows fram tho relation 1:0 5%-> 2° wieh 48 irplied
by coadition VI. The latter implics that the Central Region is

14) Clasgea 53 and 52 are not shown for clearness oa Fig.

4=(y but in tho proof of thearen S those conditions are studied
as well as the otber conditions 1°=4°%,
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included 1n A .

2) glasg A, (Fig. 5). In this case,because the relation
12 n3° => 2° (soe VII) 1s satisfied the same thirty comJanctions
are acceptablsee

Condition VII however inm-lies that Ac includes not the
entire Central Region. Indeod, in Centra) Raglon (i.e. when
conditlons 19,2° and 5* hold) condition VII may be written in
the followins forms Vw' w' 5: o', J'e@, JNu'eCeN>8eC2
bhence a narrower class than /\°F 1s isclated.

5) Class Mo (Fiz. €). In this case we will first establish
some correlaticns bLetween the clasges of [, —operators.

) 13N1203 = ¢

let us shce that there exists z¢ /A such that Q(x,A):F;ﬁ
Assune on the contrary that VIGA Q.(‘n,A )=/¢ e Thon since
C*(’) € O the correlation Q(‘l‘., x) =¢, YieX ena VX eR
bolds, 1.e. condition 3® holds.

Lot us show that VyeA R (y,A)¥ P . Assume o the
contrary that thare exists ¢ A sach that G2 (y,A)=P. stnce
for some zeh Q(m,A)#g?ﬁ » then there exist W <A and
we Q(%,A) and since Q(j,ﬁ)=% ¢ then “/é QQ%A)
It follows that ¥ 3w \N=PcBewun=N2>TcLnAriy})
toee Dw, ANiyl) = 2 enicn comtradicts 1,

Thus Yte A QG:,A)#¢ o let us show, that
QRQENFP YteX ama XCA ., since 12 bolds, then
QU F  ¥ieX ana XA o 50 for es Q(t,A)#¢ .
Yt<A o and since conaiticn 12 holds for all =, yc A  thare
exist w',WH, W' and Rl such that w'# Q(*,A) .

W' e G2(x A) o WIERL(gHA)  , Wie Gh(y,4)
Then V350 W' W' 2B e WU &' eGR God lyyJand
NG W s & cw'"yw' u‘?"éQ(X,A\'LR})- It may

be abown in the same way that <2 (t,X)F¢ YXefl ama ¥ieX
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By the proparty a) the canjunctions 349,14,22,26 and 28 are
excludod,

b) 1°/13° —> 2% This property immediately follows froa
coadition VIII,

By the proparty b) tho canjumxctions 6912416920,25,29¢33¢37
are axludsd.

&) 1n1ende

c1) Lot cond(X)>1 and there exists «cX such that
”%Q(l,x) o Fram 13 Vgex S‘weg?.(z,)() holds. Then from
condition VIII ¥ - wan -FcBewun-H> QQQQ)X\#;))
i.e. g‘i(ﬁ Fa42})=¢V which contradicts 1%,

c2) Tt W& (Y (x,{n} ) o censtder X-{2g4]  If 12 bolds
there exists « £l (y,X) and zrom e1) e Q(x,X) o Then
V& N e @ eNUW-N 535eG2(x,{=}) and theretore
NeQ(x, 4xd)

This property eixcludes tho conjunctions 4,10423,27.

) 12012 => 3%

a1 Y e &2 e X) andVX/CX) w eGP (x,X') » Brom 12 Vgexﬂw';
w' & G2 (4,X)  bolds. Then VT conw € (S e ol

DeSe (=, X {3}). Buat (v satisfiecs this correlation and trercefo=-
re w € (x, X 4)) .

@) YweGR(xX) ama VX DOX cocRQ(nx) « Assume on the
contruery that Wé{:@(n,)(') e Lot us congider a profile {C,;(.)_%
such that Yiew Cifx!)={ =] Vido Cg(X')=}2§ .

iben obvimsly C*(X')=;£ and eince C¥(: )0 S C¥(X)= & o
But Ci()e O, thea Ci ()= {=} ¥cew , ama Cix)=@ Vide,
ana C*(X)={*] which contrmatcts C*()e(O .

This fmplies that Y we S2(xX) ama ¥X'C A ,welD (xX)

(for this it is sufficiont to cansider the set X '- x (/X'
X">X ana X' X ). ’
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It is shown that the conditian 3°-a holds, i.e. the lists
Q(’n) X) are repreecated as Q(t) o Lot us show that condition
3°=bd holds.

a3) Lot w € Ax) « Sbow that Y : ) €, O €R (%)

Let (5 ¢ Gd(x) « Let us considar " ¢Q(3) « Such set (0"

axists since condition 12 bolds. Then Y &3 7 8 (O w'c (' Lyw”
= 0" S (x) - . > Toas Y& g

! \(wa )-c}?cw cwuw' > & é Q(g) . In this case

V& O (wuB)=¢=DcBvw's 8¢ Q ()

since (35! 1t follows that w' &Gl(x)e

) Ywell(x) 2w 6@(33. Suppape on the contrery that
w & Q(é). Then ¥ (5. o = gé c S w;;,weg@and froo 43)
Sd(w) = 2"/1‘011008. This irplics 1\-/7&&/4 Q(x) G » 1e0e the
candition 3° holds.

The property d) excludes conjunctions 144,18,31,35 and 36,
The fact that the intcrsections of the class @  and the opara-
tor classes determinod by conJUDCions 4924597680711 513515,17,19,
21,304%+ and 36 are nan-epty may be Allnstrated by specific
operators,

Figures 4«06 particula ly imcly that the domain H,C and O
may be closed relative to | -operatars satisfying neither all
conditions 1°=5° nor any of them,

dakins use of the conditions VI-VIII, and Figurcs 4= we
obtain mutual relations between the com .lete classes of oparator
closvdness Ay A\ . and A and the Basic, Cﬁmmm
ca.‘ny—-Central Reglonse Thearems & and 7 given‘*entahuah these
relations., Tiese thecrems are in fact the carullaries of thearen
5 ana the SOFEAETIER LN N2 %¢es of thase thoareas are
shortemed.

Denotc as/\; the implsmentation of the class \gin U
(O isa domatntn & )
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heopren 6.In space l al1 eight classes A\ N A. 1A,
(‘\j\ [u\ .....A ﬂA (\j\ are nom-empty.

Proaf. Sxamples of the operatars when A-{xyz] wa Ae
= {1.2,5} are shown in Table 4, in which the lists only for the
patrs Q) (x A), Q (2, {x41) Q2 (x {2} Jare camnstrated, For
other pairs ({,)) let us pat the corresponding lists for the
operators from cJABBOS_A [‘A. Aﬁc'A /U\. /]Aco A (]_/1 AAc
ANDN, (A being eual A , and for the oparators from classes
AN, NN, 0 AuOA NN\, e A NfigN], being
eqal to 92V, It nay be immediately checked that such cpuraetors
satisfy the corresponding conditionse VI-VIII or thoir intarcrusses.

The statcaant ¢f theoream 6 is {llustrated on Fige.7. The clas-
8c8 AH7AC and /|, are sbown as circles. The trivial operators
© and { aro disposed within the class A, /. NA .

Consider now bow the basic, Centrasl and Lyonetsically-
= cntral xecions are located relative to the clas:es AH, A oana
A -

The . The interscctions of tbe Bssic fegian (A""7)with
the classes _/\ ﬂ,/\ M\C _A M\o nAa A nA nv/\'e,'
MDA NN v AND N Ner AnN Ao N\ ave nonempty.

ibe iaterscction of the Basic Rcglon with the class /| is loca-
tud strictly insice thc interscction of the class /| and the
basic He;lon, Lete ABR N Ao = /\El (\/\}P

The Captral Regian 1108 strictly inside the class /|, and
includes strictly the intarsaction of the clasc A, and the
basic Reglon, iese NN (1A, c R A Woe

Syomotrically-Central Bagion 1ies strictly inside the class
A\ |, and hee only one V operutar in its imtersactica with /lo
and only one U 1n 1te intersection with A, tees £FCA
NEAN=vE o NN A={u].

Proaf, The fAirst statenant of theoran 7 aboat the non-empti-
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noss of the {intmreaction of the Basic Regian with classes

AAN AN A AN AN NN NA =8 A A, NA,
is easily seen fram the exmmples used in the proaf of thsarwm 6.
The inclaston A**(1[\.c A" fallows immedtstely trom
Fige vy and the incluston [\“ c [}, = from Pig, 4 (see the proaf

of thearen 5)e

Consider the examples of gperators abhowing that the intarsec-
tions of the Basic Reglon and classes A, N/\, n_/-L,_ and
Ao DN N Ne are none-empty. Making use of the inclaoaion
AR AN, c \°®  let us construnt for tde cless A, (1 A, N/
an cperator, for which the basic 1ist is represeated as |2 F =
=415, 427 ] , and for tbe class A, N,/ _ = the operator
with Q.° -{{13} « It 18 easily chacksd that these operatars
satisfy tbe coaditions required,

The statement [\°“R ¢ |\ , follows Lamediately froa the inclu-
sion ASCRC_[\CKCAH. .

To prove the last two statemants of theorem 7 consider now
the 1ist=form conditions VII and VIII 4in the Symetrically~Central
Region, i.c. when the conditions 1°~4* bold, Por this consider
£irst, thc form of these conditions in Centrul Reglon «Obvioasly

Aﬁ (\J\Sp‘ . Vw')‘*"(e‘g&, Vo wNw'eScN=2>Te R ,

AVT_‘-* ﬂAck . \Iw)w',u)",c:\d/,&;”t wegz) M'QQ .

W"é\g?,) LoN ! S;_(:)'g[\!) W'\ w'g a)"(_-'rx/——? 36@9

5”#@

i) , R

show that the operators £rom the class /1 /1/1 are aster-
minod by the basic 1list of the type QB-{wi .....@s}'hm
COJLA (wb):i ) ;' .1....’5 .mm,l“wmcm'
trary w%L,“e@ and {Q#Q,{jié@. o Than by the
comdition VIIT « ={i,{}~{(}] =u}e€2‘ . This cantradicticn
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proves the statement. The tultmne_ﬂ; of condition 4° ylelds the
unique operator froa the clase ‘' /) A% , ror entch the
besic lst 18 %=, N}, and from the class A /1 AR < e2e
unique operator with Q.- ‘L{ﬂt,u,,{n}‘%. Those basic
lists exactly carrespond to the list=form representations of ope-
rators U and \V . ¥

Theorem 7 is illustrated on Pis. 8a. A single-dashad line
shows in this Fisure the Central Reglion, and a doodble—dashed line -
the Symmetrically~—Central Region.

The frasment of Fig. 8-e = the Central Region and its inter-
soctions with the intersections of complete classes of operatar
closcdness and their implementations are shown on Fig. 8=b. The
single=dashed line in this Pigure shows the intersections of the
Central ieglon with the classes A, N\, o NNA_, ana the
double—iashed 1ine suows the imtarsection -\ /) /. NA. NN\

The last two statements of thecrem 7 give rise to the
following as ccrollariess

ZIhe first fuactional principle of mutuslly-exclusive neutre-
dities. ixcept for the operstors"unanimity” the Basic Region does
not caontain the ocperators which satisfy condition 3° of neutrelity
to variants and 4° of msutrality to voters and relative to which
the domain C 1n the mpace (O 1s closed.

The second functjonal principle of mutually exclusive
Selitralities. ixcept for the operator "at least ons wote ay the
Basic Region does not coantain the operators which satiafy condi-
tion 3° of aeutrality to wvariants and 4° of asatrulity to woters
end relative to shich the domain O in the space (© 1s closed
These principles prly the existence in the Symmetricallye

=Central Reglon of only two oparators u and v relative to
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which the domains C and (O ere resiectivsly clased,

xakins use of leama 1 end theorems 5=7 we obtain

gorcllary 41, :xcept for the operator “wnamiaity” there are
no |i=operaotrs saficfying the conditlons 1°-4° and relative
to which the class H(C 4s clcsed

Loro 2e Thore are no |, =operators satisfying conditie
ons 1°=4° and reiative to which the class HNACNO 4s closcd,

Thus, not only the common plurality rule but coch L,-0pe-
rator satisfyin;; what seoms to be equally matural conditioas 1°=4°
transforms the classsically-ratianal individual functions to a

collective choice function whick does not it a genaral case satis-
Ly these ccaditions.

ve wutual relations betwecn the conlete clasces of oporator
closedness AH, A—O_‘ —[\c angd the Pagjc resion

In tlis section we study the matuznl :elat{qns botween tho
classcs N, )Ao and \. and the clesscs Am(l’x). Aul(g)and
N s their subclasses resanded in section 4.

Consider cunditicas Vi=VIII for the casc when ccnditions
s%=a, of ladescnconce of the context, and %2° of ncutrality to
variants ere fulfilled additionally. Otherwise speukin: we coansi=
Ger the list-form representation of | =operatars from the in-
tersecttans 2L WV ALNNT D AL0AS ete. koatgico-
tions of conditicas VI-VIII will be denoted by the same mumbers
with the upper index poiating, out to an auditional condition.

Consider only threc wcdifications of tlLcsc conditions, na—c-

Ya da

ly Vi -VIII .,

v Yxed s w cQ) wemen = & eGx) ;
nyf"‘ quﬁ w'eQLx),w”eQ(x), wlned'e Sen @c’b’e@(x);

v;{ia’ VXE‘f]{ﬁweQ(ﬁ): wld@(\j)}w\u}s—tssw()u} @5&@@)3
W' QR , WIS e U 8" d G ()



40¢

The other three modificatians for tbe case whem comdition 3°
is sa.isfied are obvicus since in this case the list-fomm repre-
scntatioca of [, —oparator is determined by the unique list
for all )(egq{'?d“m 2 &X o The conditions ¥I**< and VII®“%
satiafy spparently the monotoaicity condition and VI>“* coincides
with the conjunction of the canditions II amd III-a,

These facts give rise to the following corollaries.

Gorollary 1. The intersection [\, with the clase A’ *cotn-
cides with the intersoction A\” with /\""*amd coincides with the
replenished class of operators "independent umion of intersectiond

M

fece A, N = 27NN 2 A6

Show that the class /\> 1s "wicer” tham the intersection
A NN

Egample. let f-{xge} ana N={12,5] am the totality of
liste for vardmt = s 2B (%, A)=4 {11 ] o G2%G, fnyy =
e il R(xAr2l) = {123}, QUrder) = &

The condition 2° s obuouqls,%'ﬁsned. bat none of the candi-
ticns VieVIII are satisfied.

Gorollary 2. The intersection A . with she class > 1fes
strictly insido the intersectioa /\*° with /\°* and coincides with
the replentsheg clas; of coperators "Aindcpendant partial interscc-
tian”y deee NP = A NN NTNAT

The results dealin; with the |. =operators from the interea
ecctions [\, ena . with the classes /\'° or A” follow £ren
corcllaries 1 and 2 and will be stated below,

e study mow a complete clase of operator clasadness .\, .

The condition VIII immediately imslies that the class /\ o
coxprises the opcrators satisfying the corndition 3°-e and unlike
A, ana I, @0 not 1n ;encral satisfy the momotonicity condition

_‘O
2°. But Pig. 6 implies that the intersoction of [, with /' con=
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sists .of the operators satisfying the meutrality condition 3°. The
operatars, shich camprise this intarsection are isoclated by

leuze &y The intersection of |\ _ with the class /\*° coin-
cides with the class of operators “meutral partial union", L.e.
A NAY = N

Proof. show that Y Fe )\, | A\ Fe |PUe Plg. 6 implies
that A NA"c A°® . Proving thearem ? we bave sbown that the
basic 1ist for the operators from /\_ (| A°® 4is ropresented as
QB = {Lai'°°°. ws} where V L® Tgeeey S C‘QJLO[@J,,)zi o This

representation coincides exactly with thosc for the gperstars
"aeutral partial union.

The proof of the converse statezent A" o \ N A!° 15 ob-
vious,.

The rcsults establisied above are allowed studying the expli-
cit form of cparators vhici com;rice the intersectiaons of the
complete classes of oparators closednsaes witi. the Basic, Central
and Syanctrically-<Central 2c;ions.

Consicaer two categcries of opecrator classes:s a) detar=inod
by the interscctions of con:lete classes of oparators closedncss
and toeir compleaents, and b) detarmlned by the totalities of
charecteristic conditlons.

Ihooren &, The first category classes civen in the intarcraos-
ses of the columns of Tadle 5 and the second categary classes
;iven in the rows of Table 5 coincide with the corrasponding
classes of |, =operators indicated in the intarcrosses of rows
and columns of Table Se

Proof. let us prove step by step the correlations the aumdears
of which are indicated in the intarcrosses of the ruwws and Co-
lumns cf Table 5.

1) Lemma 4 implies that A, \N*'= \P4 o Bence \°NA ()=

= N\ and atace \PN N\ \PY 4 them ABR“AO-‘-AP“ .
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2) ¥ollows from 1, and the iaclusion AM C_ACKCA_H

5 AR NANA, = NV . e conaition VII > deternines
the cperutors withk Q%= {w.jand since APRN A = A4, then
(’.(L’ld (CUL\{{ .

4) Fullows froo 2) and 3)

$) Follows froa tie coincicance of cooditica WV >°—* with
the ccfinition of tLo operator "independemt abion of imtersection®

G¢s9) The proof is analojcus to 5)

7),6) rcllous £rom 1) and &)

103,11) Follows from .) and 4) so far as N°Y QA2 NPV

12} Follows £rom the coincidence of coaditien VI>° with the
cefinition of the cperator "ncutr:l union of intarsecticac”.

12),10) Proaf is analojous to 12)

14)415) Fellows from 7) and €)

17),1C) Follows £ran 1G) and 11)

19) Comsider how condition VI @rensforms when the candi-
tion [V' (equiwalent to 4°) holds. In this case epparemtly there
exists nu ber K such that unt‘\,c_gs“—"? Caﬂoj@«{)*and there is
po 5&G® with cnd(8)> k. stace the condition 4° holds
all subsets of N with cardianlity k belong to C2° and we
cbtain the definition of kP —cperntor.

20)421) wee the proof of theoran Ge

22),23) Follows from 20),21) owin: to the correlations
MR N, ama UehA,  VeA,

24),25) Follows from 17),18) and the obvious fact that
SN

Table 5 shows DO cperators froa the intersoctions /\” 1) A, o

PROIAe  ena ABRNALNAL  : section & has estabiishea
the coincidence of the Basic i cglon with the class of operators
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"union of intersections”. Hemce the intersections in question
consict of the operators of the type U] o but sstiafying edditic
nally the correspoading condition VI or VII.

The correlations established in the last rows of Table 5
are illustrated in Fige S This Figure 18 obtainod by combining
Flie &=b with Fige 3 (when Fige 3 48 consicdered for the case of
neutral cperators).

Lot uc genecralize now the results of theorem 8 shown in the
laat two rows of Table S.

Consider again tvio cate ories of cgperutor clessacss a) deter—
nined by the intersectiond of cox:lete classe8 of oparator closed=
ness and their cooplenents, and b) determined by thc totalitics
of characteristic canditions
The first catezory classcs givea in the intercro-
sses of the columns of Table 6 and the sccond catugury classes gi=-
vaed in the rows of Tablc 6 coiacide with the corresponding classes
of | ~operatars indicated in the intercrosses of rovs and co-
lunns of isblc 6.

Proors. let us prove successively the correlations the mumders
of which are indicated in the intercrcsses of the rows and columns
of Table 5.

1) The condition V\*° is ossily seen to eoincide with 2°.

AR i X (X
In scct. 4 we have dananstrated that .-[\.2 = ./\u (e ) o Hence

ANR L= RN AF =0 for o g B

— e
2),4) Followe fron the fact that candition V'™ coincides
with the definition of the coparatar "moutral partial intersection”
R- Qe =1¢]
with ecditianal posaibilities = or '
3)s5) Follows from the fact that condition ‘]_’I‘ ® coincides
with the definition of the opaerator "neutral partial union” with
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additinal possibilities ()-¢ or Coe=1¢1%.

©)97)e The joint fulfilment of conditicas Vi > and Vi °°
deternines operators with QB={wi} whare Card (wy)=1 or ope=
ratars with G2 =@ .

8)e Follows from 1) and the follawing obwicas correlation

AT pe nF

9)-14). Follows from 2)=7), reBp., taking into account that
operateors O and 1 satiafy céndition 4% w

Theorems 6 and 9 give rise to the following as carollaries

Corpllary 1. The domain HNC 48 closed rela:ive to | -ope
rator from the Central zesion Af and only &f this operator is an
cperator "acutral partial intersections”,

Corollary 2. The domain HNO which consists of all choice
functions satisfyin: the Plott's condition of "indepandence of
tke »ath" is closed reletive to |.=oparator fron the Central
Zegion if end only if this operator is an operator "ncutral pare
tial unlon®,

Coroliary 3. The domain HNC 10 48 closed relative to

L. =operator £rom .be Central Kegion if and only if this opere=-
tor 1s an opecrator "decisive voter”.

Lenarke. It is interestins to comsider the problem about the
closodneas of class K o which is narrowar the@ the classes
studied avoves It may be shown that this class i8 closod relative
to |.-opcrator from Cantral Rogion if and only if this operdor
is an opcratar "dscisive votaor”.

7. Discussion
will drew the readwrs’ attention to the main idess and resalts
establinbed in the new farmlation of wting prodlm, 1,0, when
the prufile comprising of individual choice function bas to be
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transformod to the callective choisce functian, The intruvdnction of
locality condition (see sect.2) which dafines the operators perfore
ain; sach trensfammtion allows to use the following genaral schame
for anclise thegse oparators = $0 stady three categurians of cgparatars
classes which ares a) isolatod with charactaristic conditions
(sect. 3), b) dafined as some mochanisms oF Astarministic rulas
(soct. :t)l and, finally, c¢) picked oat with clasednass condition of
do::ains (6paco @ {(sect. 5)e The manin resalts are obtained campe-
rin; these categoriecs of cparators classce (soct. S and 6). ®e want
to enphanize two followin; rPesalts:s a) two principles of mmtually
axclusive ancutralitics (coct. 5) which establich that natural de=
nands to voting systaus lead to inconsistancy of acutralities = to
voters and to variants; b) the eatablishin; of exnct structuto of
Cantral Recion comprising nstural voting systems 1o torms of its
owtial rclations with two last catesoriee of operator classos (see
sbooren € and Fi13¢9J).

worecvaer this camparisan noatiocnod adbove shows also the ecp—-
tingas of iatarsoction of sono clossos of operators (seoc sect. 6)
o in otier words, the inconnistency of some matural coanditions
to which it coens voting oporatars have to be satiafied., This
situntion is andlogous in song senoc $0 that ono ostadblashod b
KedeArrov and his followvare uhaon thoy rugardad voting operabors
which tranaform the totality of binary relations to collectivo
binary srelation.

e discuss also in thios soction two probtlems partinant to the
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acditionczl analysis of local operators. The formar s concernad
with gene®iting collective descisions in a specified class of
choicc functions for the fixed woting oparetar of type III,

In ths papurs on the Acrow's paradax in $ts canventional inter)reo-
tation (sec Semn (1370) and tbe referwnces tharea®) we can cadline
a trend which studies e possibility of obtaining s resultant bi-
nary rclotion in a class of linear guasiordars usin; a "ncutral
sizrle ncjority” sule (l.e. thc rule of "neutral < =majority”
for k= [%_]+ 1)

11 a ;aneral case when a profile ccnsists of arbitrary linear
guasi=-orders this is not poscible. Honce, the above papers of
tois trend are st ving; azon; other tuinss, to answ'r the follo-
wing guesticn: wii.t zutuel ccastraints should be observad by tho
initial “preicrcacs relations” ol the voters for the resultant
relation to bolin; a priord to g class of linsar Qquasi-arders?

It is iaterestin tu obtaln similar results for a problea
of collectivc chelce in its "functional” interprotation used
bercin, o the case when the operator V "at least ans vote ay”
is used as an operator of the group choice ane of the results par=
nittin: such an interprcetation has bean obtainsed ia Alsskerov,
savalishbin and Litvaikov (1979) in the forn of matual constraints
for n functions ((-) £rom the class KA CN O, wkich codprise
the prafile {C_ ()}« The observation of these constrauints by
oparator V results in the function C* (*) 4n the clams BACA G,
alttouzh this 48 not possible in a gene.al casc, 88 bas alrcady
been aentianod,

ther proulea that we dAiscuss in this section deals with
the couparison of the above results with those of Aizerman and
Al eakerov (1933&) obvtainod when cansidaring the votin; cperators
of type I (i.0. aonsiderins the Arzrov's problem in its conventio-
nal statexent).
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Let us consider Tadle 7. its left part glves soxe resalts
referring to | =operators froo the Cemtral Begian. The first
colum shows domains’?) () n the space (7 , and the second
colunn = Lqpmtara from the Cantral Regiab which ensure
that domain (j 1s clased (the intarsection | o N \R)

The right part gives a aicilar tahle for the voting oj.erators

of tyre I (see Aizerman and Aleskerov (198%b), Its firet columm
describes reglons i in the space of all binary structures, tbe
sccond column - the operators which canstitute the intercross of
a complete class [\ @ OFf tbe opuratar closednons for f) and
tho Cantral hegion (for the woting operators of type I the Cent-
ral negloa 48 detaraincd by the totality of conditions similar
to 1:, 1%, 2°, and 3° = soe Alzarman and Aleskerov (1983d).

The raws of these two tables coincide as follows: ths first
coluan of the luft table shows a domain (Jc (3  which is rea-
lizcd by a cagvaeatianal choice froom binary structures of the
dooain R, which 1s indicated in the first colum of the right
tablse.

For rows & and S5 of the richt table Shere is no carrespan~
dence since classes HN0 and H camnot be realized by the palr-
-~doninant amechanisms of cholce.

Froa Tadble 7 one can i-mediatcly see the "sbift”™ of state-
nants coacarainz  |.=opurators relative to the statemenmts on

AN
15) The domainms () @glven in the first two £ows of this
column connist of tuncuonsﬁbelm to the intarsectiaon of the

dozain (A with the spaceo @ of nom~empty cholioe functians,
) =\
1.6. G’ = Q n @
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the wvoting oparators aof t pe I. Thus, for instance, for a doaain
of binary relations of the partial arder the operetor closcdnass
(usin;; the tarmimnlo;y of this paper) is ensured by the oparators
of "partial intcrsection” (see Alserman and Aleakaruv (1983d)).
On the other band, & dozain in (¥  gumuwtsd by a patr-dmminant
rule of choice in this class of binary relatioms 48 closed only
to |, =cperators "deciasive voter". Meaowhile a consideradly |
wider docain of choice functions, the domain (O , generated by
the "nan-conveanticnal” rules of choice on "acn~canoventionai"
structures (seo Alszcrman and kslishevski (1981)) which bhave conp-
letely bean omitted from the discussion of the Arruw's paredax
1s closed to the arbitrary |,=-operatars “partial intaerscctiocn”.
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Table {4
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A (K.

MANA,

AL

AAANA,

ANLNA,

ANNA,

A AAN

Q(h)

{4‘2’3)

N

(AFANY

‘u.:ﬂ,,{q,a})
N

Zh’

{13, 4423
44,33, N

{1,23,N

Q,X)=¢
Vz,X: xéfef

Ql*:ﬁ.!'z:i)

121, 4433,

N

ZN

133, A

iﬂIZ} )A,

Z»/

—

Q(") {1;2 })

2%,

N

{1I3})’J

A
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f)
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A0)
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M)

u, 0,1

Z)
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0,1




~ decisive woter
K dmEcr (0)
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partial intersection

HNC
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@ (o= e
partial anion
HNO
©) CFon)= \Y, Ci (%)
LES

¢
C*(X\t’u / CL()()
J=l ew.
H or interesction of
unions

t
Xy
¢ (x) -,101 zksja: C (X)
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