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Linear perturbation theory is a powerful toolkit for studying black hole spacetimes. However, the
perturbation equations are hard to solve unless we can use separation of variables. In the Kerr spacetime,
metric perturbations do not separate, but curvature perturbations do. The cost of curvature perturbations is a
very complicated metric-reconstruction procedure. This procedure can be avoided using a symmetry-
adapted choice of basis functions in highly symmetric spacetimes, such as near-horizon extremal Kerr. In
this paper, we focus on this spacetime and (i) construct the symmetry-adapted basis functions; (ii) show
their orthogonality; and (iii) show that they lead to separation of variables of the scalar, Maxwell, and
metric perturbation equations. This separation turns the system of partial differential equations into one of
ordinary differential equations over a compact domain, the polar angle.
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I. INTRODUCTION

Linear metric perturbation theory is widely used in
studying weakly coupled gravity [1]. For example, it can
be applied to investigating the stability of black holes,
gravitational radiation produced by material sources
moving in a curved background, and so on. In the context
of linearized gravity, the equations that describe gravita-
tional perturbations are the linearized Einstein equations
(LEE). Although they are linear, the LEE are still difficult
to solve unless we can separate variables. In the Kerr
spacetime, while in Boyer-Lindquist (BL) coordinates ¢
and ¢ can be separated, r and 6 remain coupled due to lack
of symmetry [2].

A successful approach toward separating wave
equations for perturbations of the Kerr black hole was
first developed by Teukolsky [3.4]. Instead of looking at
metric perturbations, Teukolsky adopted the Newman-
Penrose formalism [5] and obtained a separable wave
equation for Weyl curvature tensor components ¥, and ¥,.
The spin-weighted version of this equation, known as the
Teukolsky equation, not only works for gravitational
perturbations, i.e. tensor fields, but can also be applied
to scalar, vector, and spinor fields. To obtain the other Weyl
scalars and recover the perturbed metric, one has to go
through a complicated metric-reconstruction procedure.
The methods were independently developed by
Chrzanowski [6] and by Cohen and Kegeles [7], in which
they obtain the perturbed metric via an analogue of Hertz
potentials. However, these methods only apply to certain
gauge choices and vacuum or highly restricted source
terms [8].
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The desire for separable equations, the complication of
metric reconstruction, along with gauge and source restric-
tions, motivate us to try to develop a new formalism for
studying metric perturbations in the Kerr spacetime, in a
covariant, gauge-invariant way.

The metric perturbation equation may not be separable in
Kerr, but Schwarzschild perturbations have long been
known as separable due to the time translation invariance
and spherical symmetry [9-12]. The gauge-independent
language of Schwarzschild perturbations was started by
Sarbach and Tiglio [13] and brought to fruition by Martel
and Poisson [14]. In the Schwarzschild background, metric
perturbations are expanded in scalar, vector, and symmetric
tensor spherical harmonics. These basis functions naturally
lead to separation of variables in the LEE.

Schematically, the separation of variables in some
differential equations of motion, such as the scalar wave
equation, Maxwell’s equations, and the linearized Einstein
equations, can all be understood via

symmetry- dependence
D, adapted X onrest of
basis coordinates
sSymmetry- dependence
= adapted x Dy | onrestof
basis coordinates

Here, D,[-] is some isometry-equivariant differential oper-
ator. If the argument is decomposed in a natural isometry-
adapted basis, then these basis functions pull straight
through the differential operator, leaving new operators
D[] which only act on the remaining nonsymmetry
coordinates.
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We show that this type of reduction is true for a special
limit of Kerr: the near-horizon extremal Kerr spacetime
(NHEK). This spacetime was introduced in Ref. [15] as an
analogue of AdS, x $2. The NHEK limit exhibits a
symmetry group that is “enhanced” relative to Kerr: the
spacetime has four Killing vector fields that generate the
isometry group SL(2,R) x U(1). The three-dimensional
orbit space of the isometry reduces the system of partial
differential equations (PDEs) to one of ordinary differential
equations (ODEs), leading to separable equations of
motion. This is achieved by expanding unknown tensors
into some basis functions adapted to the isometry. In this
paper, we (i) construct these basis functions, (ii) prove
orthogonality in geodesically-complete coordinates, and
(iii) show separation of variables in the differential equa-
tions for some physical systems. With these accomplish-
ments, we arrive at a new formalism to deal with (extremal)
Kerr perturbation that differs from using metric
reconstruction on solutions to the Teukolsky equation. In
this formalism there will be no gauge preference, no
complications of solving PDEs, but rather only ODE:s.
This greatly reduces the amount of work while studying
perturbations of extremal Kerr black holes, whether in
general relativity (GR) or beyond-GR theories.

We organize the paper as follows. In Sec. II, we review
the NHEK limit of the Kerr black hole and elaborate
on the structure of NHEK isometry Lie group
SL(2,R) x U(1). In Sec. IIlI, we construct the highest
weight module for NHEK isometry group and obtain the
scalar/vector/symmetric tensor basis functions. In Sec. 1V,
we present a proof of orthogonality for the basis
functions in global coordinates. In Sec. V, we show that
with these bases, we can separate variables in the scalar
Laplacian, Maxwell system, and linearized Einstein
equation. Finally, we conclude and discuss future work
in Sec. VL

II. KERR AND THE NHEK LIMIT

In this paper, we choose geometric units (G =c¢ = 1)
and signature (—+++) for our metric g on the spacetime
manifold M. A rotating, asymptotically-flat black hole in
vacuum general relativity is described by the Kerr metric
[16]. For simplicity, we will set the mass to M = 1. In BL
coordinates (¢, r, 6, @), the line element of the Kerr black
hole is given by [17]

A py
ds? = — S (dt — asin’0dg)? + Kdr2 + Xdo?

sin%@

s

[(r* + a*)d¢ — ad1]?, (1)

where A = r? — 2r + @’ and X = r* + a? cos? 6. The ranges
of the BL coordinates are given by ¢ € (—oo, +00),
€ (0,4+),0 € [0, 7], ¢ € [0,2x). In this paper, we focus
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on a particular scaling limit of Kerr. This limit is usually
described by the scaling coordinates (7', @, R) introduced in
Ref. [15], which are related to the BL coordinates via

t:2—T, ¢:CD+Z, r=14+iR. (2)

A A
We also introduce a new coordinate u for the polar angle via
u = cos 6. The NHEK limit is then obtained by taking the
(a = M, 2 — 0) limit of the Kerr metric in these coordinates,
which yields the line element

AR du
—RAT? 4+ T

ds? = 2I'(u) 7

1—u

+ A()2(d® + RAT)? |, (3)

where T'(u)=(1+u?)/2 and A(u)=2V1-u*/(1+u?).
This metric is interpreted on the region T € (—o0, +o0),
®e[0,27), R € (0,4+00), u € [—1,1].

From now on, we will refer to (T, ®, R, u) as Poincaré
coordinates. The T, R-coordinates of NHEK are similar to
the Poincaré coordinates on the two-dimensional anti-de
Sitter space AdS,, which only cover a subspace of the
global spacetime called the Poincaré patch. In particular,
the u = £1 submanifolds are both precisely AdS,. We can
make this metric geodesically complete by defining the
global coordinates (t, @, y, u) according to [15]

sint

T———"—— R
COST — COS Y/

COST — COS Y/
sinys

O=¢p+1In

(4)

cos T — sinz coty
1 4+ sinzcscy

where 7 € (—o0, +0), w € [0, 7], ¢ ~ ¢ + 2x. The NHEK
metric in global coordinates is

du?

ds? = 2I"(u) [( —dz? + dy?)escPy + —

+ A(u)?(dg — cotydr)?|. (5)
The NHEK spacetime has four Killing vector fields
(KVFs), which generate the isometry group G =

SL(2,R) x U(1). The four generators in Poincaré coor-
dinates are given by

HO - T@T —R@R,
H+ - 87,

1 2
H_ = <T2 +R2)87 —2TROg —an,,

Qo = 0o (6)

064017-2



SEPARATING METRIC PERTURBATIONS IN NEAR- ...

H, is the infinitesimal generator of dilation, which leaves
the metric invariant under R — ¢R and T — T/c for some
constant ¢ € (0,40). Qy is the generator of the rotation
along ® which generates the U(1) group. H_ is the time
translation generator inherited from Kerr. The four gen-
erators form a representation pp of the Lie algebra
g=38[(2,R) x u(l),

[H07Hi] = :FHi’

[H..H_] = 2H,.
[H;. Qo] =0 (s=0.%). (7)
In global coordinates, we can similarly obtain

four (different) generators that are KVFs of the NHEK
spacetime,

L, = ie*" siny(—cotyd, F id,, +0,),
LO - ié‘,,
WO = —ia(/}. (8)

This is a different representation, p,. But since it is still a
Lie algebra representation, they satisfy the same commu-
tation relations as in Eq. (7) with all H’s replaced by L’s
and Q, replaced W,,.

We say that the group G acts on the manifold M by
translation, G O M. That is, every element g € G deter-
mines an isomorphism ¢,: M — M, and these isomor-
phisms, under composition, form a representation of the
group G. There is an induced action on the space of
functions/vector fields/forms/tensors/etc. living on M by
pullback under the map ¢, [18]. We call the pullback ¢y,
overloading this symbol to mean the pullback from sections
of any tensor bundle to itself. In this way, the group also
acts on all spaces of (p, ¢)-tensors.

Studying the neighborhood of the identity e € G, we get
the induced action of the Lie algebra g on these same tensor
bundles. The infinitesimal version of a pullback of a tensor
field is the Lie derivative of that field [18]. Thus, the
induced action of g on tensors is Lie derivation along the
representation of the Lie algebra element. That is, given a
representation as tangent vector fields p:g — X(M), for
some algebra element a € g, the induced action of « on a
tensor t is via the Lie derivative,

a-t=Lyq

t. (9)

One of the crucial algebra elements we will need is the
Casimir element of the 8[(2,R) factor. Let kg, h. € g be
the algebra elements of which the representations are
pp(hy) = Hy for s = 0, &. Then, the Casimir element of
the 8[(2,R) factor, in this basis, is proportional to

QEho(l’lo— 1) —h_l’lJr, (10)
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which commutes with every element of g. Under the
Poincaré-coordinates representation pp, the Casimir acts
on tensors via

Q : t - (EHO(EHO - ld) - EH_£H+>t' (11)

By construction, the differential operator on the right-hand
side of Eq. (11) commutes with Ly, where X is one of
{Hy,H.,Qy}. Similarly, under the global-coordinates
representation p, the Casimir acts as in Eq. (11), but with
H’s replaced with L’s, and this operator will similarly
commute with Ly where X is one of {Lq, L, W}.

II1. HIGHEST- (LOWEST-)WEIGHT METHOD

In this section, we construct the scalar, vector, and
symmetric tensor bases for NHEK isometry group
SL(2,R) x U(1). First, we briefly review the formalism
of finding basis functions adapted to the isometry group
in Schwarzschild spacetime. By drawing analogy to the
Schwarzschild case and further utilizing the highest-
(lowest-)weight method for noncompact groups, we will
be able to construct unitary representations of NHEK
isometry group.

A. Review: Unitary representations of SO(3)
in Schwarzschild

The full spacetime manifold of Schwarzschild spacetime
is Mg, = M? x §2. The two-dimensional submanifold M>
is the (7, 7)-plane, and $? is the unit two-sphere coordinated
by (9, qj)) Here, (7,7, 0, J)) are the usual Schwarzschild
coordinates. Part of the isometry group of Schwarzschild
spacetime is SO(3), which acts on the S? factors. The three
generators of the group are simply the rotations along each
Cartesian axis, i.e. J,, J,, J, € 80(3). The Casimir operator
of 80(3) is given by J2 = J2 + J? + J%

In any space that SO(3) acts upon, we can look for bases
of functions which simultaneously diagonalize J> and
J,—that is, they are eigenfunctions of both operators. In
the space of complex functions on the unit sphere, these
eigenfunctions turn out to be the spherical harmonic
functions Y*¥, where u, v label the functions (they are
not tensor indices). The even/odd parity vector harmonics,
YA*, X", and tensor harmonics, Y%y, X', are also simul-
taneous eigenfunctions of J? and J_ [where now A, B are
(co)tangent indices on S?]. All of the scalars, vectors, and
tensors here have eigenvalue —u(u + 1) for the operator J?
and eigenvalue iv for J..

Under any rotation, scalar spherical harmonics with
different values of y may not rotate into each other. In
this sense, the function space has been split up into
diagonal blocks labeled by p. We say that each p block
“lives in” or “transforms under” a representation of SO(3).

We have not yet imposed regularity or tried to make
these representations unitary. Let us define the raising and
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lowering operators J. = J, & iJ,, which increase/decrease
the v index (eigenvalue of —iJ,) by 1. A highest-weight
state is one which is annihilated by the raising operator,
Jf =0, and similarly a lowest-weight state is annihilated
by the lowering operator. For spherical harmonics, we find
that the highest-weight condition imposes that v = u, and
Y## is annihilated by J,. Similarly, the lowest-weight
condition imposes that v = —pu.

From the representation theory of compact simple Lie
groups, irreducible unitary representations must be finite
dimensional [19]. Therefore, if we start with a highest-
weight state Y##, after a finite number of applications of the
lowering operator, we must end on a lowest-weight state
Y#~#_ This gives us the condition that 2u + 1 is a positive
integer, or u =0,1,1,.... Periodicity in the azimuthal
angle ¢ gives the condition that v must be an integer
m. This gives the ordinary spherical harmonics Y.
The same arguments apply to the vector and tensor
representations.

Since these bases are adapted to the isometry group of
Schwarzschild, they readily lead to a separation of variables
in the linearized Einstein equations [14].

B. Unitary representations of SL(2,R) x U(1)
in NHEK

We now apply the highest-/lowest-weight formalism to
NHEK. In the Schwarzschild spacetime, the orbit space
of the isometry SO(3) is S?, and therefore we expect a
2 + 2 decomposition of the whole manifold. Similarly,
in the NHEK spacetime, the isometry group SL(2,R) x
U(1) acts on the three-dimensional hypersurfaces X,
of constant polar angle € (or u). This enables us to
perform a 3+ 1 decomposition of the spacetime. In
both cases, we can simultaneously diagonalize some
algebra elements, including the Casimir, in various tensor
spaces.

However, there is an important difference between the
two spacetimes. In the NHEK case, we encounter the
noncompact group SL(2,R). Tt is known that for non-
compact simple Lie groups like SL(2,R), the only irre-
ducible unitary finite-dimensional representation is the
trivial representation [19]. As a result, one can find two
distinct unitary representations of SL(2,R) x U(1): the
highest-weight module or the lowest-weight module. Both
of them are infinite-dimensional representations in the
NHEK case. For compact groups like SO(3), these two
modules coincide.

Our method to find the general (scalar, vector, and
symmetric tensor) basis functions & associated with the
highest-weight module of NHEK isometry can be summa-
rized into four steps. Notice that the method presented here
is not restricted to NHEK. For instance, it can also be
applied to finding the basis functions in near-horizon
near-extremal Kerr (near-NHEK), which has the same
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isometry group as NHEK [20]. This will be left for future
work. For readers who are more interested in what the
bases of NHEK isometry look like either in Poincaré or
global coordinates, the explicit expressions are given in
Appendix A.

a. Orbit space. For each point p € M, there is the
orbit Gp = {¢,(p)|g € G}, all points which are related
to p by an SL(2,R)x U(1) transformation. Gp is a
three-dimensional submanifold of M, and the collection
of all the orbit spaces forms a foliation. In this case, each
leaf X, is a surface of constant € (or u). Thus, we can
perform a 3 4 1 decomposition of the spacetime and
look for basis functions of SL(2,R) x U(1) acting on a
hypersurface %,.

b. Highest-weight states. Second, we simultaneously
diagonalize {L, .Ly,.Q} in the space of scalar, vector,
and symmetric tensor functions. We label the eigenstates by
m, h, k, respectively,

£Q0§(mhk) —_ imé(mhk)’
Qé:(mhk) — h(l’l+ l)f(mhk),

Ly EMMK) = (—h + k)Emhk), (12)
Then, using the raising operator Ly , we also impose the
highest-weight condition, k = 0,
Ly &m0 =0, (13)
The solutions £""9) that satisfy both Egs. (12) and (13)
are the highest-weight basis functions. At each point on
%,, the spaces of scalars, vectors, and symmetric tensors
have dimensions 1, 3, and 6. Thus, the space of solutions
of this system of equations is a linear vector space of
dimensions 1, 3, and 6 for scalars, vectors, and symmetric
tensors, for each choice of (m, k). Correspondingly, for
each (m, h), there will be 1, 3, and 6 free coefficients ¢
for the solution, with f ranging over the appropriate
dimensionality.
¢. Descendants. Next, we obtain basis functions with
arbitrary weight by applying the lowering operator Ly to
the highest-weight states k times, i.e.
EmIN) = (Lyy JrgmhO), (14)
d. Lifting to the whole manifold. Finally, we promote
the basis functions living on X, to functions living on the
whole manifold M by sending all unknown constant
coefficients ¢4 (from the end of step b) to be unknown
smooth functions c4(u). While lifting the vector and tensor
bases from X, to M, i.e. V; - V,and W;; — W, we also
set all their projections on the u direction to be zero, i.e.
Vu - 0, Wiu - Wui - Wuu — 0
To obtain the basis functions in global coordinates, one
just replaces H, by L, where s = 0, &, and Q, by iW, in
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steps b and c. To construct the lowest-weight modules of
NHEK isometry group, one should instead impose the
lowest-weight condition £, "0 = 0, and the condition

QEMIK) = p(h — 1)EMHK) in step b. All descendant states
will then be obtained by applying the raising operator L
on the lowest-weight states. In Poincaré coordinates, we
focus on the basis functions that form the highest-weight
module because their expressions are simpler. In global
coordinates, we show both representations explicitly in
Appendixes A2a and A 2b. Unless otherwise specified,
our basis functions will refer to those obtained using the
highest-weight method.

Let us remark on the allowed values of m, h, k. It is
straightforward to see k € Z™ by construction, and m €
Z due to the periodic boundary conditions for the
azimuthal angle. In order to have a unitary representation
of the isometry group, there are conditions on & as well.
For the scalar case, for instance, if we apply the raising
operator on a scalar in the highest-weight module,
we get

Ly FM = k(k—1—2n)Fimhk=D), (15)
A nontrivial unitary representation of NHEK isometry
group then requires k— 1 —2h #0; otherwise, there
would be a lowest-weight state that would lead to a
finite-dimensional (and hence nonunitary) representation.
The same conclusion holds for either the vector or the
tensor bases. The values of & also depend on the
regularity conditions we impose. For instance, in global
coordinates, the highest-weight scalar basis is propor-
tional to

Fnh0) o (siny)~" expli(ht + m@) + my]. (16)

Regularity at the boundaries w = 0 and w = & requires
h < 0. Another example is given in Sec. VB when we
solve for the free massless scalar wave equation in the
NHEK spacetime, where & must take on some fixed
values due to the regularity conditions for spheroidal
harmonics.

IV. ORTHOGONALITY IN GLOBAL
COORDINATES

In this section, we present a proof that all the scalar,
vector, and symmetric tensor basis functions of NHEK
isometry group, when given in global coordinates, form
orthogonal basis sets. In this proof, we will use the vector
basis functions defined on X, as an example. That is, they
are functions of 7, ¢, . As we shall see, lifting to the whole
manifold M and extending the proof to the scalar and
symmetric tensor cases will be straightforward.

Let us introduce the metric induced on the hypersur-
face %, as y;;, and D is the unique torsion-free
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Levi-Civita connection that is compatible with 7.
Here, Latin letters in the middle of the alphabet (i, j, k)
denote three-dimensional tangent indices on Z,,. Consider the
vector basis function u’% (z, g, y) and v %) (z, g, yr).
We would like to show bases with different m, h, k are
orthogonal,

(u,v) = L dVoluSmhk)yl('m,h,k,)océmym/éh‘hlék‘k/. (17)

Here, the overbar denotes complex conjugation, and the
volume element is given by

T 2r 4
/ dVol = lim dr/ d(p/ dy/=y, (18)
s, T—e J T 0 0

where y is the determinant of the three-dimensional metric,

and in these coordinates \/=y = 2 csc? V1 — u®. To prove
(mhk)

Eq. (17), we first note the basis components v; in global
coordinates have the 7 and ¢ dependence,
(mhk) . .
v; ~ exp (ime) exp [i(h — k)7]. (19)

This dependence on 7 and ¢ is the same for the scalar and
tensor basis components. Once we integrate over ¢ and 7 in
Eq. (17), the integral will be proportional to &, ,y &)y -
Notice that the boundaries 7 — £ oo are oscillatory, so the 7
integral needs to be regulated in the same way as Fourier
integrals.

Now, we only need to show bases with different weight
k are orthogonal. Once this is done, we will recover
Eq. (17). For simplicity, from now on, we only track the
k-index in the vector bases. Recall that we obtain the
lower-weight bases by applying the lowering operator
order by order,

<u(k)’v(k/)> = <u(k>, [:L,V(k/_1)>' (20)
Now, we try to “integrate by parts” with the Lie derivative,
<u(k) s ;CL_V(k/_l)>

=/ ke (méko)dw’l ~ (L, a0, )
Z,

= / L (F@Ek,JdVoH—(EL+u(">,v(k/‘1)>, (22)
z,

where in the last line we used the fact that L, = —L_.
Note that this relationship does not hold between H.,
so this type of proof will not work in Poincaré
coordinates.

We would like to discard the first term on the rhs of
Eq. (21), which would show that £; and £; are adjoints
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of each other. We can do this by converting the Lie
derivative into a covariant derivative and then a total
divergence. Since L, are KVFs, they are automatically
divergence free, so we can pull them inside the covariant
derivative:

/2 dvol £, (u! )vék,)) _/>: dVOlU;Dj(“S )Uék’))

_ L dVol D(Liulv)y,).  (23)

This step is identical if we are considering scalars/
vectors/tensors, since the argument of the Lie derivative
has all indices contracted. Using Stokes’ theorem, the
integral of the total derivative becomes a boundary integral,
evaluated at = 0, z. This boundary contribution vanishes
for h < —1 in the highest-weight module. To see this, one
must count the powers of siny which depends on & (see
Appendix A 2) and take into account the volume element’s
contribution, /=7 o (siny)~2.

We repeat the procedure of extracting lowering operators
from the ket as in Eq. (21) and arrive at

(® V) = (L) u® v, (24)

Recall that the vector basis terminates at the highest weight.
Therefore, when k' > k, (£, )*u® will vanish. Similarly
when k' < k, we can extract all lowering operators from the
bra and raise the weight of the states in the ket, which will
terminate upon raising the highest-weight state. Therefore,
the vector bases with different weights &, k' are orthogonal.
Since we have also proven that vector bases with
different m and h — k are orthogonal, the proof of ortho-
gonality for vector bases is done. It may not be obvious that
the proof holds unaltered for scalars/vectors/tensors. In all
the relevant steps above, we have noted where each
argument works for each of the three types of fields.
Therefore, we arrive at the conclusion that the scalar,
vector, and symmetric tensor bases in global coordinates
form orthogonal basis sets. O

V. SEPARATION OF VARIABLES

In this section, we show that with the scalar, vector, and
tensor bases we have obtained, it is possible to separate
variables for many physical systems in NHEK. One can
show that all conclusions in this section hold for both
Poincaré coordinates and global coordinates. In global
coordinates, the results are in general more complicated.
Therefore, for concreteness, all results in this section are
given in Poincaré coordinates.

The main result of this section can be summarized with
the schematic equation:

PHYSICAL REVIEW D 96, 064017 (2017)
. [( SL(2,R)x U(1) >(’”’h-k) y < u (orcos®) )]
*| \ structure (T, @, R) dependence
SL(2,R) x U(1) \(mh&k) [ u(orcos®)
-( ) e

structure (T, D, R ! dependence

Here, D, is an SL(2,R) x U(1)-equivariant differential
operator, which takes derivatives in the T, ®, R, u
directions. We completely specify the 7', @, R dependence
by being in a certain irreducible representation (irrep)
of SL(2,R)x U(1) labeled by (m,h,k). Then, the
SL(2,R) x U(1) structure factors straight through

the differential operator D,, leaving a new differential

operator D" which only takes u derivatives. This greatly

simplifies computations, since the partial differential

equations have been converted into ODEs. Because of

the SL(2,R) x U(1)-invariance, notice that D{"") only

depends on m and h, which label the irrep, and not on %,
which labels the descendant number within the irrep.

A. Covariant differentiation preserves
isometry group irrep labels

Let us first make a general statement about how the
presence of a group of isometries acting on the manifold
can be useful in separation of variables. The conclusions
obtained in this subsection will also justify our motivations
of finding group representations for NHEK isometry.
Consider a manifold M with metric g,;,, metric-compatible
connection V, and an isometry Lie group G acting on the
manifold. Let a(;) € g be a basis for the Lie algebra, with
representation {X ;) } on the manifold. Further, let ¢()\/) be
the inverse of the Killing form of the Lie algebra in this
basis [19]. Then, we also have a quadratic Casimir element,
which acts on any tensor t as

Q-t= Zc“)(/)[,x([) Exmt' (25)
ij

Irreps of G will be labeled by eigenvalues 4; of some of the
KVFs, and the eigenvalue @ of the Casimir Q.

First, we need a lemma on the commutation relation of
manifold isometries and covariant derivatives,

[EX(i)v va]t = 0’ (26)

where t can be a scalar, vector, or tensor. To prove Eq. (26),
one can start by showing the commutation relations for t
being a O-form (which follows immediately from Cartan’s
magic formula for a O-form) and a 1-form, then use the
Leibniz rule to generalize the relations to the vector and
tensor cases. Equation (26) says that the operator V,, is
SL(2,R) x U(1) equivariant: that is, its action commutes
with left translation by the group [18].

An important consequence of the commutation relation
Eq. (26) is that the Casimir element € of the algebra g also
commutes with the covariant derivative. Simply commute
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each Lie derivative one at a time, and the coefficients ¢()()
are constants. As a result,

Q. V,]t = 0. (27)

Now, consider a tensor t living in an irrep with labels 4;
and w, meaning

£X(i)t - ﬂit, (28)
Q-t=ot. (29)

An immediate consequence of Eq. (26) and Eq. (27) is that
Vt has the same labels 4; and w,

EX(") Vt — /L'vt, (30)
Q- Vt = wVt. (31)

Thus, any linear differential operator which is built just
from V, and the metric g,, cannot mix tensors with
different irrep labels (1;, ). This even extends to differ-
ential operators which include the Levi-Civita tensor € and
the Riemann tensor R,,.;, because these two objects are
also annihilated by all of the EX(:')' As aresult, when tensors

are decomposed into a sum over irreps with different labels,
they will remain separated in the same ways under this type
of differential operator. This is the underlying reason why
the method of finding the unitary irreps of NHEK isometry
introduced in Sec. III will lead to separation of variables in
many physical systems.

B. Scalar Laplacian

For the first example, we look at the massless scalar
wave equation [y = S in NHEK, where S is a source term
(including a mass term also works). Since the scalar
d’Alembert operator [1= V*V, is built only from g,
and V,, it should commute with Q and Ly where X is any
KVFE. To show this explicitly, note that in Poincaré
coordinates, [ lys can be written as

1

Oy = O] {(Q+Ew) L, )y + Lo, [(1 —u?) Loy}

(32)
where E(u) = A(u)™2 - 1.
Assume we can decompose an arbitrary scalar field
w(T,®, R, u) according to

Y= Coup(u) F""N(T,®,R)
mhk

= W (T.@.R.u), (33)
mhk

where F is the scalar basis on X, and C,,, are some
unknown functions of u. We also decompose the source term
using the scalar basis functions via S = >, ;S F " %),
The basis functions F"/%) are eigenfunctions of Q and

Ly, and 0y, are also eigenfunctions. Therefore, it is
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straightforward to see that the (7, @, R) dependence in
is invariant after applying the scalar box operator. The
equation for a specific mode labeled by (m, h, k) becomes

SmhkF(th) = D(m’h)ll/mhk

_ ;{[h(h + 1) = m?E(u) |y ni

2I(u)
+ Ly, [(1 - u2>£8“l/’mhk]}' (34)

This entire equation is proportional to the basis function
FUmhK) “which can thus be divided out, leaving an ODE for
one function, C,,;(u).

Specializing to the homogeneous (source-free) case, we
find the ODE

d d -
=122 Co| 4 00+ 1) = 2o =0

(35)
This equation has two regular singularities # = +1 and
an irregular singularity of rank 1 at u = oo, which falls into
the class of confluent forms of Heun’s equation [21].

Explicitly, it is a spheroidal differential equation, the
standard form of which is

L(0-@L)+ (+r0-w) -2 o =0
36

where we have made the substitution A = h(h + 1) + 2m?,
y> = —m?/4 and p> = m?>. When y = 0, Eq. (36) reduces
to the Legendre differential equation and the solutions are
Legendre polynomials. Being second order, the space of
solutions is two dimensional,

o) = a\ S (r.u) + 5,52 (. u). (37)

A solution that is regular at u = £1 only exists for
eigenvalues A = A"(y?), where y=m =0,1,2,... and
n=m,m+1,m+2,.... Thus, there are only discrete
values of the irrep label 4 which satisfy regularity at the
poles u = +1.

C. Maxwell system

Let us look at another system of physical importance, the
Maxwell system, and verify that we can separate variables
in Maxwell’s equations (the Proca equation—i.e. adding a
mass term—works as well). The inhomogeneous Maxwell
equations in the presence of a source vector field J are

VeF b = T (38)

where the electromagnetic tensor F is built from the vector
potential A according to
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fub = vuAh - vbAu' (39)
We again assume that we can expand the vector potential in
the scalar and vector bases. Define a 1-form n, = du; this
expansion is given by

Aa=

mhk

<C (u)n Fmhk) —|—ZCB VB<m’“<)> (40)

where B € {T,®,R} and Cy(u) and C,(u) are unknown
functions of u. Notice that B is not a tensor index. It is the
label of a specific choice of vector bases and their corre-
sponding unknown C-functions. The expression of F("/k)
and the projection of V("5 onto X, i.e. V"X are both
given in Appendix A 1. Then, at the highest weight k = 0,
the left-hand side of Maxwell’s equation can be rewritten as

V4 F aplio = DU [C (u)] iy Fm0)
+Z,Dmh (th)

where we have collected the four C-functions into the vector
C(u) and defined the general differentiation as D" [C(u)],
the expressions of which are given in Appendix B. As long
as the source field can also be decomposed using the scalar
and vector bases, the inhomogeneous Maxwell equations in
NHEK will reduce to four ordinary differential equations
with four unknown C-functions. Although we only show
this is true for the highest-weight case, this conclusion holds
for any k. This is due to the commutation of the lowering
operator and the covariant differentiation. For explicit
calculations of Maxwell’s system using the highest-weight
vector basis, we refer our readers to Refs. [22,23].

(41)

D. Linearized Einstein system

In this subsection, we show that we can separate
variables on the left-hand side of the linearized Einstein
equation, using our scalar, vector, and tensor bases
for NHEK. Consider the metric perturbation ¢, =
Gap + €y, + O(e?), where g, is the NHEK metric and

|
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h,;, 1s a perturbation. The linearized Einstein equations (i.e.

at order ¢') are

G\V[n) = 8aT . (42)

where T, is the stress-energy tensor of a source term. The
linearized Einstein operator G(')[h] can be written in terms
of the background covariant derivative V as

—2G W] = Ohyy + 9up VeV q —

- gabRCdilcd —+ R}_lalw

2VV e
(43)

where h,, = h,), — % Gap9°?h,4 is the trace reverse of h,,,
R, 1s the background Ricci curvature, R is the background
Ricci scalar, and parentheses around » indices mean
symmetrizing with a factor of 1/n!. This operator, again,
is SL(2,R) x U(1) equivariant.

We assume that we can expand the metric perturbation in
our scalar, vector, and tensor bases, according to

ab—zh (mhk) Z

mhk mhk

hk
+ 22 naVi " Cunl

(naan(m}lk) Cuu(u)

0+

AB(mhk)
Wab

Cani)).

(44)

where A, B € {T,®,R}, C,,, C,5, C4p are unknown func-
tions of u. Notice that A and B are not tensor indices but
only labels of a specific choice of the vector and tensor
bases (introduced in Appendixes A 1 b and A 1 ¢) and their
corresponding unknown C-functions. Thus, there are no

differences between a subscript and a superscript A or B.

We choose the three highest-weight vector bases Vf(mho)

and the six highest-weight tensor bases W’:f (m10) such that
the metric perturbation with k =0 can be written as
Eq. (45). We substitute the highest-weight metric pertur-
bation into the left-hand side of the linearized Einstein

equation, and the result is given by Eq. (46),

R+2CTT(M) RHCT@(”) RH)CTR(”) R+1CuT(u)
. RTOC R7I'C RTOC
h%hm:Rhe”"q’ * oo(u) B ro (1) B o (1) (45)
* * R™Crp(u)  R™Cyp(u)
* * * RYOC,, (u)
RPDGMC()] RYDYVC(w)] RODYRVC(w)] R DY C(u)]
m,h _ m,h m,h
GOm0 — Rhgin * RDgg”[C(w)] R Dyg”[C(w)]  R**Dg" [C(w)] )
ab - _ m,h _ m,h
* . R2D"[C(w)]  RDU"[C(u)]
* x « RHODIMC(u)]
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Again, notice that the (7,®,R) dependence has
factored straight through the differential operator, result-
ing in ten coupled ODEs for the ten C-functions,
which we have collected together as C(u). The expres-
sions for all these differential operators are given in
Appendix C.

We can easily verify that G commutes with L ;
therefore, the linearized Einstein operator acting on a basis
function with arbitrary weight can be obtained easily by
repeatedly applying the lowering operator L , k times, on
Eq. (46). While applying the lowering operator, in general

different components of G") [h("¥)] will get mixed up, but
ab

the separation of variables still holds. Therefore, we
conclude that with these scalar, vector, and tensor bases,
we can separate variables in the linearized Einstein system
in NHEK.

Given some source terms, these bases can be directly
applied to solving for the corresponding metric pertur-
bations. For instance, we have obtained the highest-
weight metric deformations in NHEK sourced by the
decoupling limits of dynamical Chern-Simons and
Einstein-dilaton-Gauss-Bonnet gravity [24].

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we proposed an isometry-inspired
method to study metric perturbations in the near-horizon
extremal Kerr spacetime. That is, we separated variables
in the metric perturbation equations in the NHEK
spacetime, by expanding the perturbation in terms of
basis functions adapted to the isometry group. With the
separable linearized Einstein equation, one obtains
the perturbed metric directly, without the complication
of metric reconstruction. Further, our formalism does
not depend on gauge choice. Within our formalism,
partial differential equations built from SL(2,R)x
U(1)-equivariant operators can be converted into ordi-
nary differential equations in the polar angle, which are
simpler to solve. The price is that one must solve
coupled, rather than decoupled, equations in our metric
formalism.

We accomplished three things: (i) We used the highest-
weight method to obtain the scalar, vector, and symmetric
tensor bases for the isometry group of NHEK. (ii) In
global coordinates, we showed that these bases form
orthogonal basis sets when the labels of irreps satisfy
h < —1. (iii) With these basis functions, we separated
variables in many physical equations like the scalar wave
equation, Maxwell’s equations, and the linearized
Einstein equations.

Although we have shown that bases in global coor-
dinates are orthogonal, we did not mention complete-
ness. There are clues that, in global coordinates,

PHYSICAL REVIEW D 96, 064017 (2017)

combining the highest- and lowest-weight modules will
give a complete set of states. We leave a rigorous
treatment of completeness to future work. However,
many problems can already be attacked without worry-
ing about completeness—for example, if the source term
lives in exactly one irrep.

Since the near-horizon near-extremal geometry exhibits
the same isometry as NHEK, we expect all discussions in
this paper can be applied to understanding metric pertur-
bations in near-NHEK, which is more astrophysically
relevant. With the knowledge of isometry-adapted bases
in NHEK, we hope to enhance our understanding of the
Kert/CFT (conformal field theory) conjecture [25] from the
gravity side.
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APPENDIX A: SCALAR, VECTOR,
AND SYMMETRIC TENSOR BASES

In this section, we present the expressions of scalar,
vector, and symmetric tensor bases both in Poincaré
coordinates and global coordinates, up to constant
factors. All the basis functions are defined on the
three-dimensional hypersurface X,. To promote these
basis functions to the full four-dimensional manifold
M, one promotes all constant coefficients ¢4 to become
unknown functions of the (cosine) polar angle, cj(u).
The basis functions given here are (mostly) obtained
using the highest-weight method introduced in Sec. III;
i.e. they form the highest-weight modules for
SL(2,R) x U(1) O M. Such a highest-weight module
is infinite dimensional; the length of this paper, however,
is supposed to be finite. Therefore, we give the highest
three weights for scalar bases, the highest two weights
for vector bases, and only the highest weight for tensor
bases. Note all other basis functions can be generated by
applying the lowering operator on the highest-weight
basis order by order. In order to compare the basis
functions in different modules, in global coordinates, we
also give the expressions of the scalar bases obtained
using the lowest-weight method.

All expressions in these Appendixes are also available in
the companion MATHEMATICA notebooks: Sep-met-
pert-in-NHEK-Poinc.nb, Sep-met-pert-in-
NHEK-global.nb, and precomputed quantities in
NHEK-precomputed.mx [28].
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1. Basis functions in Poincaré coordinates
a. Scalar bases

The scalar bases in Poincaré coordinates are given by

FOnhk) o Rh=kgim® 5 g(mh) (Al)
where
f(mh()) =1,
fnhl) — _2(hRT + im),
fmh2) = —2[-2i(2h — 1)mRT
+h(1=2n)R°T* + h+2m?].  (A2)

b. Vector bases

The covector bases in Poincaré coordinates can be
decomposed using the dual basis 1-forms {d7,d®,dR}
via

(mhk)

yimhk) — dx’,x € {T,®,R}. (A3)
The covector components are given by
U&mhk)R'H
Vl('mhk) - ((Dmhk)RJrO Rh—kgim® (A4)
U%mhk)R 1
where
v(th) =, 'U<(1> h0) = ¢, Uggnlh()) = ¢y, (AS)
and
U(Tmhl) = —=2[c3 + ¢, (hRT + im)],
oMY = 26, (RT + im).
WY = [y (hRT + im) + ¢ — c5].  (A6)

Notice that there are three unknown coefficients ¢y, c,,
and c¢3. They endow us the freedom of choosing a
three-dimensional basis for covectors. In particular, we
introduce a specific set of covector bases labeled by B
where B € {T, ®,R}. They are defined by

mhk m
vyt = v

:c3=07
(mhk) _ mhk
VKD - V< )|61:C3:0’
(mhk)

VR V<mhk) |61:02:0' (A7)
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¢. Symmetric tensor bases

The symmetric tensor bases in Poincaré coordinates can
be decomposed using the dual basis 1-forms {d7,d®, dR}
via

Wk = Wi Pay @ d/,  x e {T.0.R}.  (A8)
The tensor components are given by
R+2w (mhk) R+ (mhk) R0y (mhk)
Wl(.;nhk) - " R 0w (mhk) R-1w (mhk)
" % R2w (mhk)
% Rh—k im® (Ag)
where
mhQ mhQ h0
S"T ) =Cy, W((I)(I) ) = (2, Wgenll? = = (3,
ho h0 mh0
ro =co wor =cs. wip =ce. (ALO)

Notice that there are six unknown c-coefficients. They
endow us the freedom of choosing the six tensor bases. In
particular, we introduce a specific set of highest-weight
tensor bases labeled by A, B where A, B € {T, ®, R}. They
are defined by

W(Tn; hk) _ — W(mhk) |c/#l:0’
Wg&) k) _ wmhk) |%2:0’
Wi = W),
W% "k _ wimhk) |C/#4:0’
Wg;e hk) — Wmhk) |%£S o

mhk m
Wit = Wb (A1)

This specific choice of tensor bases will be utilized to write
the metric perturbation as in Eq. (45).

2. Basis functions in global coordinates
a. Scalar bases (highest-weight module)

The scalar bases from the highest-weight module in
global coordinates are given by

FOY) o (siny)heilmDeemelomy . fnh8) - (A12)
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where
f(th) =1,
fomh) = —2(msiny — hcosy),
Fmh2) = 2(R2 4 m? + (h* — h — m?) cos 2y

+ (m — 2hm) sin 2y]. (A13)

b. Scalar bases (lowest-weight module)

The scalar bases from the lowest-weight module in
global coordinates are given by

F(mhk)

7 x (sin W)+hei[(h+k)r+m(p]—my/ X fim hk) , (A14)

where

(mh0)

f L,

(mh1)

7

(mh?2)

e

= —2(msiny — hcosy),
=2[h? + m* + (h* + h — m?) cos 2y

— (m + 2hm) sin 2y]. (A15)

c. Vector bases

The covector bases in global coordinates can be decom-
posed using the dual basis 1-forms {dz,d¢, dy} via

Vmhk) =yt gy v ez gyt (A16)

The covector components are given by

vﬁmhk)(sin w)!
VI e | g (siny) 0 | (siny) helRr el
v,s,mhk)(sin w)™!
(A17)
where
WO = (e 4+ 2c e — 2e0e7V + dcye)
v((ﬂmh()) = ¢y,
1(//th) + (cle W 4 DeseV +4C3€”//) (Alg)
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and
i) — —%{cl [2(h+im)e*” + (3h—im—1)
+(h—im+1)e™¥]
=2c)[(h+im+1)+ (h—im—1)e>V]
+dc3[(h+im=1)e*Y + (h—im+1)]},
vé,mhl) = —2c1 (msiny — hcosy),
(i)

=4 {cl[(h+1m+1)+(h—lm—l) —2i]
(h—im—1)e2)
+(h—im+1)]}.

—|—202[(h—|—1m—|— 1)+

+des[(h+im—1)e*¥ + (A19)

d. Symmetric tensor bases

The symmetric tensor bases in global coordinates can be
decomposed using the dual basis 1-forms {dz, dg, dw} via

Wnhk) — mhk Jdxi @ dx/, xe{r,p,w}. (A20)
The tensor components are given by
mhk
Wi
Wi (sing) =2 Wi (siny) ! win ™ (siny) 2
S . Wiy (siny) 70 wi" (sinyr) !
* * wimh) (siny) =2
% (sin W)—hei[(h—k)ﬂ:+m(/)]+my/’ (AZI)
where
(mh0) _ L iy iy _ iy iy
Waer +16(c1e +4ce 6c e 4 16¢3€
+ 8C5€_2iw + 16C6€2[W + 4C1 - 8C2 + 16C3 + 8C4),
%ho) =Cp,
m 1
Wl(,,l,,ho) =+ 16< 8cy + 16ce®¥ + ¢ eV
+ 2,72V + 8cse W),
1 ) . . )
%ho) = —Z(che”” +4czeV +cremV = 2c,e”V),

m 1 . . .
w((pl,,ho) = +Z (4cze™ 4+ cre™™ 4 2¢cre7V),

wl(,,";ho) = _R@Cl +4cy + 8¢y + 83V + 16c4e>V

+ eV 4+ 2¢,e7 M — 8cse V). (A22)
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APPENDIX B: EXPRESSIONS OF D{"")[C(u)] IN MAXWELL SYSTEMS

We have decomposed the differential operators Dim’h) [C(u)],A € {T,®,R,u}, introduced in Sec. VC, by the
coefficients multiplying the 2nd, 1st, and Oth derivatives of the C-functions. These coefficients are tabulated here in
Table I. Expressions in this Appendix can be computed using the companion MATHEMATICA notebook Sep-met -pert -
in-NHEK-Poinc.nb.

TABLE 1. The coefficient table that gives the expressions of ng‘m[C(u)],A € {T,®,R,u} in Maxwell
systems. Each row is labeled by DX"’M, while each column is labeled by a C-function or its derivative. Each
table component is the coefficient in front of the (derivative of) corresponding C-function in D;m'h)[C(u)]‘ To

recover D&m‘h) [C(u)], one just multiplies each table component with its column label and then adds up all those with
the same row label Dy.

Dy Cr(u) Cop(u) Ck(u) Cu(u)
1—u?
Dr I 0 0 0
Da 0 o 0 0
D, 0 0 0 0
Cr(u) Co(u) Ci(u) Ciu(u)
4u 23
DT - W — 2<u(2‘+1;2) 0 0
Do 0 _2u(u-1) 0 im(u*=1)
(?+1)? u+1
DR 0 0 _% h(u?>—1)
(u*+1) W21
D _é'i im(u*+6u>-3) _ h+tl 0
u 2l Ao u?+1
Cr(u) Co(u) Cr(u) Cu(u)
DT (ut+6u*=3)m> | (h+1)(—=4u>+h(u>+1)>+4) h(u*+6u>=3) _im(u*+6u*-3) 2imu(u®-3)
4ut=1) (u?+1)3 (?+1)> (u?+1)3 (u?+1)?
Do m? (P +1)>=4(h+1)(u*~1) B((h+1)ut+2(h+3)u+h=3) _ im((h+1)u*+2(h+3)u>+h=3) 2imu(u®-1)
(u?41)3 (u?+1)3 (u?+1)3 (2 +1)?
D i(h+1)m ihm(u* 4+-6u>—3) 2 (ut+6u*-3) _4hu__
R B : 14LEu4—;l) - :(u“—ti) (+1)?
Du 0 0 0 4P =) +4(u* =) h+m® (u* +6u>-3)
4(u*-1)

APPENDIX C: EXPRESSIONS OF D/%"[C(u))]
IN LINEARIZED EINSTEIN EQUATIONS

The general second order differentiation D) on the ten unknown C-functions, denoted as D%‘h) [C(u)], can be written

compactly by putting all C-functions together to form a vector C(u),
Dfxnzl;'h) [C(u)] = (Aupd; + Bapdy + Cap) - (Crr(u), ..., Cou(u))" (C1)

Here A,p, B,g, and C4p are covectors of which the components are obtained by collecting coefficients in front of C-
functions. We further stack all the covectors A4 to form a matrix and do similarly for B, and C,5. We label the resulting
coefficient matrices as A, 3, and C, respectively. They are given in Tables II, III, IV, V, and VI. They can also be computed
using the companion MATHEMATICA notebook Sep-met-pert-in-NHEK-Poinc.nb or read from the precomputed
expressions in NHEK-precomputed . mx.
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TABLE II. A matrix.
Dap Crr(u) Cro(u) Copop(u) Cre(w)  Cg,(u)  Ci(w)  Crp(u) Cp,(u)  Cop(u)  Co,(u)
Drr 2(u*—1)? uo+5ut—9u>+3 (u*46u>=3)? ub+5ut—9u?+3 0 0 0 0 0 0
L (?+1)3 TR 2(u+1)3
Dro 2(u?-1)? uO+9u* —17u’+7 _ uO+5ut 91?43 2(u?-1)? 0 0 0 0 0 0
Ty 20 +1)° 20 +1)° (1)’
Doy 2=l 41y _2-1p 2-1) 0 0 0 0 0 0
(u>+1)3 (>+1)3 (?+1)3 (?+1)3
2] 1-u? 4 46u”—3
Drr m L %—il) 0 0 0 0 0 0 0
Des 0 0 0 0 0 0 0 0 0 0
D,, 0 0 0 0 0 0 0 0 0 0
u’—1
Drp 0 0 0 0 0 0 el 0 0 0
Dy, 0 0 0 0 0 0 0 0 0 0
u’—1
Dox 0 0 0 0 0 0 0 0 el 0
Do, 0 0 0 0 0 0 0 0 0 0
TABLE III. B matrix.
Dap Crr(u) Cro(u) Coo (1) Chrr (1) Chu (1)
Drr 2u(u*—4u?+3) _ 4u(u’=3)(u*-1) _u(u'+u-22u0+-66u* —123u+45) _u(ub+ut—131243) _ h(u?=1)(u*+6u>-3)
(w?+1)* (WP+0)F 8(u?=1)(u?+1)* (1) (u?+1)?
Dro 2u(ut—4u>+3) _4u(ut—4u’+3) 2u(u*—4u>+3) _ 2u(ut—4u’+3) _20h+1)(uP-1)?
(2 +1)* (> +1)* (?+1)* (2 +1)* (?+1)*
Doo 2u(ut—4u>+3) 4u(u?=3)(u*-1) 2u(u*—4u*+3) _ 2u(ut—4u’+3) _A(h 1) (u?-1)?
(> +1)* (2 +1)* (2 +1)* (2 +1)* (*+1)3
DRR _ u(u?-3) 2u(u?-3) u(u?-3)3 0 =1
(1) (W +1)? 8(u”=1)(1>+1)? w1
h+1 2h+1 4 2_ 1
Dru Z(M;:H) - 2(u211) % 2(u?+1) 0
D”” - 2(L¢"’4—1) # —% 2(14‘1‘4—1) 0
Dyr 0 0 0 0 0
Dy, Ty im(;;;af)—ﬁ 0 0 0
DCDR 0 0 0 O _ im(uz—l)
2(u+1)
Do 2@%1) - z(JZ"L) 0 - 2(;2'10 0
Cluu(u) Crr(u) Cru(u) Cor(u) Co (1)
Drr u(u?=1)(u+11u*~13u>+9) 0 _im(u*=1) (u* +6u*-3) 0 im(u*+6u*=3)%
2(ur+1)* (W +1)? 4(u?+1)3
Dro 4u(u’-1)3 0 _im(ub49ut—17u’+7) 0 im(u®+5u*—9u?+3)
(u?+1)* 2(u?+1)? (w+1)?
Do 4u(u?-1)3 0 _ 4im(u?-1)? 0 4im(u*-1)*
(u?+1)* (u?+1)3 (u?+1)3
Drr _u(u?-1) 0 im(u?—1) 0 _im(u*+6u’-3)
2(u*+1) uw?+1 4(u*+1)
im im(u*+6u*-3
Dra 0 o 0 _ infes) 0
D,, 0 0 0 0 0
DTR 0 _ u(u?-3) _ (12 =1)(—u* =62 +h(u?>+1)>+3) u(u?=3) _ (®=1)(u*+6u*-3)
(u?+1)? 2(u?+1)° (?+1)2 2(u?+1)°
h+2
Dr. 0 2(u?_+l) 0 0 0
Dox 0 0 2-17 0 _ (P=D)(P 14403 1))
W 11) 2(u?+1)°
h+1
Do, 0 0 0 s 0
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TABLE IV. Part I of C matrix.

PHYSICAL REVIEW D 96, 064017 (2017)

Dyp Crr(u) Cro(u)
Drr (=) (u* 20 +21* (1P +1)>+6h(u?+1)>+9) w280 —42u* +-36u% 420 (1P +8u +10u* =3)+ 3h (u® +8u0 +10u* ~3)—15
(u?+1)° 2(u+1)°
Dro (®=1)(2h* (2 +1)24+-5h(u?+1)*48) (100> =7) (P 41)? +h(ut + 100> =7) (u?+1)* =8 (3u' +-4u* —5u>+2)
(?+1)° 2021 1)
Doo 202 =1) (2 (u*+1)*>+2h(u*+1)*+4) _ 20 =1)(=3ut =612k (1P +1)*+h(1?+1)°+5)
(?+1)° 211y}
Dir 8(ul—8u*+9u?=2)—m? (u?+1)* =3u*+30u’ +h(u?+1)>=7
8(u>=1)(u>+1)* 2(u+1)3
Dr. _ (ht1)u 2u(u’+h(u?=1)-2)
(w?+1)* WD) (AT1)

'D'm m? (1 +1)* +4h% (u? = 1) (u®+1)* +8h (1’ 1) (t® +1)* +8 (b —u* +u>—1)

8(u—1)*(u?+1)3

_3ut =2 4217 (P +1)2+3h(P+1)2 43
2(u-1)(u?+1)*

Drr im(u* =20 +2h(u?+1)>+5) _im(ut46u?=3) (—ut -6 +h(u?+1)*43)
4(u*+1)3 8(u?—1)(u>+1)3
Dy _imu_ imu(u*+6u>-3)
u 2-2u* 4P =1)(u?+1)?
D, im(u*+h(u’+1)>+3) im(—u*—6u?+h(u*>+1)>43)
@R T 90213 - 2 3
2(u’+1) 2(u+1)°
imu imu
Do, 2-2u7 (2 +1)?
CtbR(u) Ctbu(u)
DTT _ihm(u* 461 -3)? imu(u®+6u*-3)?
4(u?=1) (2 +1)3 4(u?=1) (2 +1)3
DTQJ _ ihm(u*+6u>-3) imu(u*+6u>-3)
(2 +1)3 (2 +1)3
Dtbtb _ 4ihm(u*~1) dimu(u®—1)
(2 +1)3 (2 +1)3
DRR im(u*+6u*-3) _ imu(u®+3u*+19u>~15)
4(u*-1) 4(u?—1) (2 +1)?
DRu imu(u*+6u>-3) _ ihm(u*+6u>-3)
4(u?=1)(u?+1)? 8(u'—1)
Do _i(hDm(u+6u>-3) imu(u?+3)
4(u>=1)2(u>+1) 2(u*~1)
D _ut—12u%43 2u(u*~14u>49)
" (W*+1)° (w?+1)*
DTu (h+2)u(u?-3) _ (h+2)(u*+6u>=3)
(W =1)(u?+1) 2(u+1)3
D 6u*—2 2u(h(u?+1)2=2(u* —6u>+5))
o w1’ - Wy
Do _ 2(h+Du _ (D) (AP 41)* +4(u’ 1))
(W2=1)(u?+1)? 2(u+1)3
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TABLE V. Part II of C matrix.

PHYSICAL REVIEW D 96, 064017 (2017)

Dy Crr(u) Cru(u)
Drr 8(u'0=2u8 —6u—8u* +21u>—6)—m? (u®+7u* +3u>-3)? _ 4u((2h+3)u’4+2(h—6)u*+9)
8(u?—1)(u>+1)° (2+1)*
an —(u®+8u0+10u*=3)m>+2h (u*=1) (> +1)*+8 (1’ +u* —3u*+1) _ 4u(u?=1)(hu*+2u>+h—4)
2(u?+1)° (u?+1)*
DIDID 2(u=1) (=m* (2 +1)> +h(u?+1)+2(u* +2u> 1)) _4(h+l)u(u2—l)
(?+1)° (?+1)3
D u’—1 _du
RR W)y (u?+1)2
Dr -t 8(ul+3u* =5 +1)—m? (ub +8ul+10u*-3)
" (u*+1) 8(u>—1)(u>+1)3
Do — (B +8u0+10u* =3)m2 +4h(1®—1) (1 +1)2+16u* (12 —1) _ (hDu
8(u?—1)>(u?+1)3 ut—1
DTR im(u*+6u*=3) _imu(u*=3)
FIPERYE (w2 +1)?
Dry __imu(u?=3) im(u*+6u>-3)
2(u?=1)(u?+1)? 2(u?+1)°
DtI)R im(ut+4u—1) _ imu(u>~1)
2(u+1)° (2 +1)?
D imu im(u*+6u*+h(u>+1)*=3)
u 2(u*-1) 26211
Cuu(”) CTR(M)
w+Su"=9u”+3)(u"+1)"+m” (u°+7u” +3u" =3 )" +8(5u’+34u° —68u" +-54u”— i(2h+3)m(u*+-6u”—3
T 402 (10 +5u*=9u”+3) (P +1)*+m? (ub+Tu +3u> -3)> + 8(S5ub +34u° - 681 +54u> -9 i(2h+3)m(u'+6u>-3
8(u>+1)° 2(u+1)?
Dro (12 =1) ((t® +-8ul+10u* =3)m>+4h? (1> =1) (t®+1)> 427 (1® 1) (> +1)>+-8(u®+-8u* ~ 1112 +2)) im(2(u*+8u?=5)+h(u*+10u>=7))
2(u?+1)° 2(u’+1)?
u-—1 (1) 4m” (u+1)"+h(w”+1)"+2(u* +9u”— 1(2h+3)m(u”—
o0 202 =12 (12 (124 1)2 2 (12412 h (1241242 (u* +9u=2 2i(2h+3)m(u*=1
(> +1)° (1)
Drr (B4 8uC 10wt =3)m? +-4h(u? —1) (1 +1)* +8(u* +4u*—1) —_im
8(uP+1)° 2(u*+1)
D - tu __imu__
fu 2(u*+1) W+17?
Do u? (u*+3) i(2h+3)m
e 2(u*-1)
Drr im(u*=1) (u*+6u>-3) 8(u0=Tu*+7u*=1)—m? (u®+8u°+10u*-3)
4(u*+1)3 8(u>—1)(u+1)?
Dru _imu(u®-3) _ (h+2)u
2(u?+1)* W1y
Dor im(u?=1)(h(®+1)>+2(u*~1)) __m?
2(u+1)3 2(u?+1)
Doy _imu(u’-1) 0

(u?+1)?
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TABLE VI. Part III of C matrix.
Dyp Coo (1)
12 (1P =1) (4 Tu* +3u?=3)2 =2 (3u'? +-68u' " =518 —128u®+ 153u* 361> +9
T
8(u2—1)2(u?+1)°
—=2(84+-8ul+10u* =3) >+ (1P 810+ 10u* —3) h+-4(9ub+ 13u* —9u’+3
T® —
4(uP+1)°
Doo (12 =1)(=3u*—6u>+2h* (1’ +1)>=2h(u*+1)*+5)
(?+1)°
Drr 2(7ud =30u® +72u* =421 +9)—h(u? +1)? (u®+5u* —9u> +3)
8(u2—1)2(u*+1)?
u(8(u*—4u?+3)+h(u+11u*—13u49
Ru —
8(ut—1)*
Do (B +8ub+10u*=3)h>+ (1P +8ul +10u* =3) h+2(Tub +3u* +9u>-3)
8(u?—1)>(u*>+1)3
im(u*+6u?=3)%
Dy — im(u+6u’=3)"
16(u>=1)(u*+1)3
DTu _imu(u®43ut=21u*49)
8(ut—1)*
Dor _im(ut46u*-3)
4(u?+1)>°
Dtb _ imu(u?=3)
" 2 —1) (1)
CTM(M)
2imu(u?—1)(u?+3
T il G A G
(u?+1)3
DTCD _ imu(u*+4u>=5)
(u?+1)3
Doo _ Aimu(u?-1)
(M2+])3
D 4imu
RR (?+1)?
D i(h+1)m
Ru 207 +1)
Duu - %
Drr _ 2u(ut =140’ +h(u’+1)*49)
(2 +1)*
Dy, 402 (®=1) (®+1)>+4h (10 =3u* +7u? =5)+ (u* +6u> =3) (=8u’ +m> (1> +1)>+8)
8(u?—1)(u>+1)3
Dor _ Au(u—6u’+5)
(u2+])4
Doy —m? (u?+1)?+4h(u?—1)+4(u*-1)
2(u?+1)*
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